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Stability and Bifurcation Analysis in a Nonlocal
Diffusive Predator-prey Model with Hunting
Cooperation®

Chaozhi Zhu' and Yahong Peng!'

Abstract In this paper, we propose a diffusive predator-prey model with
hunting cooperation and nonlocal competition. Under a rather general selec-
tion of the kernel function, we first study the stability of the positive equilibri-
um of the model. Then, we obtain the conditions which Hopf bifurcation and
Turing bifurcation occur. Our results show that nonlocal competition plays
an important role in determining the dynamics of the model.
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1. Introduction

Recently, the predator-prey models with hunting cooperation have been widely s-
tudied by many researchers in the literature such as [1,5,9,13,16-21, 23, 24] for
their importance in the real world. For instance, to better understand the impact
of cooperative hunting upon the two trophic-level interactions, Alves and Hilker [1]
proposed the following model with hunting cooperation in predators

‘fi—lt‘ =ru(l - %) — (A + av)uv,
(1.1)

4v = ev(X + av)u — mu,

where u(t) and v(t) represent prey and predator densities at the time ¢ respectively,
7 is the per capita intrinsic growth rate of prey, K is the carrying capacity of prey,
e is the conversion efficiency and m is the per capita mortality rate of predators. A
is the attack rate per predator and prey, and a is a parameter describing predator
cooperation in hunting. All parameters are positive. They investigated the existence
and stability of the positive equilibrium, and showed that hunting cooperation is
beneficial to the predator population by the increasing attack rate. Introducing
Allee effect into model (1.1), Jang, Zhang and Larriva [9] investigated the existence
and stability of the positive equilibrium, and presented the optimal control problem
by numerical simulations. Then, not only the impact of hunting cooperation among
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predators but also predator-induced fear in prey population was considered by Pal
et al. [13]. Sen, Ghorai and Banerjee [17] proposed a predator-prey model with
Allee effect in prey growth rate and applied Holling type II functional response
mechanism to describe the hunting cooperation. It is shown that the strong Allee
effect in prey growth rate is able to strengthen the stability of the coexisting steady
state.

More recently, the diffusion terms d; and ds have been introduced into model
(1.1) and the corresponding diffusive model

% =di1Au+u(r(l — %) — (A +av)v),
(1.2)
90 = dyAv + v(e(\ + av)u — m)

has been studied by several scholars. Capone et al. [5] investigated the stability of
the coexistence equilibria and obtained the conditions of Turing instability. Ryu
and Ko [16] also obtained the asymptotic behaviour of positive steady state solu-
tions when the cooperation effect of the predators is strong. The stability of positive
constant steady state solution, Hopf bifurcation and Turing instability were studied
by Wu and Zhao [23]. It is shown that the spatial model (1.2) can reserve the sta-
bility of the positive constant steady state solution, when the predation diffusion is
not smaller than the prey diffusion. The complex patterns, such as spotted pattern,
stripe pattern and mixed pattern, were obtained by Singh, Dubey and Mishra [19].
The results showed the effect of hunting cooperation in pattern dynamics of the
diffusive model. Most recently, Song et al. [20] introduced the cross-diffusion into
(1.2), and studied the stability and cross-diffusion driven Turing instability.

In addition, Singh and Banerjee [18] incorporated diffusion and Holling type
II functional response in the predator-prey model with cooperative behavior in
predators and also obtained complex patterns. The properties of the model were
investigated by using extensive numerical simulations. Song et al. [21] considered
a diffusive predator-prey model where the functional response follows the preda-
tor cooperation in hunting and the growth of the prey obeys the Allee effect. They
investigated the diffusion-driven Turing instability, and derived the amplitude equa-
tion of Turing bifurcation by employing the weakly nonlinear analysis method. Wu
and Song [24] introduced self-diffusion into the predator-prey model with hunting
cooperation. Their research showed that Turing instability is induced by diffusion,
and the conditions for Turing bifurcation to occur have been obtained.

For simplicity, we introduce the nondimensional parameters into model (1.2)

AK - 1 - 1
o="L0 =250, o= >0 di=—dy, dy= —do
m m m m

and the other nondimensional variables

_ el A _
U=—u, v=—v, t=mt.
m m

For the simplicity of notations, dropping the over-bars, then model (1.2) becomes

%1; =diAu+u(o(l - 5) — (1 + av)v),

(1.3)

% =doAv+v((1 4+ av)u —1).
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It is realized that in the real world, prey needs to interact with other prey or
predators not only in the same location, but also in different locations, or even in
the whole space. For example, researchers have realized that competition is often
nonlocal, and it is also necessary to add the nonlocal interaction term to the reaction
dynamics. Therefore, many researchers [2—4,6-8,10-12, 14, 15, 22] have dedicated
themselves to studying the reaction-diffusion models with nonlocal competition.
However, according to what we have learned, there does not exist theoretical results
of nonlocal effect for the above system (1.3). Motivated by the aforementioned
works, we will introduce nonlocal competition into model (1.3). In this paper,
we select the nonlocal term given by Furter and Grinfeld [8]. When Q is a one-
dimensional bounded domain (0,l7) with [ > 0, the first equation of model (1.3) is
rewritten as

% — diUgy = u [a (1 - ;/QK(:v,y)U(y,t)dy) -1+ av)v} ;

where the kernel function K(x,y) is defined by

1 1
K(x,y): ﬁ:f
Vs

in its simplest form.
Supplemented with Neumann boundary conditions and the nonnegative initial
conditions, we are proposing the following model

im
Gt — dittze = u la (1 - 5%77/0 U(y,t)dy> — (1 +av)v|,z € (0,im),t >0,
%% — dyvgy = o[(1+ av)u — 1], z € (0,im),t >0,
ug(0,t) = ugp(Im,t) =0, v,(0,t) = v, (Im,t) =0, t>0,
u(z,0) = ug(x) 2 0, v(z,0) =wvo(z) =0, z € (0,1m).
(1.4)

The aim of this paper is to study the stability of the positive constant equilibrium
and perform bifurcation analysis. The rest of this work is organized as follows.
In Section 2, we linearize model (1.4) at the positive equilibrium, from which we
are able to study the stability through qualitative theory. We want to see how
the nonlocal competition term affects the stability of the positive equilibrium. In
Section 3, we take diffusion coefficient as the bifurcation parameter to obtain the
conditions for the occurrence of Hopf bifurcation and Turing bifurcation. Finally,
we conclude this paper with a short discussion in Section 4.

2. Stability analysis

In this section, we mainly discuss the stability of model (1.4). It is easy to know
that the positive equilibria of model (1.4) are the same as model (1.3). With regard
to the existence of the positive equilibrium in model (1.3), Song et al. [20] proved
the following results.
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Lemma 2.1. Assume that o, o and 3 are positive constants.

(1) If either 0 < ca <1 and 0 < 8 <1, oroa > 1 and 0 < § < B, then model
(1.3) has no positive equilibrium;

(2) If either caw > 0 and B > 1, or ca > 1 and B = 1, then model (1.3) has a
unique positive equilibrium (u.,v.), and P'(v.) > 0;

(3) If o > 1 and 8 = B, then model (1.3) has a unique positive equilibrium (u,vy)
and P'(v.) = 0;

(4) Ifoa > 1 and B. < < 1, then model (1.3) has two positive equilibria (u1.,v14)
and (Ugs,v2 ). Further, if 0 < va, < 1., then P'(v1.) > 0 and P’ (va.) > 0, where

B = 2+90a+2(1247r§§a) =55 > 0, P(v) = v’ +2Bav? + B(1 —ao)v+o(1—f).

Remark 2.1. It follows from Lemma 2.1 that if ca > 1 and § = 1, then model (1.3)
h . " a1 . _ 1 oca—1
as a unique positive equilibrium (u, v.) = <ﬁ’ -
explicitly, and if oo > 1 and B = S, then the unique positive equilibrium can be
written as (up.,vy,) = (VAE2Ze=l —24VIE39a) If 5o > 0 and B > 1, or oo > 1
and 8, < 8 < 1, we know that the positive equilibria exist, but we cannot express

them explicitly.

), which can be calculated

In this paper, for the sake of convenience, we choose the case of (u.,v.) =

1 Voa—1
(Voo 7o
viding that the positive equilibrium can be expressed explicitly.

Let B, = (uy,vy) = (\/%, \/i*l). And the linearized system of model (1.4) at
the positive equilibrium F, is given by

). The method used can be applied to some other cases as well, pro-

U = diUgy — % /Olﬂ u(y, t)dy — L\/;{lv, x € (0,lm), t >0,
v = doUyy + M(\éﬁ_l)u + %11), xz € (0,lm), t >0, (2.1)
Uz (0,8) = uz(Im,t) = v,(0,t) = v (Im,t) =0, ¢>0,
u(z,0) = up(z) >0, v(x,0)=1ve(z) >0, xz € (0,1m).
Then, the characteristic equation of (2.1) is
N —T,A\+D,=0, necN=1{1,23,...}, (2.2)
where
Tn = % — (dy +d2)%2
and

Voa—1)(2y/oa—-1) (Joa—1_ n? 4
Dn:( ga )< g )— e d1%+d1d2%.

« Voo

From T,, and D,,, we can obtain the following conclusions.

Lemma 2.2. Suppose that dy, da, 0 and « are positive constants and oo > 1.

(If1? < gﬁ"’l, then T,, < 0 for anyn € N;
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(2) If 12 > voads tpen T, < 0 for n > N* where

Voa-1’
[ \/\/gdzlﬂ ] — 1,4/ \/\/;dllz is a positive integer,
N* = (2.3)
[ \/‘/‘j%d:l? ] \/\/‘;7%;2112 15 not a positive integer.
However, for1 <n < N*,
<0, for dy > d{{n,
Tnq =0, for dy =dff,, (2.4)

>0, for di < d{{m

where

I (Voa —1)I? - \/O'Oédgn
' Voan?

Proof. 7T, can be rewritten as

ﬁ (Voo — 1)1 — voadyn®) — Vaadin?] . (2.6)

(1) If 12 < ‘/\/‘Zadz then we have (y/oa — 1)I? < \/oady < \/oadyn? for any n € N,

which implies (y/oa —1)I? — \/oadan? < 0. Thus, it follows from (2.6) that T, < 0
for any n € N.

(2) If 1% > ‘/\/‘gdz then we can obtain (/oo — 1)I? — \/oadan? > 0 for 1 <n < N*
and (y/oa—1)I12—/oadan? < 0 for n > N*. Here, N* is defined by (2.3). Thereby,
from (2.6), we have T,, < 0 for n > N*. However, for 1 <n < N*, along with (2.6),
we have T,, < 0 < d; > dfn, T,=0&d = dfn and T, > 0 &< d; < dfn, where

df’,, is defined by (2.5). Thus, we complete the proof. O

Tn =

Lemma 2.3. Suppose that dy, do, o and o are positive constants and oo > 1.
(1) IfI2 < W@ , then D,, > 0 for any n € N;

(2) If 12 > md? , then Dy, >0 forn > N*, but for 1 <n < N*,
<0, for dy > d{n,
Dn{ =0, for dy =df,,, (2.7)
>0, for dy < df,,,

where N* is defined by (2.3) and

o _ Veal/ea - 1)(2yea - it o8)
Ln = an?[(Voa — V2 — oadsn?] '

Proof. We can rewrite D,, as

——{Voa(Voa—1)2voa—1)I* —adin?|[(Voa —1)1> — \/oadsn?]}.
(2.9)

Dy, =
/o l4
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(1) If 12 < \/‘/gﬁ, then we have (y/oa — 1)I> — \/oady < 0. As a consequence,

we obtain (y/oa — 1)I2 — \/oadan? < 0 for any n € N. Thanks to oo > 1, that is,

Voa(yoa —1)(2y/oa — 1)I* > 0, it follows from (2.9) that D,, > 0 for any n € N.
(2) If 1% > \/@fi, it can be proved by a method similar to (2) of Lemma 2.2. The
difference is that d{n is obtained from the following equation

Voa(voa —1)2veoa — 1)I* — adin?*((vVoa — 1)I2 — oadsn?) = 0.

O

Combining Lemmas 2.2 and 2.3, we have the following conclusion.

Theorem 2.1. Let § = 1. Assume that di, d2, 0, a are positive constants and
oa > 1. Then, the positive equilibrium E, = (\/%, @)

asymptotically stable, when 1? < \/‘/gizl.

of system (1.4) is locally

Proof. From Lemmas 2.2 and 2.3, we know that T,, < 0 and D,, > 0 always hold

for any n € N, when 2 < %. Therefore, the theorem is proved. O
If 12 > %, then for dff, and df ,,,1 < n < N*, which are given by (2.4) and

(2.7) respectively, the following conclusion can be easily proved.

Lemma 2.4. Assume that di, da, 0 and « are positive constants and oo > 1. If

2> %, then the following statements hold true:

(1) dify >dffy >---> dffy.;
(2)diy >diy >---> di y <diy 1 < dly 5 <---< d] y., where N, is
defined by

[ %12 2 } -1, %12 12 is a positive integer,

[, / 2‘/‘7%;112 12 } , %12 12 is not a positive integer.

According to Lemmas 2.2, 2.3 and 2.4, we can prove the following theorem.

(2.10)

Theorem 2.2. Let 8 = 1. Assume that di, do, 0 and « are positive constants and

oca > 1. If % <I?< gﬁi + 40%@;1)‘12, then the positive equilibrium
E,. = (\/%, ‘/‘?2_1) of system (1.4) is locally asymptotically stable.

Proof. If I > \/\/%?17 then it follows from Lemma 2.2(2) and Lemma 2.3(2)
that T, < 0 and D,, > 0 for n > N*. However, for 1 < n < N*, along with
Lemma 2.4, we have T, < 0, when d; > dfl and D, > 0, when d; < le,N*. Here,
N., df!} and d{N* are defined by (2.10), (2.5) and (2.8) respectively. That is, for
1<n< N* T, <0and D, > 0 hold, providing that dfl < le’N*. Thanks to
9 _ Joads | dovaa(2/ea—1)d .
oca>1and l® < \/ﬁ—Ql + Voa—1)° 2, we obtain
(Voa —1)I% — Joads - 4o(2v/oa — 1)dy
Voo Voa—1

Noticing that

. Vaa(voa —1)(2vaa - DI' _ 40(2y/5a - 1)d;

dl,N* = aNf[(m— 1)12 _ MdQNf] Voo —1
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and

g - (Voa —1)I? — Joads
bt Voa ’

now, it follows that d{{’l < d{ ~,- As a consequence, we obtain T, < 0 and D,, > 0

for any n € N, if \/@ﬁ"‘l <% < \/\/gizl + 40%@;1”2, and this completes the
proof of the theorem. O

3. Bifurcation analysis

Through the discussion in Section 2, we know that the stability of the positive
equilibrium of (1.4) may be destroyed under the condition ? > vVoad, Thus,

Voa—1"

in this section, we perform bifurcation analysis for system (1.4) and derive the
conditions that (1.4) undergoes Turing bifurcation and Hopf bifurcation.

Choose d; as the bifurcation parameter. We know that system (1.4) undergoes
Hopf bifurcation at d¥f, if d satisfies
(H1) T,(d) = 0, D,(d) > 0 and d%lRe)\(d{{) # 0, for some n € N, and
T;(d") # 0, D;(df’) # 0 for j #n, j € N.

Morever, system (1.4) undergoes Turing bifurcation at dT, if d¥ satisfies
(H2) T,.(d]) #0, Dyn(df) = 0 and g3-D,,(d]) # 0, for some n € N, and Tj(d) #
0, Dj(df) #0for j#n, jEN.

For the sake of convenience of the discussion below, let

fla) =+vo(20 —1)ya+1-—o, (3.1)
and we first prove the following lemma.

Lemma 3.1. Assume that o, a are positive constants and oo > 1, function f is
given by (3.1).
(1) If0<o< %, then

<0, for a> ay,
fl@) 4 =0, for a = ay, (3.2)

>O,fo7"§<oz<oz07

where
(1-0)?
Q) = ————F5 5
o(l —20)?

2) If o > L, then f(a) > 0 holds for o > L.
2 o

Proof. (1) If 0 < ¢ < %, then it is obvious from function (3.1) that f(ag) = 0,
where ag is given by (3.3). Meanwhile, the other two cases of (3.2) are easy to be
proved.

(2) If ¢ = 3, then we have f(a) = 3 > 0 for @ > 1. Thanks to oa > 1, which
implies that o > é Thus, if o > %, then we have

(3.3)

fla)=+vo(20 —1)Va+1—-0> ! (20—1)\/a+1—0:(7>%>0.

Va



102 C. Zhu & Y. Peng

Thus, Lemma 3.1 is proved. O

Theorem 3.1. Let § = 1. Assume that di, d2, 0 and « are positive constants,
oca>1 and Z2>%.

(1) If0 <o < 1, then

(1a) for % < a < ag, system (1.4) undergoes a Hopf bifurcation at dif ' Jor 1. <
n < N*,'

(1b) for a > vy, system (1.4) undergoes a Hopf bifurcation at dfn, forl1<n < N*,

when 1? € (\/‘/;—Edﬁ,ZQ), where o is defined by (3.3) and

\/O'Ctdz
Voa—1—+/o(Joa —1)2\/oa —1)

(2) If o > %, system (1.4) undergoes a Hopf bifurcation at dfn for 1 <n < N*,
when o > %

Proof. It is obvious from (2.4) that T,,(d{’,) = 0 for 1 < n < N*. Substituting

d¥ into D,,, we have

3=

(3.4)

D, (dff,) = ﬁ [—oadin + 2yoa(vVoa — 1)dol’n® + (Voo — 1) f(a)l*], (3.5)

where f(a) is defined by (3.1).
Next, we want to prove the following fact

—oadin® + 2v/oa(voa — 1)dyl?n® + (Voa — 1) f(a)l* > 0, for 1 <n < N*.
Let
fi(z) = —oadiz? + 2y/oa(Voa — 1)dol?z + (Voa — 1) f(a)l*, > 1.

(1)If0 < o < 1, then from (3.2) in Lemma 3.1, we have f(a) > 0, when 1 < a < ay
and f(a) =0, when a = og. Combining with the expression of fi(z), we obtain

fi(z) > 060 <2< 222202 for f(a) =

(3.6)
filz) >0e z1 <z <z, for f(a) >0,
where
(Voa — 1)1 — Jo(voa —1)(2\/oa — 1)1
T = (3.7)
\/O'Oédg
and
(Voa — D)2+ /o(voa —1)(2\/oa — 1)1
Voads
are two roots of the equation fi(x) = 0.
(1a) For the case with % < a< ap.
If a = ap, due to (N*)? < 2vga=1)p2 then it follows from the first line in

Voads
(3.6) that fi(n?) > 0for 1 < n < N*. If 2 < a < ag, from Lemma 3.1, we

know f(a) > 0, which implies x; < 0. It also follows from (2.3) and (3.8) that



Nonlocal Diffusive Predator-prey Model with Hunting Cooperation 103

(N*)2 < z3. Then, we obtain f;(n?) > 0 for 1 < n < N* from the second line in
(3.6), i.e., we prove Dy (dif ) > 0for 1 <n < N*, when 0 < o < § and + < a < ag.
Furthermore, we have

—Re)\( n) =

<n<N*
i #Oforl n<N*,

2l2

and when n > N*, from (2) of Lemmas 2.2 and 2.3 respectively, we obtain

Tn(dfj) < 0 and Dn(dfj) >0forje Nandj#1,2,...,N*.
According to (H1), case (la) is proved.

(1b) For the case with a > ap.

If o > ap, it follows from (3.2) that f(a) < 0. Thus, fi(x) > 0 is valid, if
and only if 1 < < xo, where x; and x5 are two positive roots of the equation
fi(z) = 0 and given by (3.7) and (3.8) respectively. Noticing that (N*)? < x,, as
long as we prove x1 < 1, we can get Dn(d{n) >0forl<n<N*

In fact, we have

1 —(Vea-1f(a)l' —2/ga(Voa — 1)dl? + oad
Voady © (oa —1)I2 + \/o(yoa — 1)(2y/oa — 1)I2 — oad,

1‘1—1:

and

(Voa 0a—1l2+\/ Voa —1)(2yoa —1)I* — /oadsy > 0,

\/ad2 > \/ad2 .
Voa—1 Vaa—1+y/o(\/ea—1)(2y/aa—1)

which is obtained from [? >
Let
g(1?) = —(Voa — 1) f(a)l* = 2v/oa(voa — 1)dql? + cads. (3.9

Then from (3.9) and % <2< li, we have g(I?) < 0, which implies z; < 1.
Therefore, we prove that D, (d{’,) > 0 is true for 1 < n < N*. The following
proving process is similar to the above case % < a < ap. Then, according to (H1),
case (1b) is proved.

2)If o> %, combining case (2) of Lemma 3.1, the proof method is completely
similar to that used in Theorem 3.1(1a).

Thus, we complete the proof of this theorem. O

Theorem 3.2. Let § = 1. Assuming that di, do, 0 and « are positive constants,

aa>1and12>%.

(1) If 0 < o < %, then

(1a) for % < a < ap, system (1.4) undergoes a Turing bifurcation at d{n for
1 <n<N*

(1b) for a > oy, system (1.4) undergoes a Turing bifurcation at d{n forl<n < N*,

when 1? € (\/\/%dzl,ﬂ ), where g and 13 are defined by (3.3) and (3.4) respectively.

(2) If ¢ > %, then system (1.4) undergoes a Turing bifurcation at df{n for1<n<
N*, when o > é
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Proof. Obviously, it follows from (2.7) that D,(df,) = 0 for 1 < n < N*.
Substituting lem into T,,, we have

T 1 cadin* — 2\/oca(y/oa — 1)dol?*n? — (Voo — 1) f(a)l*

T, =
(dl,n) \/ap X (1 /oo — ]_)l2 — Mdgnz

. (3.10)

Since car > 1 and 1% > %, we obtain (/oo —1)I? —/oadsn? > 0. Our purpose

is to prove the following fact
ocadin® — 2v/oa(voa — 1)dal*n? — (Voa — 1) f(a)l* #0, for 1 <n < N*.
Let
fo(z) = cadiz? — 2v/oa(Voa — 1)dol?s — (Voa — 1) f(a)l*, > 1.

(1) If 0 < o < 3, by Lemma 3.1 again, we know f(a) =0 for & = ag and f(a) > 0
for % < a < agp. Then, by the expression of fs(x), we obtain

fz(x):()@x:()ora::%lz,for fla) =0, (311)

fo(x) =0 =121 or & = 29, for f(a) <0,

where 27 and x5 are given by (3.7) and (3.8) respectively. At this time, z; < 0 and
xo > 0.
(la) For the case with 2 < a < ay.

Notice that (N*)? < %12 and (N*)? < x3. Then, from (3.11), we have
To(df,) #0for 1 <n < N*

(1b) For the case with a > «p.

If & > ap, then from (3.2), we have f(«) < 0. Thus, the equation fa(z) = 0 has
two positive roots x; and z3, which are defined by (3.7) and (3.8). Similar to the

proof of case 1(b) in Theorem 3.1, if [2 € (gﬁ,li), then 7 < 1. Noticing that

(N*)? < 2, from (3.11) again, we also have T,,(d] ) # 0 for 1 <n < N*.
In addition, by computing directly, we obtain

d n?
— D, (d¥ )= —— 2_ —1)? for1 <n < N*.
. n(di ) —7 (\/O’Oédgn (Voa —1)I ) #0for1<n<

Furthermore, for N > N* by (2) of Lemma 2.2 and Lemma 2.3, we have
Tn(d{j) < 0 and Dn(dij) >0forjeNand j#1,2,...,N*.

Thus, according to (H2), conclusion (1) is proved.

(2) If ¢ > %, by Lemma 3.1, we have f(a) > 0 for @ > 1. The rest of the
proving process is completely similar to the proof of the case of (1a) in Theorem
3.2.

Thus, we finish the proof of this theorem. O
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4. Conclusion

In this work, nonlocal prey competition has been introduced into a predator-prey
model with hunting cooperation. First, we investigate the stability of the positive
equilibrium FE, of (1.4). Our results show the effect of nonlocal competition terms
on the kinetics of system (1.4). When [? is smaller than the critical value, E, is
stable and becomes unstable, when {2 is larger than the critical value. Then, we
derive the conditions that (1.4) undergoes Turing bifurcation and Hopf bifurcation.
It is interesting to note that when the region is unbounded, due to the different
selection of kernel functions, the corresponding characteristic equation is transcen-
dental. Therefore, the research methods will be different, which are left for our next
work.
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