Journal of Nonlinear Modeling and Analysis http://jnma.ca; http://jnma.ijournal.cn
Volume 4, Number 4, December 2022, 764-782 DOI:10.12150/jnma.2022.764

Asymptotic Behavior of a Stochastic
Predator-prey Model with Beddington-DeAngelis
Functional Response and Lévy Jumps*

Yaru Guo®' and Shulin Sun!

Abstract A stochastic two-prey-one-predator model with Beddington-DeAngelis
functional response and Lévy jumps is proposed and investigated in this pa-
per. First of all, we prove the existence and uniqueness of the global positive
solution, and stochastic ultimate boundedness of the solution. Next, under

a simple assumption, by using It6 formula and other important inequalities,
some sufficient conditions are established to ensure the extinction and persis-
tence in the mean of the system. The results show that neither strong white
noise nor Lévy noise is conducive to the persistence of the population. Finally,
the theoretical results are verified by numerical simulations.

Keywords Stochastic predator-prey model, Beddington-DeAngelis function-
al response, Lévy jump, Extinction, Persistence.
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1. Introduction

In natural ecology, there are many complex relationships and interactions between
organisms, which constitute a biological population system together. However, the
interaction between predator-prey population is considered to be the most impor-
tant one. Therefore, predator-prey model has become an important topic for many
scholars. In addition, it is a common phenomenon in nature that predators often
feed on some competing prey. So far, many scholars have carried out extensive
research on deterministic two-prey-one-predator systems (see [1,8,9,12,14,15] and
other references).

Functional response has always been an important component of predator-prey
dynamics. Functional responses are generally divided into two categories. One
is prey-dependent functional responses, the most common of which are Holling-I,
Holling-IT and Holling-ITI, but these functional responses only consider the density
of prey. The other is predator-dependent functional responses, which generally in-
clude Beddington-DeAngelis type [4,7], Crowley-Martin type [5] and Hassell-Varley
type [10]. They consider both prey density and predator density. In ecology, species
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not only compete, but also interfere with each other. Therefore, we consider us-
ing Beddington-DeAngelis functional response in this paper. In 1975, Bedding-
ton [4] and DeAngelis [7] first introduced a predator-prey model with Beddington-
DeAngelis functional response

dx, 5 C12122

Y — i1 — oy — )

dt a1 + agx1 + asxo (1 1)
dl‘g 2 CoT1T2 ’
— = —T2X2 — (aXy + 5
dt a1 + asx1 + aso

where ——4EL_— hecomes the Beddington-DeAngelis functional response. z;(i =
aitasritazxs

1,2) is the size of the ith population at time ¢, 71 denotes the intrinsic growth rate
of the prey, ro denotes death rate of the predator, c¢; represents the effect of capture
rate, ap is a saturation constant, as is the effect of handing time, and a3 represents
the magnitude of interference among predators.

On one hand, in real life, the population is inevitably affected by environmental
noise. Therefore, it is very necessary to study the dynamic impact of white noise
on population system. So far, a large number of scholars have proposed a variety of
stochastic population models (see [6,13,16,18,19,22,26-30]). Liu et al., [22] derived
some conditions for species to be stochastically permanent. They also showed that
the species will become extinct with probability one, if the noise is sufficiently large.
Das and Samanta [6] came to a conclusion that the environmental noise plays an
important role in the extinction and persistence of prey and predator populations.

On the other hand, in ecology, sudden environmental disturbances, such as t-
sunamis, volcanic eruptions, avian influenza and infectious diseases, also have a
very important impact on the population system. However, due to the abruptness
and intensity of these events, the sampling path will be discontinuous. Therefore,
these phenomena cannot be accurately described by Brownian motion. In this case,
some scholars (see [2,24,25,31,32]) pointed out that Lévy jump can be introduced
into the model for modeling. Zhu and Li [32] dealt with a predator-prey model
of Beddington-DeAngelis type functional response with Lévy jumps. They proved
that the variation of Lévy jumps can affect the asymptotic property of the system.

Inspired by the above discussion and references, we assume that the intrinsic
growth rate of preys and the mortality of predator are affected by Lévy noise. That
is,

ridt — ridt + 01d By (t) + / v1(w)N(dt, du),
Y

rodt = rodt + o2d Ba(t) + / Yo (u) N (dt, du),
Y

77’3dt — 77’3dt + U3ng(t) + / ’)/3(U)N(dt, du),
Y

where o; represents the intensity of the white noise and o; > 0, and B;(t) (: = 1,2, 3)
is independent standard Brownian motion.

According to (1.1), based on the fact that the most common system in the
ecosystem is two-prey-one-predator system, we propose the following stochastic two-
prey-one-predator system with the Beddington-DeAngelis functional response and
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Lévy jumps

Clx3(t)
a1 + agxl(t) + Cbgl‘g(t)

dlL’l(t) :xl(t)[rl — Oéliﬂl(t) — — ﬂlﬂfg(tﬂdt

+01$1(t)d31(t) +£L’1(t7)/Y’)/1(U)N(dt,du),

_ CQ(IJg(f)
b1 + bQIQ(t) + bgfﬂg(t)

+aﬂxwwﬁw+mxryéwxmﬁmum& (1.2)

611‘1(t)
ay + asx (t) + azxs(t)

d$2 (t) =X (t)[?“g — QT2 (t)

— 62.%‘1 (t)]dt

dw3(t) =z3(t)[—r3 — azws(t) +

N eaxo(t)
by + baxa(t) + bszs(t)

+ x3(t7) /Y v (u) N (dt, du),

}dt + o3x3 (t)ng(t)

where x;(t) is the size of the ith population at time ¢, z;(¢t ™) is the left limit of x;(t),
r;(1 = 1,2) represents the intrinsic growth rate of prey, r3 denotes the mortality of
predator, o is the intra-specific competition coefficient of the ¢th population, 81 and
B2 are the competitive coefficients of x1 and x5 respectively, z—j(] = 1, 2) represents
conversion factor denoting the newly born predator for each captured prey, and
all of the coefficients r;, a4, a4, b;,¢5,8; and e;j(i = 1,2,3,j = 1,2) are positive
constants. NN is a Poisson counting measure with the characteristic measure A on a
measurable subset Y of (0, +00) with A(Y) < 400, N(dt,du) = N(dt, du)—\(du)dt.
Throughout this paper, we further assume that B;(t) and N are independent.

From a biological point of view, we suppose 1 + 7;(u) > 0, where v;(u) > 0
means the increase of the species (e.g., planting), and —1 < ~;(u) < 0 means the
decrease of the species (e.g., harvesting and epidemics), u € Y,i = 1,2, 3.

The rest parts of the paper are organized as follows. Some preliminaries are
given in Section 2. In Section 3, we prove that there is a unique global positive
solution for system (1.2) with the initial value x(0) = (x1(0),22(0),23(0))*, and
the solution is stochastically ultimately bounded. In Section 4, we present sufficient
conditions for the extinction and persistence in the mean of the system, which is the
most important part of this paper. In Section 5, we verify our theoretical results
by numerical simulation. Finally, the conclusions are given in Section 6.

2. Preliminaries

In this section, we will provide some information which helps establish our main
results. For the sake of convenience and simplicity in the following discussion, we
always use the notations

o2

m:;_émaywm—wwxwxi=m&

Ni(t):/o /Yln(1+%‘(U))N(ds,du), i=1,2,3;
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gv = liminfg(t), ¢° = limsupg(t), (g(t)) = = / o(s)ds,

t—+o0 t——4o00 t
where g(t) is a continuous bounded function.

Let (Q, #,{%:}+>0,P) be a complete probability space with a filtration {#; }+>0
satisfying the usual conditions (i.e., it is increasing and right continuous, while
o contains all P-null sets). Let B(t) = (Bi(t), Ba(t), B3(t))T be 3-dimensional
independent standard Brownian motions defined on this probability space. Let
R3 ={z € R¥:2; > 0,1 <i < 3}. We define the norm as |z| = /27 + 23 + 23.

Assumption 2.1. Assume that there exists a positive constant ¢ such that
/[111(1 () V (In(1 4+ 7)) 2Adw) < e = 1,2, 3.
Y

This assumption means that the intensities of Lévy jumps will not be too large.
Definition 2.1. ( [20]) For any given initial value x(0) = (z1(0), 22(0),z3(0))T €
R3 , the solution z(t) = (21(t), z2(t), z5(t))" of system (1.2) is

(i) extinctive, if lim;—, 1 oo z(t) = 0 a.s;

(ii) persistent in the mean, if liminf, o L [ 2(s)ds > 0 as.

Definition 2.2. ( [17]) For any given initial value x(0) = (z1(0), 22(0),z3(0))T €
R3, the solution z(t) = (21(t), z2(t), z3(t))" of system (1.2) is said to be stochas-
tically and ultimately bounded for any ¢ € (0,1), if there is a positive constant
1n = n(e) such that the solution z(t) of system (1.2) has the property that

limsup P{|z(¢)| > n} < e.

t—+oo
Lemma 2.1 ( [3]). Letting Assumption 2.1 hold, for any initial value (0) € R%,
the solution x(t) = (x1(t), z2(t), 23(t))T of system (1.2) has the property that

nr; (t)
t

lim sup
t—+4o00

<0 a.s.,1=1,2,3.
Lemma 2.2 ( [21]). Suppose Z(t) € C(Q x [0,+00),R;) and let Assumption 2.1

hold.
(1) If there exist two positive constants T and §y such that

t 3 t
InZ(t) <ot — 60/ Z(s)ds +oB(t) + Z 61»/ / In(1 4 ~;(u))N(ds,du) a.s.,
0 = Jo Jy
for allt > T, where o and &; are constants. Then,

(Z)y* < % a.s.,if6 > 0;
lim; 400 Z(t) =0 a.s.,ifd <O.

(2) If there exist three positive constants T, 6 and &g such that

t 3 t
InZ(t) > ot — (50/0 Z(s)ds 4+ oB(t) + Z (51»/0 /Yln(l +7;(w))N(ds,du) a.s.,

forallt >T. Then, (Z). > % a.s.
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Lemma 2.3 ( [23]). (Chebyshev’s inequality) For p € (0,+00), let LP = LP(£; RY)
be the family of R*-valued random variables X with E|X|P < +oco0. If ¢ > 0,p >
0,X € LP. Then, P{w : | X (w)| > ¢} < ¢ PE|X]|P.

3. Existence and uniqueness of the global positive
solution

In this section, we will prove the existence and uniqueness of the global positive
solution of system (1.2), and the theorem is stated as follows.

Theorem 3.1. For any given initial value z(0) = (z1(0),22(0),23(0))T € R3,
system (1.2) has a unique solution x(t) = (z1(t),z2(t),z3(t))T ont > 0, and the
solution will remain in R3. a.s.

Proof. Since the coefficients of system (1.2) are locally Lipschitz continuous, for
any given initial value z(0) = (z1(0),z2(0),23(0))T € R3, there is a unique local
solution x(t) = (z1(t), z2(t), z3(t))T € R3, for ¢ € [0, 7), where 7, is the explosion
time. To show this solution is global, we need to show that 7. = 400 a.s. Let
mg > 0 be sufficiently large such that (z1(0),22(0),23(0))T lie within the interval
[m%w my]. For each integer m > myg, define the stopping time

Tm = Inf{t € [0,7¢) : 21(t) ¢ (%,m) or xo(t) ¢ (%,m) or xz3(t)) ¢ (%,m)}

Throughout this paper, we set inf ) = +o00 (as usual @) is the empty set). Obviously,
Tm 18 increasing as m — 4o00. Let 7o = limy,— 100 Trn. Thus, 750 < 7, a.s. If we
can show 7., = +00, then 7, = 400 a.s. If this assertion is false, there exist a pair
of constants T' > 0 and ¢ € (0, 1) such that

P{roc <T} >e.

Hence, there is an integer my > myg, such that P{r,, < T} > ¢, for all m > m;.
We write 21 (t) = 21, 22(t) = 2, 23(t) = 23 and define a function V:R3 — R by
V(zi,xe,23) =21 — 1 —Inxy + 22 — 1 —lnxzg + 23 — 1 — Inxs,
for all t € [0, 7], from v — 1 — Inw > 0, for any u > 0. Obviously, V(z1,x2,z3) is
nonnegative. Applying It6 formula to V', we have

0'2 0'2 U.2
LV(z1,22,23) = (z1 — 1)[r1 —onzy — 28— — Bz + T+ F + 3
+ Jyl(w) = In(1 + 71 (w)JA(du) + (22 = D[rs — azas
— T, — Pem] + Jy[ve(w) = In(1 + 2 (u))]A(dw)

— — _ €121 [P
+(.’L‘3 1)[ r3 — 3Tz + a1+aszi+azxs + b1+b2$2+b3w3]

+ Jylrs(u) = In(1 + y3(w))]A(du)

=rry — onai — TTese tanms — Prrize — i+ oqa
2, 2, 2
+a1+aglzg1cia3m3 + 51552 + (71—~_(722—"_l73 + roTo — Ozgl‘%
_b1+gzizf-3bsis o nglﬂfg — T2+ Ty + b1+b;20§j-b3m3
+521‘1 —T3T3 — 04313% + a1+222113a3x3 b1+22;213b3333
€1 €T 2

+r3 + gy — artaszitazzs  bi+bawatbszs
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+ [yl (w) = In(1 4 71 (u))] A (dw)
+ Jylr2(w) — (1 + 72(w))]A(du)
+ [y[rs(w) = In(1 4 v3(u))]A(dw)
<@y — ozt + onwy + g+ Biws + raw — 0@ + 4z
+52 + Boa1 — asad + 73 + azrs + w
+ [yl (w) = In(1 4 71 (u))] A (dw)
+ [y[re(w) — In(1 4 72 (u))] A (dw)
+ [y [rs(w) = In(1 + 3 () A (dw).

Let
n= [yl (u) = In(l + 1 (w)Adu) V [;[r2(u) — In(1 + 72 (w))]A(du)
V fy () — In(1 + 7 (u))]A(du).

It is a fact that there is a positive constant K such that
LV (21, 29,23) < 121 — 1] + a1xy + &+ fiag + 1oy — Qo3 + agwa + 2 + fory
—a3x3 + 13+ azrs + M + 3n
<K.

Therefore,

dV (z1, e, x3) <Kdt + (1 — 1)o1dB1(t) + /Y['yl(u)xl —In(1 + 71 (w))]N(dt, du)
+ (29 — 1)02dBy(t) + /Y (Y2 (u)zg — In(1 + 2 (w))] N (dt, du)

+ (x3 — 1)osdBs(t) + /Y[vg(u)xg —In(1 4 y3(u))]N(dt, du).
(3.1)

Integrating both sides of inequality (3.1) from 0 to 7, A T, where 7, AT =
min{r,,, T}, we have

/OTWAT dV (w1, 22, z3) S/OTMT Kdt + /OTmAT(xl — Do1dBy(t)
n /OTMAT(gc2 —1)02dBy(t) + /OWAT(:Cs — 1)o3dBs(t)
+A“”Amwn_mm+wmeWAw
n /O i /Y (Y2 (w)z2 — In(1 + 72 ()N (dt, du)

T AT 5
+ /0 /Y[’Yg(u)l'g —In(1 + y3(w))]N(dt, du).

Taking expectation, we can obtain
EV (z1(tm AT), 22(1in AT),x3(Tin AT)) <V (21(0), 22(0), 25(0)) + KE(7,,, AT).
(3.2)
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Set Q,, = {7mn < T}. From P(r,,, < T) > ¢, then we have P({,,) > . For each

W € Qupy 1(Tin, w), T2 (T, w) or T3(7,w) equals either m or %7 and

1
V (21 (T, w), T2 (T, w), 3(Tm, w)) > min{m — 1 — Inm, o 1+ 1Inm}.
Therefore, from (3.2), it is not difficult to see
V(21(0), 22(0), 23(0)) + KE(7p A T) :V(xl(o), 2(0),23(0)) + KT

[Iﬂm W) ($1(Tm, w), xZ(Tma w)) mS(Tma W))}

(
>P (Qpn(w)) min{m — 1 — Inm, % —1+Inm}

1
>emin{m —1—Inm,— — 1+ 1Inm},
m

where I, is the indicator function of 2,,. Letting m — +o0 leads to the contra-
diction

+00 > V (21(0),22(0),23(0)) + KT > +o0.
Therefore, we show 7o, = +00 a.s. Then, x(t) = (21(t), 72(t), 23(t))T is the unique

global positive solution of system (1.2). Here, the proof of this theorem is completed.
O

Lemma 3.1. For any given initial value z(0) = (z1(0),22(0),25(0))T € R3 and
p > 0, there is a constant Q such that the solution x(t) of system (1.2) satisfies
limsup;_, o Elz(t)[? < Q. That is, the solution is stochastically and ultimately
bounded.

Proof. Define a Lyapunov function V(z) = 2§ + 2} + 2%, p > 0. Making use of
the Itd’s formula to €'V (z), we obtain

d(e'V(z)) =e'V(z) + ' L(V (x)) + pe'[o127d By (t) + o225d Ba(t) + o325d Bs(t)]

—|—et/x1f (1 4+ 71 (w)P) — 1N (dt, du)

=

+et/x12’ (14 72 (u)P) — 1] N(dt, du)

=

Lt /Y 22[(1 4+ (w)?) — N (dt, du).
(3.3)

Integrating from 0 to ¢ on both sides of (3.3) and taking the expectation, then

E(e'V(z(t))) = V(z(0)) + E/O e’[V(z(s)) + LV (z(s))]ds,

where

C1T3

LV (z) :Pzzf[rl — T — — Bra2] JFPUUIQ)[Tz — (a2

a1 + asr1 + a3xs

C2T3 p €11
- Box1| + pri[—T3 — a37w3 +
by + baxo + b33 faa] + pasl=ra e a1 + a2x1 + asxs
2 2
€22 ] p(p— 1)o7 o+ p(p —1)o3 8+ p(p —1)o3 ot
b1 + boxo + b3xs 2 2 2

+ / (1 +m(w)ar)? — 27 — pya ()7 (du)
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+ / (2 + 72 (u)22)? — 2% — o) A(du)

+ / [(z3 + y3(u)x3)P — 2k — pys(u)zB]A(dw)
Y

=t [pra 4 P2 [ ) = 1= p )

—1)o2
+af [pra PEZ 4 [0 ) = 1= prafu@w)

C1)e2
ok [prg e oi Jiasaatuy—1- mg(U)]/\(dU)]

2
p+1 p+1 p+1 2 p
—ponzy T —pagxy T —paszxy — pfiaire — pPariTy
B pclajlxg _ p02x2m3
a1 + a2x1 + asxs b1 + boxo + byxs
D D
pe1xr1xy PE2T2T 3

a1 + asx1 + azxrs b1 + bQZL‘Q + b3£C3 '
Then,

1)o
V(z)+ LV(z) < — poq bt + 2P {1 4 pry + u} pogaht!

2
—1)o2
+x§{1+pr2+p(p 5 ) 2}—pa3x§+1
—1)o? e e
{1 —pry 4 P05 per | pes
2 ag b2

+a? / [(1 491 ()P — 1 — py ()] A(du)
b / [(1 4 72(u))” — 1 — pra(u)]A(du)

. / [+ 73 ()P — 1 — pra(u)]A(du).

For any p € [0, 1], according to the inequality " <1+ r(x —1),2 > 0,0 <r <1,

[0+ 5wy = 1= pritwna) < 0.0 = 12,3

Y

For a; > 0, we can deduce that there exists a constant Q(p) > 0 such that
V(z)+LV(z) < Q(p).

Therefore,

E(e'V (21(t), z2(t), 23(t))) < V(21(0), 22(0), 23(0)) + Q(p)(e" — 1),
which implies
lim sup E(z7 (£) + 25(t) + 25(1)) < Q(p)-

t—+4oo

By fundamental inequality,

3 177)/\0|1‘|p Z g)v0|x|p,



772 Y. Guo & S. Sun

for all p > 0,z € Ri, we can find a constant Q = Qp) and this yields

3(1,g)m ’

limsup, ,, o E[z(t)[” < Q. For any € > 0, let n(e) = (%)%, and by the Cheby-
shev inequality,

limsupP(|z(t)| > n) < n PE[z(t)]P < @ <e.
t—oo nP

4. Extinction and persistence
In this section, we will further derive sufficient conditions for the extinction and
persistence in the mean of system (1.2).
Theorem 4.1. Let Assumption 2.1 hold, we have the following discussions about
system (1.2).

(i) If ri —u; <0,i=1,2, and —r3 — us < 0, then all populations become extinct;

(it) If ry — p1 < 0, then the population x1(t) becomes extinct. Furthermore, if
ro — pe > max{0, Z—j} and —rs — p3 + <L + 32 > 0, then the populations
xo(t), z3(t) are persistent in the mean. That is,

c2

To — — ba -
TR (x2(t))s < (zo())* < 27H2 46
Qa2 Q2
—ra — —rg—pus+ L+ 2
TTS TS (). < (ws(t))” < M ey Moy

as as

(1ii) If ro — pa < 0, then the population xo(t) becomes extinct. In addition, if
r1 — 1 > max{0, Z—;} and —rs — uz + C% + % > 0, then the populations
x1(t), z3(t) are persistent in the mean, namely,

g — L _
MM~ G <z (8)e < (@1 (1)) < n-—mo .
aq aq
i — —rg —pz+ =L+ 2
B < aa(t))s < (aa(t)” < @ kg,

a3 as

() If —rs—pus+ L4132 <0, then the population 3 (t) becomes extinct. Moreover,

if r1 — p1 > max{0, Z—i + 51 Tz(;’”} and r9 — pg > max{0, g—i + ﬂg%}, then
the populations x1(t), x2(t) are persistent in the mean. That is,

— _ & ra—p2
T1 241 as 61 s 1 — M1

ay T

C T1— M1
re = po — 2 — B

Q2 o Q2
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(v) IffrgfngrZ—;JrZ—j >0, rp —pp > max{O,%Jrﬁl’"?;TW}, Ty — g >
max{0, % + 52%}, then all populations are persistent in the mean. That

18,

TE— =g = B —
a3 < (a1 (1)s < () < s,

(6731 g

Ty — fg — $2 — Pt —
0 < (1)), < (1) < 22 s,

a2 a2

—pa — —r3—ps+ 2L+ 2
B < () < {aa(t) < @b,
a3 a3

Proof. By the It formula, we derive from (1.2) that

. c1x3(t) o2
dlnml (t) —[Tl — alacl(t) — a1+ 1121'1(;) n aglL'g(t) - 511‘2(75) - ?1
+ /Y[ln(l + 71 (u)) — 11 (w)]A(dw)]dt + o1d By (t) (4.1)
+ /Y (1 + 71 () N(dt, du),
dIn 25 (t) =[rs — anas(t) — cox3(t) ~ Boar(t) — L%
bl + bQIL'Q(t) + b3$3(t) 2
+ /Y (1 4+ v2(w)) — y2(w)]A(du)]dt + ood Ba(t) (4.2)

+ /Y (I (1 + 72 ()| N (dt, du),

e1x1(t) n eaxo(t)
a1 + (LQZ’l(t) + G,3£C3(t) b1 + ngg(t) -+ bg.’Eg(t)

- %?2) + / In(1 4 vs(u)) — ys(w)A(du)]dt + o5d Bs(t)
Y

dInwxs(t) =[-rs — azzs(t) +

+ /Y [In(1 + s (w))]N(dt, du).
(4.3)

Integrating both sides of inequalities (4.1), (4.2) and (4.3) on the interval [0,¢] and
dividing them by ¢, we can obtain

In 21 (t) - o) eyt (1) — (— M;ﬁ@ ) e
o1Bi(t) | Ni(t)
SR Lt ELANT ,
! ! (4.4)
Inzy(t) — Inze(0) cox3(t)
¢ =72~ p2 — ax{ma(t)) — (3 ngg(té ¥ b3l‘3(t)> ~ Bz (®)
+ O’QBtQ(t) + Ngt(t)7

(4.5)
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Inx3(t) —Inzs(0) e1r1(t)
t a1 + agz1(t) + aszs(t)
e2x2(t) )+ o3B3(t)  Ns(t)
by + bawa(t) + byws(t) t t
Case 1. We will prove the conclusion of Case (i). By (4.4),
In x4 (¢) ;ln x1(0) <1 — i — oo (8) + UlBtl (t) Nlt(t)-
From the condition r; — u3 < 0, and by Case (1) in Lemma 2.2, we obtain
lims s 400 21 () = 0. For (4.5), we know
Inzo(t) — Inz2(0)
4

=—1T3— 3 — 043<953(t)> + <

(4.6)
+

o9 By (1 No(t
<ry — g — ag(za(t)) + = t2( ) + 2t( )
Noticing that ro — s < 0, and by Case (1) in Lemma 2.2, we get lim;_, 1 o, 22(¢) = 0.
Thus, we have

) <z (@)]) <en,

) < {lz2(B)]) < e

Let us take ¢ = max{ey,ea}, for sufficiently large ¢, where 0 < & < % Then,
for (4.6), we have
3B3(t) | Ns(t)

1 t)—1 0
nz3(t) ; nz3(0) < —rg — p3 — as(xs(t)) + (e1 + e2)e + z 7 + m

We note that —rs — u3 <0 and 0 < e < TT‘:;’ Hence, by Case (1) in Lemma 2.2,
we have lim;_, 1 o 23(t) = 0.
Case 2. We will prove the conclusion in Case (ii). From (4.4),

lnxl(t) —lnxl(O) JlBl(t) Nl(t)
+ .
t t t
According to 1 — p1 < 0 and Case (1) of Lemma 2.2, we get

S = p1 — 0[1<.’E1(t)> +

t£+moo x1(t) = 0.
It follows from (4.5) that

In .%‘Q(t) —1In .’132(0) UQBQ(t) Ng(t)
+ .
t t 4
By virtue of ro — pg > 0 and Case (1) of Lemma 2.2, we deduce

< rgp — pg — ag(wa(t)) +

(wa(t))” < 212,
fa%)

From lim;, . x1(t) = 0, we have [(z1(t))| < e, for sufficiently large ¢, where
ro—pz—52

2
0 <e < —F5—=. Then, for (4.5), we have
2

1 -1 B N.
nxy(t) t nz2(0) > 1y iy — ng ~ an(aa(t)) — foe + 02 t2(t) n 2t(t)_
3
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By Case (2) in Lemma 2.2, we obtain

C
Ty — pg — §2 — Pae

(za(t))w =

Q2

According to the arbitrariness of €, we have

ro — _ C2 _
2T H2 T gy < (2a(t). < (w2(D))* < T2~ M2
(%) (%)

Next, for (4.6), we obtain

Inz3(t) — Inx5(0)
t

e e o3Bs(t N3(t
< —ry — s — anfaa(®) + L + 2 4 BB | No(O)
a2 b2 t t

Through —r3 — ps + 2= + 32 > 0, using Case (1) in Lemma 2.2, we have

€ €
—r3—p3+ o+

(z3(1))" <

Qs
Again, by (4.6),

Ung(t) + Ng(t) )

]n.’l?3(t> - ]n.%‘?,(o) > —rg — U3 — Oé3<373(t)> + t t

7 =

Using Case (2) in Lemma 2.2, we have

T3 — M3

(z3(t))s >
as

To sum up, we can get

— — —7Tq — 3 _|_ €1 + €2
T Hs < <l‘3(t)>* < (x:;(t))* < 3T H as bo .
as a3

Case 3. We will give the proof of Case (iii). By (4.5),

Inz5(t) — Inz(0)
t

O'QBQ(t) + NQ(t) .

<1 = o2 — o wa(t)) + 22 t

We note that r9 — ug < 0. Hence, by Case (1) in Lemma 2.2,

lim x9(t) =0.

t—+oo

From (4.4),

Inz(t) — Inz1(0)

CTlBl(t) + Nl(t) '
t

t t

S rn — p1— Oé1<11(t)> +

Through 71 — 1 > 0 and Case (1) in Lemma 2.2, we have

(o (1) <
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From lim; 4o 22(t) = 0, we obtain (|za(t)|) < e, for sufficiently large ¢, where
c1

0<e< U5 Then, for (4.4),
Inzy(t) —Inz; (0 c o1 B (t Ni(t
t as t t
By Case (2) in Lemma 2.2, we deduce
T — 1 — o — P
(1)) 2 : :
g
Therefore, in view of the arbitrariness of €, we can get
o L _
w < <I1(t)>* < <x1(t)>* < 1 Nl.
aq aq

The proof of persistent of x3(t) is the same as (ii). Therefore, we ignore it.
Case 4. We will proof Case (iv). From (4.6),

Inz3(t) — Inz3(0)
t

Bs(t N3(t
< —ry = iy + 4 22— aglaa(t) + 2 38 | Nslb)
2 2

t t

&2

Using Case (1) in Lemma 2.2 and —r3 — ps + & + §2 < 0, we obtain
tllgloo x3(t) = 0.

By (4.5),

Inzo(t) — Inz2(0)

UQBQ(t) + Ng(t) '
t

t t

§ ro — o — Ot2<$2(t)> +

By virtue of ro — s > 0 and Case (1) of Lemma 2.2, we deduce

(wa(t))” < 22 ;2”2. (4.7)

From (4.4),

Inzq(t) — Inz1(0)

UlBl(t) + Nl(t>.
4

4 4

<rp—pr —a{z(t) +

By r1 — p1 > 0, it follows from Case (1) in Lemma 2.2, we have

(z1(t))" < ”;7’” (4.8)

Combining inequality (4.7) and Lemma 2.1, by (4.4), we can obtain
Inzi(t) —lnz:(0) 1

ar(@1(t))x 2 liminf{ry —pu —

t as
Bty + 2010 200,
Cc1 . hl (El(t) * (49)
S lgigop — — Bi{z2(1))

T2 — U2

C1
>r1—p — — — B
ag (%)
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To sum up, we can get

it Gt e -
L m L e < () < (@) < s,
(671 aq
Combining inequality (4.8) and Lemma 2.1, by (4.5), we can get
o Inzo(t) —Inze(0) ¢
) >1 t{re — po — - —
az(@a(t)) 2 liminf{ry — po ; s
02Bs(t No(t
~ Balan(oy + 22200 T2
(4.10)
C2 . lan(t) *
>ry — p2 — — — limsup ———= — Ba(z1(t))
b3 totoo
ZT’Q_/J/Q_%_ﬁ2T1_M1.
3 231
Fo—pi— 2 B, TL=HL
Thus, (z2(t)), > - P2 e To sum up, we can get
Ty — g — €2 — By T1HL B
LB 2R < (aft), < (o) < 2 s,
(%) (&%)

Case 5. We shall prove Case (v). Through (4.6), we obtain

Inzs(t) — Inz3(0)
t

Bs(t Ns(t
< —ry — g — an{wa(t)) + L 4+ 2 4 2Bl | Ns(©)
as bg t t

Through —rs — ps + ¢ + §2 > 0 and from Case (1) in Lemma 2.2, we have

e €
—r3—p3+ o+

{x3(t))" <

o
Again, for (4.6),

o3B3(t) + N3(t).

Inz3(t) — Inz3(0) > —r3 —uz — ag{xs(t)) + t 4

P Z

From Case (2) in Lemma 2.2, we have

—T3 — U3

(z3(t)s >
s

Therefore, we have

€ S
—r3—p3+ -+ 3

I () < (s (1) <
s 6%}

For x1(t) and z2(t), the estimates of the ultimate infimum and ultimate supremum
are the same as those in Case (iv). Therefore, they are omitted. This proof is
completed. O
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5. Numerical simulations

In this section, we will demonstrate our theoretical results with the help of computer
simulations through the Milstein method [11]. We choose the same initial value
(21(0),22(0),23(0))T = (0.84,0.68,0.15)T. Other parameters always choose r; =
0.86, 7o = 0.78, r3 = 0.02, a3 = 0.3, a2 = 0.3, azg = 0.2, ¢; = 0.32, ¢ = 0.3,
a1 = 0.8, ap = 1.12, a3 = 0.86, by = 0.74, by = 0.76, b3 = 0.84, 51 = 0.14, B2 = 0.1,
e = 024, €y = 025, Y= (0, +OO), )\(Y) =1.

Next, we will reveal the effects of white noise and Lévy noise to system (1.2) by
considering the following five examples.

Example 5.1. Let 3 = 0.8, 72 = 0.6, v3 = 0.5, 07 = 1.30, 05 = 1.24, 03 = 1.12.
After simple calculation, r; — pu; = —0.1972 < 0, ro — g = —0.1188, —r3 — puz =
—0.7414 < 0, then the condition of (i) in Theorem 4.1 is satisfied. Hence, all species
go to extinction (see Figure 1).

@ (b) ©

2! 1.

—— deterministic — deterministic —— deterministic

—— without jumps 05 —— without jumps —— without jumps
—— with jumps —— with jumps o —— with jumps
0 10 20 30 20 50 0 10 20 30 0 50 0 10 20 30 0 50

Figure 1. (a), (b) and (c) respectively represent the sample paths of z1(t), z2(t) and z3(t) in the
stochastic model (1.2). The red lines represent the solution of deterministic model, the blue lines repre-
sent the solution of model (1.2), and the black lines represent the solution of the corresponding system
without Lévy noise.

Example 5.2. Let v; = 0.8, 79 =0.3, 73 = 0.1, 01 = 1.2, 052 = 0.24, 03 = 0.08.
After calculation, m — p; = —0.0722 < 0, 2 — p2 = 0.7136 > max{0,0.3571},
—r3 — p3 + &+ §2 = 0.5153 > 0, then the condition of (ii) in Theorem 4.1 is
satisfied. Therefore, the prey population x;(t) becomes extinct, and the predator
populations x5(t), z3(t) are persistent in the mean in Figure 2.

©

— deerministic
|—without jump:
5 |—with jumps

| —with jumps

50 100 150 200

Figure 2. (a), (b) and (c) respectively represent the sample paths of z1(t), z2(t) and z3(t) in the
stochastic model (1.2). The red lines represent the solution of deterministic model, the blue lines repre-
sent the solution of model (1.2), and the black lines represent the solution of the corresponding system
without Lévy noise.
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Example 5.3. Let v =0.3, 72 =0.74, v3 = 0.1, 01 = 0.32, 05 = 1.24, 03 = 0.08.
After calculation, r1 — py = 0.7712 > max{0,0.3721}, ro — uy = —0.1749 < 0,
—r3 — pi3 + 2t + §2 = 0.5153 > 0, From the condition of (iii) in Theorem 4.1, the
population x2(t) becomes extinct, and the populations 1 (¢), z5(t) are persistent in
the mean (see Figure 3).

—— deterministic
—— without jumps
—— with jumps

20 30 40 50

Figure 3. (a), (b) and (c) respectively represent the sample paths of z1(t), z2(t) and z3(t) in the
stochastic model (1.2). The red lines represent the solution of deterministic model, the blue lines repre-
sent the solution of model (1.2), and the black lines represent the solution of the corresponding system
without Lévy noise.

Example 5.4. Let v, = 0.3, 72 = 0.3, v3 = 0.68, 0y = 0.32, 00 = 0.24, 03 = 1.12.
By simple calculation, r; — pu; = 0.7712 > max{0,0.7051}, ro — us = 0.7136 >
max{0,0.6142}, —rs — uz + 2 + §2 = —0.2652 < 0. Then, the condition of (iv) in
Theorem 4.1 tells us that the population z5(¢) becomes extinct, and the populations
x1(t), z2(t) are persistent in the mean (see Figure 4).

— determinisiic
—— without jumps|
th jumps

Figure 4. (a), (b) and (c) respectively represent the sample paths of z1(t), z2(t) and z3(t) in the
stochastic model (1.2). The red lines represent the solution of deterministic model, the blue lines repre-
sent the solution of model (1.2) and the black lines represent the solution of the corresponding system
without Lévy noise.

Example 5.5. Let v = 0.3, 72 = 0.3, 73 = 0.1, 01 = 0.32, 02 = 0.24, 03 =
0.08. By calculation, r; — p; = 0.7712 > max{0,0.7051}, ro — us = 0.7136 >
max{0,0.6142}, —r3 — pz + & + 2 = 0.5153 > 0. Then, the condition of (v) in
Theorem 4.1 is satisfied. Hence, we can know that all populations of system (1.2)

are persistent in the mean (see Figure 5).
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— deterministic
— without jumps|
| —with jumps

Figure 5. (a), (b) and (c) respectively represent the sample paths of z1(t), z2(t) and xz3(t) in the
stochastic model (1.2). The red lines represent the solution of deterministic model, the blue lines repre-
sent the solution of model (1.2) and the black lines represent the solution of the corresponding system
without Lévy noise.

6. Conclusion

This paper is related to a stochastic two-prey one-predator model with Beddington-
DeAngeli functional response and Lévy jumps. Under some sufficient conditions, we
study the dynamical properties of system (1.2) such as extinction and persistence
in the mean. In each case, we have proved that each species is either persistent or
extinct (see Figures 1-5). Finally, the theoretical results are verified by numerical
simulation. We conclude that both white noise and Lévy noise have a great impact
on population dynamics. By Theorem 4.1, under Lévy jumps interference, if the
species are extinct in the deterministic system, it will become persistent in the
stochastic system (1.2), and we only need to ensure that A = min{r; — py,79 —
ta, —r3 — i3} > 0. Under the interference of white noise, the persistent population
in the deterministic system will become extinct, but the extinct population cannot
become persistent, because the white noise o; can only be positive constant. In a
word, strong white noise and Lévy noise will lead to the extinction of the population.
However, relatively small white noise and Lévy jump can ensure the survival of
species.

For the stochastic population model with Lévy jumps, we can also consider
introducing impulses and time delay into the model, which is worthy of in-depth
study in our future work.
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