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Positive Solutions of Second-order Difference
Equation with Variable Coefficient on the Infinite
Interval*

Yangiong Lu'' and Rui Wang'

Abstract In this paper, based on the one-signed Green’s function and the
compact results on the infinite interval, we obtain the existence and multiplic-
ity of positive solutions for the boundary value problems

A%z(n—1) —p(n)Az(n — 1) — g(n)z(n — 1) + f(n,z(n)) =0, n €N,
az(0) — BAz(0) = 0, nan;o z(n) =0

by the fixed point theorem in cones. The main results extend some results in
the previous literature.
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1. Introduction

The continuous boundary value problem on the half-line occur in the mathemati-
cal modeling of various applied problems, for example, discussion on electrostatic
probe measurements in solid-propellant rocket exhausts [11], analysis of the mass
transfer on a rotating disk in a non-Newtonian fluid, heat transfer in the radial
flow between parallel circular disks [13] and investigation of temperature distribu-
tion in the problem of phase change of solids with temperature-dependence thermal
conductivity [13]. Hence, the existence of positive solutions to the infinite interval
boundary value problem of second-order ordinary differential equations have been
studied by many authors (see [3,5-7,9,12,15,16] and their references). However,
the existence and multiplicity of the positive solutions to second-order difference
equations on the half-line have only few results such as [1,2,8,14].

Let N={1,2,3,---}, Ny ={0,1,2,---}, N(a, b) ={a,a+1,--- b}, for a < b.

In 2001, Agarwal et al., [2] studied the positive solutions of the following bound-
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ary value problem on the infinite interval
A?z(n—1)+ f(n,z(n)) =0, neN
z(0) =0, lim z(n)=y€R

n—oo

(1.1)

by employing upper and lower solution methods. In 2006, Tian and Ge [14] obtained
the existence of multiple positive solutions for the problem

A%x(n—1) —pAx(n—1) —qz(n — 1)+ f(n,z(n)) =0, n €N,

1.2
az(0) — fAz(0) = 0, lim z(n) =0, (12)
n—oo
where p, a, 3>0, o> +$2>0,¢>0, 1+p>¢q,and f: N x[0,00) — [0,00)
are continuous. The main proofs are based on the fixed point theorem in Fréchet
space.

Definitely, the natural question is whether or not the positive solution of problem
(1.2) on the infinite interval exists in the Banach space. The key points are the
compact results on the infinite interval and the one-signed Green’s function of (1.2)
and its bounded properties. This is an interesting problem which is different from
the properties of Green’s function on finite interval.

Motivated by what has been mentioned above, we discuss the one-signed prop-
erty of Green’s function and its bounded properties, and obtain the existence and
multiplicity of positive solutions of the following problem

A%x(n—1)—p
az(0) — BAz(0

)(n)Ax(n -1 —gn)z(n—1)+ f(n,z(n)) =0, n € N, (13)

=0, nh—>Holo z(n) =0,

where p : N — [0, 00), ¢ : N — (0, 00) are bounded functions, o, 8 > 0, a*+ 32 > 0
and f: N x [0,00) — [0,00) are continuous.

Notice that (1.3) generalizes (1.2). It is worth pointing out that Green’s function
of the associated linear problem

A%x(n —1) —p(n)Az(n — 1) — g(n)z(n —1) =0, n €N,

az(0) — BAz(0) = 0, nll_>rr010 z(n) =0 (14

cannot be explicitly expressed by elementary functions. These make our approach
more difficult. Fortunately, we find Perron’s theorem [8] and the compact theorem
in the Banach space I, = {z(-) € I*°(Np)| nh_}n'olo xz(n) = x(c0)} [10] to overcome
these difficulties.

The rest of this paper is arranged as follows. In Section 2, we construct the
Green’s function of (1.4), and prove its one-signed and bounded properties. In
Section 3, we state the compact theorem on the infinite interval and the transfer
problem (1.3) to the compact summing operator in Banach space [,. In Section 4,
we give the existence and multiplicity results of positive solutions for problem (1.3).

Throughout this paper, we denote the summation of z(n) fromn =a ton =5

b b

by > x(n) with the understanding that > x(n) = 0 for all @ > b, and the product
=a . n=a ,

of z(n) from n =a ton =>bby [] x(n) with the understanding that [ xz(n) =1

n=a =

for all a > b.
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2. The Green’s function and its properties

To obtain the Green’s function of (1.4), we need some restrictions on the functions
p(+), q(-) as follows.
(H1) p: N—= [0, o), ¢: N — (0, co) are bounded functions. Denote

p*=supp(n), p.=infp(n), ¢ =supq(n), q.= inf q(n).
neN neN neN neN

(H2) 1+p(n) —q(n) >0, neN, 1+ p, —qg. >0and 1+ p* — ¢* > 0.

(H3) lim p(n) =po >0, lim q(n)=go >0 and [[(1+p(i) ~ q(i)) < oo.
n—00 n—oo i=1

Lemma 2.1. Assume that (H1)-(H2) hold. Then, the initial value problem

A%x(n —1) —p(n)Az(n —1) — g(n)z(n —1) =0, n €N, 2.1)
1

ax(0) — fAz(0) =0, z(1) =
has a unique solution u(n) defined on Ng. Moreover, Au(n) > 0 on N, and u is
increasing on N.

Proof. By the existence and uniqueness of the solution to initial value problem [§],
it follows that (2.1) has the unique solution u(n) defined on Nj.
Now, we prove the assertion by induction. First, from au(0) — SAu(0) = 0,
0.

we have u(0) = %iﬁu(l) = (%B > 0, Au(0) = u(l) —u(0) = ;55 = Since

a? + 2% >0, it follows that
Au(l) =1+ p(1)]Au(0) + ¢(1)u(0) > 0, Au(l) > Au(0).
Secondly, we assume that if £ < n, then
Au(k) = 1+ p(k)|Au(k — 1) + g(k)u(k — 1) > 0 and Au(k) > Au(k — 1).
Thus, we conclude

Au(n+1) = [1+ p(n+ 1)]Au(n) + ¢(n + 1)u(n)
>[1+pn+D]Aun—1)+gn+1un—-1) >0
and Au(n + 1) > Au(n).

Hence, Au(n) > 0, n € N. Together with (2.1), this yields A%u(n —1) >0, n €
N. Therefore, u(n) and Au(n) are increasing on N. O

Lemma 2.2. Suppose that (H1)-(H2) hold. Then, the problem

A?z(n—1) —p(n)Az(n—1) —g(n)z(n —1) =0, neN,

az(0) — BAz(0) = 1, nll_}IIOlo z(n) =0 22)

has the unique solution v(n) defined on Ng. Moreover, v(n) > 0, Av(n) <0 on N.

Proof. To this end, we divide the proof into four steps.
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Step 1. We show that (2.2) has a solution v with v(n) > 0 in Ny. Let us
consider the following problem

A%z(n—1) —p(n)Az(n —1) —q(n)z(n —1) =0, n e N(1, m)

(2.3)
az(0) — fAz(0) =1, x(m+1)=0.
We claim that for each m € N, (2.3) has a positive solution v := v, with
v(n) >0, Av(n) <0, ¥YneN(1, m). (2.4)

In fact, suppose on the contrary that there exists ny € N(1, m) such that
v(ny) =0, v(n) >0 for n € N(1, ny — 1).

Then, Av(n; — 1) = v(n1) —v(ny — 1) < 0. Since the other case Av(n; —1) =0
would imply that v(n) = 0 for n € N(1, m), which is a contradiction. Noticing
that Av(ny —1) < 0 and v(ny) = 0, and together with (H2), it implies
Av(ny) = [1+p(n1)]Av(ny = 1) + g(n1)v(ng — 1)
= [+ p(n)lo(nr) — [1+ plnr) — g(n)o(ns — 1)
= —[1+p(n1) —q(n1)v(n — 1) <0.

That is, v(ny + 1) < v(n;) = 0. Moreover, we have Av(ny +1) = [1 4+ p(ny +
1)]Av(n1) +¢q(n1 +1)v(n1) < 0 and imply v(n1 +2) < v(ng +1) < 0. The rest may
be deduced by analogy, it follows that

Av(m) < 0 and v(m + 1) < v(m) < 0.
This contradicts with the boundary condition v(m + 1) = 0. Thus, we get
v(n) > 0on N(0, m) and Av(m) =v(m+1) —v(m) < 0.
On the other hand, since
Av(m) = [1 + p(m)]Av(m — 1) + g(m)v(m — 1) < 0,

we have Av(m —1) = —%v(m —1) < 0. The rest may be deduced by analogy.

Hence, we omit it. Therefore, Av(n) < 0, n € N(1, m).
Step 2. For each m > 1, we show that v,,(n) < vmi1(n), n € N(1, m). Let
w(n) := vmt1(n) — vm(n), n € N, m+1). Then,

A?w(n —1) —p(n)Aw(n — 1) — g(n)w(n —1) =0, n € N(1, m)

(2.5)
aw(0) — fAw(0) =1, w(im+1)=d,
where d := vp41(m + 1) > 0. We claim
w(n) >0, Aw(n) >0, VneN(, m). (2.6)

In fact, suppose on the contrary that there exists no € N(1, m) such that

w(ng) =0 and w(n) > 0 for n € N(ng + 1, m).
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Applying the same method used in Step 1, we may deduce (2.6).
Step 3. Define the function oy, : [0, co) — [0, c0) by

vm(n), n€ N0, m+1),
U (n) =
0, neN(m+1, o0).

Then, v, € 1*°(0, co). Moreover, from Step 1 and Step 2, we have 0 < 0,,,(n) <
1, n € Ny, and

171(71) SEZ(TL) S S{}m(n) S T nENO-

Let v*(n) :== lim ¥,,(n), n € Ng. Then, v* € [*°(0, o). Hence, v* is a solution of
m—r o0
(2.2).
Step 4. We show that v* is a unique solution of (2.2). On the contrary, suppose

that (2.2) has two solutions vy, vo, set ¢ = v; — vy. Without loss of generality,
suppose ¢(n) > 0 and ¢(ng — 1) # 0. Then,

A2¢(n —1) = p(n)A¢(n —1) — g(n)p(n —1) =0, neN
ag(0) — BAG(0) =0, ¢(c0) =0.
From a(0) — BAG(0) = 0, we know ¢(0) = 7256(1) < ¢(1). Thus,
Ag(0) >0 and A(1) = [1+p(1)]A¢(0) + g(1)¢(0) > 0.
The rest may be deduced by analogy, we omit it, and we have

Ad(no) = [L + p(no)]Ad(no — 1) + q(no)d(no — 1) > 0.
Therefore, ¢(oc0) > 0, and this contradicts with ¢(cc) = 0. O

Definition 2.1 ( [8]). A homogeneous linear equation

u(t+m) +pm_1(Qut+m—1)+---+po(t)u(t) =0, t e N (2.7)
is said to be of “Poincaré type”, if tli}m pe(t) =px for k=0, 1, ---, m—1 (ie, if

the coefficient functions convergent to constant, as ¢ goes to infinity). Here, m is a
given integer.

Lemma 2.3 (Perron’s theorem, [8]). Assume that equation (2.7) is of “Poincaré

type”, and the Toots of A1, -+, Am Of A™ + Dy 1 AL + - pg = 0 satisfy |\| >
[A2] > -+ > |An|. Moreover, suppose that po(t) # 0 for each t. Then, there are m
independent solutions uy, ua, -+, Uy of equation (2.7) that satisfy
(t+1
M =\, (i=1,2, -, m).

t—oo Uy (t)

Lemma 2.4. Assume that (H1)-(H3) hold. Then, the unique solution of (2.2)
satisfies

2RI (2.8)

24 po—+/p2+4
wher60</\1:w<l.
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Proof. The equation A?z(n—1)—p(n)Az(n—1) —g(n)z(n—1) = 0 is equivalent
to

z(n+1)— (24 p(n))z(n) + (1 + pn) — g(n))z(n —1) = 0.

Since lim p(n) = pg, lim g(n) = qo, we can get
n—oo n—oo

A2 = (2+po)A + (1 +po — o) = 0. (2.9)

By simple calculation, it follows that (2.9) has two eigenvalues

A= 2P VEE A 24 pot Vgt Ao

2 72 2

It is easy to verify
O< <1, X>1.

From Lemma 2.2, Av(n) < 0 on N, that is, v(n + 1) < v(n). This together with

Lemma 2.3, we obtain le USJTEZ; = A, O

Lemma 2.5. Assume that (H1)-(H3) hold. Then, there exists M > 0 such that

sup u(n)v(n) < M.

n€Ng

Proof. By Liouville formula [8], we have

ulm) = exv(n) + vl E:Hklljian%ﬂ

for some constants ¢; and c¢a. Applying Stolz Theorem [8], it follows that

1+p k) — q(k)]
v(i+1)

oyt il 00— g <n<m<n+n
e o2(n) — 020 + 1)
o Tl p(k) — ak)]

n—oo v(n) _ v(n+1)
v(n+1) v(n)

_ LS+ p(k) — g(R) M e
1 A2

lim u(n)v(n) = lim ¢;0?(n) + cav’( Z Hk L

n— oo n—oo

Hence, there exists M > 0 such that sup u(n)v(n) < M. O
n€Ny
Let

G(n, i) = (a+8) w(%)u(i)v(n_)’ 1 st=n-l (2.10)
w(@)u(n)v(i), >n,

where w(i) = [To_y [L+ p(k) — g(k)]
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Lemma 2.6. Assume that (H1)-(H3) hold. For any h € [*(N), then the problem

A%x(n—1) —p(n)Ax(n —1) —q(n)z(n — 1) + h(n) =0, n € N, 2.11)
az(0) — fAz(0) =0, nh_)rréo z(n) =0 .
s equivalent to the sum equation
n) =Y G(n, i)h(i), neN. (2.12)

Proof. First, we show that the unique solution of (2.11) can be represented by
(2.12). In fact, we know that the equation

A2x(n —1) —p(n)Az(n —1) — g(n)z(n —1) =0, n €N

u(0) v(0) _
u(1l) v(1)

by the method variation of constant [8], we can obtain that the unique solution of
(2.11) can be represented by (2.12).

Next, we check that the function defined by (2.12) is a solution of (2.11). From
(2.12), we have

has two linear independent solutions v and v, since - + P # 0. Now,

z(n+1) = (a+p) [v(n+1)2w(i)u(i)h(i)+u(n+1) > w(z’)v(z’)h(i)}

i=1 i=n+1

n—1 ')
2(n) = (o + B) [vm) S wliyu(i)h) + u(n) Zwu)v(z’)h(w] 7
1=1

z(n—1)=(a+8) [v(n -1) ._ w(@)u(i)h(i) +u(n — 1) Z w(z)v(z)h(z)} .

Hence,

A?z(n —1) — p(n)Az(n — 1) — g(n)z(n — 1)
=[1+p(n) — q(n)l(a + Blw(n)h(n)u(n — 1)v(n) — u(n)v(n - 1)]

=[1+p(n) — q(n)](e + B)w 1:[ [1+p(k) = q(k))][u(0)v(1) — u(1)v(0)]
k=1
=h(n)(a+ B)w H1+p )]ajrlﬁ:—h(n).

It is easy to see that aG(0, i)—BAG(0, i) = 0implies ax(0)—BAz(0) = 0. Applying

the facts that sup u(n)v(n) < M, h € 1*(0, co) and [, [1+ p(k) — q(k)] < oo, it
n€Np
follows that for any € > 0, there exists N7 > 0 such that

o

> w(iu(i)o(i)|h()] < M;w(i)|h(i)| <3aih) Vn> N

i=n
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From the fact lim v(n) = 0, there exists N2 > 0 such that
n—oo

N h > No.
2 ;w| (a+6> vz A

Let N = max{N;, N2}. Then, for n > N, we get

o)l = |(a-+) [Ew(i)u(i)v(n)h(i) " iw(i)u(n)v(i)h(n] |
<(a+8) [NE_j Wiyl + 2; w(iyuliyo(n) G| + gw@)u(n)v(mhw
<ot AN L OO + (o4 M S (il
<§ +3=c |
Therefore

) nh—>120 z(n) =0.

O
Now, Lemma 2.6, we have from that for h € [}(N), the boundary value problems

2z(n—1) — pAz(n — 1) — gux(n — n)=0, n
A*z(n—1) —pAz(n—1) —gax(n—1)+ h(n) =0, n €N (2.13)
az(0) — BAz(0) = 0, nh_)rr;o x(n) =0,

and

A?z(n—1) —p*Ax(n—1) — ¢*z(n — 1) + h(n) =0, n € N, (2.14)
az(0) — BAz(0) = 0, nh_}IIolo z(n) =0 .

are equivalent to the sum equation

9

- ZGl(n, i)h(i), n € Ny,

(2.15)
= Ga(n, i)h(i), n €N, (2.16)
where
n a—aif3 .
Gi(n, i) 1 (1+b1) ((1+1b1)' ~abp (1+1cu)i)’ l<isn-1, 217)
n, i) = o—a o .
! ay — by 7(1% ¥ (1+ay)™ — a_big(l +b01)"), i >n,
and
a—asf3 .
. 1 (1+ b2)n((1+1b2)i - afbjﬁ (1+1aQ)i)7 I1<i<n-—1,
Ga(n, i) =
ag — bg

n a—a n . 2.18
b (14 ag)" — 828 (1 4 b)), i > m, (2.18)
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respectively. Here,

Px + /D2 + 4q. T /P2 + 4q.

ay = 2 ) 2 )

g, = VPR T VA
? 2 ’ 2 '
Lemma 2.7. For all (n, i) € Ng x N,

Ga(n, i) < G(n, i) < Gi(n, i) < B,

— B 1 ( B)(A+
where B = max{1, 25—, — (2‘ ;15)((11_‘211)}
Proof. From (2.17), we can easily deduce G1(n, i) < B, (n, i) € Ny x N, where
B = max{l, afblﬁ, alibl - ((;:;15)((&1:‘1;1))}. Next, we only show G(n, i) <
G1(n, 1), and the other case can be treated by the same way.
On the contrary, suppose that there exists (ng, ig) € NxN, such that G(ng, ig) >

Gl (’I’Lo, io). Let

0, 1<n<ig—1,
. n—ig+1 i0—1<n<i
h(n): 0 ) 0 = > 00,
10 +1—mn, 10 <n <ip+1,
0, i0+1<n<oo.

Then, h(n) >0, neN.
Let x1(n), x2(n) be the solutions of

A%z(n—1) — p.Az(n—1) — gz(n — 1) + h(n) =0, n € N,
az(0) — BAz(0) = 0, lim x(n) =0,
n— oo
and
A2x(n—1) —p*Az(n—1) — ¢*z(n — 1) + h(n) =0, n € N,
az(0) — BAz(0) = 0, le z(n) =0,
respectively. Let Z(n) be the solution of

A%zx(n— 1)+ F(n,z(n — 1), Az(n

—b (2.19)
ax(0) — fAz(0) =0, nli_)m z(n) =0,

where F(n,z(n—1),Az(n—1)) = —p(n)Az(n—1) — ¢(n)x(n — 1) + h(n), n €N.
We claim

A’zi(n—1)+ F(n,z1(n —1),Az1(n—1)) <0, neN
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A%zy(n —1) 4+ F(n,xa(n — 1), Azg(n — 1)) >0,
In fact, if 1 <ig <n — 2, then

n € N.

1 — 1
Azi(n—1) = (1+ bl)n_lbl(u b0 Z —Zig Traye "

If ig > n, then

Azy(n—1) = ﬁ[al(l +a)nt - Z:Zigbl(l b)Y > 0.

If ig =n — 1, then

by a—aff, (1+b)"!
A —-1) = 1-— .
$1(TL ) al—bl O[—blﬁbl (1+a1)"—1] >0

Hence,

z1(n) + F(n,z1(n — 1), Az1(n — 1))
ps — p(n))z1(n) + (p(n) — p« + ¢ — q(n))z1(n — 1)
(

= ( (n)) +
< (s —p(n))z1(n) + (p(N) —ps)x1(n) + (g« — q(n))z1(n)
= ( (n))

g« —q(n))z1(n) <

Z1

On the other hand, az(0) — SAZ(0) = 0 = ax1(0) — BAz1(0), hm Z(n) =0
lim zq(n).
n— oo

By using the similar method, we can prove

A2x5(n) + F(n,x2(n — 1), Aza(n — 1)) >0,

Next, we will show

n € N.

zo(n) < &(n) <z1(n), n € Npy.

(2.20)
Define F*(n,z(n —1),Az(n —1)) for n € N, x € R, by

F(n,zi(n— 1), Az (n — 1)) + £ 2(n) > 21(n),
F*(n,z(n —1),Az(n —1)) = F(n,z(n —1),Az(n — 1)), z2(n) < z(n) < z1(n),

F(n,z2(n — 1), Aza(n — 1)) + £722(, a(n) < 2a(n).

Note that F*(n,z(n—1), Ax(n—1)) is continuous as a function of x and Az for each

n. Furthermore, F* is bounded, and agrees with F' when xo(n) < x(n) < z1(n). Let

A:={u:Nyg = R| lim u(n) =0, maxen, |un| < max{max,en, |r1|, max,en, |r2|}
n—oo

Then, by Brouwer’s fixed point theorem [4], the boundary value problem

A%x(n — 1)+ F*(n,z(n —1),Az(n —1)) =0, n €N,

ax(0) — fAz(0) =0, lim z(n) =0

n—oo
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has a solution x(n) on A.

We claim z(n) < z1(n), n € Ng. On the contrary, suppose that z(n) — z1(n)
has a positive maximum at some n; in N. Consequently, set w(n) = z(n) — z1(n),
then w(ny) > 0, and we must have

A%w(ny —1) > F*(ny, Az(ny — 1), 2(ny — 1)) — F(ng, Azy(ny — 1), z1(n1 — 1))
_ x(n1) — a1 (m)

> 0.
1+ |x1(n1)|

By Anti-Maximum principle [8], we have w(ny) < 0, which contradicts with w(ny) >
0. It follows that z(n) < z1(n), n € Ny.

Similarly, z2(n) < x(n), n € Ng. Thus, z(n) is a solution of problem (2.19).
That is,

za(n) < &(n) < z1(n), n € Ny,

and accordingly,
> Ga(n,i)h(i) < G(n,i)h(i) < Gi(n,i)h(i).
i=1 i=1 i=1

Therefore,

[G1(no, i) — G(no, i)]h(i)

i

@
Il
-

.’171(77/0) — ,’f?(no) =

1 oo

[G1(no,1) = Glno, D]h(E) + Y [Gi(no,i) — Glno,i)]A(7)

i=ig+1

-.
S
|

+ [G1(no, io) — G(no, i0)]h(io)

Y

-
Il

o

<

which contradicts with the second inequality in (2.20). O

Lemma 2.8. For any given 0 € (1,+00), we have
G(n, i)’(n) < G(i, i)v(i).
Proof. If 1 <i<n-—1, then
G(n, i)v’(n) = (a+ B)w(@)u(i)v(n)v’(n) < (a+ Bw(@)u(i)v(i)v(n) < G(i, i)v(i).
If ¢ > n, then

G(n, )v?(n) = (a + Bw(i)u(n)v(i)v? (n) < (o + B)w(@)u(n)v(i)v(n)
< w@u(@)v(@)v(i) = G, i)v(i).
Hence, G(n, i)v?(n) < G(i, i)v(i), (n, i) € Ng x N. O

Lemma 2.9. For any subinterval N(ly, lo) C N with 0 < ly <la, n € N(l1, l2)
and i € N,

G(n, i) > 0G(i, i)v(3),
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where § := min{q(n) |n € N(l1, l2)}, l1,l2 € N is a constant and

¢(n) = min{v(n), %}, n € Ny.

Proof. If 1 <i<n—1, then
Gn, i)  _  w(@u(i)o(n) v(n)
G, d)v(i)  w@u@v(E@)v(i)  v(i)v(i)

If i > n, then

G(n, 1) _ w(@)u(n)v(i) u(n) u(n)
G, i)v(i)  w@u@v@)v@E)  w(@)v(i) B
Let g(n) = min{v(n), %} Then,
G(n, i) > q(n)G(i, i)v(i), (n, i) € Ng x N.
O

Remark 2.1. Note that u is increasing on Ny, so v may be unbounded on Ny, and
there is no positive constant ¢, such that if 1 <n <17 < o0,

G(n, 1) _ u(n)
G(i, i)  u(i)
Hence, it is impossible to prove

G(n, i) > q(n)G(i, 1), (n, i) € Ng x N.

> cu(n),¥ n e N.

3. Compactness results of the sum operator in Ba-
nach space

Let
lo = {2() € 1°(No) | lim x(n) = x(o0)}
with the norm ||z||; = sup |z(n)|. Then, I, is a Banach space.
neN
Let

X ={z(-) € I°°(Np) | nh_}rrgo |z(n)|v?(n) = r for some r € R}

be endowed with the norm ||z|| = sup {|z(n)[v?(n)}, where § > 1 is a constant.
neNg
Then, X is a Banach space. Here, v(n) is the unique solution of (2.2).

Lemma 3.1 (Theorem 2.1, [10]). Let F C l, be a set satisfying the following
conditions:

(A1) F is bounded in ls;

(A2) the function from F are equiconvergent, i.e., given € > 0, it corresponds to
N(e) > 0 such that

If(n) — f(co)|| <€ foranyn > N(e) and f € F.

Then, F is compact in L.
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Lemma 3.2 (Theorem 2.2, [10]). Let F C l, be compact in l,. Then,
(i) F is bounded in l,;
(i) the function from F are equiconvergent.

Note: Follows from Lemmas 3.1 and 3.2, it concludes a compact theorem in the
Banach space X.

Lemma 3.3. Let M C X and M satisfy the following conditions:

(i) M is bounded in X;

(i3) the functions belonging to {y|y(n) = x(n)v?(n), * € M} are equiconvergent,
i.e., given € > 0, there exists N(e) > 0 such that

ly(n) —y(c0)|| < € for any n > N(e).

Then, M is compact in X.

To prove our main results, we give the following assumptions.
(H4) f:Nx RT — R* is continuous, and satisfies

35>0: s#1, 0< f(n, 2) < ki(n) + ka(n)z®, V (n, ) € N x RT,

where k1, ko € 1°°(0, 00).
(H5) Assume the summation

M, = ZIG(L i)v(i)k1(i) < 0o, My = 20(@, D) [(@)]* % ka (i) < oo,

where 6 > 1 is a constant, and there exists r > 0, such that M; + Msr® < r.
For some constants [1, ls € N with [; < [y, we denote

Define a cone of X
P={zxe€ X|z(n) >0, neN, and z(n) > q(n)||z|},

and the operator A: X — X

oo

Az(n) =Y G(n, i)f(i, 2(i)), n €N

=1

Lemma 3.4. Assume that (H1)-(H5) hold. Then, A(P) C P and A: P — P are
completely continuous.

Proof. We divide the proof into the following steps.
Step 1. A(P) C P.
For any x € P, from Lemma 2.8, we have

W (n)Ax(n) = Yo" (n)G(n, i) f(i, 2(i)) (3.1)

=1
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< Z v(@)G (i, @)k (9) + k2 (@) ()] (3-2)

gn

<Z G(i, i)k (i +Z NG, i)k (d)||2]|® (3.3)

Therefore, sup {|Az(n)|v?(n)} < My + Ms||z|* < co. That is, Az € X,V = € P.

n€Ng
By Lemma 2.8 and Lemma 2.9, we have

0

@
Il
-

Az(n) G(n, i) f(i, z(i))

q(n)G (i, o) f(i, x(i))

o,

s
Il
-

()0’ ()G(E, 0)f (i, (i)
n)o’(€)Az(€), V& € No.

Setting & with v?(€)Az(¢) = ||Az||, we deduce

.%8

ﬁ
Il
-

)
/\

Ax(n) > qg(n)||Az||, ¥ z € P.

Therefore, A(P) C P.
Step 2. A: P — P is continuous.
Assume that {x3}32, C P, 9 € P and hm xr = xo. Then, there exists a

constant M > 0, such that ||zx|| < M, k € NO Thus

ZG ()| f (i, wr(i) = f(i, xo(i))]
<2ZG2 z )+k‘2 )Iw\s]

§2M1 + 2M° My < 0.
Hence, according to the continuous of f and Lemma 2.8, we have

lim ||Azp — Az
k— o0

= lim sup |Zv (4, (i ZU )f (i 2o(i))]

k—o0 n€Ny i—1

oo

< lim sup ZG(Z', i)v(d)|f(i, zx(i)) — f(i, zo(i))| = 0.

k—o0 n€Np i=1

Thus, A : P — P is continuous.
Step 3. We show that A: P — P is compact.
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Let D C P be bounded. Then, there exists M > 0 such that ||z|| < M, z € D.
First, we show that A(D) is bounded set in X. For any z € D, from (H4)-(H5) and
by applying the method to prove (3.4), it follows that

HAiEH é M1 + MQMS,

which implies that A(D) is bounded in X.
Second, we show that the functions belonging to {(Ax)(-)v’(:)|x € D} are
equiconvergent. Let o := , then ¢ > 0. Since lim v(n) = 0, we have that for

n—oo
all € > 0, there exists N > 0 such that

o

€
- — < )" vaxN
[v(n) =0l < <M1 + M2M5> =

Thus, from Lemma 2.8, it follows that for above € > 0, there exists N > 0 such that
x € D and n > N, implying that

0 < v’ (n)Az(n) = ng(n)G(n’ i) f (@, 2(@)

n) Z v (n)G(n, 0) [k (0) + ka(3) |2 (0)]°)
< v"(n)[zv() i i)k (i +Z NG, ks (i)|]|°]

<07 (n)[My + Ma|z|]] <

Hence, the functions belonging to {y|y(n) = xz(n)v?(n), z € M} are equiconver-
gent.
Therefore, A : P — P is compact. O
Finally, we give the fixed point theorem in cones.

Lemma 3.5 ( [4]). Let E be a Banach space and K C E be a cone. Assume
that Q1, Qo are bounded open sunsets of E with 0 € Qy, Q1 C Qq, and let A :
KN (Q\ Q) = K be a completely continuous such that either

(i) || Au|| < ||lu||, v € KNIy and |[Tul|| > |jull, € K NoQ; or

(i) || Au|| > |lul|, v € KNI and ||Tul| < |ul|l, v e K NOQ,.
Then, A has a fixed point.

4. Existence and multiplicity of positive solutions
We will discuss the existence of positive solutions for (1.3) between the cases s > 1
(super-linear case) and s < 1 (sub-linear case).

Theorem 4.1. Let s > 1 and assume that (H1)-(H5) and (H6)liminf min
Tz—+00 neN (I, l2)

f(ng; ) > 1)9(l21)62m hold. Then, problem (1.3) has at least one nontrivial positive
solution.

Proof. Let r be defined by (H5). By the inequality of (H6), there exists a constant
T > dr > 0 such that

min  f(n, x) >

—_ Vao>T.
neN(ly, l2) 09(l2)52mx’ r=
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Hence, f(n, x) >

I

Let R = max{2r, L}, and define the open sets

mx, for any x > T and n € N(ly, I3).

M ={zeX :|z]<r}, Q={zreX: |z <R}
For any « € 0Q; N P, from (H4) and (H5), we obtain the following estimates
V¥ (n)|Az(n)| < My + My||z||® = My + Mor® <.
Passing to the supremum over n, we infer
|Az|| < |lz||, ¥ € 01 N P. (4.1)

Since 0 < 0 < 1, it follows that for any x € 9Qs N P, ]\Ifl’(llln l )x(n) > d||z|| = dR
ne 1, t2

> T. From (H6), for n € N(ly, l2), we can get

v’ (n)Az(n) = Zve(n)G(n, i) f (i, (i)

Y

la
V) 3 Gl 0 s
i=l1

l2
W (la) Y G, i)oi)|||

=l

1
— mvf(ls)

= [l

Therefore, [[Az| > [[z[|, V x € 99 N P. Hence, the operator A has a fixed point
x € (22 \ Q1) N P. That is, problem (1.3) has a positive solution z satisfying

r<|lz| < R.

O
The following result deals with the sublinear polynomial growth case, and can
be proved in a similar argument. We omit the proof.

Theorem 4.2. Let s <1 and assume that (H1)-(H5) and (H7) liminf  min
z—=0 neN(ly, l2)

f(”:; @) > =

solution.

(l;)égm hold. Then, problem (1.3) has at least one nontrivial positive

Remark 4.1. In the case p(-) = po, ¢(-) = qo, problem (1.3) was discussed in [14]
by the fixed-point theorem in Fréchet space. Theorem 4.1 and Theorem 4.2 give a
new results of the existence of positive solutions for (1.3) by using the fixed-point
theorem in Banach space.

Finally, we prove the existence of two nontrivial positive solutions for problem
(1.3) in the superlinear case.

Theorem 4.3. Assume thats > 1, (H1)-(H5) and (H8) liminf min f("g; 2) —
z—0 neN(ly, l2)

liminf min  £™%2) = 400 hold. Then, problem (1.3) has at least two positive
z—+ooneN(ly, l2) °

solutions x1 and x2 in P such that 0 < ||z1]| < r < ||z2||.
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Proof. Consider the open set ; = {z € X : ||z|| < r}, where r is as introduced
n (H5). As in the proof of Theorem 4.1, we can check

|Az|| < ||z, ¥V = € 9Q N P. (4.2)

Let the constant

Ms = for some ng € N(l1, l2). (4.3)

5209 (ng)m

(a) The condition liminf —min ) —

+o00 implies that there exists some
z—+oo neN(ly, l2) *

ro > 0 such that
f(n, ) > Mzz, for ne N(ly, l3) and z > 7.

Consider the open set Q2 = {z € X : [[z]| < R}, where R = max{2r, “2}. Then,
for any z € 900N P, x(n) > §||z|| =R > ro, n € N(ly, l3). Let ng € N(l1, l2), it
follows that

ve (ng)Ax(ng) Zv no)G(no, i) f(i, =(i))

> 1% (ny) ZG@ i)v(i)0? M3 z||

le

lo
> My (no) 32 GG, (i)
i=ly

2 |-
Hence,

|Az|| > |lz|l, ¥z €dQnP. (4.4)

(b) From lim igf I\rfr(1l1n l )w = oo in (H8), we infer that, for the constant
z—0 ne 1 b2

Ms in (4.3), there exists 71 > 0 such that
fln, ) > M3z, for ne€ N(l1, l3) and 0 <z <ry.

Let L = min{rlv (l2), 5} and Q3 = {z € X : ||z|| < L}. For any x5 € 0Q3 N P, we
have z(n ) 9(n) < L, V n € No. Hence, z(n)v?(n) < L, ¥ n € N(l1, lz). Therefore,
z(n) <v (L)L <ry, Vne N, lg). Proceeding as in part (a), we can prove

|Az|| > ||z||, V=€ QN P. (4.5)

By (4.2),(4.4) and (4.5), together with the fact L < r < R, Lemma 3.5 implies
that the operator A has two fixed points in the cone P, 1 € Q1\Q3 and o € Q2\Q4
such that 0 < L < [jz1|| < r < ||z2]| < R. Clearly, z1 and x5 are nontrivial positive
solutions of problem (1.3). O

Finally, we give some examples to illustrate the main results.
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Example 4.1. Let us consider the nonlinear boundary value problem

A%z(n —1) —sin ﬁAm(n -1)—-(1- ﬁ)z(n - 1)+ f(n,z) =0,

(0) — 3Ax(0) =0,  lim x(n) =0, o

where p(n) = sin 755 € (0, g], qn) =1-— ﬁ € [3,1) satisfy (H1)-(H3),

n,z(n)) = &% + —2—-2° is continuous about z. It is easy to verify that f satisfies
fln,z(n) = 55 + 53 y y

. . . f(n, ) _ 1. . . 1 2 47
(H4)-(H5), and liminf min =55 = liminf  min [0 + migef] = oo
implies that (H6) holds. Thus, from Theorem 4.1, problem (4.6) has at least one
positive solution.

Example 4.2. Let us consider the nonlinear boundary value problem

=

A2z(n —1) — (1 — cos T)Az(n—1) — %x(n - 1)+ m + Lo

l — = 1 =
77(0) — 3Az(0) =0, nll)ngox(n) 0,

:07

3 2 .
where p(n) = 1—cos .75 € (0,1], g(n) = ”(;‘L'Jgﬁ)is =1- (nj1)3 € [£,1) satisfy (H1)-

(H3). Notice that f(n,z) = m-&—%x% is continuous on NxR™, and (H4)-(H5)

. . . Fln, ) g . 1 11y
are true. Since liminf min ==~ =liminf min [7(n2+4n+4)x + 5272 =

z—0 neN(ly, l2) z—0 neN(ly, l2)
00, it follows that (H7) is true. Thus, from Theorem 4.2, this problem has at least
one positive solution.

Example 4.3. The nonlinear boundary value problem

A%x(n —1) —sin minzlz(n—1) = (1 - ﬁ)x(n -1+ 5+ nSLHlA =0,

z(0) — $Az(0) =0, nh_}rrgo x(n) =0,

where p(n) = sin 755 € (0, g}, q(n)=1- W € [2,1) satisfy (H1)-(H3), and

f(n,z(n)) = 5 + n32+3x4 is continuous about 2 and (H4)-(H5) hold. It is easy to

. . 1 2 3y . 1 3 _ .
see h;r;l(r)lf ne]\rfI(lllln., ) 72 + et = lxlg-sl-gf nGJ{fI(lllln 1y ™ + = 400, which
means that (H8) holds. Hence, from Theorem 4.3, this problem has at least two
positive solutions.

2
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