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Asymptotic Expansion of Solutions to Singular
Perturbation Problems in Critical Cases*

Hao Zhang' and Na Wang!'

Abstract This paper investigates the problem of singular perturbed integral
initial values and Robin boundary values in the critical case. Based on the
boundary layer function method, we not only construct the asymptotic ap-
proximation of the original equation, but also prove the uniform validity of
the asymptotic solution by successive approximation. At the same time, we
give an example to prove the validity of the theoretical results.
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1. Introduction

Singularly perturbed differential equation boundary value problems are frequently
utilized as mathematical models to represent biomechanical and physical phenom-
ena [1,2,18], such as chemical kinetics [19] and semiconductor simulation [20] phe-
nomena. They correspond to mathematical models in which the degradation equa-
tion of singularly perturbed differential equation boundary value problems does not
have an isolated root, but has a series of roots depending on one or more parameters
instead. This case will be called the critical case [6]. Compared with the singularly
perturbed initial boundary value problem with isolated roots of other degradation
equations, the critical case has the following three difficulties: first, the zero order
regular approximation solution is an unknown arbitrary function, which needs to be
obtained by subsequent conditions; secondly, the solution process of the zero-order
boundary layer is also very complicated; thirdly, the coupling of equations related
to k (k > 1)-order boundary layer functions can be reduced by a specific diagonal-
ization transformation. Therefore, it is very meaningful and valuable to study the
critical case in singularly perturbed problems.

The research methods of singular perturbation critical problems mainly include
boundary layer function method [13]. Through the theory of boundary layer func-
tion method, Vasil’eva and Butuzov [6] were the first to study initial value prob-
lems for singularly perturbed systems in the critical case. Subsequently, in recent
years, some related issues in critical case have been solved [3-5,7,15,17]. To the
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best of our knowledge, the above problems only pertain to Dirichlet or Neumann
boundary value conditions, while the Robin boundary value conditions and integral
initial value conditions [8] are seldom investigated. In the past several decades,
authors [9-11,14,16] have discussed the singularly perturbed integral initial bound-
ary value and Robin initial boundary value problems in various non-critical cases.
However, until now, the singularly perturbed problem in critical cases with initial
integral value and Robin boundary value condition has not been studied. Inspired
by this, we fill in the gap of this kind of problem, and give formal asymptotic
solutions and numerical examples.

The structure of this paper is as follows. The boundary layer function method
[13] is used in sections 2 and 3 to introduce corresponding singular perturbation
critical problems and to obtain the zero-order approximate solution and the first-
order approximate solution of the original equation; Section 4 uses the successive
approximation method [4,12] to demonstrate the existence of the solution; Section
5 provides an example to illustrate the second part of the theoretical results; the
last section presents our conclusions.

2. Statement of the problem

Consider the following class of singularly perturbed initial boundary value problems

% (y,t)y + uB (z,t),

=A
‘ a<t<b, (2.1)
pg =C @) y+pD(21),

the corresponding integral initial value and Robin boundary value condition

b
z(a) = 2° +/ p1 (2 (s,p))ds,  z(b) — 2 (b) = 2, (2.2)

where z,y are scalar functions, and 0 < g < 1 is a small parameter. Systems
(2.1)-(2.2) must satisfy the following requirements:
(H1) Assume that functions A (y,t),B(z,t),C(t),D (z,t) and p; (z) are suffi-
ciently smooth on G = {(z,9,t) ||z| <1, |y| <l,a <t <b}, and [, 2°, 2! are all real
numbers. To be definite, assume that C (¢) < 0.

The degradation equation of problem (2.1) is as follows.

(2.3)

We can get from the degradation equation (2.3) that g (¢) = 0. However, since
the degradation equation (2.3) does not include z (¢), Z (¢) is an unknown function
about the variable t. Assume that Z (¢) = « (¢) for the convenience of calculation.
Then « (¢) is also an arbitrary unknown function.
Set
A(yat)y+#B (th) )T

F= . z=(2y
C(t)y+uD(z,1)
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Then the matrix F, at the equilibrium point (« (¢),0) has the following form

0 A(0,t)
0 C(t)

Therefore, it is easy to get the eigenvalue A = 0 of the matrix F,, and the other
eigenvalue Ay = C(t) < 0. Thus, we get the case where the critical condition is
stable. Under the assumption of (H;), there may exist a solution z (¢, 1) with only
one boundary layer that occurrs at ¢t = a.

Due to the introduction of the integral initial value condition, the discussion of
problems (2.1)-(2.2) is much more complicated than that of the conventional fixed
initial value. Therefore, problems (2.1)-(2.2) are transformed into the following
equivalent singularly perturbed Robin boundary value problem

W = Ay t)y+uB (1),
p% =C(t)y+uD(z,1), as<t<y, (2.4)
% =N (Z)a
z(a) =2° = ki (a), k1 (b) =0,
z2(b) =zt + 2 (b).

3. Construction of the asymptotic expansion

We use the boundary layer function method [13] to construct an asymptotic solution
to problems (2.4)-(2.5) of the form u = (z, k)"

xzfﬁm@+hﬂmL
=0

2 a<t<b, (3.1)
ki =Y pl [k (t) + Lk (10)]
=0

u(t,p) =

where 9 = t_T“, and Z; (t) , ky; (t) are coefficients of regular terms; Lz (7o) , Lik1 (7o)
are coefficients of boundary layer terms at t = a; through the initial boundary value
condition (2.5), we can get

20 ((1) + Loz (0) =20 ];510 (CL) — Lok (0) R ];‘10 (b) =0
(
21 (a) + Lz (O) = _I_fll (a) — Lk (0) s /;711 (b) = 0;

First, we study the zero-order regularization part of the asymptotic solution of
problems (2.4)-(2.5), and find that the first two equations of the zero-order regular-
ization part are the same as the degradation equation (2.3)

A (Yo, t) Yo = 0,
C(t)yo =0, (3.2)
dﬁio = P10 (%0 (1)),
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Jo () = 0 may be found in (3.2), where Zy (t) = «(f) is an unknown arbitrary
function. In this case, a (¢) needs to be determined in the equation for the first-order
regular part. Write the differential equations and initial boundary value conditions
that can determine the zero-order boundary layer coefficients in (3.1)

Lo(mo) — A (Loy (19),a) Loy (10) ,

dTo
dLoylmo) — C(a) Loy (o) , (3.3)
dLoky(m0) _
T 0

@ (a) + Loz (0) =20 ];310 (a) — Lok1 (0) s
a()==zt+a (b), k1o (b) = 0, (3.4)
Loy (+00) = Loz (+00) = Lok (+00) = 0.
Lok (10) = 0 can be obtained by applying the constant-change method to the third
differential equation in (3.3) and the initial boundary value conditions in (3.4).

Next, the following is the differential equation concerning the first-order regular
part of (3.1)

ddlto :Agl +§7
Yo — ¢ (t)g + D, (3.5)

%) — ¢, (a(t)) 2.

The values at the points (« (t),t) and (0,t) are denoted by the symbols “=" and
“7 respectively. In order to obtain «(t), it is necessary to use the first-order
regular partial equation of (3.5). As a result, by computing the first two equations
in equation (3.5), we may obtain

D(at)  da(t) _ D (o, t)

7 (t) = =—A(0,1t) o0

cw o ar + B(a,t). (3.6)

Substituting the second equation of equation (3.6) into the boundary value con-
dition (3.4), we can find a (b)) = a®. According to the existence of solutions to
the boundary value problem, « (t) can be determined by the first-order differential
equation for « (t) in (3.6) and the boundary value condition « (b) = a°. Then,
k1o (t) is determined by the third equation of (3.2) and the boundary value condi-
tion kyg (b) = 0. Finally, 1 (¢) is fully determined. Moreover, 7; () is also worked
out.

We may determine the relationship between Loz (79) and Loy (70) as Loz (19) =

fOLoy AC(Z’S) ds by using the first two equations of system (3.3) and the boundary

value condition (3.4). By substituting the initial boundary value condition (3.4),
Loy (0) = B° can be obtained, so that Loy (15) = 8°“(®7 can be determined by
the constant variation method, and then Loz (79) can be determined accordingly. So
far, Lou (79) has been completely determined. At the same time, the zeroth-order
principal terms of the asymptotic solutions to the form (2.4)-(2.5) have all been
found. For the first-order regular part of issue (2.4)-(2.5), only 7y (¢) is currently
determined, while 2; (t) and k1; (¢) need to be determined by the regular part s (¢)
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of the system. Next, we need to determine the first-order boundary layer term
Lyu (19) of the asymptotic solution, and solve it with the following form

Azl — (A4 AyLoy (7)) Ly (7o) + b,

dT(J
AE3(10) — ©(a) Lay (r0) + D - D, (37)
dL1(Z}O(To) =q (3)—q (a(a)),

where /1 (o) = (Ay71 (a) + Aymo) Loy (10) + (A — A)fis (a)+ B— B. Here A, A, and
A, take values at the point (Loy (70),a), A takes values at the point (0,a), B, D

take values at the point («(a)+ Loz (79),a), and B, D take values at the point
(a (a),a). The corresponding boundary value conditions for these equations are

Z1 (a) + le (0) = —]_611 (a) — lel (0) s ]_611 (b) = 0; (3 8)
zZ1 (b)) =z1 (b), Liu (+00) = 0.
Moreover, the equation for solving the regular part us (¢) is
B0 — Ag, + Ayy} + Bz,
B = C (1) g, (3.9)
B2l — g1 (a () 22 + Sha,

where S12 = q1, (a (t)) 22 is an unknown composite function. The following first-
order differential equation for z; (¢) may be obtained by computing the first two
equations of (3.9)

(3.10)

where v (t) = flgcll((tt)) + A,¥?. Then we can obtain

t B t s /) b)
71 () = efy Bz(R)dn / o =B:wpgg . T ) 3.11
Zi(t)=e <b7(8)6 5 I B. () (3.11)

At this point, Z; (t) has been determined. Meanwhile, k1, (t) can be determined
by the third equation in the system (3.5) and the corresponding boundary value
condition ky; (b) = 0, ie. ki (t) = fbt q12 (@ (8)) z1 (s) ds. Therefore, the first
regularization part @; (t) has been obtained, and then the boundary layer part
Lyu (1p) is determined at once. In Lju (1), the boundary layer function Lk (79)
is first determined, that is, L1k; (19) = f_:;o q1 (a(a) + Loz (s)) — q1 (a(a))ds. And
then, by using the constant-change method, we obtain a particular solution

Lly (’7’0) = eC(ll)TO (/ <D _ b) e—c(a)sds + Lly (0)) (312)
0
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of CZL%TC()TO) = C(a) L1y (7o) + D — D. Finally, we have

iz (ro) = / b [(A+AyL0y (1)) e / ’ <D (s) — B(a>> e_c(“)sds} dp

+o0 0

+ /TO [(21 + A, Loy (p)> e PLyy (0) + b (p)} dp.
too (3.13)

At this time, L1y (0) = 8! can be obtained through (3.13) and the initial value
condition (3.4). So L1y (1) and L1z (79) can be determined. Finally, all the bound-
ary layer coefficients of the first-order asymptotic solution are obtained. The process
of solving the term coefficients k (k > 2) of the asymptotic solution is completely
similar to the case of kK = 1, and will not be repeated here.

4. The existence of the solution and the remainder
estimate

Theorem 4.1. If the condition (Hy) is satisfied, there must be positive constants
1o,0 and C, so that when 0 < p < g, the boundary value problem (2.4)-(2.5) has
a unique solution u (t, 1), and satisfies the inequality

lu(t,p) = U (¢, p)] < Cp™™, a <t <b, (4.1)

Proof. Let{=z2—Z,11,A =y — Yot1, and ¢ = k1 — Kj 541, where (2,9, k1) is
the solution of (2.4)-(2.5) and (Z,+1, Yn+1, K1,n+1) is determined by (4.2)

n

Un(t, 1) = Y p*lan(t) + Liu(o)]. (4.2)
k=0

Therefore, we get the following system of equations

P = A0, )X + G1(€, M t, ),

na =C A+ Gl t, ),

9 = qu(a(t)€ + G(&, 1, p),
§(0,1) =0,A (0, 1) = 0,5 (0, 2) = 0.

(4.3)

Gy (67 At :u) = A()‘ + Yn+17 t)(/\ + Yn+1) + MB(f + Z’ﬂ+17 t)

- M% - A(O7 t))‘v

Ga(&,t, 1) = C (t) Yoyt + pD(E + Zny1,t) — pst
Ga(€,t, 1) = qu(€E+ Zngr) — Lt gy (a(t))E.

Gy (&, Nt u),Ge (&t 1), and Gs (&, t, u) have the following two important proper-
ties.

(1) Gl (0>O7t7lu) = G2 (07t>/1') = GS (071;7/") =0 (,Un+1)-

(2) For all e = O () > 0, there are constants 6 = § (¢) and py = po(e) so that as
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IOHg as |§’L| < 5, |)‘2| < 63 |<’L‘ < 5, (Z = 1,2)7 0< H < Ho, then
|G1(€1, A1yt 1) — G(€a, Ayt )| < pfén — Eaf + | A1 — Agf,
|G2(£17t7/1/) - G2(§27t7M)| S /j/|€1 - £2‘ 5

|G3(&1,t, 1) — Gs(&o,t, )| < pléa — &2l

At p) = pLer ' Jo Olo)ds fg Ga(&,p, et & Cds gy can be calculated using the
second equation in (4.3), and then be substituted into the first equation in (4.3) to
obtain

d -1 rt t -1 rp
WG = A e O [ G per™ OOy 1 Gy €A ). (40
0

Then, the equivalent integral equation of (4.4) can be written as

t —1 q —1
() :/ p ek foQC(S)dS/ Go(&,p, p)et 13 Cdrgpdg
0 0 (4.5)

t
+/ M_1G1(§7)‘7Qa:u)dqz J(é-,)\7t“l,t)
0

It is not difficult to see that J and G; (i = 1,2) have the same properties. Since
the right-hand side of the unknown ¢ in the last equation in (4.3) is only related
to £ and is continuous on a < t < b, the first two equations in (4.3) have nothing
to do with ¢. Therefore, as long as we show that £, A exist and are unique, then ¢
exists and is unique. Finally, using the successive approximation method for (4.5),
we can prove the existence of the solution to equations (4.3) and estimate that
£t )] < O™t It p)| < Ot [ (t p)] < Cp™*!, which not only deduces
the existence of solutions y, z, but also provides the remainder estimation formula
(4.1). O

5. Numerical example

Consider the following singularly perturbed boundary value problem

d 3 d
P = g+ Dy + Sz, psL = 2y + ez, 0<t <1,
dt 2 dt 5.1)

1 , 5 1
Z(O,u)=§6 2—1+/ z(s,p)ds,  y(Lp) —y (1,p) =—1.
0

Obviously, conditions (H;), (Hs) hold. In order to reduce the computational
complexity, system (5.1) can be changed into the following form:

d 3 d dk

ul:(y+1)y+*uz, ufy:f2y+uz, Loz 0<t<],

dt 2 dt dt (5.2)
1 _ 5 :

Z(O,ﬂ):§€ 27171431(0)3 kl(l):Oa Z(lau)i’zl(lay’)zil'

Zo (t), 70 (t) , k1o (t) , Loz (10) , Loy (T0) and Lok (7o) are given by the following sys-
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tems respectively.

(??0 + 1) gO = 0) _2170 = 07 W = 2o,

dLoz 9 oy dLoky

— =1 L = -2L =

dTO oY + 0Y, 0Y, dTO

dz, _ _ 3_ dy _ _

7: =@+ 1)y + 570, % = —2%1 + Zo, (5.3)
dk _

Wn =2z, 20 (1):56 (1)—1, k1o (1) =0,

1 5 -
20 (0) + L()Z (0) = 56_2 — Z — klO (0) + Lo]fl (0) .

Through the above calculation, we obtain

_ 1 1
Zo (t) = 21 g (t)=0, k1o (t) = 562(15—1) -3
(5.4)

— 27 1 — 27 1 — 47
Loy (10) = €™, Lok, (70)207L02(7'0)=—§€ 20—16 47,

z1 (t), 91 (t), k11 (1), L1z (10), L1y (10) and Lyk; (7o) are given by the following sys-
tems respectively.

d]_€12 _diyy _ _ dL1ky dzq o 3_
— — = —2 _ = - = —
P %2 Y2 + 21, dro 0% = Ui + Y2+ 57
dL 3 dL
L — (2Loy + 1) iy + 201 Loy + 5 Loz, =Y = —2Liy+ Loz, (5.5)

dT() 2 dTo
Z1 (O) + Lz (0) e —EH (O) — Lk (O) s Z1 (1) e 21 (1) R
Lyz (—i—OO) =Ly <+OO) =Lk (+OO) =0, ];}11 (1) =0.

Using the above theoretical part of the method, we can obtain

- 1 _ 1 _ 7 _ 7 _
ki (t) = 564@ 1) _ Zt62(t D4 T662(t 1) = . .

1 1 5 1 1
Z (t) = §e4(t_1) - (215 - 8) 2D Lk (o) = 16_270 + —166_470,
) 1 89 1 1
L - - _ = =270 __ —279 — —4710 5.6
19 (7o) ( 32¢%  16¢2 96) ‘ pToe TUrRe (56)

1 31 185 11 113
L _ e -vY —279 - - —479
12 (7o) (6464 32¢2 192) ¢« <64e4 Ty 192) ¢
1 1 1
+Z7—0€_2T0 + 17—06_47—0 — ﬂe_ﬁﬂ).
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Thus, we obtain the first-order asymptotic solution of (5.1)

Where0<t<170<u<<17702%.

5 1 89
t _ 270 2(t—1) . o R —279
yllow) = e et n |\ " 550~ 1602 96 ¢
1 1
—Zr 6727'0 + *6747—0 +0 (M2) ,
2 8
1 1 )
_2(t-1) —27 —4r 4(t—1) 2(t—1)
z(t,p)=e 5 0 1 0+/L|:8€ (2t 8)6 (5.7)
(2 3L, 185\ o, 1 113\ .
— — — e —
64e*t  32¢2 192 64et  32e2 192
1 —27 1 —47 — 67 2
+ZT06 0 + ZTO@ 0 — ﬂe 0 + O (,LL ) 3

Therefore, these results were obtained using the boundary layer function method
in [13]. Figure 1-4 displays the Matlab-produced result. The exact and approximate
solutions corresponding to different line types have been marked in the figure. These
graphs show that if we use a smaller value of u, then it will make the asymptotic
solution almost coincide with the exact solution. At the same time, the following
image of the exact solution versus the approximate solution also illustrates the
nature of the exponential decay of the boundary layer functions.

~ o
=

o
o
T

o
T

Solve the values of z, y
7
\ ,’
¥
X
\\
1
7
'
! |

o
o

—— Numerical solution 2
Numerical solution y
Asymptotic solution z
Asymptotic solution y|

Figure 1.

08 0.9 1

Zero-order asymptotic solution and numerical solution to problem (5.1) (u =

Solve the values of z, y

——Numerical solution z
= = ‘Numerical solution y
Asymptotic solution z
Asymptotic solution y

0.8 0.9

1

0.1);

Figure 2. Zero-order asymptotic solution and numerical solution to problem (5.1) (x = 0.01);
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or o e e e e e e e e e e e e e e e e e e e e e e e e e e e e =
—— Numerical solution z
/ - = ‘Numerical solution y
05
Asymptotic solution 2|
Asymptotic solution y|

I I I I I I I I 1
-1
4 01 02 03 0.4 05 06 07 08 09 1

——Numerical solution z

= = Numerical solutiony
‘Asymptotic solution z
Asymptotic solution y

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 4. First-order asymptotic solution and numerical solution to problem (5.1)(x = 0.01).

6.

Conclusive remarks

In the above sections, we study a class of singular perturbations with initial integral
values and Robin boundary value conditions in a critical case. By using boundary
layer function method and successive approximation principle, we not only construct

the

formal asymptotic solution of the original problem, but also prove the existence

of the solution. In addition, an example is given to verify the theoretical results
by the numerical method. Furthermore, these theoretical results can be applied to
some chemical kinetics, enzyme kinetics and chemical bonding problems, etc.
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