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Existence and Uniqueness of Solutions for the
Initial Value Problem of Fractional gi-Difference
Equations for Impulsive with Varying Orders*
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Abstract The paper studies the existence and uniqueness for impulsive frac-
tional gx-difference equations of initial value problems involving Riemann-
Liouville fractional gi-integral and gi-derivative by defining a new g-shifting
operator. In this paper, we obtain existence and uniqueness results for impul-
sive fractional gi-difference equations of initial value problems by using the
Schaefer’s fixed point theorem and Banach contraction mapping principle. In
addition, the main result is illustrated with the aid of several examples.
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1. Introduction

Fractional calculus is a relatively new research field, and it can describe certain
phenomena as well, which has attracted increasing attention in recent years. The
quantum calculus is known as the calculus without limits. It substitutes the classical
derivative by a difference operator, which allows one to deal with sets of nondif-
ferentiable functions. Quantum difference operators appear in several branches of
mathematics, i.e., basic hype-geometric functions, combinatorics, the theory of rel-
ativity. For the fundamental concepts of quantum calculus, we refer to the reader
to the work by Kac and Cheung [5, 8].

In the recent years, the topic of g-calculus has attracted the attention of several
researchers, and a variety of new results can be found in the papers [3,4,7,9, 10,
12-14,22] and the references therein. In real life, there are many processes and
phenomena that are characterized by rapid changes in their state. We usually keep
things instantaneous mutations occurred in the process of its development called
impulsive phenomena. The phenomenon has been widely appearing in all fields
of production and technology research. The most prominent feature of impulsive
differential equations is taking the influence of the condition of sudden and abrupt
phenomenon into full consideration. It has been extensively used in population
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ecological dynamics systems, infectious disease dynamics as well as descriptions of
phenomenon like disease, harvesting and so on.

Impulsive differential equations, in other words, differential equations involving
impulsive factors, appear as a natural description of observed evolution phenomenon
of several real world problems. For some monographs on impulsive differential
equations, we refer to [6,20,21].

In [16], the notions of gx-integral of a function f : Jy := [tk,tx+1] — R have
been introduced, and their basic properties were proved and applied, Tariboon et
al., investigated the first and second-order initial value problems of impulsive g-
difference equation respectively, as shown below

Dy a(t) = f(t.a(t), t € T, t # ta,

Al‘(tk) = Ik(l’(tk)), k= 1, 2, ceem,

Dqu(tz) - DQk—lx(tk) = Ilz(x(tk))7 k=1,2---m,

2(0) = o, Dgyx(0) = 8,

DQkx(t) = f(tva:(t))v ted, t 7é tk,

Az(ty) = Ig(z(ty)), k=1,2,---m,

z(0) = o,
where 2o € Ry, E R0 =ty <1 <ta < -+ <t <+ <ty <1 =T, f:
J x R — R is a continuous function, I, € C(R,R), Ax(ty) = z(t]) — z(tx), k =
1,2,---mand 0 < g < 1for k=0,1,2,---m. In addition, gg-calculus analogues of
some classical integral inequalities, such as Holder, Hermite-Hadamard, Trapezoid,
Ostrowski, Cauchy-Bunyakovsky-Schwarz, Griiss and Griiss-Cebysev, were proved
in [17].

In 2015, Agarwal et al., [2] investigated the existence of positive solutions for

nonlinear impulsive gg-difference equations via a monotone iterative method
Dgu(t) = f(t,u(t)), 0<q, <1, teJ,
Au(ty) = Ix(u(ty)), k=1,2,---m, (L.1)
w(0) = Au(n) +d, n € Jr, 7 €L,
where f € C(J x R,RT), I, e C(R,RT), J=1[0,T], T >0, 0=ty <t <ty <
e <ty < <ty <t =T, T =T\ {1ttt S = (6,T), 0 <A<
1, 0<r<mand Au(ty)=u(t])—u(t;), u(t]) and u(t; ) denote the right and
left limits of u(t) at t = tx(k = 1,2, ---m) respectively.

In [18], the new concepts of fractional quantum calculus were defined by in-
troducing a new g¢-shifting operator. After giving the basic properties of the new
g-shifting operator, the g-derivative and the g¢-integral were defined. New defini-
tions of the Riemann-Liouville fractional g-integral and g-difference of an interval
[a, b] were given, and their properties were discussed. As applications, the authors
obtained the existence and uniqueness results of initial value problems for impul-
sive fractional gj-difference equations of the orders 0 < o < 1 and 1 < a < 2
respectively, as shown below,

tkDa ‘T(t) = f(tvx(t))v te ‘]7 t#hﬁ
:ka(x(tk)% k= 1723”'m»

D x(t) = f(t,2(1)), t € J, t # t,



Solutions for the Initial Value Problem of Fractional gi-Difference Equations 703

K Ji(tk) = (pk(l‘(tk))7 k=1,2,---m
A x(ty) = ora(ty), k=1,2,---m

JJ(O) = 07 ODZ(Dilx(O) = /Ba

where A z(ty) = w i a(t)) —
b 1I§k a(ty),k=1,2,---m
Inspired by the above papers, in this paper, we study the following initial value

problem of the impulsive fractional gx-difference equation

I 7%x(ty) and A*x(ty) = tk]g}:‘“:r(tg) —

te—1 qr—

tchl(;kkx(t) = f(t?‘r(t))v te Jk = [07T] \ {t17t27' : 'tk}v

AT (te)=r(@(te), k=1,2,---m

N x(ty) = ¢f (x(tr)), k=1,2,---m, (1.2)
A" x(ty) = ¢ (z(te)), k=1,2,---m

1’(0) = 07 ODgooilz(O) = /87 0D30072x(0) =7

where e R, 0=ty <t; <to < -ty <tmy1 =1, f:J xR — R isa continuous
function, ¢, ¢}, goz* € C(R,R) and z(t) are continuous everywhere except for
some tj, at which z(t]) and z(t;) exist and z(t; ) = x(t) for k = 1,2,---m, 0 <
qr < 1for k=0,1,2,---m, and 4 Dg* denotes the Riemann-Liouville g-fractional
derivative of the order oy, Ji = (tg,tg+1], especially Jo = [0,¢1]. Moreover,

A 5 (tk) = tkD(;:_l (‘T(tz» th— 1Dak ot (m(tk))7

dr—1
Ata(te) = o, Dot () — 1o Dgr 7 (a(th)) (1.3)
A*a(ty) = o Iy (2(t])) =t 115; St () -
The main innovation points of this paper are as follows:

1. Compared with [18], our paper has been improved for the order of the equa-
tion.

2. The order of the equation studied in most papers is fixed, while the order of
the equation we study varies with k, a change in k£ causes a change in order, which
adds to the difficulty of the paper.

This paper is organized as follows. In Section 2, we present some preliminaries.
Section 3 contains the main results, which are established by means of Schaefer’s
fixed point theorem and Banach contraction mapping principle, while several ex-
amples are illustrated the main results in Section 4.

2. Preliminaries
To get the main results, we present some knowledge of fractional gg-calculus. The
presentation here can be found in [18].
For any positive integer k, the gg-shifting operator
a®q. (M) = ggm + (1 — qr)a

satisfies the relation

a¢§k (m) = a¢];;1(a¢q1c (m))sa gk =m.
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We define the power of gx-shifting operator as

k—1
a(n=m)) =1, a(n—m)G) = [[(n —a 64)'(m)), k € NU {co}.
=0

If v € R, then

ol m)g, = [ L E )

i=0 1 T ¢£I-I~c_7 (m/n)’
Lemma 2.1 ( [18]). For any v,n,m € R with n # a and k € N|J{oo}, we have
(i) (n—=m)i = (n — ) (=gs )i

n # 0.

5 1-moagi Gima i)

(i) (n—m)s = (n— a) [I32, 1,1—7& =(n- a)v(:'::;ﬁ)"""
k.

(111) (n —q qﬁg(n))g) =(n— G)W%'

Definition 2.1. [18] Assume that f : J; — R is a continuous function, and let
t € Ji. Then, the expression

f@) = flaet + (1 — qr)tr)
DO ="t T (2.1)
Dqkf(tk) = tliglk Dqkf(t)

is called the gj-derivative of a function f at ¢.

We say that f is gi-differentiable on Ji, provided Dy, f(t) exists for all t € Jj.
Note that if ¢4 = 0 and ¢x = ¢ in (2.1), then Dy, f = D,f, where D, is the
g-derivative of the function f(t).

The gi-integral of a function f defined on the interval [a,b] is given by

(alg F)(t) = / F(8)adgs = (1= ae)(t —a) Y aif(adyy (1)), ¢ € [a,b],
a =0

and (aféif)(t) = alj;k_l(alqkf)(t)a (algkf)(t> = f(t)7 ke N.
The fundamental theorem of ¢ calculus applies to these operators ,D,, and
an

k

(aDayalq F)(E) = f(1),

and if f is continuous at t = a, then
(aDgpaly, f)(E) = f(t) — f(a).
The formula for gx-integration by parts on an interval [a, b] is

b b
/ F(5)aDa0()adges = (Fo)(D[E - / (a0 (5))aDae £(5)a Do ()l .

a

Definition 2.2. [18] Let v > 0 and f be a function defined on [a,b]. The fractional
qr-integral of Riemann-Liouville type is given by

(g, () = F(2),

(I D0 = =

t
(U)/ ot = a0gr () g UV f(8)adgys, v >0, t € [a,b].
qr a
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Definition 2.3. [18] The fractional gi-derivatives of Riemann-Liouville type of
the order v > 0 on interval [a, b] is defined by

(DG, F)(t) = £(2),
(aDg, F)(t) = (a Dy, alg, " F)(2), v >0,

(2.2)

where [ is the smallest integer greater than or equal to v.

Definition 2.4 ( [18]). Assume that f : J, — R is a continuous function. Then,
the ¢p-integral is defined by

t e}
F(8)dges = (1= qr)(t —tk) > ap flapt + (1 — g )te), t € Ji.

t n=0

Moreover, if a € (tx,t), then the definition gg-integral is defined by

/ ds—/f dous /f dyes

= (1—qu)(t —tx) Z ai f(apt + (1 = gi)tx)
n=0

— (1 —qx)(a—tg) Zqﬁf(q,?a + (1 — g )tw)-
n=0

Theorem 2.1 ( [18]). Assume that f,g: Jx — R is qx-differentiable on Jy. Then,
(1) the sum [+ g : Jx — R is qi-differentiable on Ji, with

Dy, (f(t) + 9(t)) = Dg, f(t) + Dy, g(1)-
(2) for any constant o, af : Jp — R is qi-differentiable on Jy, with
Dy, (af)(t) = aDQkf(t)'
(8) the product fg : Ji — R is qi-differentiable on Jy with

Dy, (fg)(t) = f(t)Dyg,g(t) + g(qr + (1 — qr)tr) Dy, f(1)
=g(t)Dyq, f(t) + f(qx + (1 — q)tr)Dg, g(t).

(4) if g(t)g(qut + (1 — qi)tr) # 0, then 5 is q-differentiable on Jy with

P\ o g)Da (1) — F(H)Dgg()
Da, () O = gt + (L=t

Lemma 2.2 ( [18]). Let o, 8 € RT and f be a continuous function on [a,b], a >
0, and the Riemann-Liouville fractional qi-integral has the following semi-group
property

B I8 F(8) = oI o I0 f(E) = ISP £ (D).

Q@ qr @
Lemma 2.3 ( [18]). Let f be a q-integrable function on [a,b]. Then, the following
equality holds

oDy aly f(t) = f(t), a >0, t € [a,b].

qr @
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Lemma 2.4 ( [18]). Let a > 0 and p be a positive integer. Then, fort € [a,b], the
following equality holds

p—1 —ptk
(t —a)* Pt
aIg;angf(t) = aDqukaIg; - Z F
k=0

qk (a+k—p+1) ang (a) (2.3)

From [18], we have the following formulas

o _ _ToB+Y s
u’DQk (t - a)ﬁ - Fqk (ﬁ — a4+ 1) (t )B ’ (24)
o —a)f = LalBTD el (2.5)

B FQk(B+a+1)

Lemma 2.5 ([1]). Leta > 0. Ifu € C(0,1)(L(0,1) and Dyu € C(0,1) () L(0, 1),
then there exists ¢; € R;i =1,2,--- ,n, satisfying

IEDIu(t) = u(t) + cit® "+ eat® 4+ et (2.6)

Theorem 2.2 ( [19]). Let X be a Banach space and W C PC(J, X). If the follow-
ing conditions are satisfied,

(i) W is uniformly bounded subset of PC(J, X);

(i1) W is equicontinuous in (tg,tx+1),k =0,1,2,---m, where tg = 0,t,11 =T;

(iii) W(t) = {u(t)lu € Wt € J {t1,ta,tm}}, W) = {u(t{)|u € W} and
W(t, ) = {u(t; )|u € W} is a relatively compact subsets of X.

Then, W is a relatively compact subset of PC(J, X).

Theorem 2.3 ( [15]). (Schaefer’s fized point theorem) Let A be a continuous and
compact mapping of a Banach space X into itself, such that the set E = {x € X :
x = Mz, for some 0 < X\ < 1} is bounded. Then, A has a fized point.

Theorem 2.4 ( [11]). (q-Gronwall Inequality) Suppose u(t) is a non-negative, lo-
cally q-integrable on [0,b], and satisfies u(t) < a(t) + g(t) fot(t — qs)3 tu(s)dgs,

where a > 0, a(t) is non-negative and the local time measure q-integrable on [0, ],
the function g(t) is non-negative, non-decreasing function on [0,b], and satisfies
g(t) < M,M > 0. Then, we have

) <ay+ [ 3 WA ¢ - gy (o).
n=1 q

Lemma 2.6. Let f € C(J,R). Then, the unique solution of
uDgrx(t) = f(t,z(t), t € Ji = [0, T]\ {t1,t2, - i},
AT (te) =pn((tr), k=1,2,--m,
Arx(ty) = o) (x(ty)), k=1,2,---m, (2.7)
A" x(te) = o3 (2(tr)), k=1,2,---m,
z(0) =0, oDy~ '2(0) = B, ¢DgO2x(0) = v
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s given by

te0—2 4 B___teo—1 +OL%O (t,z(t)), t €[0,t1],

qu (o)

(eoty) 7L |:/3 + Z e ((te)) + to1lap 1 f (tr, z(tr))

Lo (o) 0<tp<t

0l
qu (ap—1)

Y+ B+ D0 [k (x(tr))

o<t <t

oL F (o a(t) = oI5 F (2] = 5 (= ter)s

0<tp <t

IQk—lf(tk7x(tk))+ Z Z [tj—IIijlf(t]'7x(t].))}

0<t), <t 0<t; <ty

_ ap —3
M0=1 + )+ S st TS e

0<tp <t 0<t) <t 0<t;<ty

o —2
—t Loy f (t, ()] + S

iy, f (g, 2(t5)) = o 1o, f (8, 2(t5)) + 5 + Bte—r + i1 (2(tr—1))

LY et TN [tj_dsj,lf(tj,x(t]-)>

0<tp <t 0<t), <t 0<t;<ty

I ) |+ S S (-t [B+ oaalteen)

0<ty, <t 0<t; <ty
+t]’—1IQj71f(tj7x(tj)) - thij(tjvx(t]'))]:| + tklgkkf(t7x(t))7

te (tk, tk+1}.

(2.8)

Proof. For t € [0, 1], taking the Riemann-Liouville fractional go-integral of the
order g for the first equation of (2.7) and using (2.6), we can get

a(t) = Ciot™ ™" + Copt ™2 + Caot® ™% + 0150 f (£, 2(t)). (2.9)
According to the initial conditions, z(0) = 0, we know C5y = 0.

Taking the Riemann-Liouville fractional go-derivative of the order oy — 2 for
(2.5) on Jy, we have

ODZ‘Of’*zx(t) = Cgorqo (Ozo - 1) + thFqO (Oéo) + ()Igof(t, Z(t))

For ¢Dg°~2x(0) = v, then Cyy =
Therefore,

ind
qu(ao—l)'
Y ap—2 ap—1 (e
t) = ————t°° Cipt®® I f(t,z(t)).
x(t) Ty (a0 — 1) +Cho + olgy f(t, z(1)) (2.10)

Taking the Riemann-Liouville fractional gg-derivative of the order ag — 1 for
(2.10), according to (2.2) and (2.5), then we have

0Dg w(t) = DgyCho + olgo f (1, (1)) (2.11)
The third initial condition of (2.7) with (2.11) yields Cyg = FL(ao) Therefore,
a0
(2.9) can be written as
z(t) = T o2y B jegry oI5 f(t, 2 (t)). (2.12)

Lg, (Oé() - 1) Ty (040)
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Applying the Riemann-Liouville fractional gg-derivative of the orders ag — 1, a9 —
2,3 — ay, for (2.12) at ¢t = t1, we have

0D a(ty) = B+ oI} f (t1,2(t)),
0D %x(ty) = v + Btr + o, f (t1, x(t1)),

0]307&01‘(751) =t + Lt% + olg)of (tl,l‘(tl)) .
FQO (3)

For t € Jy = (t1,t2], from (2.6), we obtain

w(t) = Crat — 1) 7+ Cor(t — 1) 72 + Cag (t — t1)™ 7> 4 ¢ I8 f (£, 2(t)).
(2.13)
Applying the Riemann-Liouville fractional g;-derivative of the orders a; — 1,1 —
2,3 — ay, for (2.13), we have

tlDZ‘lﬁlx(t) =Ci1Ty, (o) + tllélf(t,x(t)),

0 Dgl 2 (t) = Cuulgy (1) (t — t1) + Corlgy (1 — 1) + ¢, 13, f (1, 2(2)),
Ly, (1)
Fql (3)
+ C31Tg, (1 — 2) + 4, I f(t, x(t)).

tl]gl_al.’li(t) = 011 (t - t1)2 + 021Fq1 (041 - 1)(t — tl)

According to (1.3), we obtain
L, (a1)Cr1 + ¢, 1y, ft1, 2(t1)) — B — oy f(t1, x(t1)) = @1 (x(tr)).

That is,

p1(x(t1)) + olg, f(tr, x(t1)) + B — o, 13, (1, 2(t1))

Ch = :
H Ty, (1)

Corlg (o1 = 1) + ¢, 17 f(t1,2(t1)) — Bty — v — oy f(t1,2(t1)) = @} (x(t1)).

That is,

C21 =

ei(z(t)) +olg f(ti,x(t)) + v+ Bti — o 17 f(t1, 2(t1))
F‘h(al - 1) ’

C31FQ1 (041 - 2) + tllgl f(tlvx(tl)) -

L' (3) -t - Olgof(tl’ z(t1)) = ¢1"(2(t1))-

That is,

O (x(t1)) + ol f(tr, x(t1)) + %t% + Aty — o, I3 f(t1, (1))
F‘h(al - 2) ’

Ca =
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We can get the solution of expression at (¢1, 2],

() _pi(z(t)) + ofqof(tl,lﬂj(tl)) + B =t 1g, f(t1,2(th)) (t— )™
‘h(al)
@i (x(t1)) + olg, f(tr, x(t1)) + v + Bti — ¢, IZ f(t1, 2(t1)) o
¥ S | (t=t)™
i*(x(t1)) + ol f(tr, x(t1)) + %t% Aty — o, I3 f(tr,2(th)) -
Forlar—2) -4)

o, Lot f(t, x(t)).

Repeating the above process, for t € Ji, we obtain

t‘“’2+F ST+ olg0 f(t, 2 (1)), t € [0,01],

qu(ao 1)
york —1
% |:B+ > Pk (@(tr)) + trs Loy f (b, T(tr))
0<tp<t

—2
oo (e a ()] + LB B+ S [ (a(t)
kT 0<tp<t

T @) = 0 I8 F (e a ()] = 3 (= te)us

0<tp<t

Iq}c—]f(tkv‘r(tk)) + Z Z I:tjfllqulf(tj7w(tj)):|

0<t) <t 0<t;<ty

ap —3
)=y + X w@w»+%ﬁﬁgﬁwmruﬁq+ > Y (tk—teen)

0<tp<t 0<ty <t 0<t;<ty

ti—1ly, (b, 2(ts) — o, 15, f (85, 2(5)) + 7 + Bte—1 + pf_1 (@(tr—1))

LY e+ YR [tjfllsj_lfuj,x(tj))

0<ty <t 0<ts <t 0<t;<tp

ftjfsjfm,x(tj))b S (et [B + pr (alte)

0<tp<tO0<t;<t
g1l o f (tg,2(t5)) — e5dg; (L5, 2(t; ))}} o g f (8 2())

t € (tr,tet],

(2.14)

where > (-) = 0, which we complete the proof.
0<0

3. Main results

In this section, we will prove the existence and uniqueness of solutions for the
following initial value problem for impulsive fractional gg-difference equation of
order 2 < ai < 3, and we use the Banach contraction mapping principle to
accomplish the result. In order to achieve the goal, we are supposed to intro-
duce the space: for v € Ry, Cyx(Jp,R) = {z : Jp — R : (t — t)7z(t) €
C(Jx,R)} with the norm ||z|lc, , = sup [(t — tx)"z(t)] and PCy, = {z : J — R:
teJy
for each t € Ji and (t — tx)"z(t) € C(Jy,R),k = 0,1,2---m} with the norm:
|zllpc, = OI<I}CZ%<X {sup |(t — tx)Y2(t)|} and z(t]), () exist, and z(t;) = z(ty),
te Jy,
where k = 0,1,2---m. Obviously, PC, is a Banach space.
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For the sake of convenience, we set the following constants

T
= N{(M+2M*)m+Lt +Z J 1 L+Z M(m —1)
I j=1 qu 1
- = t]_tj 1
+ Dt~ tj-1) L+ZL t) (1 —ti1) =) o
j=1 j=1 j=1
—&-i(j—l)M—i—iwL—ki(t-—t-,l)(j—l)M*—s—L ,
j=1 i =
(3.1)
T
Yo = N{(Qz + QQS)m + ﬁ(til—l +1- tm) + ’Y(l + tmfl) + it
r
_i( Ql"‘Z 1)(1 -t 191+Z - 1*)391
= 1+qj ) ti- - 1+gj
+Z(t —tj—1) [y + Btj—1 + (J — 1)s] +Z]*192+Z M
j=1 j=1 Lg
S = )P (B4 Qe — 1)+ (f — )] + Q}
j=1
(3.2)

where T'= max{T7Her=3 Trter=2 pyter—11 r= min{Ty, (a — 2), Ty, (ar — 1),
Iy (ak), k=0,1,2,---m}, and v + ay > 3.

Theorem 3.1. Assume that the following assumptions hold.
(Hy) f:J xR =R is a continuous function, and satisfies

|lf(t,z) — f(t,y)| < Llx —y|,L > 0,Vt € J,x,y € R.
(H2) o, :R—= R, k=1,2,---m, are continuous functions, and satisfy
lon(@) — er(y)l < Mz —y[, M > 0,Vz,y € R.
(Hs) ¢ :R—=R, k=1,2,---m, are continuous functions, and satisfy
lor(x) —or(y)| < M|z —y|, M™>0,Vz,y €R.
(Hy) o5 'R =R, k=1,2,---m, are continuous functions, and satisfy

lor" (2) — i (y)| < M™ |z —y[, M™ >0,Vz,y €R.
If
/(/)1 S 6 < 17
where 1 is defined by (3.1), then the initial value problem (2.7) has a unique
solution on J.

In addition, we define a ball Bg = {z € PC,(J,R) : [|z]| p, < R} with R > #2.
Setting

sup | f(¢,0)] = @1, max{pr(0): k=1,2,---m} = Qa,

teJ

max{¢;(0): k=1,2,---m} = Qs, max{p;"(0) : k =1,2,---m} = Qq,
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we will prove that ABr C Bg, where Br = {zx € PC,.(J,R) : [|z]|p, < R}, and a
constant R satisfies
n> ¥

—1—c

)

where 15 is defined by (3.2) and § < e < 1.
Let © € Bg. Foreach t € Ji, k =0,1,2,---m, we have

(Az)(0)
_ ot [IBH [ ST on@t)) + by Lo £ (b 2t

Lay (ak) 0<tj<t

*tqukf(tkyw(tk))]]+%H7I+Iﬁlth Y k)

0<ty <t
_tk—l‘lgk—lf(tk7m(tk))_tklgkf(tk7x(tk)]+ Z (tk = th1)tr_y
0<tp<t
Qk 1f le, @ tk + Z Z ] 1 q] 1f t]vx(t ))]+ Z Soj(x(tj))
0<t) <t 0<t;<ty 0<tp<t
(t —tu)™*
T o) ) teoal + 18l + D D (e —ti)
9k 0<ty <t 0<t;<ty

: {tj—llgj,lf(t,j,x(tj)) t; q]f(t], x(t '))+|’Y|+\ﬂtk71|+90271(95(tk71))}
+ Y e+ Y D> [adg ft,w(t) — e dg F (s, (t)]

0<tp<t 0<tk<t0<t <tg

+ Y0 > e —te)? 1Bl o1 (@(th1) + o1 le,, (5, 2(t;))

0<ty <t 0<t;<ty

- ijLij(tj7m(tj))]:| + tk[;kkf(tvm(t))'

Let {z,} be a sequence in x € Bpg converging to a point x € Bg. Then, by
Lebesgue’s dominated convergence theorem, we have

[(Azy,) (2)]
_ (=t
=TT, (an) [|/5| + L§<t¢k($n(tk)) oty Lap o (ks Tn(th))
(t —tx)*
=t Loy f(te, Tn(te))]] + m“”ﬂ + |Blte—1 + Z [or (n (tk))

_tk_llgkflf(thmn(tk)) th qkf(tk,wn(tk) + Z (tke — th—1)ty_1

0<tp <t

Ig,_ 1f ey Tn( tk + Z Z tj—1 qJ 1f tﬂvxn(t]))}

0<t) <t 0<t;<ty

Y eilenlt) + %[\m |+ 186

0<ty <t Lo (ar —2)

+ Z Z th — th—1) [tjfllgjflf(tjuxn(tj))_tjjsjf(tjvmn(tj))

0<t) <t 0<t;<ty

+hl+ B+ (o)) + 3 i)
0<ty<t
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YD Iy aa(ty) — oI5 (s, za(ty))]

0<t) <t 0<t;<ty

Y > = te)? 1Bl o1 (@ati-1)) + jo1la;_, F(t), Ta(ts))

0<ty <t 0<t;<ty

- tj]qu(tﬁxn(tj))}] + tklt?kkf(t>xn(t))

e [|/3|+ ST on@t)) + b T f (b alta)

r
K (o 0<ty <t

) Bl + Y [ a(te)

Lo (o —1) 0<ty <t

= tea Doy (e w(te)) = 6 15, f (b2 (t)] + D (b — tr1)e,,

0<tp <t

Ig,_ 1f i, Z Z ] 1 q] 1f tjvm(t ))] + Z Soj(x(tj))

0<tk<t0<t <ty 0<ty <t

+(t_tk)a 7) |:|’Vtk 1+ 1Bty | + Z Z (te — tr—1)

T
ax (k 0<t), <t 0<t;<ty

—tg quf(tk’ x(tk))ﬂ +

-[zj-lfsj_lfm,w(tj)) L [t <tj>>+|v|+wtkfuwz,l(x(tk,l))}
C Y et S [ fla(t) — I f(t ()]

0<tp<t 0<tk<t0<t <tg

+ Y > = te)? 1Bl o1 (@(th1) + i1 le,, (5, 2(t))

0<t), <t 0<t; <ty

- tJ'Ilef(tj7x(tj))]:| + tk[;kkf(tvm(t))'

This shows that A is convergence in © € Bg.
According to (Hy) — (Hy), we can get

|(Az) ()]

< u;t’z():)_ [IBI + (MR +Q)k + (LR + Ql)tk}

+ m [|’7 +1Blte—1 + (M*R + Q3)k
i (tj —tj-1)? k

_ Z W(LR +Q9)+ Z(LR + )t —t1) (1 —t51)
k B _—

+;(MR+QQ)(J - 1)] + Wﬁgtk Iyl

30— o) [“ﬂ'”(LRm )+ Iyl 81ty 1 + (MR +93)( — 1)

1+QJ 1

IR

I
-

J

k
+ (M*R+ Q3)k Z LR—i—Ql)

- - (4)
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k
+ Z(tj —t-1)*[IBl + (MR + Q) (j = 1) + (t; — tj—1) (LR + Q)]

(t — tk)ak
+ - (LR+ Q).
Pyl + 1) LR E0)

Multiplying both sides of the above inequality by (¢t — tx)7, for t € Ji, we have

(t —tx)"|(Az)(t)]

)= 14y
(=) {|5| + (MR + Q2)k + (LR + Ql)tk}

- F%(o‘k)

(t—tg)o~ 2+[ Lty — 1)

-~ t M*R+ Q) k 7LR 0
a1y |1 Bl + O R4 09) ; e CLANLY

k k
+ Y LR+ )t —ti1) (1 —tj—1) + (MR + Q) j—l)}
j=1 Jj=1

(= ty)2 54 - 1)
-~ t t 7L Q
+ [m e+ 30 - [ =R+

t; —t;—
1yl 18181 + (MR + Q3)( - 1)] + (MR + Qs)k + ; M

k
(LR+ Q1)+ Y (t; = t;-1)° (1Bl + (MR + Q) (j — 1) + (t; — t;—1)(LR + )]
Jj=1

(t_tk)ak+’y

which yields ||Az|| < R. Then, we get ABr C Bp.
For any x,y € PC,(J, R) and for each t € J, we have

|(Az)(t) — (Ay)(1)]

(t _ tk)ak_l (t _ tk)ak_z
S -~ [EMllz =yl + Lllz — ylte] + 7——"—
FQk (ak) F% (ak - 1)
. (1 — 1)’ ¢
KMz —yl| = TLHOJ =yl =D _(t; = tj-) Ll — ylltj—1+
Jj=1 j=1

k f—t; 1)

k
( Oék 3
Lliz— yllt—1 + kM —yn] Bl gy
; ! F‘lk( ; ] ]‘—"_ J*

* . * tj—t;— 8 &
Myl = 1)+ M= gl S (}#Lnx ol )
i=1 g;-1(4) j=1
(t — tg)**
U™ gy
qr(op+1)
Again, multiplying both sides of the above inequality by (t — t;)7, for t € Ji, we

Mz =yl + L]z —y|] T
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have
|(t = te)” (Az)(t) — (t — )" (Ay)(1)]

(t _ tk)ak_1+’Y (t _ tk)ak—2+7 {
<~ [kM|z — y|| + L||lz — y||ts] + —F——|kM"||x —
T, (a0) [kM|z -yl + Lz — ylltx] T (o = 1) |z =y
k(s — )2 k k
ot
=y A Le—yll = Y (5 — )Ll =yl + Y Llle =yl
- 1+q‘]71 .7 -
j=1 7j=1 j=1
k
(t —tg) =3t [ (tj —tj—1)*
F M|z -yl |+ S IS ) T
ool + S DI e
(= 1)’
* . * ] — lj—1
+ Mz —yl|(G— 1)+ M* |z —ylk+ > ) j4 Lijz —yll
j=1 qj—1

k _ agp+y

4200~ il =l + 2l =l + L gy,
j=1 qr (o +147)
which implies ||z — y|| < 1|z -y

As 91 < 1, by the Banach contraction mapping principle, we can draw the
conclusion that A has a fixed point, which is a unique solution of (1.2) on J.

We consider another Banach space PC(J,R) with the norm ||z|| = ||#]|c and
|z]|co = sup{|-|,t € J,t # tx},x € PC(J,R), where PC(J,R) = {z : J — R, x(¢)
is continuous everywhere except for some tx, at which z(t;) and z(t,) exist and
x(ty) = x(ty),k=1,2,--- ,m}.

Define an integral operator A : PC(J,R) — PC(J,R).

Lemma 3.1. Assume that
(Hs) there exist continuous functions a(t),b(t), such that |f(t,z)| < a(t) +
b(t)|z|, (t,x) € J x R with sup |a(t)| = a1,sup |b(t)| = by;
teJ teJ

(Hg) there exist nonnegative constants ag, by such that |pr(x)| < aglz|, |¢f(z)] <
m m

belz|, |op*(z)| < cklz], Ve e R,k =1,2,--- ,m, and note a = ) ax, b= > by,c=
k= k=1

1
m
Z Ck.
k=1
Then, the operator A is completely continuous.

Proof. The proof consists of several steps.

(i) By the continuity of f, Iy, I}, it is easy to get A is continuous.

(ii) A maps bounded sets into bounded sets in PC(J,R). Let B = {z €
PC(J,R) : ||z|]| < R} be a bounded set in PC(J,R), ¢t € (tx,tk+1) and x € Bg.
Then, we have

|(Az)(®)]
(t —tp) !
=T (o) BI+ | D or(@tn) + oy Tge, ftr,x(tr)) — tqukf(tk,w(tk))H
a 0<t)<t
et 3 [pitett) — B S at)

- tkfikf (e, z(tr)] + Z (te = te—1)tr_ Lgu, f (trs 2(tr))

0<tp<t
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_ ap—3
+ Z Z tJ Loy 1 [, 2(t; ))] + Z wj(x(tj))_ka)_m

0<trp<tO0<t;<tp O<trp<t

[|’7tk1|+|5ti—1|+ > > (tk—tkl)[w‘1137_1f(fj»96(’5j))

0<tp <t 0<t;<tp

_tjlgjf(tj7x<tj>)+|'7|+Btk1|+‘P21x(tkl):|+ > eilate)+

0<trp<t
ST ST il ) — o2 f )]+ S0 S (= te)?
petesthsth 0<tp<t0<t;<tp
181+ rr(ti-s) + tg-alyy o (s (t5)) = 25l £, 2(t M]+m o f (L (1))
(t —ty) !
ST, (an) 1B+ aR+ 1, Iq,_, (a1 + b1 R) + 4, Iy, (a1 + b1 R)]
(t—tk)o‘k 2 2
+m Y|+ 1Bty 01 R+, _, Qk 1(a1+b1R)+tk qk(a1+b1R)
qu \E

(t —tg,) =3
FQk (ak 2)

+ (tk — th—1) [tj_lffjl (a1 +b01R) + 1,17 (a1 + biR) + [y + [Btr—1| + bR}

T (t— te ) T (0 + D1R) + aR] T (el + 1821 )

(a1 + 01 R) + tJIS (a1 + blR)]

95—

+ bR + |:t3 I3

(b — te) [5|+aR+t L, 1<a1+b1R)+tijj<a1+b1R>}

—‘y—tklgjck(a/l +b]_R)
_ ak—l

< (t —tk)
FQk(ak‘)

+ 24, 12 (a1 + 01 R) + 24, Iy, (a1 + blR)}

(t —tg) 2

181+ af+ 20 g (01 + bR + 7 =5y

[w 118+ bR

qk

t— b)) 3
+ -t 29|+ 2|8] + (24,17 (a1 + b1 R) 4+ 2bR) + 2, 17 (a1 + b1 R)
F‘]k(ak 2) Y

+ 18+ aR + 24,14, (a1 + blR)} + 1,15k (a1 + b1 R)

T/

< 5\ﬁ| +2aR + 44,1y, (a1 + b1 R) + 3|y| + 3bR + 4, I (a1 + b1 R)

+ thfllqkflfgk (a1 + blR) + tk[(?kk (al + blR):|

T 4(ty — tk_1)2

= — |5|B] +3|7| + (2a + 3b) R + 4(ty, — tr—1)(a1 + b1 R) + (a1 + 01 R)
I’ | 14+ qr—1
2t —tp_1)3 (t — tg,)
2t — t1._ P S —~ &
+2(ty — tg—1)(a1 + b1 R) + T, (0 (a1 + b1 R) + T, (an + 1) (a1 + b1 R)

4a1(tk - tk_l)Q

/
= |918] + 3|y + 4a1(ty — tr—1) +
7 1518 [l 1(te — tr—1) 1+ qrr

+ 2aq (tr, — tr—1)
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_ 3 oy
2‘”%_1 EZ)*) Eit(aktf 1)} + [Za +3b+ 6by (tr — te1) +
201 (ty —tp_1)®  bi(t— tk)ak}R

Ly, (4) Ly (o +1)

= A, + BiR:= M,

4by (ty — tg—1)?
14+ qr

where 7" = max{T* =3, T2 T~} T" = min{l',, (ax — 2), Ty, (s — 1),
FQk(ak)’ k:O71727"'m}7 and’Y"'OZk > 37

4aq (tk — tk_1)2

Ay =5|8| + 3|y| + 4a1 (tx — th—1) + + 2aq (t,, — tr—1)

14+ qr—1
2a1 (ty —th_1)®  ap(t —t)*
FQk—l (4) quc (ak + 1) ’
Aby(ty —tr_1)?  2bi(tg —tr_1)®  by(t —ty)2*
Bi =2a + 3b+ 6bq (tr, — ti_1) + )
! 1( g g 1) 1+Qk71 quc—1(4) FQk(ak+1)

(iii) A maps bounded sets into equicontinuous sets of PC(J,R).
Let 15,71 € Ji € (tk,tr+1] for some k € {0,1,2,--- ;m} and Br be bound set
of PC(J,R) as before. Then, for x € By, we have

|Az(12) — Az(m1)|

< (”_tk)aquia(g_tk)% [ﬂ|+[ Y enl@(t)) + oy Ly, (b 2(te)

O<tp<t
(TZ _ tk)ak_2 _ (,7_1 _ tk)ak—l |:
o L f(t, x(t + + 1Bt
(e o) e ol + 181t
S [so,t(m(tk» 2 ftalt) - tkfgkf<tk,x<tk>}
O<tp<t
+ Z tk*tk 1)1‘k 1I(1k 1f tg, @ tk Z Z q] 1 t,l‘(t]))]
0<tr<t O<tr<tO<t;<tj
(7_2 _ tk)ozk—B _ (7.1 _ tk)ak—l
+ Y eiaty)| + - Vte-1| + |8t 1]
F%(ak 2)
0<ty<t

e —te)+ > > (e—teo) [ de,  f(t,a(ty) — o, 17 F (5, 2(t5))

0<ty<tO0<t;<ty

+ I+ Btk + ehaxte-)] + Y era(te)

0<trp<t

EY S Ll ) oI 2]

O<trp<t 0<t <t
(T2 — tg)* — (11 — tg)**
F% (ak + 1)

ft,z(t)) = 0(r2 — 7).

As a consequence of the Arzela-Asoli theorem, we can conclude that A : PC(J,R) —
PC(J,R) is completely continuous. The proof has been completed.

Theorem 3.2. Assume that (Hs) and (Hg) hold. Suppose that By < 1 holds
further, then the boundary value problem (1.2) has at least one solution.
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Proof. In view of Lemma 3.1, it is easy to know that A is completely continuous.
It is clear that x(t) € PC(J,R) is a solution of boundary value problem (1.2), if
and only if = is a fixed point of A. We need to show that the set

E ={z(t) € PC(J,R) : x(t) = Mz(t),0 < A < 1}

is bounded, which is independent of A. Let x(t) € E, then z(t) = MAz(t) for some
0<A<1.

By (Hs) and (Hg), for each t € (t,tr+1], according to (ii) of Lemma 3.1, we
have

[(@(t)] = [MNA(2(1))] < [A(2(1))] < A1 + Bill2|.

Consequently,

A
< = M.
Joll < 5 = My

This show that the set E is bounded. By Theorem 2.3, we can draw the conclu-
sion that the boundary value problem (1.2) has at least one solution, by which we
complete the proof.

In order to get the main result with Schaefer’s fixed point theorem well, we
replace (Hs) with (Hs).

(Hs)' there exists L > 0 such that | f(¢, 2(t))| < L(1+|z(t)]), Yt € (t, tir1], 2(t) €
R.

Theorem 3.3. Assume that (Hs)' and (Hg) hold, then the boundary value problem
(1.2) has at least one solution.

Proof. In view of Lemma 3.1, it is easy to know that A is completely continuous.
It is clear that x(t) € PC(J,R) is a solution of boundary value problem (1.2), if
and only if () is a fixed point of A. We need to show that the set

E = {z(t) € PC(J,R) : x(t) = NAz(t),0 < A < 1}

is bounded, which is independent of A. Let x(t) € E, then z(t) = MAz(t) for some
0 <X <1. By (Hs) and (Hs), for each t € (tx, tx+1], according to (ii) of Lemma
3.1, we have
|(Az) ()]
_ ap—1
< (E—t)
Ly, (ak)

t— )2
+<k)bv+WH6+%%}OHdMD+W—MAMQMO+WWW

F% (ak - 1)
(t — tp) =3

FM%_%[ﬂ+W
+ (tr — tr—1) [20,12 L1+ @(te)]) + [y + 18] + 20] + 24,13 L(1 + |2(tk)])

18] + a+ 20,1, L(1 + | (tx)])]

+m@ﬁu+mwm+4+

+ (te — te1)? [|Bl + @ + 20, Iy L(1 + |2(t)])] 4+, Iow f(t,2(t))
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< :;—: [5|ﬂ +3(a4+ b4 y)) + B4+ T)L(1 + |2(tr))tr + 2T, L(1 + |z(ty)])

(th — tp—1)? (tk — tp—1)?
~— 2 L1+ |x(t +2—— o L(1 + |x(t
et L+ ) + 20 L0 ()

o, Lok f (2, (t))
= FQk(ak> / k(8= 1,00, (8) g L(L A+ [2(8) )iy gy s

+(2+27)

, L ! _
=A+ FQk(ak> / ( tk¢¢1k( )) qk ltkqus

t
B et e )5 s
Qk
L

= A+ Fqk(ak)(t—tk) kB, (Ozk,l)+

// L o 1
-4 Fqk(ak)/tk (o (t )) |2(5) ¢, dgy. s,

L ‘ — ar=l|p(g s
)/tAt 1o B ()2 2(5) 0 g

FQk (ak te

where

A = % [5|ﬁ| +3(a+b+ )+ 3+ T)L(L + |x(ty)Ntr + 2T, L(1 + |2(t)])

e BT g o) + QM

AL YA L1+ |z,
- g L ke

L
A" = A"+ ————(t — t)** By(ag, 1).
F(Ik- (O‘k)
We need to show that the set

E = {z(t) € PC(J,R) : x(t) = NAz(t),0 < A < 1}

is bounded, which is independent of A. Let x(t) € E, then x(t) = MAx(¢) for some
0< A< 1.

By (Hs)' and (Hg), for each t € (ti,tx+1], according to (ii) of Lemma 3.1, we
have

()] = M) < [A(z())] < A" + / (= 1, Pa ()5 |2(3) e, do 5.

L
Ly (ar) the

According to ¢g-Gronwall inequality, we deduce

Lo ()"
jz(t)] < A" + /Z Tl ):ak) (t =t g (1) A dy, s .= M

k
tk p—1 %

This show that the set F is bounded. As a consequence of Schaefer’s fixed point
theorem, we deduce that A has at least one fixed point, which means that the
problem (1.2) has at least one solution. The proof is complete.
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4. Examples

Consider the following impulsive fractional gi-difference initial value problem

ot ]
i D 5 i 2(1) = W telz] t# b
N 2kd+k+8 le(te)
- k
A*i(tk) = Ww, k=12, ty, = 5}; .
A*a(ty) = W k=12 =35,
;[;(0) =0, ODg.'L'( ) 1 OD ( ) %
Here,
k2 — 2k +5 k3 — 3k +7 1, 3 _2
= 3 = 7k:071727 :27T:77 = =9
CT k2 T % k8 " AR
e cos? t]z(t)] |x(tk)|
t,x(t)) = : b)) = ’
. ()| " [ ()]
th)) = : t)) = '
@k(x( k)) 6(l€ + 3) —+ |I‘(tk)‘ Pk (I( k)) 5(k/’ + 4) + |x(tk)|
Since

£(2) = 769 < gl — ol

1
lor(r) — wr(y)] < Ellx -yl

o) — e W) < gl —
we choose v = 13, and we have that (Hy), (H>), (Hs) and (H,) are satisfied with
L_TO’ M = 127]\/[*:247 M**:%

We find that T= 0.01205530547, I‘ 0.875, and

% m
wlzw{(M-‘rQM ym + Lty +27L+Z M(m —1)
I j=1 qJ 1 j=1
+) (t — )P L+ ) Lt — tj_1)(1—tj1) Z L-l—Z]—l
— — — 1+QJ 1
J= J J=
M—I—Z L—i—Zt —t; 1)(]—1)M*+L}
1+‘]j 1 =

~ 0.1317463686.

Therefore, according to Theorem 3.1, the initial value problem (4.1) has a unique
solution on J. This means that our hypothesis is reasonable, that is, the uniqueness

of the solution to the equation.
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Example 4.2. Consider the following impulsive fractional gj-difference equa-
tions

k2 _2k+5
2k3 +ht2 _ z(t) sinrz(t) 1
D§i4fiiéx(t) = Totre) e tlemp © € [0zl tF b
N _ lz(ts)] _ _k
fr) gy P L2 s (42)
* _ T(lk — N
A x(tk) = 6(k+3)g‘7 k=1,2, tp = =,
A g(ty) = |z (tr)]

2 3_

Here, A = %a qk = gk“fZi;’k =0,1,2,m = 2aT = %76 = %a’y =
2(t) sin 22 (¢ t t Kk

5.t 2() = e ey s (@(00) = T wi(a(t) = 0. ok (e(t)

— lz()l
5(k+4) -

Obviously, we have |f(t,z(t))] < g;(1+2]), L = g5.a = 15,b = 15, M’ = 0.087.
Thus, all the assumptions in Theorem 3.3 are satisfied, which means that (4.2) has
at least one solution.

In equation (4.2), if we set f(¢t,z) = ﬁ + In(1 + |¢])x, where a(t) fot ,b(t) =
In(1+[t]), we can obtain a = {5,b = In2, and by calculation, we get By = 0.12 < 1.
That is to say, Theorem 3.2 is satisfied. However, if we set f(t7 z) = e ' +sint|z|,
where a(t) = e~%,b(t) = sint, by calculation, we get a = b = 1, B; = 1.167 > 1.
That is to say, By < 1 is not necessary for the function f(¢,x) to be true.
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