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Abstract

In [20], a semi-implicit spectral deferred correction (SDC) method was proposed, which
is efficient for highly nonlinear partial differential equations (PDEs). The semi-implicit
SDC method in [20] is based on first-order time integration methods, which are corrected
iteratively, with the order of accuracy increased by one for each additional iteration. In
this paper, we will develop a class of semi-implicit SDC methods, which are based on
second-order time integration methods and the order of accuracy are increased by two for
each additional iteration. For spatial discretization, we employ the local discontinuous
Galerkin (LDG) method to arrive at fully-discrete schemes, which are high-order accurate
in both space and time. Numerical experiments are presented to demonstrate the accuracy,
efficiency and robustness of the proposed semi-implicit SDC methods for solving complex
nonlinear PDEs.

Mathematics subject classification: 65M60, 35L75, 35G25.
Key words: Spectral deferred correction method, Nonlinear PDEs; Local discontinuous
Galerkin method, Second-order scheme.

1. Introduction

Following the method-of-lines approach, the application of the local discontinuous Galerkin
(LDG) method for spatial discretization of PDE will generate a system of ODEs. In some cases,
the right hand side can be written as the sum of two terms, a stiff one (Fs) and a non-stiff one

(Fn)
{“t = Fs(t,u(t)) + Fn(t,u(t)), t€0,T], (1.1)

u(0) = up.

An efficient time discretization technique to solve the above ODEs is semi-implicit methods
[10,26], which treating the non-stiff terms explicitly and the stiff terms implicitly.

However, not all ODEs containing stiff and non-stiff components appear in partitioned form
(1.1), and therefore the use of standard semi-implicit schemes is not straightforward. Boscarino
et al. [2] developed a new semi-implicit Runge-Kutta method to solve a large class of PDEs
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and obtained high-order accuracy. However, the Runge-Kutta method has some limitations, for
example, it is much more difficult to construct for higher order accuracy. Motivated by these,
we developed a semi-implicit SDC method [20] to solve ODEs without easily separating of stiff
and non-stiff components.

Dutt, Greengard and Rokhlin first developed a variation on the classical defect or deferred
correction methods [1,21], called the SDC method [11]. It is based on first-order time integration
methods, which are corrected iteratively, with the order of accuracy increased by one for each
additional iteration. Then, a semi-implicit SDC method was introduced by Minion [29] to solve
equations containing both stiff and non-stiff components. Recently, the semi-implicit SDC
method was generalized for solving a series of nonlinear problems [14, 19,28, 34, 35], which all
have easily separating of stiff and non-stiff components. In the semi-implicit SDC scheme, one
treats the stiff components implicitly and the non-stiff components explicitly. Various numerical
simulations demonstrate that the semi-implicit SDC method is effective and robust.

The original SDC methods are based on first-order time integration methods, which are
corrected iteratively, with the order of accuracy increased by one for each additional iteration. In
[3,4,7-9], a variant of SDC, integral deferred correction (IDC), constructed using uniform nodes
and high-order Runge-Kutta integrators in both the prediction and corrections was introduced.
Using a Runge-Kutta method of order r in the correction results in r more degrees of accuracy
with each successive correction. It was demonstrated that the IDC methods are more efficient
than SDC methods based on first-order time integration methods. Motivated by the idea,
we will develop a class of semi-implicit SDC methods, which are based on second-order time
integration methods and the order of accuracy are increased by two for each additional iteration.
In addition, the SDC methods are efficient for a large class of PDEs, including those without
easily separating stiff and non-stiff components.

To use the SDC methods, the main difficulty is to construct an efficient basic second-
order scheme that is unconditionally stable. One idea is based on the second-order Crank-
Nicolson/Adams-Bashforth (CN/AB) method, the other one is based on the second-order in-
variant energy quadratization (IEQ) approach which will result in high-order linear schemes.
Many application problems, such as the convection diffusion equation, the surface diffusion of
graphs, the nonlinear Schrodinger equation and the gradient flow models, can be solved by
using the proposed SDC scheme coupled with high-order LDG methods.

The rest of this paper is organized as follows. In Section 2, we develop two SDC schemes,
which are based on the second-order CN/AB method, and the TEQ approach respectively. In
Section 3, we present some applications of the proposed SDC methods, including the convection
diffusion equation, the surface diffusion of graphs, the nonlinear Schrédinger equation, the
Allen-Cahn equation, the Cahn-Hilliard equation and the Cahn-Hilliard phase field model of
the binary fluid-surfactant system. Numerical examples are also given to validate the proposed
SDC methods. Finally, we give the concluding remarks in Section 4. In Appendix A, we
give the analysis of the accuracy for the SDC method. In Appendix B, we take the nonlinear
Schrédinger equation as an example to illustrate the LDG method and to prove the energy
stability in the fully-discrete level.

2. SDC Schemes Based on Second-Order Time Integration Methods

In this section, we will develop a class of SDC methods, which are based on second-order
time integration methods and the order of accuracy are increased by two for each additional
iteration.
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2.1. The SDC method based on the second-order CN/AB method

For highly nonlinear PDEs, the stiff and non-stiff components cannot be well separated.
After the LDG spatial discretization for these PDEs, we can get an ODEs of the form

(2.1)

{ut = F(t,u(t),u(t)), telo,T],
u(0) = uy,

where ug, u(t) € C!, 1 € Nand F : R x C! x C! — C!. Requiring that FF € C*(R x C! x C!)
is sufficient smooth to guarantee local existence and uniqueness of the solution to (2.1). The
dependence on the second argument of F' is non-stiff, while the dependence on the last argument
of F is stiff. Then, we briefly describe the SDC method to solve (2.1) in the following.
Integrating (2.1) from a to ¢, we obtain the corresponding Picard integral equation

u(t) = ug + / Fr, u(r), u(r))dr. (2.2)

Given an initial approximation solution w;(t) to (2.1), we denote the error function by 0(t) =
u(t) — u1(t). Another measure for the quality of the approximation is defined as

e(t,u1) = uq + / F(ryui(7),u1(7))dr — uy(t). (2.3)
Substituting u(t) = u(t) + 6(¢) into (2.2), we obtain
0(t) =uq + / F(r,u1(7) + 0(7),u1(1) + 0(7))dr — uy(2). (2.4)
Combining (2.3) with (2.4), we achieve

i(t) = / F(r,u1 (1) + 6(7),u1(7) + 6(7)) — F(r,u1(7),u1(7))dr + €(t, u1), (2.5)

which is referred to as the correction equation.

Suppose now the time interval [0,7] is divided into M non-overlapping intervals by the
partition 0 =t < t! < - <" < ..o < tM =T. Let At" = t"*! — ¢" and u” denotes the
numerical approximation of u(¢"). We do the SDC procedure in every interval [t",t"T1]. Divide
the time interval [t",¢t"T!] into P subintervals by choosing the points ™™ for m = 0,..., P
such that t" = "0 < ™l <o <M <o < P = L Let Ag™ = gt — gnm - The
points {¢"™}F _ can be chosen to be the Gauss-Lobatto nodes on [t",t"*!]. To simplify the
presentation, we take u}"" to represent the initial approximation at t™"™ and wu)""" to represent
the k-th corrected approximation at t™™.

The initial approximate solution u]""™ can be obtained by using the second-order CN/AB
method, which is given by

3 1 3 11
e (it"’m =t S T S u’f”">) . (26)

. n,m . n,m n,m __ n,m n,m
Then we compute the corrections 6, to increase the accuracy for uy™™ by u, /) = u" +5,".
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By using the second-order CN/AB scheme to the correction Eq. (2.5), we obtain

1 n,m—1 n,m—1
S (uy + 0y, )s

Sl = g™ - AR <3t" mo_ %t”vmfl, g(uZ’m +6M) — 5
ST S ) )
— AtVME (gt"’m — ;t’“” ! gu}jm — % o %( AR T ))
+ €M () — €M™ (uy,). (2.7)
Denote —
I (uy,) = F(t,ug(t), ug(t))dt. (2.8)
nom
Then by (2.3), we can derive
mmAl g, (2.9)

[n’r;l-i-l(uk) — 6n,m+1(uk) (Uk) + uk k

ot gt — L substituting (2.9) into (2.7) gives

Note u,, =up’
1 nm 1 1 n,m+1 n,m
S )

Lot 3
ST Suly Uphy T UL

3
n,m+1 n,m n,m
Uphy = uk-',-l + At < T — 9 5 Upyq — 3 Upi1 > B
n,m 3 n,m 1 n,m— 1 3 nm 1 nm 1 1 n,m-+1 n,m
+ I (uy,). (2.10)
The integral in Eq. (2.10) is computed as follows. Approximating F'(¢,ug,uy) by its La-

grange interpolation polynomials

P
F,(t, ug(t) = F(t™ up? up )L (1), (2.11)
7=0
and approximating I (uz,) by
tn,7n+1 P ) )
Lt (un) = Ey(t,un(t), un(t)) = ) F(E™ up? upl)ep, (212)
tn,m =0
where
tn,7n+1
ey = /t . L (t)dt

The details related to the SDC scheme implementation are summarized in the following

algorithm:

e Step 1. Form =0,..., P — 1, compute u}""™ " from (2.6).
o Step 2. Fork=1,...,K, m=0,...,P—1, compute u;/} " by (2.10).
e Step 3. Update u™t! by u"*t! = u?(’_lil, then goto the next step.
Proposition 2.1 (Local truncation error). The local truncation error obtained with the
above SDC scheme is O(h™"2E+2.2P1) “yhere h = max,, ., At™™.
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Proof. We provide the proof in Appendix A. a

Remark 2.1. In the SDC scheme, we use the Gauss-Lobatto quadrature nodes on [t #"+1]. Tt
is different from the IDC methods, where uniform quadrature nodes are necessary. Numerical
experiments are then presented to show the high-order accuracy of our proposed SDC scheme.

Remark 2.2. The SDC scheme proposed above is based on a second-order CN/AB method.
It is easy to verify the region of absolute stability for the second-order method contains the
left-half plan and the second-order method is A-stable scheme [23]. While for the SDC method,
the successive corrections are necessary to increase the accuracy, which will alter the the region
of absolute stability. We take the fourth-order SDC scheme (K = 1, P = 2) as an example
to study the region of absolute stability and present it in Fig. 2.1. It is observed that the
fourth-order SDC scheme is not A-stable, but the region of absolute stability is still large.
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Fig. 2.1. The region of absolute stability for the SDC scheme with K =1 and P = 2.

2.2. The SDC scheme based on the second-order IEQ approach

In this subsection, we will develop another SDC scheme, which is based on second-order
linear time integration methods constructed by the IEQ approach. The IEQ approach was
proposed by Yang et al. [15,16,22] to deal with general gradient flow models, obtaining linear
energy stable schemes. Here, we take the gradient flow models as an example and present the
details of the SDC scheme based on the IEQ approach. In addition, the SDC scheme can be
applied to solve other PDEs beyond the gradient flow models, which can be found in Section 3.

We first briefly describe the IEQ approach for gradient flow models. Consider a free energy
on a bounded domain 2 with dimension d < 3

E(9) =/Q<%¢L¢+N(¢)> dz, (2.13)

where L is a linear self-adjoint operator, N(¢) is a nonlinear free energy and = € R%. A general
gradient flow is given by

b =G =G = Lo+ N'(0) (2.14)
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where G is a negative semi-definite operator. G = —I is the L? gradient flow, e.g., the Allen-
Cahn equation; G = A is the H~! gradient flow, e.g., the Cahn-Hilliard equation.

Introduce auxiliary variable ¢ = /N(¢) + C, where C is a positive constant to ensure
N(¢) + C > 0. Then the original gradient flow (2.14) can be rewritten as

_ a
¢tG<L¢+ N T N(¢)>,

_ N9
%*72 N(¢)+C’¢t7

(2.15)

the reformulated free energy is given by

E= /Q (%qﬁLqﬁ + q2) de. (2.16)

A second-order linear scheme for the system (2.15) is

n+l _ n . n—i—% ~
¢ A ¢ el L¢n+§ + ?, N/(¢n+§) ,
N n+% C
o ("72) + (2.17)
qn+1 _ qn B N’((anrE) ¢n+1 _ d)n

o/N@HhH+c A

At

where
1 1 ~ 1 3 1
nts _ n+1 n nts; _ 2 n n—1
oE = (¢ 9", §HE = Sgn— S

Based on the second-order scheme (2.17), we can achieve the corresponding SDC method.
Here, we omit the details of the derivation and only present the SDC algorithm. To simplify
the presentation, we introduce the following notations:

1 3 1 1 1
nmtz _ Coynm . —( \yn,m—1 Anom+5 (. \nm+l An,m
e+t = Jgmm — Lttt 2 Lt g (o)
in the SDC algorithm.
Compute the initial approximation: ¢"" =¢" ¢ = ¢".

Use the second-order linear scheme (2.17) to compute approximate solution ¢1, ¢ at the nodes
{tvmyl e
Form=0,...,P—1,

n.m4++ n,er% ~n,m+ 3
Pt =g Arna | Lop " Y N | (218)
N(¢," ")+ C
n,m n,m N/ ~n,m+% 7,1 n,m
gt =g+ (91 ) (@7 —op™). (2.19)

2/ N(" %) 4 C
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Compute successive corrections: For k=1,..., K,

n,0 _ n n0 _ n
K =9 G =4

Form=0,...,P—1,

~n,m+z
1 ~ 1
Gt = o+ A | Lepth e 2L NGt (220)
N(gp ")+ ¢
Nn,m—i-%

n,m+x n,m+g
— AtG | Ly +2 4 N'( & +2) +I,7}Z+1(F(t,¢k,%)),

gt =\ /N + O, (2.21)
where

F G| Lo+ —2 N

and I (F(t, ¢x, qx)) is the integral of the P-th degree interpolating polynomial on the P + 1
points (t™™, F(t™™, ¢p™, q0™))E _y over the subinterval [¢t™™, ¢™mT1].

Finally we have ¢"1 = qb}?il and ¢"T! = q}?fl.
Remark 2.3. Motivated by the idea in [11], the SDC methods proposed above can be extended
using high-order time integration schemes in the initial approximation and successive correction.
However, it is not easy to construct higher order stable time integration schemes as the building
block. Thus, in this paper, we only present SDC methods based on second-order schemes.

3. Applications and Numerical Validation

In this section, we apply the proposed SDC schemes to several PDEs, including the convec-
tion diffusion equation, the surface diffusion of graphs, the nonlinear Schrodinger equation and
the phase field models, to demonstrate the efficiency and accuracy of the SDC methods. In all
examples, we assume periodic boundary conditions and employ the LDG method with piece-
wise P* polynomial basis for spatial discretization. To show that the SDC method is high-order
accurate, we choose K =1 and P = 2 in the SDC method, which has fourth-order of accuracy.
At each time step, we solve the linear algebraic equations by multigrid solver [18,33].

3.1. The convection diffusion equations
We consider the convection diffusion equation in 1D
Ut = Ugy — Uy, € [0,6m7]. (3.1)

A second-order CN/AB scheme to solve the equation is

A T | 3 1
- " _Z n+1 n o “,n __ —,n—1 2
e =yl - (G- gut). (32
Example 3.1. In this example, we test the accuracy of the proposed SDC method (2.6) and
(2.10), and the performance of various SDC methods and IDC methods. The exact solution of
Eq. (3.1) is given by
u(x,t) = e sin(z — t).
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The L? errors and the numerical orders of accuracy are presented in Table 3.1, which shows
the expected accuracy of min(2K + 2,2P).

In Table 3.2, SDC-CN/AB denotes the SDC method (2.6) and (2.10) constructed using three
Gauss-Lobatto nodes and the second-order CN/AB scheme (3.2) for the initial and correction
steps. SDC-IMEX denotes the SDC method constructed using three Gauss-Lobatto nodes and
the first order IMEX scheme (u™t1 = u™ + At(u?! —u™)) for the initial and correction steps.
IDC-ARK2 (IDC-IMEX) denote the IDC method constructed using four uniformly distributed
nodes and the ARK2 [9] (IMEX) integrators for the prediction and correction loops. Fourth-
order of accuracy is observed for all cases as expected.

For the sake of comparison of efficiency, we present the CPU time of various SDC and
IDC methods in Table 3.3. We notice that the SDC-CN/AB method takes least CPU time,
because it is based on second-order schemes, and the order of accuracy increased by two for

each additional iteration.

Table 3.1: Accuracy test for the one-dimensional convection diffusion equation at time 7' = 1. At =
0.05Az and Az = 67/N.

- K=0,P=2 K=1P=2 K=2,P=4
N | L? error | order | L? error | order L? error order
8 | 3.65E-01 - 8.58E-03 - 9.63E-05 -

16 | 8.37E-02 | 2.12 | 5.93E-04 | 3.85 1.40E-06 6.10
32 | 2.16E-02 | 1.95 | 3.88E-05 | 3.93 2.08E-08 6.06
64 | 5.64E-03 | 1.94 | 248E-06 | 3.97 | 3.17E-010 | 6.04

Table 3.2: Accuracy test of various SDC methods and IDC methods for the one-dimensional convection
diffusion equation at time 7' = 0.5. At = 0.05Az and Az = 67/N.

- SDC-CN/AB SDC-IMEX IDC-ARK2 IDC-IMEX

N | L? error | order | L? error | order | L? error | order | L? error | order
8 | 1.41E-02 - 1.41E-02 - 1.41E-02 - 4.10E-06 | 3.97
16 | 9.77E-04 | 3.85 | 9.77E-04 | 3.85 | 9.77E-04 | 3.85 | 9.77E-04 | 3.85
32 | 6.41E-05 | 3.93 | 6.41E-05 | 3.93 | 6.41E-05 | 3.93 | 6.41E-05 | 3.93
64 | 4.10E-06 | 3.97 | 4.10E-06 | 3.97 | 3.99E-06 | 4.01 | 4.10E-06 | 3.97

Table 3.3: Total CPU time using various SDC methods and IDC methods for the one-dimensional
convection diffusion equation at time 7' = 0.5, N = 64.

- SDC-CN/AB | SDC-IMEX | IDC-ARK2 | IDC-IMEX
CPU time 18.89 32.69 28.25 39.68

3.2. The surface diffusion of graphs

We consider the surface diffusion of graphs

wrw (o1~ 25 o (v (34))) = -
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where @ is the area element @ = /1 + |Vu|?, which is a highly nonlinear PDE, and the stiff
and non-stiff components cannot be separated. Thus, it is difficult to construct high-order
semi-implicit schemes.

Treating the nonlinear part explicitly and the linear part implicitly and a second-order
scheme to solve Eq. (3.3) is

ntl _ gn ~ snts ~n+i n+3
£ -° N Y- v (Q’“ra (1— Vu (@fflv)g )v (v- <V@‘;+l ))) (3.4)

where
Q"7 =\/1+ |Varti2.

Based on the second-order scheme (3.4), we can employ the SDC scheme (2.6) and (2.10) for
the surface diffusion of graphs.

Example 3.2. In this example, we consider the accuracy test for surface diffusion of graphs
(3.3). We test our method taking the exact solution

u(z,y,t) = 0.05¢ 2 sin(z + y)

for Eq. (3.3) with a source term.
The L? and L™ errors and the numerical orders of accuracy at time T' = 0.5 are obtained
in Table 3.4, which shows up to fourth-order accuracy in both time and space.

Table 3.4: Accuracy test for the surface diffusion of graphs when using P* approximation on a uniform
mesh with N cells at time T'= 0.5. At = 0.1Az and Az = 27/N.

N | L? error | order | L™ error | order
8 | 5.84E-03 - 5.16E-03 -
16 | 1.49E-03 | 1.97 | 1.33B-03 | 1.95
Pl | 32 | 3.76E-04 | 1.99 | 3.37E-04 | 1.98
64 | 9.42E-05 | 2.00 | 8.47E-05 | 2.00
8 | 8.43E-04 - 9.57E-04 -
16 | 1.06E-04 | 2.98 | 1.21E-04 | 2.98
P2 | 32 | 1.34E-05 | 2.99 | 1.52E-05 | 2.99
64 | 1.67E-06 | 3.00 | 1.91E-06 | 3.00
8 | 8.49E-05 - 1.08E-04 -
16 | 5.41E-06 | 3.97 | 7.03E-06 | 3.95
P3| 32 | 3.42E-07 | 3.98 | 4.49E-07 | 3.97
64 | 2.25E-08 | 3.92 | 3.17E-08 | 3.83

3.3. The Schrodinger equations

In this subsection, we present an application of the SDC scheme proposed in Subsection 2.2
to solve the nonlinear Schrodinger equation

iuy + Au+ (v(z) + Blul*)u =0, (3.5)
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where u(x,t) is a complex function, v(x) ia an arbitrary real function, S > 0 is a real constant.
The Schrodinger equation preserve the following energy conservation law:

d
—FE=0 3.6
dp—q (3.6
where
_ 1 2 1 2, B i
E= —=|Vul® + zv(x)|ul* + =|u|” | de. (3.7)
o\ 2 2 4

To develop a second-order linear scheme for Eq. (3.5), we introduce an auxiliary function

1
W= \/—v(m)|u|2 + é|u|4 +C.
2 4
Then the Schrodinger equation (3.5) can be rewritten as

1
Wt = §Hut,

where
(v() + Blu*)u

H = .
Vav@)ul? + EJult + ©

In reformulated Eq. (3.8), the reformulated free energy is given by
o 1 2 2
E= —§|Vu| + |W)* ) de. (3.9)
Q

Scheme for the Schrodinger equation: A second-order linear scheme to solve the Schro-
dinger equation (3.8) is

unJrl —u" 1 ~ 1 1
i A HR W =0, (3.10)
WnJrl _ Wn 1 ~ o1 unJrl —un
— = A (3.11)
where ) )
ey (o) + pan i Pyanth

Vsv(@)artt 2 4 San it C

Proposition 3.1. For the Schriodinger equation (3.8), the second-order linear scheme (3.10),
(3.11) is unconditionally energy stable, i.e.

E@™ Wt = B(u™, W™), (3.12)
where E is defined by (3.9).

Remark 3.3. To make the order of accuracy in space compatible with high-order accuracy
in time, we employ the local discontinuous Galerkin (LDG) method [17,36,37] for spatial
discretization. In Appendix B, we take the Schrédinger equation as an example to illustrate
the LDG method and the energy stability in the fully-discrete level.
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Based on the second-order scheme (3.10)-(3.11), we can employ the SDC scheme (2.18)-
(2.21) proposed in subsection 2.2 for the Schrédinger equation.

Example 3.4. Here, we consider the Schrédinger equation (3.5) in the domain [0, 27]?. The
parameters are chosen as v(x) =0, 8 = 1, C = 0.1. The exact solution is

u(z,y,t) = ell@ty=1), (3.13)

We test the convergence rate of the proposed SDC scheme at the final time T"= 0.5. The
L? and L™ errors of the real part and the imaginary part are summarized in Table 3.5, which
all shows up to fourth-order accuracy in both time and space.

The energy evolution using the second order linear scheme (3.10)-(3.11) is presented in
Fig. 3.1. We can see the energy is conservative, which is consistent with the theoretical result
presented in Proposition B.1.

Table 3.5: Accuracy test for the Schrodinger equation when using P* approximation on a uniform

mesh with N cells at time T'= 0.5. At = 0.1Az and Az = 27/N.

Fig. 3.1. Energy evolution using the second order scheme (3.10)-(3.11) for the Schrédinger equation.

Real part Imaginary part
N | L? error | order | L™ error | order | L? error | order | L™ error | order
8 | 4.22E-01 - 3.20E-01 - 4.22E-01 - 3.20E-01 -
P | 16 | 1.35E-01 1.65 8.13E-02 1.98 1.35E-01 1.65 8.13E-02 1.98
32 | 3.85E-02 1.81 2.68E-02 1.60 3.85E-02 1.81 2.68E-02 1.60
64 | 8.79E-03 | 2.13 6.98E-03 1.94 | 8.79E-03 | 2.13 6.98E-03 1.94
8 | 3.75E-02 - 3.95E-02 - 3.75E-02 - 3.95E-02 -
P2 | 16 | 1.10E-02 1.77 1.08E-02 1.86 1.10E-02 1.77 1.08E-02 1.86
32 | 1.31E-03 | 3.06 1.45E-03 2.90 1.31E-03 | 3.06 1.45E-03 2.90
64 | 1.21E-04 | 3.44 1.10E-04 3.71 1.21E-04 | 3.44 1.10E-04 3.71
8 | 7.08E-03 - 9.27E-03 - 7.08E-03 - 9.27E-03 -
P3| 16 | 5.84E-04 | 3.60 5.60E-04 4.04 | 5.84E-04 | 3.60 5.60E-04 4.04
32 | 3.73E-05 | 3.97 3.90E-05 3.84 | 3.73E-05 | 3.97 3.90E-05 3.84
64 | 2.84E-06 | 3.72 2.41E-06 4.01 | 2.84E-06 | 3.72 2.41E-06 4.01
296
ot
=
2 F
f=
w
298 -
-30 é ‘ 1|0 ‘ ‘ 1|5 ‘ 20
Time
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3.4. The phase field models

For gradient flows, numerous efficient and energy stable numerical schemes have been de-
veloped recently, including the convex splitting method [6, 12], the stabilized semi-implicit
method [5, 13, 24], the exponential time differencing (ETD) method [25,27], the TEQ ap-
proach [38-40] and the scalar auxiliary variable (SAV) approach [30,31]. For a detailed de-
scription about efficient numerical methods for phase field models, we refer readers to the
review paper [32].

In this subsection, we will consider three typical phase field models as application examples
of SDC scheme based on IEQ approach, including the Allen-Cahn equation, the Cahn-Hilliard
equation and the highly nonlinear coupled Cahn-Hilliard phase field model of the binary fluid-
surfactant system.

3.4.1. The Allen-Cahn equation

The Allen-Cahn equation
¢ = b(9)(e*A¢ — F'(9)), (3.14)

can be viewed as the gradient flow of the energy function

Eac = [ (5170 + F(@)) do. ()= (6~ 17 (3.15)

Introduce auxiliary variable U = ¢ — 1, then the Allen-Cahn equation (3.14) can be rewrit-

ten as )
=b(¢)(e“Ap — oU),
¢r = b(d)(e"A¢ — ¢U) (3.16)
U = 2¢¢.
In reformulated Eq. (3.16), the reformulated free energy are given by
7 e? o Lo
EAC = —|Vq§| +-U d:B, (317)
o\ 2 4

which is equal to the original free energy E4¢ in the continuous level.

Scheme for the Allen-Cahn equation: A second-order linear scheme to solve the Allen-
Cahn equation (3.16) is

¢n+1 - ¢n n+l 2 n+41 Tn+lrn+l

T =@ (At - g, (3.18)
Un—i—l _yn ~1 ¢n+1 _ ¢n

A T A (3.19)

Proposition 3.2. For the Allen-Cahn equation (3.16), the second-order linear scheme (3.18)—-
(3.19) is unconditionally energy stable, i.e.

Eac(¢",U™) < Eac(e™,U™), (3.20)
where Eac is defined by (3.17).

Based on the energy stable second-order scheme, we can employ the SDC method (2.18)-
(2.21) to solve the Allen-Cahn equation.
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Example 3.5. We test the proposed numerical schemes for solving the Allen-Cahn equation
(3.14). To verify the convergence rate, we choose the suitable forcing function so that the exact
solution is given by
d(x,y,t) = e ! sin(x) sin(y).

The computational domain is set as Q = [0, 27]2. The parameters are set as b(¢) = 1 — ¢? and
e=1.

The L? and L> errors and the numerical orders of accuracy at T = 0.5 are summarized in
Table 3.6, which shows the expected accuracy.

Table 3.6: Accuracy test for the Allen-Cahn equation when using P* approximation on a uniform mesh
with N cells at time 7' = 0.5. At = 0.1Az and Az = 27 /N.

N | L? error | order | L*™ error | order
8 | 8.45E-02 - 5.80E-02 -
16 | 2.12E-02 | 1.99 | 1.52E-02 | 1.93
P! | 32 | 5.33E-03 | 2.00 | 3.86E-03 | 1.98
64 | 1.33E-03 | 2.00 | 9.71E-04 | 1.99
8 | 1.09E-02 - 1.01E-02 -
16 | 1.35E-03 | 3.01 | 1.25E-03 | 3.02
P2 | 32 | 1.69E-04 | 3.00 | 1.54E-04 | 3.01
64 | 2.11E-05 | 3.00 | 1.92E-05 | 3.01
8 | 1.07E-03 - 1.27E-03 -
16 | 6.73E-05 | 4.00 | 8.71E-05 | 3.87
P3| 32 | 4.21E-06 | 4.00 | 5.57E-06 | 3.96
64 | 2.63E-07 | 4.00 | 3.50E-07 | 3.99

3.4.2. The Cahn-Hilliard equation
The Cahn-Hilliard equation

¢ =V - (b(@)V(-*Ad + F'(9))) (3.21)
can be viewed as the gradient flow of the energy function
2
Fou = [ (FI997 + F@)) do. F(0) = 3(6* - 17 (3.22)
Q

To develop the IEQ scheme, we introduce the auxiliary variable U = ¢? — 1, then the Cahn-
Hilliard equation (3.21) can be rewritten as

{@ =V (b(¢)V(—*A + ¢U)),

3.23
Ut = 2¢¢:. (32

Scheme for the Cahn-Hilliard equation: A second-order linear scheme to solve the Cahn-
Hilliard equation (3.23) is

¢n+1 _ ¢n 1 ) il S d
C T =V (@) V(= A9 4 G AU, (3.24)
Un+1 —_pyn ~1 ¢n+1 _ d)n

20t e (3.25)
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Proposition 3.3. For the Cahn-Hilliard equation (3.23), the second-order linear scheme (3.24)-
(3.25) is unconditionally energy stable, i.e.

Ecu(¢",U™) < Ecu(¢",U"), (3.26)
where ECH is defined by
~ 2 1
Eow = / <"5_|v¢|2 + —U2> de. (3.27)
a\2 4

Based on the energy stable second-order scheme, we then employ the SDC method (2.18)-(2.21)
to solve the Cahn-Hilliard equation.

Example 3.6. We consider the Cahn-Hilliard equation (3.21) with b(¢) = 1 — ¢? and € = 1.
The initial condition is

¢o(z,y) = sin(z)sin(y), 0 <2,y < 2.
We first test the accuracy, and the L? and L* errors and the numerical orders of accuracy at

T = 0.5 are presented in Table 3.7.

Table 3.7: Accuracy test for the Cahn-Hilliard equation when using P* approximation on a uniform
mesh with N cells at time T'= 0.5. At = 0.1Az and Az = 27/N.

N | L? error | order | L™ error | order
8 | 8.42E-02 - 5.77E-02 -
16 | 2.12E-02 | 1.99 | 1.51E-02 | 1.93
Pl | 32 | 5.33E-03 | 2.00 | 3.85E-03 | 1.98
64 | 1.33E-03 | 2.00 | 9.66E-04 | 1.99
8 | 1.19E-02 - 9.97E-03 -
16 | 1.40E-03 | 3.09 | 1.24E-03 | 3.00
P2 | 32 | 1.7T1IE-04 | 3.03 | 1.54E-04 | 3.01
64 | 2.12E-05 | 3.00 | 1.92E-05 | 3.00
8 | 1.12E-03 - 1.44E-03 -
16 | 7.10E-05 | 3.98 | 1.12E-04 | 3.68
P3| 32 | 4.32E-06 | 4.03 | 7.35E-06 | 3.94
64 | 2.92E-07 | 3.89 | 4.74E-07 | 3.95

Next, we compare the second-order scheme (3.24)-(3.25) and the fourth-order SDC scheme
for solving the Cahn-Hilliard equation. The parameters are b(¢) = 1 and e = 0.1. We use the
following initial condition:

¢0 (ZL', y) = rand(z, y)v

where rand(z, y) is a random number satisfying —1 < rand(z,y) < 1.

The energy evolution using different temporal discretization methods are presented in
Fig. 3.2. We take the numerical solution using the second-order scheme (3.24)-(3.25) with
At = 1079 as the reference solution. We observe that for the second-order scheme, it is coinci-
dent with the reference energy evolution with time step At = 10~%. For the fourth-order SDC
scheme, it is coincident with the reference energy evolution with time step At = 102, which is
102 of the one with the second-order scheme.
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11

reference energy

fourth order SDC At=0.01
second order At=0.0001
second order At=0.001

10

o0d

Energy

L AR AR R RS R R RN EE RS RN R R RS R

Time

Fig. 3.2. Energy evolution using the second-order scheme (3.24)-(3.25) and the fourth-order SDC
scheme with various time steps for the Cahn-Hilliard equation.

Thus, we use the fourth-order SDC scheme to show the long time simulation of spinodal
decomposition. The parameters are b(¢) = 0.01 and e = 0.1. We use the following initial

condition:
¢o(z,y) = 0.1 + 0.01lrand(x, y).

The computational parameters are Ax = 27 /N with N = 64 and the piecewise P? approxima-
tion; the time step At = 0.1Az. Fig. 3.3 presents the numerical results at different times, we
can see the fourth-order SDC methods can capture the coarsening dynamics accurately with
a larger time step of At = 0.1Ax.

3.4.3. The binary fluid-surfactant system

We consider in this subsection the Cahn-Hilliard phase field model of the binary fluid-surfactant

system [41]
b1 = MyDpg, (3.28)
Ho = ~Do+ad76+ 5o(6? 1)+ 20V - (V) (3.29)
pr = MpAp,, (3.30)
o = —BAp+ —p(p— py) (p - &) — 0|Vl (3.31)
p 772 9 ’

where «, 3, €, 1, ps, 0 are all positive parameters. The system (3.28)-(3.31) preserves the follow-
ing PDE energy law:

d
G E@:0) <0, (3.32)

where the free energy is given as
1 « 1
E = — 24 (A9 + —(¢* —1)?
(4,p) /Q (2|V¢| + 580 + 15 (¢ 1)

B 1
+§|Vp|2 + 4—772p2(p —ps)® — 9p|v¢|2) de. (3.33)
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Yang [41] developed a second-order linear scheme by introducing two auxiliary functions

U=¢*—1, V=plp—ps),

and rewriting the binary fluid-surfactant system as

Gt = MyApg, (3.34)

to = —A¢ + aA?¢ + éHU + 20V - (pV ), (3.35)

pr = MpApp, (3.36)

= —BAp + %GV —0|Vg|?, (3.37)

U, = 2H oy, (3.38)

Vi = 2Gpy, (3.39)
Ps

where H(¢) = ¢, G(p) =p— —.

(c) t =100 (d) t =400

Fig. 3.3. Numerical results of the Cahn-Hilliard equation using the fourth-order SDC scheme with time
step At = 0.1Az.
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Scheme for the binary fluid-surfactant system: A second-order, linear and decoupled
scheme to solve the binary fluid-surfactant system (3.34)-(3.39) is given as follows:

Step 1. Update p"*! and V™! as follows:

pn+1 _ pn .\ 1 ) ) _ .
T = MPA (ﬂAp’fH-a + ?G(E’ﬂ+§)vn+§ _ 9|V¢n+5|2) , (340)
Vn+1 —_yn | pn+1 . pn
e 3.41
At N, (3.41)
Step 2. Update ¢"*! and U"*! as follows:
n+1l _ g n 1 B
% = MyA (=A™ 4 ad?emth 4 SH(@" U
+20V - (p"+%v¢"+%)), (3.42)
Un+1 _yn -~ ¢n+1 - ¢n
—ap ") (- 4
At @) 5 (3.43)

Based on the above second-order scheme, we then employ the SDC scheme to obtain high order
temporal accuracy.

Example 3.7. In this example, we consider the Cahn-Hilliard phase field model of the binary
fluid-surfactant system (3.28)-(3.31). For the accuracy test, we choose a suitable source term
such that the exact solution is taken as

u(x,y,t) = 0.5+ 0.1e” ! sin(z + y),
{p((x, ;J, t)) =0.3+0.1le* sin((x + z)) (3.44)
The parameters are set below
M,=25e—-3, a=001, ¢=0.05, 0=0.03,
My =25e—-3, =1, n=0.08, ps;=1.
The L? and L errors and the numerical orders of accuracy using the fourth-order SDC

scheme at T' = 0.2 are presented in Table 3.8. The error is expected to be at the order of
min{O(At*), O(Az**+1)} for P* approximation.

Table 3.8: Accuracy test for the Cahn-Hilliard phase field model of the binary fluid-surfactant system
when using P* approximation on a uniform mesh with N cells at time T = 0.2. At = 0.1Az and
Az =2xw/N.

N | L? error | order | L™ error | order | L? error | order | L™ error | order
8 1.83E-02 — 1.59E-02 — 1.77E-02 — 1.37E-02 —

Pt | 16 | 5.39E-03 1.77 4.84E-03 1.72 | 5.52E-03 1.68 4.92E-03 1.48
32 | 1.37TE-03 1.97 1.23E-03 1.97 | 1.37E-03 | 2.00 1.23E-03 2.00
64 | 3.43E-04 | 2.00 3.08E-04 2.00 | 3.43E-04 | 2.00 3.08E-04 2.00
8 | 3.26E-03 - 3.47E-03 - 2.44E-03 - 2.46E-03 -

P2 | 16 | 4.18E-04 | 2.96 5.11E-04 2.76 | 3.97E-04 | 2.62 4.44E-04 2.47
32 | 4.90E-05 | 3.09 5.62E-05 3.18 | 4.90E-05 | 3.02 5.58E-05 2.99
64 | 6.13E-06 | 3.00 7.01E-06 3.00 | 6.14E-06 | 3.00 6.99E-06 3.00
8 | 4.69E-04 - 4.57E-04 - 2.52E-04 - 3.12E-04 -

P3| 16 | 2.71E-05 | 4.10 4.00E-05 3.51 | 2.03E-05 | 3.62 2.84E-05 3.46
32 | 1.25E-06 | 4.44 1.77E-06 4.49 1.24E-06 | 4.03 1.63E-06 4.11
64 | 8.13E-08 | 3.94 1.19E-07 3.89 | 7.75E-08 | 4.00 1.00E-07 4.01
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Next, we use the fourth-order SDC scheme to show the long time simulation of spinodal
decomposition. We use the following initial condition:

¢o(x,y) = 0.2+ 0.001rand(z, y),
po(z,y) = 0.2+ 0.001rand(z, y).

The computational parameters are Ax = 27/N with N = 64 and the piecewise P? approxi-
mation; the time step At = 0.1Az. Fig. 3.4 presents the numerical results at different times,
which shows the spinodal decomposition phenomenon.

(e) t =50 (f) t =100

Fig. 3.4. Numerical results of the Cahn-Hilliard phase field model of the binary fluid-surfactant system
using the fourth-order SDC scheme with time step At = 0.1Az.
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4. Concluding Remarks

In this paper, we proposed a class of semi-implicit SDC methods, which were based on
second-order time integration methods, and the order of accuracy were increased by two for
each additional iteration. We adopted the SDC methods to solve the convection diffusion
equation, the surface diffusion of graphs, the nonlinear Schrodinger equation and the phase
field models. Numerical experiments showed the efficiency, robustness and accuracy of the
proposed SDC methods. We claim that the methods can be used to solve a large class of PDEs
beyond those addressed in this paper.

Appendix A Proof of Proposition 2.1

Proof. Assume uZ’O =u(t"), k =1,...,K + 1. Taking the difference of
grom1

Wty = (M) /tn } F(r,u(r),u(r))dr (A1)

and (2.10), we have

u(tn,erl) o uz_,:frl

~ 1 1
= u(t) =y — A (FE ) - P )

Up 41
tn,m,+1
+ / F(r,u(7),u(r))dr — I (uy,). (A.2)
t’Vl m
By induction on both m and k, we assume, when k < P,
u(t™h) — u;;l O+, VI inlevel Fk, (A.3)
u(t™) — ukJrl = Q¥ for 1<m inlevel k+1. (A.4)

Then we have
(tn,m) _ UZL:? — O(h2k+4)

F(t" m+3 Uy m+2 ”mJF )_F(gn,m-i-%’a;l*m*% "vaF%)

k+1 Uy s Uy,
= P ) — PO )
Rl g ) - pEe g
= B ) @ T

1 1
R ) (uf T T
_ FQ/(tn,m-i-g’gl,uZﬁ'i' )O(h2k+2)

Th,m+1 ~n,m+3 1 n,m n,m
+EE ) (G - )+ 00 )

2
tromtl
/ w(r), u(r))dr — I+ (uy)
tTL m
tromtl
- F(ru(r), u(r))dr — T2 (u) + I (u) — I (uy)
tn,m

— O(h2p+1) + O(h2k+3).
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Based on all the analysis above, we have

U(tn’m-‘rl) o uzﬁ+l _ O(hmin[2k+3,2P+1]). (A5)

This completes the proof. (|

Appendix B LDG Method and Energy Stability for the Schrodinger
Equation

In order to describe the LDG method, we first briefly introduce the following notations. Let
Tr, = {K} be a shape-regular subdivision of Q. &, denotes the union of the boundary faces
of elements K € T, and & = &, \ 092. The discontinuous Galerkin finite element spaces are
denoted by

Vio= {v e 20 ol € PHE), VK €T,
W= {we (L) wix € (PHE)), VK €T},

where P*(K) is the space of complex polynomials of degree at most k on K. Note that functions
in .V, and W, are allowed to have discontinuities across element interfaces.

In order to develop the LDG scheme to solve the linear scheme (3.10)-(3.11), we rewrite it
into a system of the first order equations

e At_“ — Vgt — Bt
1 _ n+1
q" = vVut,
Wn+1 —Wn _ lﬁn-{-% un-i—l —unt
At 2 At

Then the fully-discrete LDG scheme becomes the following: Find w1, W+l € .V}, and ¢q"*! €
<W, such that for all test functions ¢, ¢ € .V, and n € -Wy,, we have

n+l _ . n N 1 ~ 1 1
1/ £ _-° de:/ gt VpdK — a”+5~usads—/ H" 2 W™ 2pdK, (B.1a)
x At K oK K
/ q"“-ndK:*/ U”“vndK*/ "y - vds, (B.1b)
K K oK
n+l n 1 . n+l _ . n
/ u§d[(: _/ H"Jr%ugdl(. (B.1c)
X At 2 Jk At

Here ¢" " and 4"+ are the numerical fluxes. To complete the definition of the LDG method,
we need to define these numerical fluxes.

Let e be an interior face shared by the “left” and “right” elements Ky and Kg, and v, v
are the normal vectors on e pointing exterior to K7, and Kpg, respectively. We aim to uniquely
define “left” and “right” for each face according to any fixed rule. For example, we choose v as
a constant vector and vy, - vo # 0. The left element K, to the face e requires that vy - vg <0,
and the right one Kg requires vy - vg > 0. If u is a function on K and Kpg, but possibly
discontinuous across e, let uy, denote (u|x,)|c and ur denote (u|k,)le, the left and right trace,
respectively. Here we use the simple alternating numerical fluxes

~n+1 _ _n+1 ~n+1 _ , n+l
q - qL ) U - UR (B2)
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Next, we will prove the energy stability for fully-discrete LDG scheme (B.1) with the alter-
nating numerical fluxes (B.2) and the periodic boundary condition.

Proposition B.1. The solution to the LDG scheme (B.1) with numerical fluzes (B.2) and the
periodic boundary condition satisfies the energy stability

E(qnﬂ7 Wn+1) _ Ev(qn, W, (B.3)
where

E(q, W) :/Q (—%Iqu + |W|2) de.

Proof. Let Du denote u™™! — u™. For Eq. (B.la), choosing the test function ¢ = Du*, we
have

i/ |Du|2dK:/ "t V(DU )dK — [ @ u(Dut)ds
At Jk K oK
- / H'" W3 (Du*)dK. (B.4)
Taking the conjugate of (B.1a) and choosing the test function ¢ = Du, we get
—/ |Dul?dK = / V(DwdK — | §"" %" u(Du)ds
OK
f/ H'" 54 W3% (Du)dK. (B.5)
K

For Eq. (B.1b), taking the difference between two time levels and choosing test function n =
n+l o« .
—q" T2 give

1 1 1
5 [P =l Pk = [ @uY-g ik - [ @ag v ()
2 /K K oK
Taking the conjugate of (B.1b) and the difference between two time levels, choosing n = —q”+%
give
1 .
5 [P =l = [ ey gr ik - [ et v (@)
2 Jk K oK

In Eq. (B.1c), we choose the test function £ = 2W"+3* to obtain
/ (W12 — W 2)dK = / H™ 3 (Du)W™t3*dK, (B.8)
K K
and also take the conjugate of (B.1lc), choose the test function £ = 2W"+%7 one can obtain
/ (W2 — W 2)dK = / s (Du YW K. (B.9)
K K

Let (B.4)+(B.5)+(B.6)+(B.7)+(B.8)+(B.9), and with the help of the alternating numerical
fluxes (B.2) on interior faces and the periodic boundary condition on boundary faces, we obtain

1
1 / (g2 — |g"[?)dee + / (W2 — W 2)dee = 0, (B.10)
2 Jo K
which implies the energy stability (B.3). O
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