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Abstract. In this paper, we present a more simple and much shorter proof for the main
result in the paper “ An negative answer to a conjecture on the self-similar sets satisfy-
ing the open set condition”, which was published in the journal Analysis in Theory and
Applications in 2009.
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1 Introduction

It is well known that the theory of Hausdorff measure is the basis of fractal geometry and
Hausdorff measure is an important notion in the study of fractals (see [1-2]). But unfortunately,
it is usually difficult to calculate the exact value of the Hausdorff measure of fractal sets. Since
J.E.Hutchinson [3] first introduced self-similar sets satisfying the open set condition (OSC),
many authors have studied this class of fractals and obtained a number of meaningful results
(see [1-11]). Among them, Z. Zhou and L. Feng’s paper has attracted widespread attention
since it was published in 2004. In [5], Z. Zhou and L. Feng thought the reason for the difficulty
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in calculating the Hausdorff measures of fractals is neither computational trickiness nor compu-
tational capacity, but a lack of full understanding of the essence of the Hausdorff measure. They
posed eight open problems and six conjectures on Hausdorff measure of similar sets. Among
them is a conjecture as follows:

Conjecture 1.15).  E has a best covering if and only if H*(E) = |E|*.

Recently, some authors negatively answered the above-mentioned Conjecture 1.1 (see [8,
9]). In [8], the authors neglected an important condition that a best covering {U; };c; must meet,
that is, for any i € I, the inequality |U;| > 0 should hold. They constructed a self-similar set
which is for the IFS consisting of three functions, found a covering 8 = {{1},[0, g], -} of E
and claimed that it was a best covering of E. In fact, this covering is an best almost covering
but not a best one since the diameter of the set {1} is 0. In [9], the author constructed another
self-similar set which is for the IFS consisting of six functions and claimed that by discussing
this similar set, the main result (i.e., Theorem 3.1 in [9]) can provide a negative answer to the
conjecture, but unfortunately the proof is too long. In this paper, we will present a more simple
and much shorter shirt proof of the result. The objective of this paper is to promote more people
to develop interest in this conjecture and its answer.

Some definitions, notations and known results are from references [1-5].

Let d be the standard distance function on R", where R" is Euclidian n-space. Denote d(x,y)
by [x—y
sup{|x—y|:x,y € U}. Let 8 be a positive number. If E C |J;U; and 0 < |U;| < 6 for each i, we

, Vx,y € R". If U is a nonempty subset of R", we define the diameter of U as |U| =

say that {U;} is a 0-covering of E.
Let E C R" and s > 0. For 6 > 0, define

HY(E) =inf{) |U;* : | JU: D E,0 < |U}] < 6}

Letting 6 — 0, we call the limit
H(E) = %im Hg(E)
—0
the s-dimensional Hausdorff measure of £. Note that the Hausdorff dimension of E is defined
as

dimyE =inf{s > 0: H*(E) =0} =sup{s > 0: H*(E) = oo}.
An H’-measurable set E C R" with 0 < H*(E) < oo is termed an s-set.

Now we review the self-similar s-sets satisfying the open set condition. Let D C R" be
closed. A map S: D — D is called a contracting similarity, if there is a number ¢ with 0 < ¢ < 1
such that

[S(x) =S| = clx =yl Vx,y€eD
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where c is called the similar ratio. It was proved by Hutchinson (see [3]) that given m > 2 and
contracting similarities S; : D — D(i = 1,2,--- ,m) with similarity ratios ¢; there exists a unique

nonempty compact set £ C R" satisfying

The set E is called the self-similar s-set for the iterated function system (IFS) {Sj,...,S,, }, here

we assume that there is a bounded nonempty open set V such that

and

which is often referred to as the open set condition (OSC). In this case, we know that 0 <
H*(E) < oo and so E is an s-set. Denote by Ji the set of all k-sequences (iy,--- ,ix), Where
1 <iy,-,ixk <m,k>1and put Ej..;, = S, o--- 08, (E), which is referred to as k-contracting-
copy of E. Obviously, V(iy,- - ,ix) € Ji, we have

|Eiy..ip|]” = [S; 0+ oS3 (E)P = ciy -+ ¢ |[ET.

ik

It is not hard to see that for each k > 1,
E=JEi ...
Ji

Definition 1.1°=7),  Let E be an s-set in R". A sequence {U;} of subsets in R" is called an
H*-a.e. covering of E, if there is an H*-measurable subset Ey in R" with Ey C E and H*(Ey) =0
such that {U;} is a covering of E — E (i.e., E — Ey C |J;U;). A sequence {U;} of subsets in R"
is called a best H*-a.e. covering of E if it is an H*-a.e. covering of E such that

H'(E) =) |Uil".
i
Note that a best H*-a.e. covering may be alternatively called a best almost covering or an optimal
almost covering (see [10]).

A family {U;};>0of subsets in R” is called a best covering of E (see[5]), if it is a covering of

E with |U;| > 0(Vi > 1) such that
H'(E) = Y |UJ".

i>1
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2 A More Simple and Much Shorter Proof for the Answer
to Zhou and Feng’s Conjecture on Self-similar Sets

In this section, we present a more simple and much shorter proof for the answer to Zhou and
Feng’s conjecture (Conjecture 1.1).

Lemma 2.11"",  Ler E C R" be a self-similar set for the IFS {Sy,--- ,S,} satisfying OSC
with ¢y = -+ = ¢y = ¢, and s = dimg E (i.e., s =logim). If there are positive integers ko,
No(1 < Ny < mk) and a k-copy group of E consisting Lof Ny cX-Es, which is denoted by Bf\(,’o,
such that o Lk

IRl < B, (2.1)

for all integer k >0, N (1 <N < m*) and each Bf‘v, where Bf‘v denotes the union of any N k-copies
of E. Then the Hausdorff measure of E can be computed by the formula

ko
m ki
HY(E) = 1B,

Lemma 2.2. Letn > 2, and s =log,, 6. Then the following inequalities hold:
. 1 1

(i) (3n)s —3>(3n—1)s.

(i) (3n)s —4> (3n—1)5.

i) (3n)s —2 > (3n—3)s.

(iv) (3n)F —8>
1 1

v) (3n)s =2 >(3n-3)s.

Proof. (i) Set

14 1.1
F) = (3x)F =5 = (3x— 3)*
Since s = log,; 6, it follows that we have
1 4 1.1
2) =6 —z—(6—%)s>0
and
1 1 1
f'(x):(3%—x%*1——(x—1)%*1)>o, Vx> 2.
s

Therefore it follows that (i) holds.
(ii)-(v) The proofs of (ii)-(v) are similar to that of (i), so we omit them here.

Corollary 2.1. Letn > 2, and s =log,, 6. Then the following inequalities hold:

i
o (Gn)s 4 3 6n-1
@ [(().2)1/«1 T 31k ]S = 95’ 611“ :
s 3n)s 28 3 . 6n=2
(11) [(92)111 T 301k ]s > s ° 6rll<+1 .
Lo (3n)s 32 3 6n-3
(1ii) [(9.2)11< — 53] 2 o g
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1

3n)s 56 3 6n—4

(IV) [(9 2)1k 31k ]S > s’ 611“
1

3n)s 60 3  6n—=5

(v) [(().2)1k T 3k ]s 2 os 6rll<+1 .

Proof. (i) Consider

(3n) 4 .3 6n-l 21(3n): —12 3+ (6n—1):
[9.21k_3.21k+1] =95 gkl AEne 9.21k+1 =79 D1k+l
e 21(3n): — 12> [3(6n—1)]:
1
= 21(3n)%—12221(3n—§)%
1 4 1.1
e (Bn)—=>0Gn—=)
(3n)s === (Bn—3)

Therefore it follows from Lemma 2.2 (i) that (i) holds.
(ii)-(v) The proofs of (ii)-(v) are similar to that of (i), so we omit them here.
Example 2.1°. Let E C R be the self-similar set yielded by IES {f1, f2, f3, f4, f5. fo } as

follows:

i) = 2 o) = 2 %@:;+;
) = 2 2 () = e+ 20 o) = o 0.

Let s = log,, 6, then we have

Theorem 2.1 The exact value of the Hausdorff measure of E is

3 3

Proof. Now we use Lemma 2.1 and Corollary 2.1 to prove Theorem 2.1. Take m = 6.
Similarly, let B , denote the union of the given Ny ( )kO -Es, where kg is any positive integer
and 1 < Ny < 6"0. We will check that all conditions of Lemma 2.1 are satisfied. On the one
hand, take B;‘\}’O = fi(E)U fo(E). So, we see here

No=2,ko =1

and
"lkg ko 1s 61 1 E 3
’ _Z . (_9) —910g2]6'

Ny

On the other hand, according to (2.1) in Lemma 2.1, we will have to prove the inequality

3N 3 N

s —_— [—
|B | = Qlogy 6. 6k 9s 6k "

(2.2)
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holds for all positive integers k and N (1 < N < 6%), where B, denotes any k-copy group of E
consisting of N ck-Es. Now we show (2.2) holds by induction. Firstly, when k = 1, we see that
Casel IfN =1, then

1 3 1
Bl S > . S > .
Case2 IfN =2, then
7 3 2
Bl S > _ S > ..
‘ 2‘ —(63) —95 6]’
Case3 If N =3, then
31 3 3
Bl S > - S > . _’
Cased4 IfN =4, then
35 3 4
Bl S > 7S > . _’
Case 5 If N =5, then
59 3 5
Bl s > 7 > . _’
Case 6 If N =6, then
3 6
|B(1)|S212&'a;
Secondly, suppose (2.2) holds for some positive integer k, that is, for any 1 < N < 6, we get
3N 3 N
k _
|BN|SZW—§'g- (23)
Then forany 1 <N < 6K+, we must show that
3N 3 N
By > =& (2.4)

= Qlogy 6. 6k+1 — Qs gk+1’

where B5T! denotes any (k + 1)-co roup of E consisting of N ¢kt!
N y py group g

-Es. In order to prove
(2.4), we will make discussion by two steps.

Step 1 Consider the cases of N =1,2,3,4,5,6, respectively.

If N =1, then
‘Bzfﬂ‘sz(zw)sz%ﬁ%;

If N =2, then

B> (i) 2 ) 2 5 g
If N = 3, then

B 2 () 2 Gt 2 5 g
If N =4, then

B2 () 2 o) 2 5 e
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If N =5, then
B2 () ()2 5 g
If N =6, then
BP0

Thus (2.3) holds for the case of N =1,2,3,4,5,6.

Step 2 Consider the case that N is any of the other positive integers with 1 <N < 6¢1,

If N = 6n, where n is any positive integer with 1 < n < 6. Then, by the geometrical structure
of E and (2.3), we see

By |" > |Bg, | = |By| “ 96k 6 9 g1’

If N = 6n— 1, where n is any positive integer with 2 < n < 6. Then, by the geometrical
structure of £, Corollary 2.1(i) and (2.3), we see

4 3n .1 4
3.0 1k+1 ) > [(9s.6k)s ©3.01k+] 5
Gn} 4
9.21k  3.21k+l

3 6n—1_3 N
= g5 gktl T g5 gkrl’

BN = (1Bl -

If N = 6n— 2, where n is any positive integer with 2 < n < 4k Then, by the geometrical
structure of £, Corollary 2.1(ii) and (2.3), we see

28 3n

28
Y >
3.21k+1) — [(95-6k)

3.1k I

o l—

BN = (1Bl -

[(3n)% 28 r
— '9.21k 3.21k+1

3 n—2_3 N
= g5 gktl T g5 gkrl’

If N = 6n — 3, where n is any positive integer with 2 < n < 4k Then, by the geometrical
structure of £, Corollary 2.1(iii) and (2.3), we see

2, 3n 32
3o 2 lGrg) — 3o
[(3n)%_ 32 X
= gk~ 3.7k
3 n-3_3 N
= &' Ght1 —&'6k+1’

BN = (1Bl - '
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If N = 6n —4, where n is any positive integer with 2 < n < 4k Then, by the geometrical
structure of £, Corollary 2.1(iv) and (2.3), we see

56 3n
05 . 6k

56
T 3,01kt

o l—

B > (B ) p
[(3n)?_ 56 ik

= '9.21k  3.21k+1
3 6n—-4 _ 3 N

= g5 gktl T g5 gktl’

If N = 6n— 5, where n is any positive integer with 2 < n < 4. Then, by the geometrical

structure of £, Corollary 2.1(v) and (2.3), we see

60 3n 60
3o 2l Gg) — 35
(3n)s 60
> lgar 3o
3 n-5_3 N
Z 5 2o

BN > (1Bl -

Hence, it follows from Step 1 and Step 2 that (2.4) holds for any 1 < N < 6¢!. So by
induction, (2.2) is true for all positive integers k and N (1 <N < 6"). Therefore, it follows from

Lemma 2.1 that
3

H(E) = Giogre
which completes the proof of Theorem 2.1.

Theorem 2.2°).  There exists a self-similar set E satisfying OSC such that the following
conditions hold:

S.
)

(i) The natural covering is not a best one, that is, H*(E) < |E

(i) E has a best covering, that is, there is a sequence {U;} with |U;| > 0 such that E C |J; U;
and H*(E) =Y, |Ui|".

Proof. Let E be the self-similar set in Example 2.1. Set f = {U;,U,,Us}, where U; =
[0, %], U, = [%, %], Us = [g—g’, 1] then it follows from Theorem 2.1 that f3 is a best covering of E,
since E C U1 JU, JU; and

3 1
_)10321 6 _ |U1|* + |Ua|* + |Us),

HS(E):W: ‘(9

where s = log,, 6. However, H*(E) < 1 = |E

¥, which completes the proof of Theorem 2.2.
Remark 2.1. Compared with the main result in [9], the proof of Theorem 2.2 is much
simpler and shorter. It is more readable since the method for calculating the exact measure of

the self-similar set discussed is simple and elementary.



(1]
(2]

(3]

(4]

(5]

(6]

(71

(8]
(9]

[10]

[11]

Anal. Theory Appl., Vol. 28, No.1 (2012) 57

References

Falconer, K. J., The Geometry of Fractal set, Cambridge University Press, 1985.

Falconer, K. J., Fractal Geometry-Mathematical Foundations and Applications, John and sons, New York,
1990.

Hutchinson, J. E., Fractals and Self-similarity, Indiana Univ. Math. J., 30 (1981), 713-747.

Zhou, Z., Hausdorff Measure of Self-Similar Set-the Koch Curve, Sci. China. Ser., A 41 (1998), 723-728.
Zhou, Z. and Feng, L., Twelve Open Problems on the Exact Value of the Hausdorff Measure and on Topological
Entropy: a Brief Survey of Recent Results, Nonlinearity, 17 (2004), 493-502.

Xu, S., Connecting Hausdorff Measure and Upper Convex Density or H*-a.e. covering, J. Math. Anal. Appl.,
311 (2005), 324-327.

Xu, S. and Zhou, Z., On the Hausdorff Measure of the Self-similar Sets Satisfying the Strong Separation Open
Set condition, Adv. Math., 35 (2005), 545-552 (in Chinese).

Jia, B. and Xu, S., An Answer to a Conjecture on Self-similar Sets, Anal. Theory Appl., 23 (2007), 9-15.

Yin, J., An Negative Answer to a Conjecture on Self-similar Sets with Open Set Condition, Anal. Theory
Appl., 25 (2009), 182-200.

Llorente, M. and Moran, M., Self-similar Sets with Optimal Coverings and Packings, J. Math. Anal. Appl.,
334 (2007), 1088-1095.

Xu, S., Su, W. and Zhou, Z., On the Exact Hausdorff Measure of a Class of Self-similar Sets Satisfying Open
Set Condition, Anal. Theory Appl., 24 (2008), 93-100.

S. Y. Xu

School of Mathematics and Computer Science

Gannan Normal University
Ganzhou, 341000
P. R. China

E-mail: xushaoyuan@ 126.com

W.B. Xu

School of Mathematics and Statistics

Hubei Normal University
Huangshi, 435002
P. R. China

E-mail: xwb0614@163.com



