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Abstract. In this study, based on an iterative method to solve nonlinear equations,
a third-order convergent iterative method to compute the Moore-Penrose inverse of
a tensor with the Einstein product is presented and analyzed. Numerical compar-
isons of the proposed method with other methods show that the average number
of iterations, number of the Einstein products, and CPU time of our method are
considerably less than other methods. In some applications, partial and fractional
differential equations that lead to sparse matrices are considered as prototypes. We
use the iterates obtained by the method as a preconditioner, based on tensor form
to solve the multilinear system A xy X = B. Finally, several practical numerical
examples are also given to display the accuracy and efficiency of the new method.
The presented results show that the proposed method is very robust for obtaining
the Moore-Penrose inverse of tensors.
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1. Introduction

Tensors occur in a wide variety of application areas such as document analysis,
psychometrics, formulation an n-person noncooperative game, medical engineering,
chemometrics, higher-order, and so on [5, 19-21, 26, 29,34]. In this paper, we de-
note matrices with uppercase letters A, B, ..., and tensors are signified by calligraphic
font A, B,.... Suppose that N is a positive integer, and an N-th order tensor A =
(aiy..ix )1<ij<p; is @ multidimensional array with P, ... Py entries. The tensor A is
called a hyper-matrix, or tensors are higher-order generalizations of vectors and matri-
ces. Let RP1<XPN show the space of N-th order tensors.
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In the following, we give some definitions of tensors and the Einstein product.

Definition 1.1 ([6]). Let N and M be positive integers, also A € RF1<xPnxQ@ix-xQn
and B € RO *x@nxKix--xKu — Then the Einstein product of A and B is defined as

follows:
QN Q1

('A *N B)p1~~~ka1~~~kM = Z T Z apl---PNQl---QNbQ1~~~€INk1---kM7 (1.1)

therefore, A xy B € RP1< P xKixx Ky,

Note that if N = M = 1, the Einstein product reduces to the standard matrix
multiplication.

Definition 1.2. Inner product of two tensors X,) € RF1XxPnxQix-X@N js defined as

follows:
QN Q1 Pn Py

E , E , E E :xm---qu1---quq1~~~qu1~~~pN-

a1=1pn=1 p1=1

Definition 1.3 ([6]). Let A € RV *xPNnxQixXQN he q tensor, then transpose and
Frobenius norm of the tensor A are defined as follows:

T
(-’4 )pl---pNQI---(IN = (A)Q1~~~QNP1~~pN’

and
QN Q1 Py
[All = V(A A) = Z Z Z Z |ag;...qnpr..pn 2,
gn=1 g1=1pn=1 p1=1
respectively.
Definition 1.4 ([6]). A tensor A € RP1xxPnxPix-xPn s cqlled diagonal if for all p; #
q, L =1,...,N we have ap, pyaq . .qn = 0. A diagonal tensor T € RV XPnxPrxxby

. . . . . _ N
LS ldentlty lfzpl---pNQI---(IN - Hl:l(;pm) where

S . L, p=aq,
nar =
0, m#a
Definition 1.5. Suppose that A € RP1XXPNXPrxXPN then B @ RP1VX< X PN xPrx-xPy
is said inverse of A with the Einstein product if

A *N B= I,
therefore A=' = B

Proposition 1.1 ([38]). If A € RP1XXPnxQixxQn gnd B € RO X@nxKix-xKu
then

(Asy BT =B sy AT, InxyB=B, BsxyIy=25,
where Iy € R XQNXQuxxQN qnd T), € RE<xEuxEixxKu - qre jdentity ten-
SOTs.
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Definition 1.6 ([23]). The null space and the range of tensor A € RP1XXPNxPix--xPy
are

N(A) = {x e RPNV Axy X =0},
R(A) = {Axy X X e RPN

respectively.

Definition 1.7. The orthogonal complement of a subspace £ in RP1**PN is defined by
Lt ={x eRMWIN (X V) =0, VYV eL}.

Lemma 1.1 ([22]). Assume that A € RV xPNxPrxxPn s q tensor, then
NA)=RAT),  RA* =nAT),
RATE=n4),  NAT)" =R(A), (1.2)
NAT «xy A) = N(A), RAT xy A) = R(AT).

Note that the dimension of a subspace £ is denoted by dim(£).

Lemma 1.2 ([23]). Suppose that A € RP1XXPnxPurx-XPn s q tensor, then we have
dim (R(A)) = dim (R(AT)).

Some literature review a survey of the generalized inverses of a tensor with the
Einstein product, for more details see [7,20,31,32,39].

The Moore-Penrose inverse of the tensor A € RIP1XxPnxQix-x@n denoted by
Al € RQuxx@nxPixxPy i5 3 unique tensor X satisfying in [38]

Asxsy X sy A=A,
Xsy Axy X = X,
(Asxy X)) = Axy X,
(X sy AT =X sy A,

(1.3)

where the above equations are Penrose equations.

Computing inverse tensors has always been a time-consuming and difficult task.
Therefore, numerical methods and especially iterative methods have been important
to find the tensor inverse. There exist some iterative methods to compute the Moore-
Penrose inverse matrix [12,16,24,36]. The most famous method to approximate the
matrix A~! is the Newton method, and this method was developed for finding the
tensor A1 as follows [25]:

Vir1 =Vexny 2T — Axn V), r=0,1,2,.... (1.4)
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Proposition 1.2 ([25]). Suppose that A is an invertible tensor. Then the method (1.4) is
convergent to the inverse of A if

1€l =17 = AxyVoll < ¢ <1,

and then we have

- Vol Vol
P 1 <H_OI_ ,<_2.
Vi = AT < 12T = Asn Vil < 12

Li et al. [28] proposed the third-order Chebyshev method to find the inverse of
matrix A as follows:

{Tr = AV,

(1.5)
Vi1 =V, (31 = T,31 = T3)), r=0,1,2,...,

and this method works better than Newton’s method. In the following, by applying
(1.5), the method for finding the inverse of tensor A € R XPnxPixXPyN with the
Einstein product can be derived

Vg1 = Vp %N (31-—774*N(3I—7;)), r=0,1,2,....

Dehdezi and Karimi [25] proposed a fast and efficient Newton-Shultz-type iterative
method for computing the Moore-Penrose inverse of tensors as follows:

Vi1 =Vein (2 —T,) s (3T = Prsn (3T —P))), r=0,1,2,.... '
In [9,25], an initial tensor to start these methods was introduced as follows:
Vo=pAl, p= ! (1.8)
’ ’ [ A2 '

In this study, we focus on presenting and demonstrating a novel method for finding

inverse tensors as fast ags possible with close attention to reducing computational time.
n times

Note that throughout this study X™ means X xy X *py - *y X.

2. A novel iterative method

Iterative methods to solve nonlinear equations have always been very important,
so many researchers studied in this field [10, 13, 14, 35]. In this section, we present
a new iterative method to solve nonlinear equations. Assume that ' : ] C R — R
is sufficiently differentiable in a neighborhood of & € I and « is a simple root of
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F(v) = 0, and also vy is an initial guess sufficiently close to «. In the following, we
propose a method to solve the equation F'(v) =0

W = v — F(vr)
r r F/(’Ur)’
F(v,)? F(v,)
Ur41 = Wy + W <G(777,U) - WH(C7§)> )

r=0,1,2,..., 2.1)

where

here G and H are analytic functions in a neighborhood of origin.
In the following theorem, the convergence analysis of this method is studied.

Theorem 2.1. Suppose that G(n, n) and H((, &) are analytic functions in a neighborhood
of origin and satisfy

9G(n, 1) ‘ _ ., 9Gm,p) ‘ _ 1
on 10,0 ’ o 10,0 9’
aH(é,ﬁ)‘ _ 5H((,5)‘ _
¢ 10,0 ’ o¢ 10,0 ’

and F'(«) is continuous in «. Therefore, (2.1) converges to o with order of convergence
three. Moreover; the error equation is

€ri1 = (2D§ — D3) (e,) + O((e,)h),

[GCR V)

where D; = F'(a)" F(a) /i, fori > 2, and €, = v, — .
Proof. Based on the Taylor expansion for F', we have

F(v,) = F'(a) ((er) + Dg(er)2 + Dg(er)?’—i— D4(67~)4—|— D5(67~)5 + DG(GT')G + (’)((er)7)) ,
F'(vy) = F'(@) (14 2D () + 3Ds(€,)+ 4Dy(e, )3+ 5D5(e,)* 4 6Dg (€,)° + O((ET)G)) ,

F"(v,) = F'() (24D + 120D5(e,) + 360D (e,)? + O((e,)?)) -

Therefore, according to the method (2.1) we can obtain

(2D§ — Dg) (e,)% + (’)((er)4).

wlno

€r+1 =
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Now, suppose that F'(v) = 1/v — a, G(n, ) =n — u/9, and H((, &) = ¢ + 2¢, then
the iterative method is obtained from (2.1) as follows:

1
Urg1 = 30 (34 — 108w, + 150(awy)? — 97(aw,)? + 24(av,)?), r=0,1,2,... . (2.2)

In the following, using (2.2) we present the iterative method for computing the
Moore-Penrose inverse of a tensor with the Einstein product

1
Vi1 = gV iy (34Z — 108A % x5 V; + 150(A xn V)2 — 97(A xn V,)?
+24(Axn V)Y, r=0,1,2,..., (2.3)
or

ﬁ‘:A*era QT‘:7?7

1
Vig1 = er*N r=20,1,2,.... (2.4)

x (347 — 108T; + O, *y (150Z — 97T, + 240,)),
Now, we give some properties of the method (2.4).

Theorem 2.2. Let A be a nonsingular tensor, and the initial approximation V) satisfies
|Z — Axny Wl <1,
then the iterative method (2.4) converges to A~! with third-order.

Proof. Assume that
E =T —AxnVy, (2.5)

then we can write
Erp1=1—-Axy Vi

2 2
=(Z—-Axy V)3 xn <§z— ;(I—A*N V) +8(Z — Axy vr)2>
2 2
= 55;7’ — 3357% + 882, (2.6)
So, we have
2 23 2 23
lernll = | 562 - et set| < (34 Zhel+s1e) 1. @)

Since ||& || < 1, we can get £, — 0, therefore T — A xx V, — 0, that means V, — A1
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Now, suppose that F = A~! — V), is the error tensor, then we have
Axy Fr=T—AxnV, =&,
Awx Frin = 2(Axn ) = 22 (A B+ 8(A s F)P.
Since A is invertible, we can get
Frvr = S Fpon (Awy Fl? = = Fpoe (Ao )P 4 8F o (A sy 7).

Consequently, we write
2 2 23 3 4 2 3
1Freall < { SIS+ AT+ SIATEIEA ) 1FA
Here, the method (2.4) converges to A~!, and the order of convergence is three. O

Theorem 2.3. Suppose that A is a nonsingular tensor, and Ay Vo = Vo *n A. Then for
the sequence (2.4), we have

AxsyVi=Visny A, i=1,2,....

Proof. At first, from
.A*NVO = Vo *N.A,

and the iterative method (2.4) we can conclude A xx V; = V; #5 A. Now, assume that
Axy V; =V; n Ais true, then from (2.4), we can write

1
Axn Vi1 = 544 *N Vi*xN
X (347 — 108A xn V; + 150(A *n V)% = 97(A xny V;)? + 24(A xn Vi)?)

1
= sz' *n Axn

X (34Z — 108V; xn A + 150(V; x5 A)% — 97(Vi xn A)® + 24(V; n A)Y)
=Viy1*n A

The proof is complete. O

Lemma 2.1. For the sequence {V;}!=5° generated by the method (2.4), it holds that

(Vi sn AT =V =y A, (2.82)
(Axy V)T = Axy W, (2.8b)
Vixn Axy AT =V, (2.8¢)

Al sy Axy V; = Vi (2.8d)
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Proof. We prove that by using the principle of mathematical induction on k. For
k = 0 and according to (1.8), Egs. (2.8a) and (2.8b) are easily obtained. By applying

(Asy ANT = Asy AT, (AT sy AT = AT xy A,
we have

VO*NA*NAT:pAT*NA*NAT:pAT:VO,
Al sy Asy Vo = pAT sy Asy AT = pAT =

Now, assume that the conclusion satisfies for k¥ > 0. We demonstrate that it holds for
k + 1. Therefore, we can obtain

1
(VkJrl XN .A)T = <§Vk XN (34Z — 108.4 XN Vk + 150(.A XN Vk)z

T
—97(./4 * N Vk)3 + 24(./4 * N Vk)4) * N ./4>
= Vi+1 *n A,

and (2.8b) is proved similarly.
It follows from (2.8c) that

Asxy Vi sy Axy Al = Axy Vi,

then we have

Vit #n Axy Al = —Vk s (347 — 108A *x Vi, + 150(A x5 Vy)?
—9T(Axn Vi) + 24(Axn Vi)h) A sy Al

= —Vk sn (34T — 108A *n Vi + 150(A *n Vi)
—97(A*n Vip)® + 24(A xn Vip)?) = Vi1

So, (2.8c) satisfies for k£ + 1. Finally, (2.8d) is proved similarly. O

Theorem 2.4. Under the assumptions of Theorem 2.2, the method (2.4) is asymptotically
stable.

Proof Suppose that V, is the approximate value of the exact value V,, then
A=V, =V

is numerical perturbation that occurs at the r-th iteration of the iterative method (2.4).
In the following, we verify a first-order error analysis. Ignoring the quadratic terms
(A,)? and according to (2.5), we have

E =T —Axy Vs, (2.9)
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therefore,

Ary1=Vep1 — Ve
=V (ST + 38, + 382 + £ 4+ 24E})
— Ve xn (3 + 3, + 3E2 + E2 + 24E))
— (Ve +A) #y <3Z + 36, + 3624+ 83 4 2457%)
— YV #n (3T 4 3E, + 3E2 + E3 + 24E))
— A, #y (31 136, 43824 83 ¢ 245;1)
Vs (3(5‘, &) +3(E2 - E2) 4 (83— £3) 4 24(E 5;})) . (210

By using tensor norm from (2.10), we can obtain

1Arsal < A (3 4+ BIEN + BIEN? + €1 + 241€. 1)
IVl (318, — &1l + 3IE2 — €2 + 182 - €21+ 241EF — £X) . 21D)
Now according to
=T —AV, =T — AV, +A,) =& — AA,,
we can get

1€ = 1|6 — AAF|| < (& + ILANIIAD"
< (& + IAIAAD" = nf,  k=1,2,3,4, (2.12)

where 79 = ||&|| + O(A,). Also, we can write

|EE — || = ||(&r — Axn A - EF||
k

> (-1 (’“) Elxn (Axy At — gk

, 1
=0

k—1
k —1—4 7
< HA*NATHZQC_l_i) €511 | A s A
1=0
< &l Allll A, (2.13)

where

k-1
k —1—i i -
& = (k_l_z-) lEF A Al = BlEE + O(IA).
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By substituting relations (2.12) and (2.13), in (2.11), we obtain
A1l < (3 3o + 35 + 5 + 2415 + [ViIlIANI (361 + 3&2 + & + 24€4)) A,

and subsequently, we have

+1
A1l < (34 3m0 + 30 + nf + 2405 + Ve 1N (31 + 3&2 + & +24€4)) " (| Aol

From the above relation, we can conclude that the perturbation at the iteration » + 1 is
bounded. Then the sequence generated by the iterative method (2.4) is asymptotically
stable. As a result, rounding errors will not accumulate much beyond the uncertainty
initiated by the ill-conditioning of A. O

The Drazin inverse plays an important role in various applications in difference
equations, singular differential, Cryptography, Markov chains, and investigation of Ce-
saro-Neumann iterations [27,30,33]. In [4, 23], the Drazin inverse of an even-order
tensor is introduced.

Definition 2.1 ([23]). Let k = ind(.A) be the smallest positive integer that holds
RA) = R(AY),
k is called index of the tensor A.
Note that the Drazin inverse of .4, denoted by A”.

Definition 2.2 ([23]). Suppose that A is a tensor, then the Dragin inverse of A is W,
which holds in the following equations:

ALy W =AY Wy Asy W =W, Axy W =Wy A,
where k = ind(A).

Now, we develop the method (2.4) to find the Drazin inverse of the tensor, where
the initial tensor is
Ak

Wo = -
O AR

(2.14)

Let 7o =Z — Axy W), then F,. =7 — A *y W,.. Thus similarly as in (2.6), we can
write

Fri1 =T —Axny Wi

2 23
2 2
— 5]-“3 - 33}“;1 + 8F;. (2.15)
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Using the norm of (2.15), we have
2 23
1Frall < ZIFAP + ngrHA‘ + 8| F|I°. (2.16)
Here, since || Fy|| < 1 and from the relation (2.16), we can get
2 3, 23 4 5 3
1720 < S IFoll” + S I Foll* + 81l < O(IFo®)-
By continuing this process, we obtain
2 3, 23 4 5 3
1Frall < SIFAP + S IF 1" + 817 < O(1FIF).-

So, we have || F,11|| < O(||F)||, for every r > 0. It follows from the above expressions

|72 < o(|Fl*), r=>o. (2.17)

3. Numerical experiments

In this section, we review and compare the numerical results of the mentioned
method with other methods. We show methods (1.4), (1.5), (1.7) and (2.4) with
Newton, Chebyshev, KH-K, and OM, respectively. According to [18], we consider the
stop criterion as follows:

HVT-H — VTH
L+ [V
Here, the Res is the residual when the process is stopped, and the CPU is the time spent.

The steps of the algorithm to find the inverse of a tensor with the Einstein product
are the following:

< 10719,

Algorithm 3.1 The method (2.4) for computing the inverse of a tensor with the Einstein
product.

Step 1: Input tensor A € RF XX PnxQ@ix-xQn
Step 2: Take initial tensor Vy = A" /|| A||* and tolerance ¢ > 0. Set r := 0.
Step 3: Let

T:A*NVT, QT‘:7;~27

1
Vig1 = gvr *n (34Z — 1087, + Q, xn (150Z — 977, + 24Q,.)).

Step 4: Stop if ||[V,41 — Vi ||/(1 + || V2||) < e. Otherwise, r := r 4 1 go to Step 3.

Example 3.1. In the first example, we consider the behavior of the mentioned iterative
methods with the tensor A € R**%# as follows:
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A1) =
A, 5,1,2) =
A, :,4,3) =
Al 0, 4) =

249 -0.36 3.20
-0.32 2.71 -0.38
0.73 —-0.40 2.83
2.06 —-0.06 1.14
0.28 2.05 1.39
291 274 0.68
1.75 1.45 1.48
—1.38 0.29 0.51 1.37

—-148 192 099 -0.51
237 199 -1.32 0.07
—-0.85 —-1.91 0.26 0.29
0.89 —-1.65 0.84 -0.21
0.06 1.16 1.4 3.12
1.40 —0.25 0.94 2.40
210 193 231 —-0.63
2,51 094 3.19 0.10

0.63 2.38 231 2.68
—-0.48 —-0.19 0.39 048
0.89 1.74 255 —-0.58
0.39 1.30 -1.08 0.52
2.81 0.32 —-0.66 —0.59
226 3.38 0.71 0.17
0.38 253 3.64 —-0.09
1.08 2.31 —-1.12 3.33

—-0.20 0.77 1.64 2.89
0.18 —-0.77 1.21 —-0.89
177 1.06 190 1.74
—-1.11 0.92 0.80 0.47
1.07 1.73 1.51 2.70
1.72 083 -0.68 —1.09
0.18 —1.63 2.78 0.06
221 235 2.87 —-0.26

—0.03
1.83
—-1.12
2.24
0.08
2.15
2.15

the obtained A~! is

A_l(:’ :7 7:’ 1)

—-0.14 —-0.12
0.04 0.10
0.06 —0.23
—-0.05 —0.02
0.41 —-0.83
—-0.03 0.08
0.95 0.03
—0.26 —0.26

0.47
0.22
—-0.11
—0.20
—-0.29
—0.60
—0.34
0.38

—0.40
0.12
0.07
0.29
0.02

—0.14
0.42

—0.23
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0.93 —0.22 0.78 0.88

262 0 1.11 0.18

0.45 1.50 —-0.03 2.38

0.31 2.01 1.50 247

0.02 258 240 249 ’
047 —-0.58 0.38 3.26
1.38 —-0.48 211 —-0.72
—-0.57 3.62 —-0.85 281
1.35 144 -0.33 1.73
2.64 —0.43 —0.49 —-0.05
0.88 —0.86 094 2.39
1.15 -0.06 0.27 2.01

212 019 1.39 2.22 ’

3.23 1.72 —0.53 2.57

0.03 092 0.82 2.539
—0.14 0.53 0.40 0.33

1.32 1.84 2.21 —-0.11
—1.12 046 147 0.71
2.67 054 0.85 2.16
—0.40 2.57 3.58 0.23
036 334 1.01 0.99 ’
—-0.44 —-081 0.52 0.55
299 -0.88 —-0.28 —0.77
246 3.7—-5 1.04 1.05

244 -044 —-045 2.82
—1.66 250 224 0.50
249 1.21 -093 -1.10
192 112 031 0.53
1.38 —-0.82 —0.66 0.55 ’
3.10 0.08 —-0.30 1.19
1.39 —-1.17 2.03 -0.99
2,11 010 253 1.82

—-0.43 0.67 0.25 0.26
—-0.06 —0.27 0.34 0.07
—-0.64 —0.17 0.30 —0.47
003 040 0 0.53
—0.51 1.656 —-0.05 0.94 ’
—-0.40 -0.32 0.83 0.09
—2.00 0.06 0.93 -—-1.28
0.15 098 0.18 0.44
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—0.02 —-0.27 0.35 —0.56 0.32 —-046 —0.26 —0.15
0.14 0.25 —-0.01 0.04 0.08 0.04 -0.41 0
0.50 —-0.02 —-0.26 0.32 0.69 0.05 —-0.21 0.46
.»471(: 0,2) = —0.01 —-0.39 —0.18 —0.08 —0.07 —-0.26 0.06 —-0.37
T 0.72 —-1.74 —0.02 —0.88 0 —0.03 —-0.23 0.15
0.52 032 —-1.06 —0.24 —0.01 —-0.18 —0.06 —0.08
1.98 0.23 —-0.85 1.20 —0.09 0 0.12  0.05
—0.39 —-0.92 0.09 -0.75 0.04 0.16 0.20 -0.09
—0.16 0.71 0.27 0.40 —0.16 0.71 0.27 0.40
0 —0.34 0.35 0.02 0 —0.34 0.35 0.02
—0.75 —0.20 0.22 —-0.53 —0.75 —0.20 0.22 —0.53
.»4_1(: i,3) = 0 0.44 0.08 0.3743 0 0.44 0.08 0.37
T —0.41 1.04 -0.06 0.70 0.63 —-1.62 —0.09 —1.03
—0.47 —-0.19 0.66 0.01 0.50 0.43 -0.81 —0.12
—-1.30 0.03 0.71 -0.79 1.91 0.19 -092 1.33
0.21 0.59 -0.06 0.37 —-0.21 —-1.07 —0.17 —0.62
0.38 —0.93 —-0.10 —0.42 —0.27 0.67 —-0.09 0.25
0.24 0.27 -0.64 0 —-0.27 —0.09 046 0.05
1.07 0.11 —-0.55 0.79 —-0.83 0.11 037 -0.59
A_l(: i d) = —0.06 —0.52 —0.06 —0.45 0.25 0.46 —-0.06 0.19
B —0.29 1.08 —-0.26 0.81 0.78 —-1.59 —-0.16 —0.87
—0.35 —0.11 0.62 0 0.58 0.53 —-0.99 —-0.13
—1.36 0.05 0.66 —0.88 1.88 0.13 —-0.87 1.19
0.14 0.75 0.11 0.12 —-0.14 —-1.11 —0.06 —0.72
Also, for the following tensor A € R%6:6:6
ain a2
.A(:,:,i 1) = asr ase |,
azy as2
~0.27 221 —0.75 1.78 1.98 3.32
1 265 1.66 —-0.32 0.03 3
4y = 0.95 3.25 —0.40 2.63 1.42 2.08
1.05 3.74 276 121 0.63 0.20 |’
3.33 027 296 234 1.17 1.82
1.36 0.64 2.84 3.54 1.97 2.76
1.87 0.18 0.10 1.47 1.25 0.11
3.09 234 1.08 1.53 1.76 2.88
gy = 0.74 0.40 1.70 —0.44 0.74 1.77
2.32 0.33 1.64 —0.75 3.67 1411’
2.22 0.28 0.65 0.22 0.09 3.18
—0.41 3.28 3.71 —0.83 1.11 2.37
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a1 =

a2 =

a31 =

a3z =

a1l =

a12 =

2.93
0.37

3.45
1.80

0.447  2.49

2.83
2.26

2.34
—-0.01

—0.51 1.20
—0.04 2.06

2.78

3.24

—-0.67 2.03
—-0.22 1.90

2.61
1.83

2.94
1.54
2.78

0
1.11

2.46
2.51
0.32

—0.69 2.40

0.29

1.35

—0.58 3.56

2.44
1.91
2.95
1.93
0.32
1.34

1.31
0.83
3.42
2.57

3.27 1.64
0.55 1.26
0.30 1.89

0 0.66
3.09 0.82

2.51 0.

1.61
1.92

2.85
3.24
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-0.34 1.14 3
—-0.38 0.79 3.24 |’

3.08
0
0.65

1.26
—0.34
0.46
2.45
1.03
2.83

2.67
0.25
1.31
—0.21
—-0.32
0.38

A(:y:,,2) =

0.85
1.81
1.37
1.78

—0.02 0.60

0.16

1.11
1.80

—-0.24 —-0.02

3.33
2.10
3.10

0.74

0.43
3.37

0.08
0.32
1.02

2.61
2.89
1.59
2.75

0.46
0.20

1.94
2.94
1.66
3.10
0.20
2.95

—0.55
0.46
1.83
1.90
2.61
3.57

—-0.10 1.77

2.37
1.27
0.96
1.02
3.86

1.75
0.34
1.91
2.45

1.83
1.06
2.31
0.90
1.03

ailp aig
a1 a2 |,
azr a32

2.49
0.55
3.41
0.41

0.88
2.63
3.09
1.27

3.10 3.11
—0.65 1.85

0.92

2.38 0.92
1.27 2.74

2.49
1.21
1.08
298 |7
3.69
0.45

1.85
3.31
1.41
1.60 |~
1.63
—0.20

2.78 —-0.19 2.29
0.33
2.79
1.60
0.86
70 2.19

0.90
0.18
0.17 |’
0.25
—0.23 0.76

0.26
0.92
2.26
275 |7

—-0.22 —0.03 —0.34 2.65

1.39

—0.20

0.39
0.96
1.66
0.14
1.44

2.77

1.09
0.16
1.30
0.82
0.97

3.53

3.56

0.45 3.37
2.23 1.03
2.06 1.28
215 —0.61 |’
0.86 0.84

-0.09 3.23 0.95
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a1 =

a2 =

azl =

azy =

a1l =

a12 =

3.98 216 268 0.64 251 3.02
—-0.74 040 0.77 0.58 0.46 1.03
1.99 233 3.78 0.65 —0.73 2.25
148 2.09 030 0.58 1.51 0.55
1.86 199 141 206 3.37 0.06
226 —-0.58 —0.07 1.56 —0.67 0.04
0.59 240 043 256 0.15 —0.04

0.21 0.54 1.86 3.42 197 0.37

2.80 —0.37
0.23 2.40
2.45 —0.63
0.57 2.68

1.10 2.29
1.82 2.65
1.06 2.64
2.15 0.96
1.36 3.31
—0.04 3.23

1.96 0.90
1.70 1.07
1.98 1

—0.35 1.69
2.87 1.25
3.09 1.69

1.67 2.84 3.54 0.99
0.32 1.51 0.02 1.56 |’
0.24 141 044 3.34
1.67 0.09 1.63 1.96

2.89 3.1
0.89 0.82
—0.78 —0.62
—-0.32 2.61
2.15 0.54
3.35  1.76

1.25 0.75
0.76 1.29
—-0.13 3.78
1.70  2.99
1.57 1.22
1.67 0.86

2.69 0.95
—-0.16 3.19
3.54  2.09
3.81 241
2.15 0.52
192 3.63

0.88 3.41
3.30 3.22
3.59 0.31
—-0.32 3.14
0.62 1.53
1.51 3.64

air a2
./4(!, I,Z' 3) = a1 a2 s
asr a32

—-0.20 —0.06 2.89 1.53 1.67 —0.22
2.39 1.04 2.08 1.39

1.59 1.55
2.78 1.72
2.94 243
2.66 1.40
1.15  2.30

—0.56 1.43
—-0.04 241
3.25 2.52
—0.33 0.50
3.29 3.29
0.12 0.33

1.12 1.04

2 027

0.28 2.16 2.05 0.69
2.69 2.67 3.51 0.19
293 1.73 191 1.69

342 218 1
224 0.36 2

.22 2.69
29 1.73

0.51 3.45 —0.16 1.56

1.48 0.09 2
1.68 1.15 0
1.86 1.20

76 1.07 |’
.63 1.6
1 253
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032 3.02 051 262 273 391
250 039 1.16 —0.14 —0.55 1.20
1.14 2.02 —-053 0.34 051 2.94
“20=1 108 004 042 —0.12 220 1.25]|°
1.61 —0.34 —0.01 2.70 0.40 2.40
—0.11 0.04 344 126 —0.07 2.15
1.80 0.29 3.48 2.15 3.76 0.32
2.61 3.22 2.32 —0.03 0.27 2.95
oo | 284 294 128 2.68 387 1.05
2271039 1.79 0.60 2.75 1.69 1.04 |’
2.61 2.33 1.47 0.20 0.01 1.21
0.71 1.77 3.01 3.61 2.66 2.46
298 0.10 352 2.02 079 2.76
2.52 327 —0.34 3.32 346 0.70
| 149 296 165 1.31 0.30 —0.06
W= 065 073 151 057 155 0.06 |°
2.37 —0.17 1.06 —0.14 2.90 3.87
1.22 255 243 341 3.02 —0.37
3.36  0.79 1.92 0.67 3.57 2.98
020 1.50 2.03 2.46 1.03 2.41
| 148 128 217 0.88 2.16 3.38
“2=1 982 140 1 1.36 1.73 0.21 |’
—0.14 —0.29 1.86 1.53 1.57 1.29
2.27 —0.61 3.33 3.40 1.75 2.07
ail ai2
A(Z,I,’i,4): ags1 any s
azr a32
0.04 0.83 324 1.04 020 247
3.49 273 041 213 1.18 2.60
3.15 0.67 1.11 0.89 —0.43 3.51

M= 11907 —036 1.39 2.80 350 3.02|°
0.36 2.88 —0.02 0.74 1.97 2.28
0.68 246 —0.17 1.48 1.15 2.11

2.79 191 0.21 1.51 1.55 0.62
0.80 0.67 0.65 247 234 0.84
a1y = 0.26 0.87 —0.17 3.16 0.94 0.60
280 1.70 2.24 1.96 1.88 —0.13 |’
3.29 092 235 239 237 1.38
0.44 272 3.15 1.65 031 0.10
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a1 =

a2 =

azy =

azy =

a1l =

a12 =

—-0.75 220 1.48 0.31 3.56 1.23
194 265 021 0.38 0.70 2.31
0.36 3.04 3.63 3.39 2.08 1.35
0.51 020 -0.63 1.84 0.23 2.93
1.81 —-0.20 —0.45 0.37 1.61 2.97
0.54 029 135 3.08 1.93 0.66
3.07 1.11 293 0.70 2.08 0.33
0.82 231 147 0 0.51 1.94
0.81 292 1.62 3.15 2.06 3.13
1.17 3.57 —0.07 1.25 —-0.42 1.37
2.80 0.15 0.34 —-0.02 1.27v 264
3.71 0.86 —0.18 1.12 1.28 194
0.091 236 1.18 1.23 246 1.37
3.51 259 3.66 2.65 2.25 0.06
223 055 1.8 1.99 2.98 —0.11
3.19 157 —-0.05 2.65 1.19 2.15
3.24 093 152 3.13 3.06 —0.72
1.95 —-0.28 0.15 2.97 0.67 1.83
0.091 236 1.18 1.23 246 1.37
3.51 259 3.66 2.65 2.25 0.06
223 055 186 1.99 298 —0.11
3.19 157 —-0.06 2.65 1.19 2.15
3.24 093 152 3.13 3.06 —0.72
1.95 —-0.28 0.15 297 0.67 1.83
ailp a2
A(Z,I,’L' 5) = as1 a2 |,
azy as2

—-0.21 231 3.28 3.20 1.77 1.61

2.31  3.02 1.47 2.24 3.04 0.12

3.56 —0.20 0.06 0.23 3.17 0.93

2.07 028 3.31 1.97 2.35 3.30 |’
098 270 1.23 2.95 3.22 0.57

3.45 293 0.66 1.60 2.00 1.43

0.29 097 148 092 2.12 0.17
0.08 3.62 —-0.51 —0.01 1.83 1.67
256 079 281 -—-0.36 0.94 2.65
296 —0.67 031 1.76 2.01 0.99
241 052 168 213 049 284
3.10 0.15 2.25 259 272 2.17
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0.0l —0.60 1.42 3.50 1.35 —0.14
1.82 221 1.03 1.13 0.85 3.12
| 197 —013 157 255 1.92 —0.29
2= 977 313 048 043 040 2.89 |’
296 0.84 022 235 1.93 —0.01
0.97 247 —0.42 0.48 0.57 2.09

048 0.51 3.35 150 3.81 1.58
1.63 272 122 1.16 2.08 0.01
| —0.30 —0.22 047 1.96 0.05 0.55
2271 959 345 049 0.01 —0.03 047 |’
0.64 1.67 2.85 3.07 0.82 3.57
0.22 047 3.03 0.38 2.06 2.28

3.57 0.74 0.11 022 1.79 1.67
2.78 0.90 0.66 1.61 0.75 —0.61
~ 1 1.02 1.59 —0.27 3.36 0.68 0.68
171308 234 004 207 3.70 1.96 |’
0.17 0.68 1.61 2.83 2.93 1.46
020 1.36 3.52 1.45 1.86 2.63

2.29 1.64 2.07 1.86 —0.79 —0.17
1.74 2.68 1.76 2.01 3.50 3.59
~ 1310 035 1.17 —0.05 2.14 1.05
3271163 245 1.70 211 268 230 |’
2.66 2.63 1.40 —0.33 3.47 1.68
3.28 2.35 2.09 1.06 —0.29 3.03

ail ai2
A(:’:ai’G) =1 a1 a2 |,
asr as2

2.17 258 2.46 1.76 1.19 1.33
241 0.71 2.55 2.27 294 3.49
| 177192 019 028 229 3.38
ML= 180 351 2.36 —0.42 2.91 —0.08 |’
—0.13 2.87 1.33 —0.06 2.48 1.82
3.45 1.96 2.87 —0.73 2.46 3.04

2.26 2.35 —-0.30 —0.06 2.82 1.09
0.33 0.62 —0.64 2.83 1.06 1.53
1y = 0.68 298 —0.06 1.70 3.22 0.66
0.34 270 222 2.77 2.03 029 |’
1.07 1.22 273 3.18 2.47 3.00
147 0.56 1.26 3.11 1.27 2.19




A Novel Iterative Method to Find the Moore-Penrose Inverse of a Tensor with Einstein Product

a1 =

a2 =

azy =

azy =

by applying the mentioned methods, we obtain

a1l =

a12 =

0.93 1.37 3.51 295 3.12 0.62
0.53 0.65 1.04 211 3.22 2.89
3.23 1.97 3.52 0.62 0.37 3.66
0.10 3.42 0.56 —0.13 2.82 2.04 |~
1.18 3.36 1.13 0.92 0.93 —-0.02
0.89 254 2.76 148 0.76 0.62
—0.04 3.64 282 042 055 236
220 255 015 161 054 1.96
3.09 239 -0.18 —-0.56 0.10 1.25
-0.32 1.11 053 1.20 —0.46 043 |’
2.6v —-0.056 0.12 272 120 -0.26
—-0.17 1.07r 035 -0.04 1.53 0
3.20 296 3.38 3.59 3.24 3.06
1.79 —-0.33 1.12 3.38 2.80 1.53
—0.18 3.89 032 1.82 141 1.86
1.22  1.77 154 082 211 224’
1.34 156 0.84 1.79 0.73 2.77
0.29 3.28 1.23 229 —-0.06 1.63
1.93 260 0.41 0.58 —0.39 2.24
2.02 194 325 025 020 2.14
3.28 1.66 0.57 0.71 0.13 1.81
0.53 235 1.52 0.70 3.28 243 |’
—-0.12 210 2.17 342 134 0.85
2.15 —-0.17 2.60 0.27 3.43 0

aip ai2

./4_1(2, Z,i 1) == ao21 4929 ,

asy a3z
0.08 0.09 -0.32 —-0.03 0.07 0.16
—0.02 —-0.06 —0.05 0.16 0 —0.20
—-0.20 0.36 —-0.09 0.05 0.10 -0.24
-0.07 0.11 0.13 -0.20 —0.03 0.04 |’
0 0.13  0.06 0 0.11  0.08
—-026 O —0.02 0 0.04 0
-0.32 0.06 033 0.05 -0.22 -0.37
0.28 0 —-0.07 —0.12 —0.10 0.54
0.25 —-0.60 0.30 -0.31 —-0.13 0.49
0.11 —-0.40 —-0.30 0.60 0.08 —0.02 |’
—-0.07 -0.04 0.10 0.22 -0.33 —-0.37
0.58 0.15 0 —-0.06 —-0.23 0.10
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a1 =

a2 =

azy =

azy =

all =

a12 =
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—-0.69 —-0.01 1.00 0.22 -0.56
0.25 0.18 -0.07 —-0.32 —-0.02
095 —-1.54 0.66 -0.65 —0.43

0 -068 —-065 131 0.17
-0.12 -0.25 0.24 021 -0.70
127 025 0.01 -0.16 —0.24

0.97 —-0.26 —1.08 —0.14 0.64
—-0.86 —0.10 —0.04 0.37 0.35
—-0.84 2 —-0.82 1.08 0.40
-0.22 1.14 123 -214 -0.23
0.22 -0.02 —-0.37 —-049 1.15
—1.78 —-0.36 —-0.17 049 0.60

0.62 —-0.09 —0.80 —-0.11 0.41
—-043 —-0.18 0.01 038 0.24
—0.65 149 -0.46 0.56 0.31
-0.06 0.73 0.79 -1.34 -0.21

0.19 0.09 -0.16 —0.16 0.65
-1.28 -0.13 -0.25 0.23 0.21

0.38 —-0.25 —-0.44 —-0.13 0.36
-0.28 —-0.10 0.05 0.03 0.23
-0.34 0.67 -0.35 035 0.19

0 0.42 051 -0.70 —0.15

0.08 —-0.12 —0.17 —-0.20 0.51

-0.61 -0.14 O 0.14 0.20

ai;p a2
1 .
A (:7251 2) =1a21 a2 |,

as; as2

—147 024 1.8 017 -1.09
1.04 024 0 —0.59 —0.22
1.57 -3.08 120 —-1.48 —0.76
0.38 —-1.68 —1.74 3.02 0.39

-0.22 -0.18 032 0.64 -1.62
2.79 049 0.17 -0.56 —-0.77

0.70 —-0.13 —-0.98 —0.16 0.58
-0.37 =-0.03 0.09 0.18 -0.01
—-0.73 122 -0.64 0.71 0.30
-0.21 0.73 0.70 -1.20 —0.11

0.06 0.14 -0.16 —-0.30 0.77
-1.15 -0.36 0.06 0.23 0.49

—1.06
1.23
1.22

—0.18 |’

-0.77
0.36

1.58
—1.98
—1.62

0.12 |’

1.12
—0.53

1.10
—1.27
—1.09

0.05 |’

0.61
-0.37

0.66
—0.76
—0.62

0.02 |’

0.49
—0.19

—2.21
2.73
2.38

—-0.19 |’

—1.51
0.72

0.79
—-1.14
—1.00

024 |’

0.65
—0.29
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1.62 —0.32 —1.96 —0.31 1.17 2.36
~1.11 —0.25 0.04 050 029 —291
| -162 318 -139 170 070 —2.53
“20= 1 041 179 1.85 —321 —046 0.36 |’
018 0.14 -043 —0.73 1.84 1.79
~2.86 —0.62 —0.18 0.63 092 —0.76

095 012 138 0.19 —0.82 —1.57
0.55 032 —0.08 —0.50 —0.21 1.86
| 114 —210 086 —1.04 —053 1.74
2271 024 —1.09 —1.07 2.00 033 —0.20]"
—0.13 —0.25 020 036 —1.04 —0.99
1.80 029 004 —0.34 —0.36 0.48

474 —0.78 —6.16 —0.82 3.51  7.43
~3.29 —0.99 004 1.98 1.00 -885
| -499 998 -397 482 228 -7.75
W= 102 538 557 —9.77 —1.20 0.77 |’
091 0.65 —1.31 —1.95 522 4.89
~8.69 —1.62 —0.77 1.79 240 -2.38

128 —0.26 —1.37 —0.22 098 1.75
063 —027 0 038 023 -220
| -121 238 —1.08 115 050 —1.90
@27 _p25 135 1.29 —227 —035 020 |’
028 0.13 —0.36 —054 1.33 1.27
202 —0.39 —0.14 040 049 —0.62

aip ai2
-1 .
A (:a 5 3) = | a1 a22 |,

azr a32

—0.85 014 1.04 0 —047 —1.08
058 0.09 012 —036 —0.17 1.31
| 068 —144 058 —078 —0.31 1.08
=1 036 —0.89 —0.83 1.52 020 —0.02]°
~0.06 —0.13 0.05 0.23 —0.80 —0.70
137 026 021 —025 —0.43 0.25

0.29 0 -0.25 004 015 0.29
-0.10 -0.06 O 0.13 —-0.01 —0.42
- —-0.24 043 -0.20 0.20 0.07 —-0.43

—-0.14 0.28 0.24 -0.38 —0.05 —0.02 |’
0.01 0.04 -0.01 0 0.14 0.30
-0.44 —-0.13 -0.01 -0.01 0.13 0.03
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a1 =

a2 =

azy =

azy =

all =

a12 =

R. Erfanifar, M. Hajarian and K. Sayevand

0.38 —-0.01 —-0.47 —-0.14 0.31
—-0.01 —-0.08 0.02 0 0
-0.50 090 -0.43 038 0.19

0.03 044 040 -0.76 —0.10

0.01 0.04 -0.18 —-0.15 0.40
—-0.56 —-0.14 0.03 0.11 0.12

—-046 0.17 0.62 0.08 —-0.26
0.48 0.07 0 -0.17 —-0.17
0.51 —-0.98 0.37 —-0.54 —-0.24
0.18 —-0.64 —0.52 1.01 0.12

—-0.14 -0.16 0.06 0.14 —-0.58
093 0.15 0.10 -0.22 —-0.26

—-2.72 037 3,59 047 -2.04
195 048 —-0.01 —-1.14 —0.58
292 =574 221 =278 —1.43
0.59 —-3.10 —3.29 5.65 0.76

—-0.53 -0.24 0.78 120 -3.11
5.11 1.07 043 -0.90 —1.54

234 -042 -3.01 —-0.55 1.82
—1.56 —0.51 0.07 093 046
—2.51 489 —-196 243 1.11
—-041 2.66 2.78 —-4.85 —0.61
042 0.24 -0.73 —-1.08 2.71
—4.28 —-0.82 —-0.21 0.88 1.28

ai a2
—1/. . _
A7 (0 1L4) = | an az |,
azr as2

—-2.08 039 252 044 -1.61
1.30 047 —-0.09 —0.76 —0.45
2.16. —4.39 182 -2.15 —0.87
0.35 —-2.32 —-241 425 0.57

—-0.54 —-0.15 0.73 0.88 —2.38
3.81 0.65 0.27 —-0.82 —-1.00

1.86 —-0.45 —-2.47 —-0.33 1.39
-1.31 -0.44 0.10 0.72 0.46
—-191 384 -1.68 189 094
—-0.34 220 222 -391 —-0.53

0.34 0.15 —-0.54 —-0.75 2.16
-3.44 —-0.69 —-0.14 0.73 094

0.51
—0.63
-0.59

0.15 |’

0.40
—0.24

—0.80
1.00
0.80

—-0.01 |’

—0.52
0.21

—4.27
5.09
4.52

—-0.54 |’

—2.94
1.38

3.63
—4.46
-3.83

0.49 |’

2.44
—1.23

—-3.29
3.93
3.47

—-0.39 |’

—-2.15
1.14

3.00
—-3.55
—3.07

0.36 |’

2.02
-0.98
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a1 =

a2 =

azy =

azy =

all =

a12 =

—-0.49 0.04 0.52 0.02 -0.29
0.33 0.06 0.13 -0.14 -0.15
043 -1.01 033 -0.40 —-0.15
0.13 —-0.52 =055 0.99 0.09

—-0.08 —0.07 0.07 0.15 -0.43
090 0.15 0.16 -0.14 —-0.30

—273 046 356 073 -=2.17
170 0.72 -0.18 —1.05 —0.56
295 =581 231 -—-2.79 —-1.40
047 =3.05 =3.06 5.59 0.78

—-0.65 —0.40 0.76 1.11 -=-3.07
5.00 0.89 033 -1.11 —-1.20

227 —-0.24 -3.06 —0.53 1.83
—-1.38 -0.53 0.11 095 0.36
—270 491 -195 229 1.29
—-0.43 2,57 256 —4.65 —0.62

042 0.39 -0.68 —0.96 2.53
—-4.24 -0.83 —-0.19 0.79 1.08

1.89 -0.23 —-2.36 —0.40 1.38
—1.22 —0.50 0.03 0.75 0.45
—-1.99 3.8 —-151 178 0.92
—-0.28 2.00 209 -3.75 —0.53
0.47 0.25 —-0.50 —0.68 2.01
-3.33 —0.62 —0.25 0.67 0.84

aip ai2
-1 .
A (:a 51 5) = | a1 a22 |,

azr a32

—-256 033 331 062 -1.95
1.62 056 —-0.14 —0.96 —0.42
290 —547 223 -2.59 —-1.30
0.36 —292 —-287 526 0.72

—-0.51 —-041 0.81 1.10 -—2.87
466 089 023 -1.01 —-1.30

—-1.51 038 1.88 031 -1.19
094 041 -0.08 —-0.50 —0.36
1.53 -3.18 130 —-1.48 —-0.76
0.15 —-1.74 —-1.86 3.07 0.43

-0.32 -0.10 054 070 -—-1.73
266 055 013 -0.60 —0.65

—0.68
0.84
0.73

—0.05

—0.51
0.19

—4.43
5.20
4.57

—0.47

—2.76
1.49

3.51
—4.17
—-3.88

0.56

2.43
—-1.13

2.90
—3.45
-3.05

0.27

1.90
—0.98

-3.99
4.83
4.32

—0.58

—2.70
1.36

—2.40
2.86
2.55

—0.26

—1.56
0.81
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1.33 —0.20 —1.78 —0.40 1.15 2.20
~0.92 —0.20 0.06 051 0.10 —2.62
| -159 308 -1.15 153 066 -—2.38
“20= 1 _p924 167 1.64 —294 —039 027 |’
0.32 027 —047 —0.63 1.53 141
—2.64 —0.46 —0.11 065 0.72 —0.80

—3.46 049 443 058 —-2.54 —5.24
230 080 007 -145 —0.67 6.35
oy — 3.58 —=7.08 285 —3.47 —1.63 5.53
0.80 —3.83 —3.87 6.89 083 —0.66 |’
—-0.56 —0.51 0.84 139 -3.68 —3.44
6.17 1.09 045 -1.25 —-1.69 1.69

—0.05 0.13 0.03 0.06 —0.01 —0.06
0.05 —0.05 —0.03 0.12 —0.14 0.18
| -0.01 —0.02 0.12 —0.01 0.04 0.05
BL= 006 —0.10 —0.23 017 0  —0.04 |
—0.05 0.17 0.18 0.07 —0.14 —0.25
0.05 0.02 —0.02 —0.09 —0.07 0.05

—0.65 022 0.79 0.19 —0.58 —0.84
0.40 0.07 —0.09 —0.13 0.031 1.19
] 070 —1.28 052 —0.74 —0.25 1.02
2= 013 —0.74 —0.77 128 014 —0.17]|°
—0.09 0.02 031 037 —0.78 —0.74
112 0.30 —0.08 —0.33 —0.56 0.41

ai;p a2
1 .
A (:7251 6) =1a21 a2 |,

as; as2

025 —0.13 —0.14 001 0.11 028
~0.23 0.09 —0.02 —0.03 0.01 —045
| -010 046 -013 023 0 —031
M= _006 029 027 —051 —0.02 —0.02 |
0.08 —0.03 —0.06 —0.14 024 0.25
~0.37 —0.01 —0.03 013 0.14 —0.12

—-1.09 0.17 134 022 —-0.88 —1.55
0.66 0.19 -0.01 -0.33 —-0.18 1.97
1y = 1.10 —-2.22 089 -—-1.01 —-0.36 1.65

0.18 —1.24 —-1.22 208 026 —-0.18]|"
-0.17 -0.11 030 040 -1.26 —1.07
1.89 039 019 -041 —-0.51 0.60
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a1 =

a2 =

azy =

azy =

1.01
—0.59
—1.20
—0.23

0.15
—1.88

0.31
—0.23
—0.27
—0.04

0.08
—0.65 —0.02

0.17 —0.08
—-026 O
—0.12 0.42
—-0.11 0.32

0.06 —0.04
—-0.42 —-0.09

0.49 0.04
—0.06 —0.22
—-0.56 0.92
—0.01 0.42
0.04 0.13
—0.68 —0.11

—0.01
—0.24
2.13
1.11
0.34
—0.31

—0.05
—0.13
0.68
0.34
0.05

—1.40
0
—0.77
0.97
—-0.21
—0.08

—0.40
—0.02
—-0.27
0.32
—-0.10
—0.09

—0.16
—0.06
—0.06
0.30
0
—-0.14

—0.64
0.09
—0.44
0.38
—0.14
0

-0.11
0.56
0.97

—1.87

-0.33
0.37

—0.07
0.13
0.38

—0.67

—-0.13
0.15

0.07
0.09
0.27
—0.47
—0.15
0.12

—-0.13
0.05
0.29

—-0.78

—0.09
0.04

0.78 1.51
0.06 —1.82
0.46 —1.55
—-0.28 0.20 |’
1.00 0.86
0.38 —0.52
0.27  0.46
0.11 —-0.70
0.12 —-0.49
-0.09 0 ’
0.39 0.34
0.17 —-0.11
0.07 0.33
0.09 —-0.37
0.03 —0.39
0.02 —0.10 |~
0.15 0.23
0.20 —0.04
0.34 0.67
0.11 —-0.69
0.28 —0.75
—-0.13 0.17
0.54 043
0.10 —-0.32

The results of Example 3.1 are presented in Fig. 1.

—e— Newton
~—a— Chebyshev

KH-K
—e— OM

L
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Iteration number

(@)

100
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Figure 1: (a) and (b), respectively, show the Res of the results of the iterative methods for A € R**%4
and A € R%556 of Example (3.1).
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Example 3.2. In this example, we consider the random tensor A € R™™™™™™ gener-
ated in Matlab by
A = tenrand(n,n,n,n,n,n).

The results of Example 3.2 are displayed in Fig. 2 and Table 1.

Table 1: The average CPU time spent on three complete executions of different methods for Example 3.2.

Method | Newton | Chebyshev KH-K oM
n=>5 0.1401 0.1357 0.1353 0.1025
n==~6 0.3325 0.3354 0.2737 0.1842
n="7 0.6450 0.5585 0.6174 0.4607
n=38 1.7913 1.6679 1.6605 1.2499
n=9 4.7081 4.4130 4.5434 3.2146
n=10 9.0462 8.6501 9.8953 7.7623
n=11 | 18.0487 16.3592 18.5172 | 13.2875
n=12 34.8504 33.0318 34.9995 25.4372
n=13 | 96.5779 88.4262 88.0699 | 60.7782
n =14 | 145.9944 | 149.6369 | 159.3744 | 107.7250
n=15 | 287.0627 | 275.6962 | 285.3082 | 179.0688

—e— Newton
35¢ ——e— Chebyshev

KH-K

L —e— OM 4

25 b
sob, —e— Newton ||
150 ~—e— Chebyshev
KH-K
——a— OM

10 1 1 . . . . . . . 20 . . . . . . . n n

5 5

n

(@ (b)
Figure 2: (a) and (b), respectively, represent the average three number of iterations and whole number of
the Einstein products of Example 3.2.

Iteration number
w
8

The number of tensor multiplications in total iterations

Example 3.3. Consider multi diagonal tensor, where diagonals are

(1,1,1,1,1,1) =0,  (1,1,1,2,1,1) =1,  (1,1,1,1,2,1)

) ) ) ) )

(1,1,1,1,1,2) =1,  (2,1,1,1,1,1) = -1, (1,2,1,1,1,1)

) ) ) ) )

(1,1,2,1,1,1) = —1.

) ) ) ) )

L,
-1

)

Here dimension is odd, and tensors are singular with ind(.A) = 1. The numerical results
to compute Drazin inverse tensors are shown in Fig. 3 and Table 2.
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Table 2: Number of the Einstein products/CPU time spend of Example 3.3.

Method Newton Chebyshev KH-K oM
n=11 | 52/10.4407 | 51/10.4866 | 55/10.8991 40/8.2667
n =15 | 56/150.0999 | 54/143.9156 | 60/161.7676 | 44/121.9163
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~——e— Chebyshev|
s

0 F KH-K
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12| | 100

. 102 .
1 10 100 1 10 100
Iteration number Iteration number
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Figure 3: (a) and (b), respectively, display the Res of the results of the iterative methods of Example (3.3)
for n =11, 15.

4. Applications

In recent years, tensors have been extensively investigated. They represent a math-
ematical tool that has a wide variety of applications for several problems [1-3]. In
the last section, as in some applications, partial and fractional differential equations
that lead to sparse matrices are considered prototypes. We use the iterates obtained
by the new method as a preconditioner-based tensor form to solve the multilinear sys-
tem A xy X = B. Therefore, in the following, two examples are given to display the
accuracy and efficiency of the new method.

Example 4.1 ([37]). Consider the three-dimensional Poisson problem

Pl y) | V) | PEy2)
0z? Oy? 022
— F(z,y, 2) inQ=1001x[01x[1, *+V
Y(x,y,2) =0 on 99.

For solving Eq. (4.1), spatial discretization is one way and continues with finite differ-
ences. We use the center finite difference for the second derivative as follows:

O*P(x,y,2) _ ic1jg— 2040+ Vi1
Ox? h? ’
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PP(w,y,2)  Vig-11 = 240+ Yigr1g

02 h2 ’
O*P(x,y,2) _ hiji1— 200+ Vi
072 - h? ’

where h is the step size along the space z, y and z.
The results of Example 4.1 are presented in Fig. 4 and Table 3.

Table 3: Number of the Einstein products/CPU time spend of the Example 4.1.

Method Newton Chebyshev KH-K oM
h=1/10 | 48/2.6207 | 45/2.4285 | 50/2.5388 | 36/1.9087
h=1/15 | 56/86.8038 | 54/89.2903 | 60/95.1278 | 44/72.8544

10°

107 |

10

10° |

100 -

—e— Newton

10
07 —e— Newton
~——e— Chebyshev

—e— Chebyshev
107 KH-K
—— OM 1021

KH-K
—e— OM

12
10 | -
10

14
10 1 107

107 107 .
1 10 10¢ 1 10 100
Iteration number Iteration number

(@) (b)
Figure 4: (a) and (b), respectively, display numerical results of Example 4.1, for h = 1/10,1/15.

Example 4.2 ([11,40]). In the last example, consider the two-dimensional time frac-
tional diffusion equation

P(x,y,t)  PY(x,y,t)  OPY(x,y,1)

ot? D2 02 G(z,y,t), (z,y) € Qx[0,T), .
1/1(957%’5) =0 on 6Q’ ( . )
¢($,y,0) :H(-’E,y)’ (ﬂ?,y) GQ, 0<9§ 1’

where 9% (7)/0t? is a fractional derivative in the Caputo sense which is defined as
follows:

1 /T
du, n—1<60<n, néeN,
— F(TL - 9) 0 (T - U)€71+n (4_.3)

0 =neN.

%Y(7)
ot?
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For more details about the properties of Caputo derivative see [8,17].
Similar to Example 4.1, for solving Eq. (4.2), by using spatial discretization we can
get

Pz, y,t) _ ic1jk — 20ijk + Vis1jk

~

Ox? h? ’
Pip(x,y,t)  ij1k — ik + Vijrik
0y h? ’

and according to [15], we have

%P(x,y,t) ~ 0 (Vi j k1 — Vijk)
ot? ho ’

again h is the step size along the time ¢.
The results of Example 4.2 are displayed in Fig. 5 and Table 4.

Table 4: Number of the Einstein products/CPU time spend of the Example 4.2.

Method | Newton | Chebyshev KH-K oM
0 =0.6 | 48/2.0608 | 45/2.0507 | 50/2.2365 | 36/1.7730
0 =0.9 | 48/2.1881 | 45/1.9035 | 50/2.12548 | 36/1.6499

w0l —e— Newton R 10° -
~—e— Chebyshev —e— Newton
KH-K —e— Chebyshev
100 oM ] 107k KH-K
——oOMm

i g i
1 10 100 1 10 100
Iteration number Iteration number

(@) (b)
Figure 5: (a) and (b), respectively, depict numerical results of Example 4.2, for 6 = 0.6, 0.9.

5. Conclusions

In this study, we have presented the iterative method to compute the Moore-Penrose
inverse of a tensor, based on the iterative method to solve nonlinear equations. Analy-
sis of the convergence error shows that the convergence order of the method is three.
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Numerical comparisons of the proposed method with other methods in a wide range of
random tensors have presented that the average number of iterations, number of Ein-
stein products, and CPU time of our method were considerably less than other methods.
Finally, as some applications, we also have used the obtained method to solve partial
and fractional differential equations.

Data Availability

The data that support the findings of this study are available from the corresponding
author upon reasonable request.
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