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An Accelerated Algorithm Involving
Quasi-p-Nonexpansive Operators for Solving Split
Problems
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Abstract In this paper, an algorithm of inertial type for approximating so-
lutions of split equality fixed point problems involving quasi-¢-nonexpansive
maps is proposed and studied in the setting of certain real Banach spaces.
Weak and strong convergence theorems are proved under some conditions.
Some applications of the theorems are presented. The results presented ex-
tend and improve some existing results. Finally, some numerical illustrations
are presented to support our theorems and their applications.
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1. Introduction

Let FEy, E5 and E3 be real Hilbert spaces, and let D and @) be nonempty closed
and convex subsets of F; and FEs respectively. Let S : Fy — FE3, T : Fs — FEj3
be bounded linear mappings, and let B : Fy — F; and A : F5 — F5 be nonlinear
mappings such that F(B) and F(A) are nonempty respectively. The split equality
fixed point problem (SEFPP) is to find

u€ F(B) and wve€ F(A) suchthat Su=Twv. (1.1)

The problem was first introduced by Moudafi [29], and since then, it has been
studied by many researchers (see, e.g. [14, 33,36, 37] and the references therein).
It allows asymmetric relations between the two variables u and v, and also covers
many problems such as decomposition methods for partial differential equations
(PDEs), and has applications in game theory and in intensity modulated radiation
therapy (see, e.g. [9]).

Remark 1.1. If E5 = E5 and T = I, the SEFPP (1.1) reduces to the split common
fixed point problem, which was first studied by Censor and Segal [10]. The problem
is to find u € Fy with

ue F(B) and Sue€ F(A).
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Various algorithms for approximating solutions of the SEFPP (1.1) have been
introduced and studied by numerous researchers in Hilbert spaces and Banach s-
paces more general than Hilbert spaces (see, for example, [1,9,12,13,21,24] and the
references therein).

In 2019, Chidume, Romanus and Nyaba [22] considered the following algorithm
in the setting of some Banach spaces:

Algorithm 1.

z1 € X1,y1 € Xo,2n € Ix,(Szr, — Tyn);
Tpa1 = J;ﬁl(anJXlun + (1 —an)Jx, Buy), up, = J)}E(Jxlmn —4S*z,);  (1.2)
Yn+1 = J)_(Ql(anJszn + (1 - an)JXgAUn)7 Un = J)_(zl(Jngn + 'YT*Zn)a

where X; and Xs are Banach spaces that are uniformly smooth and 2-uniformly
convex with weak continuous duality maps Jx, and Jx,, respectively, X3 is a Ba-
nach space with duality map Jyx,, A and B are quasi-¢-nonexpansive mappings, T
and S are bounded linear mappings, {a,} is a sequence in (0,1) and v is a con-
stant that satisfies a certain condition. They proved that the sequence generated
by Algorithm 1 converges weakly to a solution of the SEFPP (1.1).

Many efforts have been devoted to improving the convergence speed of the exist-
ing iterative algorithms (see, e.g. [2,8,15,16,18,26]). An inertial algorithm was in-
troduced by Polyak [31] to accelerate the process of solving the convex minimization
problem. Since then, various iterative algorithms involving inertial extrapolation
term have been proposed by numerous authors (see [6-8,11,19,23,28,31]).

Motivated by the research on inertial acceleration technique, in this paper, we
incorporate the inertial extrapolation term in Algorithm 1 of Chidume, Romanus
and Nyaba [22] for approximating solution(s) of the SEFPP to get an algorithm
which accelerates approximation of solution of the SEFPP in some Banach spaces.
Unlike in the theorem Chidume, Romanus and Nyaba [22] where weak convergence
was established under weak sequencial continuity of the duality mappings, we prove
weak convergence of theorem in the setting of Opial spaces. In addition, we prove
strong convergence under semi-compactness condition on the quasi-¢-nonexpansive
maps. Furthermore, we give applications of our theorem to split equality equilibri-
um problem, split equality variational inclusion problem and split equality problem.
Finally, some numerical examples are given to support our theorems.

2. Preliminaries

Let X be a real Banach space which is smooth and let ¢ : X x X — R be a map
given by

o(r,s) = |[r|* = 2(r, Js) + [|s||*, Vr,s € X, (2.1)

with J being the normalized duality map whose definition and properties on some
Banach spaces can be found in, for example, [4]. Alber [4] first introduced this
function, and since then numerous researchers have been studying it (see, for exam-
ple, [3,17,20,27]). By the definition of ¢, we can see that if X is a real Hilbert space,
(2.1) reduces to ¢(r,s) = ||r — s||?, Vr,s € X. Furthermore, given r,s,t,u € X, ¢
has the following properties

(el = llslh? < ¢(r, s) < (lrll + lIsl)?,
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o(r,s) = o(r,u) + o(u, s) + 2(u —r, Js — Ju)

and
2(r — s, Ju— Jt) = ¢(r, 1) + ¢(s,u) — ¢(r,u) — ¢(s,t).
Defining a mapping V : X x X* — R by
V() = rl* = 20 ) + [,
we can see by the definition of ¢ that
V(r,r*) = o(r, Jr*),Vr e X,r* € X*.

Definition 2.1. A Banach space X is called Opial space (see, Opial, [30]) or satis-
fies an Opial condition, if given any sequence {y,} in X with weak convergent limit
y € X, the following holds for x # y:

liminf ||y, — y| < liminf ||y, — z||. (2.2)
n—oo n—oo

Every real Hilbert space is known to be an Opial space (see, for example, Opial, [30]).
Furthermore, [, spaces, 1 < p < oo, are Opial spaces, but L, spaces 1 < p < 0o, p #
2 are not.

Remark 2.1. Gosse and Lami-Dozo [25] have shown that when a norm space has
a duality map which is weakly continuous, then it is an Opial space (i.e., it satisfies
condition (2.2)), but the converse implication is not true.

Definition 2.2. Let X be a reflexive, strictly convex and smooth real Banach space.
Let D be a nonempty convex and closed subset of X. The generalized projection
IIp : X — D is defined by 4@ = IIp(u) € D such that ¢(@,u) = inf,ep ¢p(v,u).
The metric projection Pp in a real Hilbert space coincides with the generalized
projection Ilp .

Definition 2.3. Let X; and X5 be smooth, strictly convex and reflexive real
Banach spaces. The collection of linear and continuous maps B : X; — X5
is a normed linear space. The adjoint operator B* : X5 — XJ is defined by
(B*u*,v) = (u*, Bv), Y v € Xy, u* € X3, and ||B*|| = || B|

Definition 2.4. Let X be a real Banach space, and let ) # D C X be convex and
closed. The mapping S : D — D is

e quasi-¢-nonexpansive, if F(S):={q€ D: Sq=q} # () and
¢(p, Sq) < ¢(p,q) Vp € F(S), g€ D.

e semi-compact, if any bounded sequence {y,} € D with y,, — Sy, — 0 is given,
there exists a subsequence {y,, } of {y,} such that {y,, } strongly converges
to some y € C.

e The mapping (I — S) : D — D is demiclosed at origin, when {y,} in D
converges weakly to y € D and {(I — S)y,} strongly converges to 0, then
(I-S)y=0.

Lemma 2.1 ( [3]). Let X be a smooth, strictly convex and reflexive real Banach
Space, and let X* be its dual space. Then,

V(r,r*) +2(J 7% = s*) < V(r,r* +s%), VreX, rf, s e X"
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Lemma 2.2 ( [34]). If X is a smooth and 2-uniformly convex real Banach space,
then for all r;s € X*|

1
|7 tr — T 1s] < EHT —s||, for some k > 0.

Lemma 2.3 ( [4]). Let D # 0 be a convex and closed subset of a smooth, reflezive
and smooth real Banach space X. Then,

o(r,1Ips) + ¢(llps,s) < ¢(r,s), Vre D, se X.
Lemma 2.4 ( [32]). Let X be a smooth, strictly convex and reflexive Banach space,

and let ) # D C X be convex and closed. If B : X — 2% is a mazimal monotone
map with B=1(0) # 0, then for d >0, s € X and r € B~1(0), we have

o(r,Qfs) + 6(Q's,8) < o(r,5),
where QF : X — X is defined by QFy := (J +dB)~1Js.

Lemma 2.5 ( [5]). Let the sequences {O,},{vn} and {Bn} be in [0,00) with
®n+1 S 971 + an((_)n - enfl) + Tns
for allm >1, > | v, < +o0, and there exists € R with 0 < 3, < B < 1, for all
n € N. Then, the following holds:
(1) 3,100 — On_1]+ < 400, where [r]; = max{r,0}.
(ii) There exists ©* € [0,00) such that lim,_, . ©, = O*.

Lemma 2.6 ( [34]). Let r > 0. X is uniformly convez, if and only if there exists a
continuous, strictly increasing function f : [0,00) — [0,00) with f(0) =0 such that

v+ (1 =7)sl* < yllufl® + (1 =Nsl* =71 =) f([lu - s]), (2.3)
for all v € [0,1], and u,s € B,(0), where B.(0) ={w € X : |Jw|| < r}.

3. Main results

Here, we present the main results of this paper, and start by presenting the following
algorithm.

Algorithm 2.

Step 1: Choose the positive sequences {e,} and {a,} satisfying Y -, €, < oo,
0<a,<1,0<y< W, ¢ = min{cy, co}, where ¢1, co are constants as in
Lemma 2.2.

Step 2: Select the arbitrary starting points zg,z1 € X1, yo,y1 € Xo, o € (0,1)
and choose «,, such that 0 < «,, < a,,, where

min {a, enllJx,2n — Ix, Tn-1|| 72, €nd(Tn, 2n_1)"",

n =9 enllJxyyn — Ixyyn—1ll 72, €n¢(yn,ynf1)7l}» Tn F Tn—1,Yn 7 Yn—1;
«, otherwise.
Step 3: Compute
Wy, = J;ﬁl(JXl:vn + an(Jx,n — Ix, Tn—1))
and
Tpt1 = J;(l1 (andx,un + (1 —ap)Jx, Buy), un = J)}ll(JX1 Wy, — ¥S* Ix, (Sw, — Tty).
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Step 4: Compute
tn = Jx, (JxaYn + On(Jx2Yn — IxaYn-1))
and
Yn+1 = Jxp (andx,0n + (1 = an) Jx, Avn), vn = J (Ixotn + 7T Jx, (Swn, + Tty).
Step 5: Set n =n+ 1 and go to Step 2.

Remark 3.1. Step 2 of Algorithm 2 can be easily implemented, since it only in-
volves the computation of two previous iterates x,,_1 and z,, and y,_1 and y,.

3.1. Weak convergence

Theorem 3.1. Let X; and X5 be 2-uniformly convex and uniformly smooth real
Banach spaces which satisfy the Opial condition, and let X3 be a smooth real Banach
space. Let S : X1 — X3 and T : X9 — X3 (with S,T # 0) be two bounded linear
maps with adjoints S* and T™* respectively. Let B : X1 — X7 and A : Xo — Xo be
quasi-g-nonexrpansive mappings. Suppose I — B and I — A are demiclosed at origin,
we set Q@ = {(z,y) € F(B) x F(A) : Sz =Ty} and assume Q # (. Let the sequence
{(zn,yn)} be generated by Algorithm 2, and then {(zn,yn)} converges weakly to a
point (x*,y*) in Q.

Proof. Let (z,y) € Q. Using Lemma 2.1 and fact that B is quasi-¢-nonexpansive,
we get
O@, 1) = ¢, Jx| (andx,un + (1 = an)Jx, Buy))
=V(z,anJx,un + (1 — an)Jx, Buy)

< anV(zr,Jx,un) + (1 — an)V(z, Jx, Buy) (3.1)
= and(x,up) + (1 — an)é(x, Buy,)
< o, un).

Using Lemma 2.1, we obtain
o(x,up) = Pz, J;}(Jxlwn — 7S Ix, (Sw, — Tty))
=V (x, Jx,wn, — vS* Ix, (Sw, — Tty)
< V(x, Jx, wy) (3.2)
- 27(J§11(Jxlwn — S Ix, (Swy,, — Tty)) — 2, 8" Ix, (Swy, — Tty))
= ¢(x,wy) — 2v(Su, — Sz, Jx, (Sw, — Tt,)).
Therefore,
Oz, xny1) < P(x,wy) — 29(Su, — Sz, Jx, (Swy, — Tty)). (3.3)
Similarly,
(Y, Ynt1) < 0y, tn) — 29(Tvy — Ty, Jx, (Swy — Tty)). (3.4)
Since Sz = Ty, by adding (3.3) and (3.4), we obtain

d)(xa xn—‘—l) + ¢(y> yn-‘rl) < ¢($, wn) + ¢(y7 tn) - 27<Sun — Ty, JX3 (Swn - Ttn)>
(3.5)
Using the properties of ¢, we have
(25(1',’11)“) = d)(xvxn) + (b(xnvwn) + 2<xn - Z, JXlwn - JXlxn>
= qﬁ(x,:cn) + ¢(xn7wn) + 2an<xn -, JX1$n - JXll’n—1>
= ¢(x,2n) + A(Tn, Wn) + W d(Tn, Tn_1) + @, 2,)
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— (T, Tp_1). (3.6)

Pz, wn) = ¢(x, J (Jx, @0 + on(Jx,Tn — Jx,Tn-1)))
= ”xHQ + 1 Ix, @0 + i (x, Tn — JXlxn—1)||2

— 2z, Jx,@n + an(Jx, T — Jx,Tn—1))

= ||lz||? 4 [|Tx, Zn + an(Jx, 20 — Jx,2n1)||* = 2(x, Jx, )

—2ap{x, Jx, xn — Jx, Tn—1)

< al® + llzall® + k2an® (| Tx, 20 — JIx, 201

+ 20 (Jx, 0 — Ix, Tn1, Tn) — 2(x, Ix, Tpn) — 20 (2, Ix, Tn — Ix, Tr—1)

= ¢(x7xn) + k'QOénZHJXlxn - ']Xlxn—ln2

+ 200 (Jx @0 — Ix, Tn1, Tn) — 20{x, Jx, n — Jx, Tn_1). (3.7)
By (3.6) and (3.7), we get
(X, wy) < kQO[n2||JX1In — JXlzn_1H2. (3.8)

Similarly,

Oy, tn) < O, Yn) + Wn, tn) + And(Yn, Yn—1) + nd(Y, Yn) — nd(Y, yn—-1) (3.9)
and

¢(yn7tn) S k2an2”JX2yn - Jngn71||2~ (310)

Now,
— 29{Suy, — Top, Jx, (Sw, — Tty))
= —2v||Sw, — Tt,||* — 29(Su, — Tp, Jx, (Sw, — Tty,))
+ 29(Swy, — Tty, Jx, (Sw, — Tty))
= —2v||Swy, — Tt ||* + 29(S(wn, — un), Jx, (Sw, — Tt,))
+ 29(T (vy, — tn), Ixs (Swy, — T'ty))
= —29||Sw, — Tt,||* + 2y(wp — un, S* Jx, (Sw, — Tt,))
+ 29(vp, — tn, T* Ix, (Swy + T'ty))
= —2v||Sw, — Tty,]?
+ 2v(wp — I (Jx,wn — ¥S* Ix, (Swn — Tty)), S*Jx, (Sw, — Tty))
+ 29(J 5 (Txotn + 9T Jx, (Swn + Tty)) — tn, T Jx, (Swp + Tty))
= —27||Swy — Ttn”2
+ 29(J 5 Txywn — T (Txywn = 7S Ix, (Swn — Tty)), 8™ JIx, (Swy — Tty))
+ 2v(J ) (Jxptn + YT Iy (Swy + Tty)) — Jx ) Txtytn, T* Jx, (Swy + Tty))
29| S11? 29|72
c c

2 2 S 2+ T 2
oy TSP IRy, e

< =29|[Swy, — Ttn”2 + | (Swn — Ttn))||2 + | (Swn — Ttn)||2

(3.11)
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Putting (3.6), (3.9) and (3.11) in (3.5) and 0 < v < TS We have

¢, Tpi1) + A(Y, Ynt1)
< o(@, Tn) + A(Y, Yn)
+ an[(¢(z,0) + Oy, yn)) — (B2, 2n—1) + G(Y, Yn—1))]

_ 22112+ 1T0?)
C

—(2y ) (Swn, = Ttn)||?

+ k2 ([ Tx, 20 = Txy @1 |2+ 175,90 = Tx,9n-11%) (3.12)
+ an(¢(@n, Tn-1) + ¢(Yns Yn—1))
< ¢(x7mn) + ¢(y7yn)
+ an[(d(z, 2n) + Oy, yn)) — (8(@, Zn—1) + Sy, Yn—1))]
+ kaan([[Jx, 2 — JX1xn—1||2 + 1 Tx9n — JXzyn—1H2)
+ an(d(Tns Tn-1) + &(Yn, Yn—1))-
From Lemma 2.5, we have that ©,,(x,y) is convergent, where ©,, (u,v) := ¢(u, z,)+

(v, yn). Therefore, the sequences {x,} and {y,} are bounded. Consequently, we
have that {w,}, {t»}, {un} and {v,} are also bounded. By (3.12), we have

li_>m |Swy, — Tt,|| =0, (3.13)

[tn — wll = ||J)7(11(JX1wn — 78" Ix, (Swy = Ttn)) — J)}}(JXlwn|‘

S (3.14)
BT

By (3.13) and (3.14), we obtain

lim |lu, —wy| = 0.
n— oo
Similarly,
lim |lv, —t,] =0.
n— oo

Since J ;(11 and J ;(21 are uniformly continuous on bounded sets, then from Algorithm
2, (3.8) and (3.10), we have

lim ||z, —wy| =0
n—oo
and
lim |y, —tn] = 0.
n—oo
Then,

[on = ynll < llvn = tall + lltn = ynll = 0 as n — oo.

From the definition of ¢, the quasi-¢-nonexpansiveness of B and Lemma 2.6, we get
O(z, xpy1) = P, J;(ll(aanlun + (1 —an)Jx, Buy))

= |lz||? = 2(x, anJx, tun + (1 — an)Jx, Buy)

+||anJx, tn + (1 = an)Jx, Buy,||?

< z|]? = 2(x, andx, un + (1 — an)Jx, Buy)

+ anHunH2 +(1- an)||B“nH2 —an(1 = an)g1([|Jx, un — Jx, Bun||)

= and(z,un) + (1 — an)d(x, Buy) — an(l — an)gi (|| Jx, un — Jx, Bun||)

< ¢(@,up) — an(l — an)g1 (|| Jx,un — Jx, Bun|]).
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By (3.2) and (3.6), we obtain
O(@, Tny1) < G2, 20) + an(P(z, 2n) = d(2, 2n-1))
+ d)(xna wn) + Oénd)(xna xn—l)

— 29(Suy, — Sz, Jx,(Sw, — Tty,)) (8:15)
— an(1 = an)g1 (| Jx, un — Jx, Bua|)).
Similarly,
¢(y7 yn-‘rl) < ¢(y7 yn) + an(¢(y7 yn) - ¢(y7 yn—l))
+¢(ynatn)+an¢(ynvyn—l) (316)

+ 29(Tv, — Ty, Jx, (Sw, — Tty))
—an(1 = an)g2(||Jx,0n — Jx, Avp|]).
From (3.15), (3.16), Sz = Ty, (3.11) and the condition on ~y, we obtain
Ont1(2,y) < On(z,y) + an(On(z,y) — Op-1(z,y)
+ ko (| Tx, 20 = Ix, @[ 4 anllTx 9 — Txyyn-1]|?)
+ an(@(@n, Tn-1) + ¢(Yn, Yn—-1))
= an(l = an)[g1 (|x,un = Jx, Bun)) + ga([| Jx,0n = Jx, Svnl))]-

(3.17)
Since the limit of 6, (z,y) exists,
nlgréo anl|Jx,Tn — Jx,Tp-1|| =0 = nlgréo nllIx,Yn — IxaYn—1l

and
lim anﬁb(mnaxn—l) =0= lim an¢(yn7yn—1)v
n—oo n—oo
and we obtain from (3.16) that
Jim gy ([[x,un = Jx, Bunl]) = 0 = Tim_gs(|[Jx,vn — Jx, Ava ).

Using the properties of g1 and go, we get

lim ||Jx,un — Jx, Buy|| = 0= lim ||Jx,v, — Jx, Avy,|.
n—oo n—oo
Since J );11 and J)_(Q1 are uniformly continuous on bounded sets,
lim ||u, — Buy| = 0= lim |jv, — Av,]|.
n—o0 n—oo

Since {z,} and {y,} are bounded, there exist the subsequences {z,,} of {z,},
{Yn,. } of {yn} such that z,, — z* and y,, — y* for some 2* € X3, y* € Xs.
Since
lim [Ju, —2,|| =0= lm |v, —ynl,
we have u,, — z* and v,, — y*. By demiclosedness of I — B and I — A at 0, we
have z* € F(B) and y* € F(A). Since ||.|| is weakly lower semi continuous, we have
|1Sz* — Ty*|| < liminf || Sz, — Tyn, || = lim ||Szn, — Tyn, | =0,
k—o0 k—o0

which implies Sx* = Ty*. Therefore, (z*,y*) € Q.

Let {z,,} be an arbitrary subsequence of {z,} such that z,, — p as j — oc.

We claim p = z*. Suppose this claim is false, then p # x*. Since X; satisfies the
Opial condition, we get

liminf ||z, — 2| < liminf ||z, — p|| < liminf ||z,, — 2%,
n—oo n—oo n—oo
and this contradiction gives p = x*.
Hence, {z,} has a single weak cluster point. Therefore, z, — x*.
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Following the similar argument, we get that {y,} converges weakly to y*. O

Corollary 3.1. Let X; and X5 be l, spaces, 1 < p < 2, and let X3 be a smooth
real Banach space. Setting Q = {(z,y) € F(B) x F(A) : Sz = Ty} and assuming
Q £ 0, then the sequence {(xn,yn)} generated by Algorithm 2 converges weakly to
some point (z*,y*) in Q.

3.2. Strong convergence

Theorem 3.2. Let Xy, Xs and X3 be real Banach spaces as in Theorem 3.1. Let
S, T, A and B also be mappings as in Theorem 3.1 such that B and A are semi-
compact. Set Q = {(x,y) € F(B) x F(A) : Sz = Ty} and assume Q # 0. Then,
the sequence {(xn,yn)} generated by Algorithm 2 strongly converges to some point
(x*,y*) in Q.

Proof. Following the same proof as that of Theorem 3.1, we obtain

lm |lu, — 2,]| = 0= lim [jv, — yul| (3.18)
n—00 n—00
and
lim ||u, — Buy||=0= lim |v, — Sv,]. (3.19)
n—oo n— oo

Therefore, we have u, — z* and also v,, — y*. Since B and A are semi-compact,
there exist the subsequences {uy,} of {u,} and {v,,} of {v,} such that u,, — z*
and v,;, — y*, as j — oo. Let {u,,} be another subsequence of {u,} such that
Uy, — q, as © — 00. Let

m = lim inf($(q, un) + &(z*, uy)).
n—oo
Then,
B0 ) + $(@" un) = 205 — @, T ua) + al — 2|2 (3.20)

Using (3.20), un, — ¢, as i — oo and u,; — x* as j — oo, we have

m=2(z* —q, Jx, %) + [lq]|* — [l=]%,

m = 2(" — ¢, Jx,q) + [la]* - ||=]|*.
Thus, (z* — q,Jx,z* — Jx,q) = 0. Hence, 2* = ¢. By the strict monotonicity of
Jx,, {un} strongly converges to z*. From (3.18), {x,} converges strongly to z*.
Using the similar argument, we have that {y,} converges strongly to y*.

Corollary 3.2. Let X; and X3 be I, spaces, 1 < p < 2, and let X3 be a real
Banach space. Let S, T, A and B also be mappings as in Theorem 3.1 such that B
and A are semi-compact, and (I — B) and (I — A) are demiclosed at zero. Setting
Q = {(z,y) € F(B) x F(A) : Sz = Ty} and assuming Q # 0, then the sequence
{(zn,yn)} generated by Algorithm 2 strongly converges to (x*,y*) in Q.

O

4. Applications

4.1. Split equality equilibrium problem (SEEP)

Let D and R be nonempty closed and convex subsets of a real Banach space X,
and let H : D x D — R be a bifunction. The following problem:

find t € D such that H(t,s) > 0, Vse D
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is the Equilibrium Problem, and the solution set of the problem is denoted by
EP(H). To solve the equilibrium problem, the bifunction H is usually assumed to
satisfy the following conditions:

(1) H(r,r) =0, for all r € D.

(2) H is monotone, i.e., H(r,s)+ H(s,r) <0, Vr,s € D.

(3) For each r,s,t € D and k € (0,1), ;ir%H(kt + (1 —=Fk)r,s) < H(r,s).
—

4

) For each r € D, s — H(r,s) is lower semi continuous and convex.

Next we define the split equality equilibrium problem (SEEP) which is a gener-
alization of the equilibrium problem. The SEEP is to find
r* € D, s* € R such that g(r*,r) >0, f(s*,s) >0 and Sr* = T's*,

forallr € D, s € R, where g: D x D - R, f: Rx R — R are bifunctions that
satisfy (1) to (4). We denote the set of solutions of the split equality equilibrium
problem by T'.

Lemma 4.1 ( [35]). Let X be a strictly convex, uniformly smooth and reflexive
Banach space, and let D be a nonempty closed and convexr subset of X. Let H :
D x D — R be a bifunction which satisfies assumptions (1) to (4) above. Then, for
r € X and d > 0, there exists a unique t € D such that

1
H(Z’y)-i—g(S—t,Jt—Jﬂ > 0, Vs € D.

Lemma 4.2 ( [35]). Let X be a smooth strictly convex and reflexive Banach space,
and let D # () be a conver and closed subset of X. Let H : D x D — R be bif-
unctional which satisfies assumptions (1)-(4). Given r € X and d > 0, if we define
amap Gg: X = D by
1
Ggr={reD: H(t,s)+g<57t,thJr> > 0, Vs € D},
the following holds

1. Gq is single-valued.
2. Gq s firmly nonexpansive type, i.e.,
(Ggr — Ggs, JGar — JGgs) < (Gar — Ggs,r — s), Vr,s € X.

3. F(Gq) = EP(H).

4. EP(H) is convex and closed.

5. ¢(r,Gaw) + ¢(Gaw,w) < ¢(r,w),¥r € F(Gq),w € X.
Algorithm 3.
Step 1: Choose the positive sequences {e,} and {a,} satisfying > > €, < oo,
0<a,<1,0<y< W, ¢ = min{cy, ca}, where ¢1, ¢y are constants as in
Lemma 2.2.

Step 2: Select the arbitrary starting points zg,z1 € X1, yo,y1 € Xo, a € (0,1)
and choose a,, such that 0 < o, < &,, where

min {Ol7 6nHJXlxn - JXlxnfln_?v En(b(mnaxnfl)_la

Qn = €nHJX1yn - Jlen—lH_27 €n¢(ynayn—1)_l}7 Tn 7& Tn—1,Yn 7é Yn—1;

a, otherwise.
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Step 3: Compute
wy, = J;}(Jxlxn + an(Jx, %0 — Ix,Tn—1))
and
Tng1 = Iy (andx, tn + (1= an) Jx, Gatin), un = Jx | (Jx,wn —7S* Jx, (Swn — Tty).
Step 4: Compute
tn = Jxs (JxaUn + O (JxoUn — JxyUn—1))
and
Ynt1 = J)};(aanﬂn + (1 —an)Jx,Tyvn), v, = J;(;(JXJn +vB*Jx, (Swy + Tty).
Step 5: Set n =n+ 1 and go to Step 2.

Theorem 4.1. Let X1, Xo and X3 be real Banach spaces as in Theorem 3.1. Let
D and R be nonempty conver and closed subsets of X1 and Xs, respectively, and
let g: DxD — R and f : Rx R — R be bifunctions which satisfy (1) to (4)
with EP(g) # 0 and EP(f) #0. Let S and T be bounded operators as in Theorem
3.1. Assuming that Q is nonempty, we let the sequence {(xn,yn)} be generated by
Algorithm 3, where Gqr = {t € D : g(t,s)+ (s —t, Jx,t — Jx,7) > 0,Vs € D},r €
X1, Tov = {z € R: h(x,s) + 3(s — x, Jx,x — Jx,v) > 0,¥s € R},v € Xa,d > 0.
Then, the sequence {(zn,yn)} converges weakly to (z*,y*) in Q.

Proof. Letting B = G4 and A = Ty, by Lemma 4.2, we obtain that A and B
are quasi-¢-nonexpansive. Therefore, by Theorem 3.1 and Lemma 4.2(3), the result
follows. 0

4.2. Split equality variational inclusion problem (SEVIP)

Let N : X; — 2517 and M : X5 — 2%2" be maximal monotone operators. The
split equality variational inclusion problem is to

find z € N7'(0),y € M~'(0) such that Sz =Ty,
where N=1(0) = {2 € X;: 0€ Nz} and M~(0) = {z € X3 : 0 € Mz} are the sets
of zeros of N and M respectively.
Algorithm 4.
Step 1: Choose the positive sequences {e,} and {a,} satisfying > -, €, < oo,
0<a,<1,0<y< W, ¢ = min{cy, co}, where ¢1, co are constants as in
Lemma 2.2.

Step 2: Select the arbitrary starting points zg,z1 € X1, yo,y1 € Xo, o € (0,1)
and choose «,, such that 0 < «,, < a,,, where

min {OZ,EnHJ + Xz — JXlxn—lHia En¢(xn7xn—1)717

n =9 enllJxyyn — Ixyyn—1ll 72, €n¢(yn,ynf1)7l}» Tn F Tn—1,Yn 7 Yn—1;
«, otherwise.
Step 3: Compute
Wy, = J;ﬁl(JXl:vn + an(Jx,n — Ix, Tp—1))
and
Tpt1 = J)}ll(aanlun—i—(l—an)JXlQTNun),un = J)_cll(JXlwn—’yS*JX3 (Swp,—Tty).
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Step 4: Compute

tn = J)_(;(JXzyn + an(Jx,Yn — Jx,Yn—1))
and
Ynt1 = Jx (@ Tx, 00+ (1= a0) T, QM vn), vn = T} (Ixtotn +9T T, (Swi+Ttn).
Step 5: Set n =n+ 1 and go to Step 2.
Theorem 4.2. Let X1, X5 and X3 be real Banach spaces as in Theorem 3.1. Let
N : X, — 25 and M : Xy — 252 be mazimal monotone mappings with N=Y(0)
and M~1(0) nonempty. Let S : X1 — X3 and T : Xo — X3 be operators as in
Theorem 3.1. Setting Q = {(z,y) € N=10) x M~Y0) : Sz = Ty} # 0, then
the sequence {(xn,yn)} generated by Algorithm 4, where QY = (Jx, +rN) 'Jx,,
QM = (Jx, + M)~ 1Jx,,Sr > 0 converges weakly to (z*,y*) in Q.

Proof. Putting B = QY and A = QM, by Lemma 2.4, QY and QM are quasi-¢-
nonexpansive. Therefore, by Theorem 3.1, the result follows. O

4.3. Split equality problem

The problem of finding
xz € D,y € R such that Sz =Ty
is called split equality problem.

Algorithm 5.

Step 1: Choose the positive sequences {e,} and {a,} satisfying > €, < oo,

0<a,<1,0<vy< W, ¢ = min{cy, ca}, where ¢y, ¢y are constants as in

Lemma, 2.2.
Step 2: Select the arbitrary starting points xg,x1 € X1 yo,y1 € Xo, a € (0,1) and
choose «;, such that 0 < «a,, < @,,, where

min {a7 EnHJXlxn - JXIJ}n,1||_27 €n¢<xnaxn71)_17

Qn = €7LHJX23/7L - ']Xzyn—lH_27 €n¢(ynayn—1)_l}v Ty # Tn-1,Yn 7 Yn—1;
«a, otherwise.
Step 3: Compute
Wy, = J;}(Jxlxn + an(Jx, 20 — Jx,Tn—1))
and
Tpa1 = Ty (andx, un+(1—an) Jx, Mpug), wn = Jx ! (Jx, wp —yB* Jx, (Swn —Tty,).
Step 4: Compute
tn = Jxs (Jxa¥Un + O (JxoUn — JxyUn-1))
and
Ynil = J)_(zl(anJXQvn + (1 —an)Ix,dgvy), v, = J)};(J)Qtn + T Jx, (Swy, +Tty,).
Step 5: Set n =n+ 1 and go back to Step 2.
Theorem 4.3. Let X1, X5 and X3 be real Banach spaces as in Theorem 3.1. Let
S and T be operators as in Theorem 3.1.

Assuming Q # 0, then the sequence {(xn,yn)} generated by Algorithm 5 converges
weakly to some (x*,y*) in Q.
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Proof. Letting B = IIp and A = Ilg, by Lemma 2.3,1Ip and I1g are quasi-¢-
nonexpansive. Therefore, by Theorem 3.1, the result follows. O

5. Numerical illustrations

We shall examine the effect of the inertial extrapolation term in accelerating the
convergence of the sequence generated by our algorithm.

Example 5.1.

In Algorithms 1 and 2, set X; = R, X, = R? and X3 = R?. Let S: X; — X3 and
let T : Xo — X3 be defined by

Sr = (f 7’)7 T(r,s) = (r+2s,s)

23
respectively. We can easily verify
S*(n,m) = g + % and  T%(n,m) = (n,2n+m).

Let B: X7 — X7 and A : Xo — X5 be defined by
Bz = g and  A(n,m) = (n,m).

We can see that B and A are quasi-¢-nonexpansive, and (I — B) and (I — A) are
demiclosed at zero. Furthermore, since 0 € €, then Q # . In Algorithm 1, we take
v =0.35, a, = ﬁ, and in Algorithm 2, we take €, = %, Qp = Qp, a = 0.5,
v=0.3, a, = m It is clear that the parameters satisfy the hypothesis of these

Algorithms. Using a tolerance 10~® and setting n = 100, we have the following:

Table 1. Numerical results of Example 5.1

Table of values choosing g = —2, ;1 = 1, yo = (1,-2)T and y; = (0,3)7

Algorithm 1 Algorithm 2
b Jznes—2nl et — vl Tart—@al gt — gl
1 0.421 6.1527 0.3072 5.2737
10 0.7097 3.9251 0.0274 0.1429
20 0.4238 2.3554 7.33E-4 0.0209
30 0.2546 1.4165 1.68E-4 0.0122
40 0.1531 0.8524 9.43E-5 0.0072
50 0.0921 0.513 5.53E-5 0.0042
60 0.0554 0.3088 3.25E-5 0.0024
70 0.0333 0.1859 1.91E-5 0.0014
80 0.0201 0.1119 1.12E-5 8.64FE-4
90 0.0121 0.0673 6.62E-6 5.08E-4

99 0.0076 0.0426 4.11E-6 3.15E-4
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Table 2. Numerical results of Example 5.1

Table of values choosing zg = 0.5, 71 = 1.5, yo = (1,0)T and y; = (0,0.25)T

Algorithm 1

Algorithm 2

|xn+1 - xn‘

n
1 0.608
10 0.1665
20 0.0993
30 0.0597
40 0.0359
50 0.0216
60 0.013
70 0.0078
80 0.0047
90 0.0028
99 0.0017

[Ynt1 = ynll
1.2187

0.9209
0.5526
0.3323
0.2
0.1203
0.0724
0.0436
0.0262
0.0158
0.01

|[Tn1 = 2 [Ynt1 = ynll

0.6015 1.0446
0.0066 0.0332
1.22E-4 0.0011
9.128E-6 5.52E-4
4.27E-6 3.25E-4
2.49E-6 1.91E-4
1.46E-6 1.12E-4
8.63E-7 6.62E-5
5.07E-7 3.89E-5
2.98E-7 2.29E-5
1.85E-7 1.42E-5

— Algorithm 2
--- Algorithm 1

— Algorithm 2
--- Algorithm 1

0 20 40 60 80 100
Number of iterations

Figure 1(a). Some iterates of

Algorithms 1 and 2
choosing xg = —2 and 7 =1

— Algorithm 2
~=- Algorithm 1

Figure 2(a). Some iterates of

Algorithms 1 and 2
choosing yo = (1,—2)7 and

Example 5.2.

Y1 = (07 3)T

20 a0 60 80
Number of iterations

100

Figure 1(b). Some iterates of

Algorithms 1 and 2
choosing x¢ = 0.5 and 1

=1.5

0744
i

| — Algorithm 2

Algorithm 1

80

100

Figure 2(b). Some iterates of

Algorithms 1 and 2

choosing yo = (1,0)” and

y1 = (0,0.25)7

In Algorithms 1 and 2, set X7 = X3 = X3 = Lo([0,1]). Let S : X3 — X3 and
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T : X5 — X3 be defined by
(Sy)(g) =2y(9) and (Ty)(9) =y(g), then S*=S5 and T"=T.
Let B: X7 — X7 and A : X5 — X5 be defined by

Bi)e) =29 wd () =2

Obviously, B and A are semi-compact and quasi-¢-nonexpansive, and (I — B) and
(I—A) are demiclosed at zero. Furthermore, since zero belongs to €2, € is nonempty.
In Algorithm 1, we take v = 0.1, a = 0.2, and Algorithm 2, we take ¢, = m,
Qp = Qn, =08,v=0.01, a, = ﬁ It is clear that the parameters satisfy the
hypothesis of our theorems.

Using a tolerance 10~® and setting n = 7, we have the following.

Table 3. Numerical results of Example 5.2
Table of values choosing zo(t) = t2 + 1, z1(t) = t, yo(t) =t + 1 and y; (t) = sint

Algorithm 1 Algorithm 2
N Tug1 = 2nl  (|Yne1 — ynll |Tri1 — 20 lyns1 — ynll
1 0.5389 0.2917 0.6122 0.6483
2 0.2161 0.2041 0.1768 0.1097
3 0.0501 0.1156 0.0259 0.006
4 0.0597 0.0617 0.002 0.0097
5 0.0015 0.032 4.7E-4 0.0044
6 2.83E-4 0.1203 2.39E-4 0.0013

Table 4. Numerical results of Example 5.2
Table of values choosing zq(t) = 2, z1(t) = €', yo(t) =t + cost and y;(t) = 1 + 2sint

Algorithm 1 Algorithm 2

0 [@ars— @l st — gl @1 — 2ol 191 — vl
1 1.2562 0.8021 1.4127 1.6572

2 0.5044 0.566 0.4223 0.3769

3 0.1173 0.3222 0.068 0.0767

4 0.0217 0.1722 0.0083 0.0285

5 0.0037 0.0895 0.0014 0.0108

6

6.88E-4 0.0458 5.17E-4 0.0038
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— Algorithm 2
~-- Algorithm 1

— Algorithm 2
-~ Algorithm 1

Number of iterations Number of iterations

Figure 3(a). Some iterates of
Algorithms 1 and 2
choosing xo(t) = t? + 1 and x4 (t) = t,

Figure 3(b). Some iterates of
Algorithms 1 and 2

choosing o (t) = 2 and x1(t) = et

— Algorithm 2
-~ Algorithm 1

— Algorithm 2
~=- Algorithm 1 12

"""""""""" 1 2 3 4 5 6
3 Number of terations

Number of iterations

Figure 4(b). Some iterates of
Algorithms 1 and 2
choosing yo(t) =t + cost and
y1(t) =14 2sint

Figure 4(a). Some iterates of
Algorithms 1 and 2
choosing yo(t) =t + 1 and y;(t) = sint
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