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BACKWARD EULER SCHEMES FOR THE KELVIN-VOIGT
VISCOELASTIC FLUID FLOW MODEL
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Abstract. In this paper, we discuss the backward Euler method along with its linearized version
for the Kelvin-Voigt viscoelastic fluid flow model with non zero forcing function, which is either
independent of time or in L°°(L2). After deriving some bounds for the semidiscrete scheme,
a priori estimates in Dirichlet norm for the fully discrete scheme are obtained, which are valid
uniformly in time using a combination of discrete Gronwall’s lemma and Stolz-Cesaro’s classical
result for sequences. Moreover, an existence of a discrete global attractor for the discrete problem
is established. Further, optimal a priori error estimates are derived, whose bounds may depend
exponentially in time. Under uniqueness condition, these estimates are shown to be uniform
in time. Even when f = 0, the present result improves upon earlier result of Bajpai et al.
(IJNAM,10 (2013),pp.481-507) in the sense that error bounds in this article depend on 1/4/k as
against 1/k", r > 1. Finally, numerical experiments are conducted which confirm our theoretical
findings.

Key words. Viscoelastic fluids, Kelvin-Voigt model, a priori bounds, backward Euler method,
discrete attractor, optimal error estimates, linearized backward Euler scheme, numerical experi-
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1. Introduction

Let 2 be a bounded convex polygonal or polyhedron domain in R (d=2or3)
with boundary 0{2. Consider the following system of equations described by the
Kelvin-Voigt viscoelastic fluid flow model (see, [20]): Find a pair (u,p) such that

(1) %—1:—I—u-Vu—fﬁAut—VAu—i—Vp:f(x,t), e, t>0
with incompressibility condition

(2) Vu=0, z€Q,t >0,

initial and boundary conditions

(3) u(z,0)=ug in, u=0 ondQ, t>0.

Here, u = u(z,t) denotes the velocity vector, p = p(z,t) is the pressure, v > 0
represents the kinematic coefficient of viscosity and k is the retardation in time
parameter. For some applications, we refer to [5],[6], [7] and references, therein.

Now, we quickly recall some theoretical developments on the Kelvin-Voigt model.
Based on proof techniques of Ladyzenskaya [17] for establishing the wellposedness
of the Navier Stokes system, Oskolkov [19, 20] has proved an existence of a global
unique ‘almost’ classical solution in finite time interval for the initial and boundary
value problem (1)-(3). Investigations on existence and uniqueness results for all
time ¢ > 0 have been further continued by him and his collaborators under various
conditions on the forcing function f, see [22] and [23].

For earlier results on numerical methods applied to the problem (1)-(3), we refer
to [1] and [21]. Under the assumption that the solution is asymptotically stable
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as t — 00, Oskolkov [21] has proved convergence of spectral Galerkin approxima-
tions to the problem (1)-(3) in semi time axis ¢ > 0. Later on, Pani et al. [26]
have employed a variant of nonlinear semidiscrete spectral Galerkin method and
derived optimal error estimates. Recently, Bajpai et al. [1] have applied finite
element methods to discretize spatial variables and have established optimal error
estimates for the velocity in L>(L?) as well as L>(H')-norms and for the pressure
term in L°°(L?)- norm of the Kelvin-Voigt model with zero forcing function. It
is, further, shown that both exact solution and semidiscrete solution decay expo-
nentially in time. Moreover, the error estimates have similar exponential decay
property. Subsequently, Bajpai et al. [2] have analyzed both first order backward
Euler and second order backward difference schemes for the completely discretiza-
tion of the problem (1)-(2), when the forcing function f = 0. Firstly, an existence
result is shown for the discrete nonlinear problem using a variant of Brouwer fixed
point argument and optimal error estimates which reflect exponential decay prop-
erty are proved. Note that their error bounds contain term like %, where r > 1.
For related articles on Navier-Stokes equations, see [11] and on Oldroyd model,
refer to [9]-[10], [12], [24]-]27], [29]-[32].

When the non-zero forcing function f € L°(L?), which is crucial in the study of
dynamical system, Pany et al. [27] have applied semidiscrete finite element method
for the problem (1)-(3) and have proved the existence of a global attractor. New
regularity results for the exact solution are established which are valid both uni-
formly in time as ¢ — oo and in k as kK — 0. With the help of Sobolev-Stokes
projection introduced in [1], a priori optimal error estimates for the velocity in
L% (L?) as well as L>°(H')-norms and for the pressure term in L°°(L?)-norm are
derived. Under uniqueness assumption, it is shown that error bounds are valid uni-
formly in time. When x = O(h??), § > 0 small, where A is the spatial discretization
parameter, it is, further, established that quasi-optimal error estimates are valid
for small k. Moreover, this articles concludes with several numerical experiments,
which are based on backward Euler method with out error analysis. In continuation
to the investigation in [27] on semidiscrete problem, in this article, a backward Eu-
ler method along with its linearized version for the time discretization is analyzed.
A priori bounds for the discrete solution, specially in the Dirichlet norm are estab-
lished using a combination of discrete Gronwall’s lemma and Stolz-Cesaro theorem
(see, pp 85-87 of [18]) for sequences, which can be thought of a discrete version of
the L’Hospital’s rule. It is, further, shown that the discrete problem has a global
discrete attractor and then optimal error estimates are derived. More precisely, the
following estimates are obtained

[an(tn) —U"| < Ck,

and

I(oat) = P < =

where the pair (U™, P™) is the fully discrete solution of the backward Euler method
and the pair (up(tn),pn(tn)) is the semi-discrete solution at time level ¢,. Since
constants in these error bounds depend on e®?, these results as in the Navier-Stokes
case are valid locally. But under the uniqueness assumption, it is, further, shown
that error estimates are valid uniformly in time. Then, using the contribution of
semi-discrete error estimates from [27], we, finally, obtain error estimates for the
complete discrete scheme.
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This paper is organized as follows. Section 2 deals with some assumptions and
discusses the weak formulation. In Section 3, some a priori bounds for semidis-
crete approximations are obtained which are to be used in our subsequent sections.
Section 4 focuses on the backward Euler method and establishes the existence and
uniqueness result for the discrete problem. It is, further, shown that discrete solu-
tion is bounded in Dirichlet norm and the discrete problem has a global attractor.
In Section 5, we establish optimal error estimates in the velocity and the pressure
for the backward Euler method. Section 6 discusses the linearized backward Euler
method. In Section 7, some numerical experiments are conducted which confirm
our theoretical findings.

2. Preliminaries and Weak Formulation
We denote by bold face letters the R?, (d = 2,3)-valued function spaces such as
Hj = (H; (), L* = (L*(Q))" and H™ = (H™(Q)),

where H™(Q) is the standard Hilbert Sobolev space of order m with norm || - ||,.
Note that H{ is equipped with a norm

d 1/2
Vv = (Zm,w) |

i=1
Now, introduce the following spaces of the vector valued functions:
J = {¢eH):V ¢=0},
J={pcl?:V-¢ = 0in Q, ¢ nlsgqg =0 holds weakly},
where n is the unit outward normal to the boundary 9 and ¢ - n|sq = 0 should
be understood in the sense of trace in H~1/2(99), see [28]. Let H™/IR be the
quotient space consisting of equivalence classes of elements of H™ differing by con-

stants, with norm ||p||gm/m = infeer ||p + ¢[|;m. For any Banach space X, let
L?(0,T; X) be the space of measurable X- valued functions ¢ on (0,7") such that

T
[ 6Bt <0 i 1< p < ox,
0

and for p = oo,
esssup ||o(t)]| x < 0.
0<t<T
Let P be the orthogonal projection of L? onto J.
Throughout this article, we make the following assumptions:

(A1l). For g € L2, let {v € J1,q € L?/IR} be the unique pair of solution to the
steady state Stokes problem, see [28],

_AV + Vq =g,
Vev=0 in Q v)jga=0
satisfying the following regularity result:
(4) Ivllz + llgllz/m < Cllgll-

Set,
—A=—-PA:J,NnH2CJ—=>1J

as the Stokes operator. Then, the assumption (A1) shows
(5) [vl2 < C||Av| Vv eJ;nH2.
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Note that, the following estimates holds:

6) IvI> < ATHIVVI? vy € Hy(Q), and [Vv|* < ATYAv|? Vv € Iy nH?,
where )\1_1 is the best possible positive constant depending on the domain € in the
Poincaré inequality.

(A2). There exists a positive constant My such that the initial velocity up and the
external force f satisfy

uy € H2NJy, £, £, € L°°(0, 00; L?)
with
[uollz < Mo, sup [, £, [|fe] -1 < Mo.
0<t<oo

Moreover, set a bilinear form a(-,-) on H} x H} as

(7) a(v,¢) = (Vv,V¢) Vv, ¢ € Hy,
and a trilinear form b(-,-,-) on H} x H} x H} by
1 1
(8) b(V,W,¢) = i(VVW,(b) - §(Vv¢,W) VV,W,(ﬁGHé.

Now, the weak formulation of problem (1)-(3) is to find a pair of functions
(u(t), p(t)) € H) x L?/IR with u(0) = ug such that for all t > 0

(ut, @) + £(Vuy, Vo) + v(Vu, Vo) + (u- Vu, ¢)
(9) +(p,V-¢) = (f,¢) V¢ € H,
(V-u,x)=0 VxelL?
Equivalently, find u(t) € J; such that for ¢ > 0
(10) (ut, P) + ka(ug, d) +va(u, @) +b(u,u,¢) = (£f,¢) V¢ € Jy,
u(0) = uy.
3. Finite Element Approximation

Let Hy, and Ly, 0 < h < 1 be finite dimensional subspaces of H} and L?,
respectively, where h > 0 is a spatial discretization parameter. Further, let subspace
H;, and L; satisfy the following approximation properties:

(B1). For w € J; N H? and ¢ € H'/IR, there exist approximations i,w € Jy, and
Jnq € Ly, such that

w — inwl| + B[V (w = inw) | < Koh2wlz,  [la— jnallze/m < Kohllal m:
Now, set the subspace Jj of Hy as
J, = {Vh e Hy : (Xh,V'Vh) =0 Vyp € Lh}

The semidiscrete formulation of (9) is to find up(t) € Hy, and pp(t) € Ly, such that
u;,(0) = ugp, and for ¢ > 0

(Unt, @p) + K a(une, @) +va(un, @) + b(up, un, @)
(11) = (Pn, V- &y,) = (£, ¢,,) Vo, € Hy,
(V-up,xn) =0 Vxn € L.
Equivalently, seek up(t) € Jp such that up(0) = ugp, and for ¢t > 0

(uht, ¢h) + K/a/(uhh ¢h) +v a(uha ¢h)
(12) =—b(up,un, @) + (£, ¢,) Vo, € Ip.



130 A.K. PANY, S.K. PAIKRAY, S. PADHY AND A.K. PANI

Once, we compute uy(t) € Jy, the approximation py(t) € Ly, to the pressure p(t)
can be computed out by solving the following system

(p}lav'¢}z) = (uht7¢h) +HG(Uht,¢h) +Va(uha¢h)
(13) +  b(up,un, @p,) + (£, ¢,) Vo, € Hy.

For solvability of the systems (12) and (13), see [1]. Uniqueness is obtained in the
quotient space Ly, /Np, with norm given by

= 1 f
llanllz2/n, XhHelNhH(Jh-i-XhH,

where

Ny ={an € Ln : (qn, V- ¢),) = 0 V¢, € Hy}.

Moreover, assume that the pair (Hy,, Ly /Ny,) satisfies the following uniform inf-sup
condition:

(B2). For every g € Lp, there is a non-trivial function ¢, € Hy, and a positive
constant K, independent of h, such that

(gn, V- @) = K[V @ lllgnll 2/,

As a consequence of (B1), the following properties of the L? projection P, : LZ —
Jn hold: For ¢ € J;, we note that, see ([8], [13]),

(14) ¢ — Pudll + h||[VPL| < ChI[V |,

and for ¢ € J; N H2,

(15) l¢ = Pugll + 1|V (d — Pag)|| < Ch?[|Agp].

Set the discrete operator Ay, : Hy, — Hj, via the bilinear form af(-,-) as
(16) a(V, @p) = (—AnVh, @) Vi, @y € Hp.

Now, the discrete analogue of the Stokes operator A = PA is given as A;, =
PrAy. Using Sobolev embedding theorems with Sobolev inequalities, it is a routine
calculation to derive the following lemma, see page 360 of [14].

Lemma 3.1. There exists a positive constant K such that for all ¢, &, x € Hy,
the trilinear form b(-,-,-) satisfies the following:

UV X117 1 Anx
IVl 2| Anall™2[VE]| I,
IVBIIIVEI 21 AnglM 21X,
@12 Vol I VETVxI|-

Moreover, the trilinear form satisfies

(17) b(¢, & X)| < K

(18) b(Vh, Wh,wp) =0 Vvi,wp, € Hy.

Examples of subspaces Hy, satisfying assumptions (B1) and (B2) can be found in
[3], [4] and [13].
Now, in a series of lemmas given below we derive a priori estimates for the discrete

solution wuy, of (12) analogous to those known for the continuous solution u of (10)
(see [27]).
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A
Lemma 3.2. With 0 < a < 1 il and v, = Ppug, let the assumptions

(1 + Ii)\l) ’
(A1)-(A2) hold true. Then, the solution uy of (12) satisfies

lan (@)1 + [V an(@)]* + sl Apun 2)]|?
t
+ 266_20‘t/ 2 (|[Vup(s)[|2 + |Anun(s)]|?) ds < C(v, o, A\, My) >0,
0
where B = (v/2) —a(\[* + k) >v/4 > 0.
Proof. Set uy,(t) = e“*uy(t) for some a > 0, then (12) becomes

(19) (Gnt, @p)—(Un, @) + £(Vine, Vo) — ka(Vin, Vy,)
+ V(Vfl}“ V(Z)h) + e_atb(ﬁh; ﬁh7 ¢h) = (f’ (Z)h) v¢}l € Jh'
With ¢, = 1y, in (19), a use of (18) with (6) yields

d, . . _ 5 -
I l? + £lIVan]®) + (v = a(s + AT IVER]® < (£, a5)

N~

~ . v . 1 -
(20) < [l VA < SV + lIE]E -

Employing kick-back arguments and multiply the resulting inequality by 2, then,
integrate the resulting one with respect to time to arrive at

t
a2 + 5| Vs 2 +266_2“t/ €205 | T (s) | 2ds
0

1— e—2at

< e 2% (|lug||? + k|| Vugl|?) + T”f”iW(H*l)

(21) < Ki,

where K7 depends on v, a, Ay and My. Moreover, after dropping the first two terms
on the left hand side of (21), take limit as ¢t — co. Then, a use of L’Hospital’s rule
yields

. 1
(22) lim sup [|[Vup|| < —||f||ge(0,00;1-1)-
t—00 v

Now, apply the discrete Stokes operator Ay in (19) to rewrite it as
(23) (ne, d1) — ltn, §y) — K(Antine, dy) + K(Aniin, §,)
— v(Bpan, @) = —e (@, tn, @) + (£, 9).

Choose ¢, = —Ap iy, in (23) and apply —(in, Aptty) = 14|V, ||? to find that

(24) %(I\Vﬁhll2 + 8[| Apan %) + 2(v — k)| A - 20 Va,|?
= 2etb(y, tp, Apiy) + 2(F, —Apty) = 1) + Ir(say).
For Iy, a use of generalized Holder’s inequality yields
(25) L] < emlan]| s [IVan | e [|Ananl.
For d = 2, substitute Ladyzhenskaya’s inequality:

~ ~ 1 ~ 1 ~ ~ 1 XA 1
anllze < O [anl|> Va2 and [Van| s < [Vanll? [Anda]=.
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in (25) and use the Young’s inequality with p =4, ¢ = %, €= %” to obtain
Catlla 1o < .8
(L] < Cem |2 |V || Antn|2
1\’ 2at 2 4, Yk a2
(26) <C( 5 ) e lunlPIVanll® + <l Anan]”

For I, apply the Cauchy-Schwarz inequality with the Young’s inequality to arrive
at

N ~ A [ 2P 3
(27) | Lo = I(, = Antn)] < [IE]| Antunl] < S| Antnl| + 1],
Substitute (26) and (27) in (24) to obtain

t
IV (8)117 + sl| At (1) + ﬁ/ | Apun(s)[* ds < ([ Vunol|* + 5| Anunol®)
0

(28) JrC(l/)/0 Hf(S)HQdHC(V)/O s ()1 Vun (3)|[| Vi ()| *ds.

An application of Gronwall’s lemma yields
t
IVan@)l” + &l Anan (t)]* + 6/ *** | Apup(s)||* ds
0

< {(IVun(0))1* + sl Apun (0)]%)

t t

(20) L W) / 1E(s)|1%ds} x exp <c<v> / ||uh<s>|2||Vuh<s>||2ds> |
0 0

Note that

(30)

~ ~ Apun(0), vy, Vu,(0), Vvy,
| Apur(0)] = [[Apugn|| =  sup (Bnup(0),vh) =~ sup w
iy S o T vl

Observe that
(Vugn, Vvy) = (V(ugy —ug), Vvy) + (Vug, Vvy,)

(31) < Chlluoll2l|Vvall + [[Auoll][va].

Now, a use of inverse property (||[Vvy| < Ch™!||v4|| ¥ vi, € J,) shows that
(32) (Vugn, Vi) < C uoll2]|vall

On substitution (32) in (30), we obtain

(33) 1 Anuon]| < Cluoll2.

Use (A2) with (30) in (29) to find that
t
IVun ()17 + sl Apun ()] + 5/ | Apuy(s)[* ds < C(v, 0, K1)
0
t
en con (C0) [ TP ()1Pds)
0
Note that for all finite but fixed Ty > 0 and 0 < ¢ < Tp, a use of (21) in (34) yields

¢
(35)  |IVun(®)|)* + &l Apun(t)||* + ﬁ/ 2| Apup(s)||? ds < C(v, o, K1, Tp).
0

Since the inequality (35) is valid for all finite, but fixed Ty, now a use of (22) yields
lim sup ||Vu,|| < C,
t—o0
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and hence, this leads to the boundedness of || Vuy(¢)] for all ¢ > 0. Combining (21)
with (35) completes the rest of the proof. O

Lemma 3.3. Under assumptions (A1)-(A2), there exists a positive constant C =

C(v,a, 1, M) such that the following holds true for 0 < a < 1 and for

v
(1 + )\1/@)
allt >0

t
672“/ e (||lune(s)|1* + 2] Vupe(s)[1?) ds + v Vus (t)|* < C.
0
Proof. Set ¢ = e?**'uy,; in (11) and obtain

(36) e (llupe]® + 6l Vune|?) +

d
gemyta ”VuhHQ _ eQat(ﬂ uht)

— e2at(uh.Vuh, Upt)-

A use Sobolev imbedding theorem for the nonlinear term on the right hand side of
(36) leads to

|(wp-Vup, upt)| <Clluplgs [[Van|ps [luw|
(37) <C||Vup| [Anun|| [anell-

Substitute (37) in (36) and apply the Young’s inequality. Then, integrate the
resulting inequality with respect to time from 0 to ¢ and multiply the resulting
equation by e~2 to find that

t
/ 2 ([une()I1” + 26 Vane(5)[*)ds + v Vun (1) < Ce™* | Vupol |
0
" t
e [y (o) Pds 4 e [ eee) s
0 0

t
(39) et [ Gy (9)]? By ()]s

0
A use of Lemma 3.2 yields to the desired estimate and this completes the rest of
the proof. O

Lemma 3.4. Let the assumptions (A1)-(A2) hold true. Then, there exists a pos-
itive constant C' = C(v,a, A1, M) such that for all t >0

t
[ane (D11 + sl Van ()] + V@’Qat/ e*** [ Vupe(s)||*ds < C.
0

Proof. Differentiate (11) with respect to time and obtain
(Unet, @) + £(Vanee, V@) + v(Vune, Vo) = —(ant - Vup, @) — (ap, - Vupe, @)
(39) + (ft, ) Vo € Jn.
Choose ¢ = uy,; in (39) with (up - Vupe, upe) = 0 to find that
1d
2dt
(40) = — (upt - Vup, upe) + (fe, une ).
An application of the Ladyzenskaya’s inequality with the Young’s inequality
(with p =8 and g = 8/7) yields
(wnt - Vup, wne) < Cllup|V* | Van ||| Ve |77

v
(41) < C) [IVun]® ffune]® + 7 1 Van ],

(lanel* + sl Vand|*) + v Ve |
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A use of the Cauchy-Schwarz inequality with the Young’s inequality shows
1
A1

Substitute (41)-(42) in (39) and then, multiply by e2**. An application of a priori
estimates from Lemmas 3.2 and 3.3 leads to

1 v
(42) (£, une) < ([l [[unell < ]l [[Vune|| < EH&HQ 7 [ Vup .

d
270 (lanel” + £l Van|?) + ve* [ Vane | < C v, M) (Junl* + [1£:]])

(43) + 2007 ([|une | + 6l Vap*).
Integrate (43) from 0 to ¢ with respect to time to obtain
t
lnel[* + sl Vape|* + V@_Qat/ e[ Vup(s)||* ds
0

<e 2 (lune (0)]|* + sl Vune (0)*)

t
44%*“Ae%mmm@W+wmwwm5

t
(44) + 20&672“/ e (lune(s)]1* + £ Vane(s)[|*)ds.
0

From (12), it is observed that

anel2 + ] Funel2 < COAnun 2 + €12 + [l Vun] )
(45) < COW(Anm? + 5.
and for t = 0, it now follows that

lune ()17 + &l Vure (0)* < C(| Apun (0)[1 + [[£(0)[1* + [Jun (0) [ Vs (0)| )

(46) < C(Mo)

A use of Lemma 3.3, (46) and (45) with (A2) in (44) leads to desired estimates

and this concludes the proof. O
A

Lemma 3.5. Let 0 < a< m and let the assumptions (A1)-(A2) hold

true. Then, there is a positive constant C = C(v,a, \1, M) such that for allt > 0,

C
[unee ()] -1,n + K| Vune| < NG
Moreover, there holds

t
e*2at/ e2a5(|‘uhtt(s)”2—1,h+”Huhtt(8)||2)ds <c
0

Proof. Differentiation of (12) with respect to time to find that
(47) (Untt, @) + Ka(Unet, @) + va(une, @p,) + b(Wne, Un, @y,)
+ b(up, upe, @) = (£, ) Vop € Jp t > 0.

Now, (47) is rewritten as

(Untt, @p) = —Ka(Unet, p,) — va(une, @p) — b(ne, up, @)
- b(ufu Unt, ¢h) + (ft7 ¢h)
(48) < (BIVanull + v[[Vant]] + ([[Vape||[[[Vanl) + [[£l]-1) [Vl



BACKWARD EULER METHODS FOR KELVIN-VOIGT FLUID FLOW MODEL 135

Choose ¢ = upy in (47) and drop the first term from the left hand side to obtain

(49) k|| Vapg| < (V||Vuht|| + C||Vups||[| Vag || + |ft|_1).
An application of Lemmas 3.2 and 3.4 in (49) shows
C

(50) K| Vupe || < ﬁ
From (48), we obtain

[uneel|-1,n = sup (Unut, )

0#£¢, €H,, Vol

(51) < w|Vans + [ Vanell + C(Van [ Vunl) + [[£]] -1,

and hence, from a priori bounds of Lemmas 3.2 and 3.4, it follows that
1
(52) laneell -1 < —=C(A1, @, v, Mo).

Squaring (50), multiply by ¢2®t and then integrate from 0 to ¢. Again multiply the
resulting inequality by e2** to obtain

t
672at/ eQO‘SliHVuhttHQ ds
0

t
) s [ <v|Vuht|2 T O Vun V] + ||ft||21> ds.
0
From Lemmas 3.2-3.4, it follows that
t
(54) e_QO‘t/ 2 k|| Vupy||? ds < C.
0

Similarly for (51), we find that

t
672at/ €2as||uhtt|‘fl,h ds
0
(55)
t
<ot [ e <n2||Vum|2 IVl + OO Vune | Vun ) + |ft||2_1> ds.
0

Hence from Lemmas 3.2-3.4 and 54, the rest of the proof follows. This completes
the rest of the proof. O
We now recall the following bounds for the semi-discrete method, proved in [27]

Theorem 3.1. Let conditions (A1)-(A2) and (B1)-(B2) be satisfied and let
the discrete initial velocity wgp, = Ppug. Then, there exists a positive constant

A
C(A1, v, a, My) such that for allt > 0 and for 0 < a < 4(1:7;1@,

la = wn) (@) + A (90— w) @) + 1o~ p)®]) < %h%“.

Moreover, under the assumption of the uniqueness condition, that is

b(u, v, w)

No
(56) —|IfllLe@m-1y <1 and No=  sup ,
v S wowery@) Vel [VUl[[ Vel
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the following uniform in time estimate holds

[[(a = un (@) + hll(p = pr) (O] < %hQ.

4. Backward Euler Method

Based on backward Euler scheme, a fully discrete method is analyzed in this
section.
Let £ > 0 denote the time step size and t,, = nk. For smooth function ¢ defined
n [0,7], set ¢" = ¢(t,) and 9,¢" = (¢" — ¢" *)/k. Now, the backward Euler
scheme applied to (11) is to find (U™, P™) € (Hp, Lp,) such that for all n > 1

(0,U", ) + ka(3,U", dy,) + va(U", ¢y,)
(57) =—b(U™, U, ¢y,) + (P", V- ¢,) + (", ¢,) Vo, € Hy,
(V-U" xn) =0 Vxn € L,
U° = Pyug = ugp.
Equivalently, seek {U"}, -, € Jp, such that
(0:U", ¢y,) + £a(0:U", dp,) + va(U", ¢),)
(58) = =b(U", U", éy,) + (£, b) Yy, € I,
U° = ugy,.
Before obtaining a priori estimates for the discrete problem (58), we recall the

following result for sequences, which is a counter part of the L’Hospital rule. For a
proof, see, pp. 85-87 of [18].

Theorem 4.1. (Stolz-Cesaro Theorem). Let {¢"}52, be a sequence of real num-
bers. Further, let {¢"}°2 be a strictly monotone and divergent sequence. If

) (bn _ (bnfl
Jdim () = ¢

then .
lim (¢—) — ¢
n—» o0 ’Lpn
holds.
Now, we discuss uniform a priori bounds for the discrete solution {U"},,>1.
A
Lemma 4.1. With0 < a < m, choose ko so that for 0 < k < kg
Vk')\l
59 —+1 ok,
(59) (4(m1+1)+)>e

Then, the discrete solution UN, N > 1 of (58) satisfies

N
(HUNHQ-FKHVUN||2)+261€_2atN k,zeQathVUnH2
n=1

e2ak

(60) < e (U0 + /] VUOY?) +

L[ —

where

1 1— —ak 1
(61) 281 = <§e_o‘k1/ - (%)(K‘,ﬁ» )\_)) > ge—ak > ge—mk S0
1
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Moreover, the following estimate holds:
(62) timsup [ VU < 561
Proof. Multiplying (58) by e®", choose U™ = ¢®» U™ to obtain
et ((&U”, U") + ka(d,U", ﬂ")) + va(U™,U")

(63) + e~ otp(U", U, UT) = (f7,U").
Observe that

ak .
(64) PP U = kG0 — <e - 1>U".

Then, use (64) in (63) and multiply the resulting equation by e~ to find that
1—e 2k

(65) (@ﬂn,ﬂn)—l—/@a(é)tﬂ”,ﬂ")_( ‘

)(ﬂ",ﬂ") SR 010
17670& T YN —at St TN TN
— K — a(U™,U") 4+ e~ “+1p(U™, U™, UM)
=e k(g U").
Note that

_ N 1
n n
>
(66) (0,U",U") > %
Now using (6) in (66) leads to

X o 1. .

(0" =[O 7H%) = oo
15 FTn (|2 Frn (|2 —ak 17670& 1 FTn (|2
S0 (U + £ VU ?) + (e = (=) (s + ) |IVU"]
2 k A1

(67) <e ok (fn Un).

The right-hand side of (67) can be estimated as

~ N N 1 ~
ek (£, T7) < Sem By [VO2 4 e H 3 .

N

From (67), we obtain

_ N N N e~k
(68) A (I[O™|17 + £IVU"%) + 281 VU" |* € —— 1" [T (1a-1)-
Multiplying (67) by k, then sum over n =1 to N to arrive at
N
ION? + &l VOY|* + 2605 [VU"|* < [ U°|* + w] VU
n=1
1 N
(69) = Gy € Ry e

n=1

From geometric series, it follows that

N
k’§ eQatn _ eQakk(e2ak _ 1)71620&1\7
n=1

(70) — (]-k#k)eQatN < 2ie2ozk62atN
—e ¢ «

137
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for some k* € (0,k), On substituting (70) in (69), multiply the resulting form by
e~29tN and use B; > (v/4)e2%* to obtain

N
[TY)? + 6] VU + %6_2‘)"“166‘2"‘”ZIIVIAJ”II2 < e 2 ( U017 + k] VOO 1?)
n=1

e2ak

(1) el -
This complete the first part of the proof. For the remaining part, drop first two
terms from (71) and then, to apply Stolz-Cesaro Theorem, that is, Theorem 4.1 to

the resulting inequality, we observe that

N
N _ YV —2ak |2 N 2at
ot =ge EY IVO"[? and ¢ = ety
n=1
Note that the sequence {¢™} is monotonically strictly increasing sequence with
N — 0o and N — oo. Hence, an appeal to Stolz-Cesaro Theorem 4.1 with a
slightly refined estimate ( using middle part of (70) ) yields

v —2aky. 1 N2 1 2
=T kl}vnf,lif IVUT]" < km Il 200 Er-1)5
and hence, we obtain the desired result. This concludes the proof. (I

As in [2], we now appeal to a variant of Brouwers fixed point theorem to prove
existence of solution to the discrete problem (58)

Theorem 4.2. (Brouwer’s fized point theorem)[16]. Let H be a finite dimensional
Hilbert space with inner product (-,-) and || -||. Let G : H — H be a continuous
function. If there exists R > 0 such that (G(z),z) > 0 Yz with ||z|| = R, then there
exists z* € H such that ||z|| < R and G(z*) = 0.

Theorem 4.3. Given U°, U, U?,... U™ ! there erist a unique discrete solution
U” of (58) for n > 1.

Proof. Assuming that U™, m = 1,2,...n — 1 are known, we need to show the
existence of U™ to the problem (58). Now, define a function G : J,, — Jp, for a
fixed n by

(72) (G(w),9,) = (W, b)) + K(VW, V) + kv(Vw,V,,)

+ k b(W,W, ¢h) - (Un717 ¢h) - H(VUn717 V¢h) - k(fna ¢h)
Set a norm on Jj as
(73) Wil = (Iw]? + [ Vw][?)z.

It is easy to cheek that G is continuous. Now, after substituting ¢, = w in (72),
we use (18), (73), the Cauchy-Schwarz’s inequality and the Young’s inequality to
obtain

(@ (w).w) > (||w||| oy - k||f”|) lwll.

Choose R such that ||[w]|]| = R and (R — [|[U™!||| — k[|f"[|) > 0 and hence,
(G(w),w) > 0.

An appeal to Theorem 4.2 concludes an existence of the discrete solution {U"},,>1

of (58).

The part of uniqueness is quite similar to the proof of uniqueness problem in [2],

so we skip the proof and this completes the rest of the proof. . Il
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Remark 4.1. From the Theorem 4.4, we note that for a given UM~! € Jy,, there
exists a unique discrete solution U™ € Jy. Thus, it defines a map S}’ : I, — Jy,
such that Sp(U™Y) = U™, which is continuous and globally defined.

As a consequence of (71), the following result holds on the discrete global at-
tractor.

Theorem 4.4. There exists a bounded absorbing set
By, (0) : {(IUY? + x| VU™ |?) < p5}.

where pg is given by

eQak

2 2
Po = MHfHLOC(L2)'

Moreover, the discrete problem (58), has a global attractor.

proof. In order to prove the first part of the Theorem 4.4 we now claim that if

1/2
<||U0||2 + H||VUO|2) € B,,(0), there exists t,,» = n*k depending on <|UO||2 +

1/2 1/2
/@|VUO||2> such that the discrete solution (||UN |12+x|| VUM ||2) for ty >ty

lies in B,,(0). To prove this, we observe easily from the estimate (71) that

2
(1) UV IVON|? < e (U0 + s TU°P) + 2.

To complete the first part of the proof, it is enough to claim that
(75) =201 (U2 4 R VUO?) < 22,
A use of the fact that 2(a? + b%) > (a + b)? yields

U0+ | TU < e

That means, there is t = n*k > élog(pio(HUOH + &||VU?|)) such that (75) holds
for py > & and tn >ty By, (0) C By, (0). For p; < £ the result trivially holds for
any t, > 0. Therefore, B,,(0) is an absorbing ball. For a prove of the second part of
the Theorem 4.4, we use the Remark 4.1 to infer that S™ possess a global attractor,
say Ak, by mimicking the proof of existence of an attractor in the continuous case,
see Titi et al.[15]. This concludes the rest of the proof. O

Now, we are in a position to sketch a proof of uniform [°°(H}) bound for the dis-
crete solution. As in the Lemma 3.2, we first rewrite the discrete problem (58) using
A}, and proceed in a similar manner. Then, an application of discrete Gronwall’s
Lemma yields estimate, which is valid for all finite ¢ty = T > 0. Now combining
with the estimate(62), we complete the proof of the following uniform estimate in
[>°(H})-norm.

A
- R 2
Lemma 4.2. (Uniform [°°(H}) bounds) With 0 < a < TSR

that for 0 < k < ko, the estimate (59) is satisfied. Then, there is a positive
constant K depending on My, v, \1, a such that the discrete solution UN, N > 1 of
(58) satisfies

(76)

choose kg so

N
(IVUN|? + 6| AL UN|?) + Bre 220 kY e | A U"|? < K(Mo, v, A1, @),

n=1
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where (1 is as given in (61).
5. Error Analysis of the Backward Euler Method

This section deals with the error estimate of the backward Euler method. Set,
for a fixed n, €"” = U" —uy(t,) = U" — u}. Now, rewrite (12) at ¢t = ¢, and
subtract it from (58) to obtain
(77) (5ten7 ¢h) + Ka(gtena d)h) + Va(ena d)h)

= E"(up)(¢p) + Ay (@) Yoy, € In,

where,
E™(up) () = (uf, — Opay, ¢y,) + rka(up, — dpujy, dy,)
1 tn
=% tnfl(t — tn)(Upse(t), @p) dt
H‘/ tW,
(78) o [ = ta)alun(), 6,)
tn—l
and

Ah(¢h) = b(uZa u;7,La ¢h) - b(Una u”, ¢h)
(79) = _b(uZaena(bh) _b(enaen7¢h) - b(en7u;zla¢h)'

The following theorem provides a bound on the error e”.

A
Theorem 5.1. Let 0 < a < A and ko > 0 be such that for 0 < k <
4(1 + H)\l)

ko, (59) is satisfied. Further, let up(t) satisfy (12). Then, there exists a positive
constant C, independent of k, such that forn=1,2,---

n
(80) le™ 2 + Rl Ve |2 + Bike 2003 "> | Vey||> < Ce® k2.
i=1

Proof. Multiply (77) by e®» and then, divide the resulting equation by e®* to
obtain as in the proof of Lemma 4.1

3 aAn 3 an 17670& N 17670& N
(81) (ate ﬂ(bh) + Ha(ate 7¢h) - (T)(e 7¢h) - (T)K’a(e 7¢h)
e a(e”, ) = et B () () + € e AT ().
Set ¢, = €™ in (81) and use (6) to find that

1z A2 A —ak 1—e ok 1 N
(82) 5&(He I? + &[|Ve™|?) + (ve ** — (T)(/@—i-)\—l) (IvVe™||

= e e B (wy)(87) + e~ et Ay (&7).
Multiply (82) by 2k and then, sum over n =1 to N to arrive at
1—e o

N
~ ~ —a 1 o’
16N]12 + k|| VeN |2 + Zk(ue k_ (T) (k+ )\—1))2||Ve I|?
n=1

N N
(83) < Zke_akZeat”E”(uh)(é”) + 2k:e_O‘kZe“t"Ah(é").

n=1 n=1
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To estimate the first term on the right hand side of (83), we observe that

N N t
AT —Q « 1 " AT
2he =Y e B ) (€)] < [2ke e [ (0 b)) )

n=1 n=1 tn—1
N 1 tn
+ |2ke~oF e“t”'—/ t —tp)a(upy(t),e") di
| ; ok tm( Ja(up(t),€")  di|
(84) =IN + IV,

Using the Cauchy-Schwarz inequality, (6) with the Young’s inequality, we estimate
IV as:

tn 2
V| < Ol Ak z—(/ (= a5 )

tn—1
(85) n %ke‘“kZHVé”HQ.
n=1

An application of the Cauchy-Schwarz inequality yields

1 tn 2
o[ 0= lunalo)-1as)
tn—l
1 tn tn
Sﬁ (/ e2atn uhtt(5)|21’hd8) </ (tn — s)2d5>
tn—1 tn—1
ko [tin
(36) g [ e
3 tn—1

and hence, using (86) and Lemma (3.5), we find that

N 1 tn ?
kzemtnﬁ (/ (tn — s)|[anee(s)]| —1,n ds)
n=1

wne ()12 5, dt,

tn—1
k2 N tn
§§Z [ lmas)lds
n=1"tn-1

S [
tn—1
QakZ/ ||l wnee ()12, ds

tn—1

k? N es
e [ e (o) ds
0
(87) <C(v, o, A\, Mp)k2e?otv+1,
Apply (87) in (85) and obtain

N
(88) IIN] < O(v, a, A, Mo)k2e2tn + %ke‘“kZHVé"HQ.

n=1
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Similarly for |I2V|, we easily arrive at

N
89 IN| < C(v, 0, M, Mo)k2etn 4 L ek ||ven 2.
2 3

n=1

To estimate the second term on the right hand side of (83), we note from the
anti-symmetric property of the trilinear form that

(90) et [ Ap(m)] < et [b(en, g, M),

and hence, a use of the generalized Holder’s inequality with Sobolev’s embedding
theorem in (90) yields

et |Ap(e")] < Cemot |62 || Ve ||z | Vay | [[e"] | ver ||z

(91) < C[[Vugllfle™five"].
Using the Young’s inequality, an application of Lemma 4.1 leads to
N N-1
ke™ Ny e |An(€")] < Cw) Y ke ¥ Vup|® e
n=1 n=1

y N

(92) + C(v, M)ke=* ||&N || + gke*akZHVé"H?.
n=1
A use of (88), (89) and (92) in (83) with e® = 0 yields
al Cv,a, 1, M)
(||éN||2+Ii||VéNH2) +ﬂ1kZ”Vén”2 < %6201151\;]{:2
n=1

N—-1
+CW)ke™* Y [ Vup|?[le”)?
n=0

(93) +C (v, M)ke=*(||&N||? + k|| VeN|?).

Now, choose kg > 0 such that for 0 < k < kg, (1 — C(v, M)ke=**) > 0 and (59) is
satisfied. Then, an application of the discrete Gronwall’s Lemma yields

N
94)  |eN]? + slIVeN|* + sk [ ver|?

n=1
N—-1
< Clna s Mk e xexp (K3 |9 ).
n=0

With the help of Lemma 4.1 with a = 0, we bound
N—-1
(95) kY [IVup|® < Cty.

n=0

Using (95) in (94), we arrive at

N
(96) 1€V + [ VeN | + Bk D _[IVe™ | < Clv, a, Ay, Mo)e®™ k2.

n=1
For 0 < k < ko, the coefficient of the third term on the left-hand side of (96)
becomes positive. Dividing (96) by €2~ we obtain (80) and this completes the
rest of the proof. O
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Remark 5.1. Note from Theorem 5.1 that
(97) VE[Ver| < Ck

Lemma 5.1. Let0 < a < and ko > 0 be such that for 0 < k < ko, (59)

l/)\l
4(1 -+ Ii)\l)
is satisfied. Further, let up(t) satisfy (12). Then, there exists a positive constant
C, independent of k, such that form=1,2,--- /N

(98) o€ -1+ 05" < StV

Proof. Choose ¢;, = die™ in (77) to find that

(99) k[|0;Ve"||* < —va(e™, 0e™) + E™(u})(dre™) + Ap(Ore™).
Using (78), (17) and (6), we observe that

_ 1 [in _
B ()@ < g7 [ (= t)wan(t). 0e") e
tn—1
tn ~
(100) +|i/ (t — tw)a(unen(t), D) d].
2k Jy,

A use of the Cauchy-Schwarz inequality with Lemma (3.5) for the first term on the
right hand side of the (100) yields

1 [ - 1 [t ~
g tuna.0e) d < (g [ @t ) 198
tn—1 th—1
1 _
(101) < O(0, M1, Mo) k| V"
Similarly, the second term of right hand side of (100) is estimated as
Kk [ = Kk [ =
g [ tatwa0.00) a < (5 [ 0= I Tunalol @ )90
tn—1 th—1
1 _
(102) < O(0, M1, Mo) k| V"

Now, using (79), (17) and (6), it follows that
|AL(Dre™)| = |b(ul, e, 0ie™) + b(e™, U}, 0se™), Ore™)|
(103) < cOn(Ivuil+ 101 ) Ive 170"

With the help of Lemmas 3.2, 4.1 and 4.2, we obtain
(104) [An(@re™)] < O, a, A, Mo) [V&™ | [ VO™
Substitute (104), (102) and (101) in (99) and apply Theorem 5.1 to find that

(105) k|| 8, Ve" || < wecmk.

Now, (77) is rewritten as

(106) (afen’ (Z)h) = _Ka(gtenv ¢h) - Va(ena d)h) + En(u}l)(¢h) + AZ(‘Z)}L)
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A use of (101) with (102) and (105) yields

= 5e",
0 1n=  sup G
0¢¢,L€Hh H ¢h||
_ 1
< <ﬂlatve"|| +v][Ve" | + Cla, v, Al,Mc))—@Ct”’“)

NG
1

(107) < C(ayv, Al,Mo)ﬁeCtNk.
This completes the rest of the proof. (R
Now, we derive error estimate for the pressure term.
A
Theorem 5.2. Let 0 < a < v and kg > 0 be such that for 0 < k <
2(1 + K)\l)

ko, (59) is satisfied. Further, let up(t) satisfy (12). Then, there exists a positive
constant C, independent of k, such that form=1,2,--- /N

n 70 C ClN
(108) [P™ = pu(ta)ll = [Ip" || Sﬁet k.

Proof. Consider (11) at ¢ = t,, and subtract it from (57) to obtain

(P"V-¢,) = (0ie", d,)+ ra(Die", ¢y,) + va(e”, dy,)

E"(un)(¢p) = An(y)-
Using the Cauchy-Schwarz’s inequality, (6) and (104), we now arrive at

(109)
n 5o n n C(v, A\, a, My)k
(0.7 1) < Clonwn) (J7er] + o] + SR 7, .

A use of Theorem 5.1, (101), (102) and (104) in (109) would lead us to the desired
result, that is,

C(V,Oé,)\l,M())
11 < =121 =
(110) ol < =22

This concludes the proof. O

k.

Theorem 5.3. In addition to the hypothese of Theorem 5.1, assume that the fol-
lowing uniqueness condition

b(u, v, w)

Ny
(111) 2220/ pem-1) <1 and No=  sup
v = wwwert @) IVull[ Vo[ V]

holds. Then, there is a positive constant C which is valid uniformly in time such
that for n >0

lle™||? + x| Ve™||* < C k2.

Proof. In (82), we need to estimate the last term, that is, the non-linear term on
the right hand side using the uniqueness condition. Now rewrite (79) as

Ah(¢h) = b(uZa u;7,La ¢h) - b(Una Una ¢h)

(112) = 7b(Un7ena¢h) 7b(enalfhna¢h)a
and hence, it easily follows that
(113) e [An(€")] < No|Vuj| [Ve" |,
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We note from (22) that for large N* |, that is, for all n > N*
n 1
(114) IVull < = lIEll oo 1)

Then, as in the proof of Theorem 5.1, after multiplying by 2k, sum up from n =
N*+1 to N to obtain On substitution (93) and for n > N*, (93) is rewrite as
N
1N + k| Ve P + 281k > [ver|?
n=N*+1
< C(V7 a, )‘1’ MO) €2at”k}2 + e2aN* HeN* ||2

K
YN
_ 0 A
(115) the S DOy e
n=N*+1
As B > e~“Fy/4, we arrive at
v N N
. . _ 0 .
||eN||2 + KllveNHQ + ke—ok (5 — Tllf”LOO(Hl)) Z ||Ve"||2
n=N*+1

(116) < C(v,a, Ay, My)e2@tnk? 4 2N 1N )2,

Now a use of uniqueness condition and choose ky > 0 such that for 0 < k < ko,
(1/ — 2% ||f||Loo(H71)) > 0. Multiplying €?®*» in (116), a use of Theorem 5.1 for
the last term on the right hand side completes the rest of the proof. 0.
Now a use of Theorems 3.1, 5.1 and (110) completes the proof of the following
Theorem.

Theorem 5.4. Under the assumptions of Theorems 3.1 and 5.3, the following holds

true:

h2
U™l < _
(i) = U™ < O( =+ )

and

IVt — UM + [ (plta) — P < %(h R,

where C depends on e“* and under uniqueness condition (111), C is positive

constant which is valid uniformly in time t > 0.

6. Linearized Backward Euler Method

Since the backward Euler method applied to (11) yields a system of non linear
equations at each time level ¢t = t,,, the system has to be solved using Newton type
iterative methods and hence, it may be computationally expensive. Therefore, in
this section we introduce a linearized version of this method, which gives rise a
system of linear equations at each time step. Thus, the linearized backward Euler
method is to find a sequence of functions {U"} ., € Hjy and {P"} ., € L
satisfying for ¢, € Hy, - B

(5tUn7 ¢h) + Ka(anna d)h) + Va(Una d)h) + b(Unila Una d)h)
(117) = (P",V-¢,) + (", &),
(V-U" xn) =0 Vxn € La,

UO = Uph-
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Equivalently, we seek {U"} ., € J;, such that

(118) B

(0:U", ¢p,) + £a(3,U", ¢,) +va(U", ¢p,) + (U1, U, ¢y) = (£, b) Yoy, € I,
UO = Upp-

Compared to (11), the linearized backward Euler method (118) differs only in the

nonlinear term, we proceeds along the same lines of proof of the Theorem 5.1 and

only discuss the difference in the analysis. The equation in error e” reads as: find
e” € Jj such that

(119)
(0™, @p,) + ka(0re™, @y,) + va(e™, ¢y,) = E™(un)(¢y,) + An(Py) Vb, € In,

where E"™(up,)(#) = (uf, — dpuf, ¢p,) + ra(up, — dpup, ¢y,) and An(¢y,) =
b(uh’uh7¢h (Un_lvUn7¢h)'

Following argument in the proof of Theorem 5.1, we easily find that

AN (|2 AN (|2 —ak 1—e ¥ 1 X ~n|2
le™]1* + x| Ver || +2(1/e —(T)(m+)\—1))k2||Ve I

< 2ke~ akZeo‘t”E”(uh)( ")+ 2ke” O‘kZe“t”Ah ™)

n=1 n=1
(120) =1V + 1Y, sa

The first term on the right hand side of (120) is bounded by (88) and (89). Hence,
we need to estimate only the second term. We now rewrite it as

e [An ()]
=e[b(uy, ujy, ¢,) — b(U" ™ —up™h U, ¢,) — b(uj; ™1, U™, ¢,
=t (uz - uZ_lv uza ¢h) - b(enilv u" ¢h) + b( n_lv h— Una ¢h)|

=e| = b(u —up ™ e", ¢y) + b(uf — up T U, ¢y) — b(e" T, UM, )
(121)  —b(up™' e, ¢y)].
A use of (18)along with (6)and (17) in (121) with ¢, = " yields
An(&")] <etfblup — g~ g, &) — blen !, i, )|
<C(A)e (V(uy —up=H|[[[Vuj|l| Ve
(122) + (Ve[ Vug [ Ve ).

aty,

Hence, we observe that

N

Y| < 2ke™R> e [An(e™)] < C(A akz( “H x
n=1

(123) [Vug[[IVer| + eat”IIVuZIIIIVe"*II) [Ver|| = 1] + [13'], say

Note that from the Taylor’s expansion of uy(t) at t,, in the interval (t,-1,t,), we
obtain

tn
(124) IV (uf; —wj =)l = H/t Vg (s)ds|],
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and an aplication of the Cauchy-Schwarz inequality yields
tW,
(125) IV =P <k [ [T s
tn—l
Using Young’s inequality, we bound |[I}| as
(126)
y N
N 7o¢k 2at, ni|2 2 . —ak ~n |2
1IN < C(\ Ze vul|| k/ 1||Vuht(s)|\ ds + ke > over|.

n=1 tn— n=1

With the help of Lemma 11 and Lemma 3.2 in (126), we observe that

tn N
vV, —a AT
|L{V| < C(v,a, A1, Mo)k —ak g eQat"/ HVuht(s)Hst—i— gkze k E ||Ve ||2

tn—1

< C(v,a, A\, Mp)k?e O‘kz 2= ||Vuy,(s)||* ds + ke akZHVe”HQ

tn—1

N
<< C(v a0, Mo)k%ak/ €205 | Ty (s)||2 ds + %ke‘“kZHVé"HQ
0 n=1

(127)
y N
< C(v,a, M\, Mo)k?e®in 4 —ke™F> || ven |2,
6 n=1
A use of the Young’s inequality yields
I3 < O _“kze‘”” Vg [ Ve | ve"|

n=1

< Cv, M)k “’“Ze | Vg 2| Ve TP + — ke’“’“ZHV”IIQ
n=1

n=1
N-1
(128) < C(v, M)ke *F> e 2| Vup|?|Ve"||” + — ke’akZHVé”HQ
n=0 n=1
Substitute (88)-(89) and (127)-(128) in (120). As in the estimate of (93), we now
apply Gronwall’s lemma to complete the rest of the proof. O

Now a use of Theorems 3.1, 5.1, 5.2, 5.4 and (110) completes the proof of the
following Theorem.

Theorem 6.1. Under the assumptions of Theorems 3.1 and 5.1, the following holds
true:

2
Ju(t,) = 0" < G (S= 1)

and
[V(u(tn) = U + [[(p(tn) — P™)|| < %ecm(h + k).

As in the Theorem 5.4, under uniqueness condition, the estimates in the Theo-
rem 6.1 are valid uniformly for all n > 0.
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7. Numerical Experiments

Earlier in [27], three examples are considered depending on the forcing function f,
that is, when f is bounded in L>°(L?), f = 0 and f = O(e~*!) and computational
experiments which are based on backward Euler method are conducted. In this
section, we focus on several numerical experiments with varying «, using (Ps-Fp)
mixed finite element space (see, [4]) for spatial discretization and backward Euler
scheme for time discretization, which confirm our theoretical findings.

Now, consider the following finite dimensional subspaces Hy, and L, of H} and
L? respectively, as:

H), = {v € (HH(Q)? N (C(Q)": vlx € (P(K))% K € Th},
Ly ={qc€ L*(Q) : qlx € P(K),K € Tp.},

where 7T}, denotes the triangulation of the domain Q. Then, apply the completely
discrete finite element formulation for the problem (1)-(3) using backward Euler
method (11) as: given U™~ !, find the pair (U™, P") satisfying:

13 13 13 13 13
(129) (U™, vp) + (k + vAt) a(U",vy) + At b(U™, U™, vy) — At (P",V - vp,)
n—1 n—1
= (U™, vp) + ka(U" " vy) + At (£(tn), vi) Yvi € Hp,
(V-U",wh):() Ywyp € Ly,.
TABLE 1. Errors and Convergence rates for backward Euler
method with k = O(h?).
[ A [Tutn) —U";2 [ Rate [ Tultn) —U"[[z1 [ Rate [ Tp{tn) — P"[[ [ Rate
1/2 0.0237483 0.2014946 1.1766897
1/4 0.0079066 1.5866855 0.1211721 0.7084543 0.6506894 0.8546928
1/8 0.0022462 1.8155237 0.0657439 0.8821283 0.3437042 0.9208014
1/16 0.0005736 1.9693621 0.0341358 0.9455711 0.1769821 0.9575635
TABLE 2. Numerical convergence rates for velocity in LZ-norm
with variation in x for Example 1.
S No h Tu(tn) —U"[[p2 | u(tn) — U2 | Tu(tn) — U2 | [ultn) — U™ 2
k=1 x = 0.01 x = 0.0001 x = 0.00000001
1 1/4 1.3640461 1.5866855 1.5852818 1.5852666
2 1/8 1.7542327 1.8155237 1.8154086 1.8154075
3 1/16 1.9111161 1.9693621 1.9694188 1.9694193

Using basis functions, we approximate the velocity and pressure as

ng no ne
n u; n n
=3 () 6500, P =D pet,
j=1

Jj=1

(130)

where ¢ (x) and qﬁf (x) form bases for H;, and Lj; with cardinality ng and ne,
respectively. Here, u’* and u?y represent the x and y component of the approxi-
mate velocity field, respectively, at time ¢ = ¢,,. Using (130), the basis functions for
H;, and L, in (129), we obtain a system of nonlinear algebraic equations, which is
solved using Newton’s method.

Example 1: Choose the right hand side function f in such a way that the ex-
act solution (u,p) = ((u1, uz),p) is
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up = 0.le t2?(x — 1)2(y3 — 2¢% + y), uz = —0.le % (y — 1)?(2® — 222 + 2),
p=4.8e"(y3 —2y).

We choose v = 1, k = 0.01 with Q = (0,1) x (0,1) and time ¢ = [0,1]. Here, Q is
subdivided into triangles with mesh size h.

TABLE 3. Numerical convergence rates for velocity in H!-norm
with variation in x for Example 1.

S No h Ta(tn) = U™ g1 | Tultn) = U g | Tuln) = U Mg1 | Tutn) — U (g
k=1 x = 0.01 x = .0001 £ = 0.00000001
1 1/4 0.5114209 0.7336837 0.7321703 0.7321540
2 1/8 0.8243502 0.8821283 0.881730 0.8817265
3 1/16 0.9302921 0.94557101 0.9454654 0.9454644

TABLE 4. Numerical convergence rates for pressure in L?-norm
with variation in x for Example 1.

SNo [ k[ Tp(n) = P7T | ToGEn) — P7T [ To(n) — P71 | Tp(En) — P71
k=1 k = 0.01 x = 0.0001 x = 0.00000001
1 1/4 0.8514019 0.8546928 0.8546353 0.8546348
2 1/8 0.9224011 0.9208014 0.9208148 0.9208149
3 1/16 0.9591777 0.9575635 0.9575832 0.9575834

The theoretical analysis provides a convergence rate of O(h?) in L2-norm, of
O(h) in H'-norm for the velocity and of O(h) in L%-norm for the pressure term.
Table 1 presents numerical errors and computed convergence rates obtained on
successively refined meshes for the first order backward Euler method. These com-
putational results agree with optimal convergence rates obtained in Theorem 5.4.
Further, when x — 0 the order of convergence for velocity and pressure terms are
given through Tables 2, 3 and 4 which again confirm our theoretical results given
in Theorem 5.4.
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