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Abstract. We obtain the expressions for sectional curvature, holomorphic sectional
curvature and holomorphic bisectional curvature of a GCR-lightlike submanifold of
an indefinite nearly Kdhler manifold and obtain characterization theorems for holo-
morphic sectional and holomorphic bisectional curvature. We also establish a condi-
tion for a GCR-lightlike submanifold of an indefinite complex space form to be a null
holomorphically flat.
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1 Introduction

Due to the growing importance of lightlike submanifolds in mathematical physics and
relativity [5] and the significant applications of CR structures in relativity [3,4], Duggal
and Bejancu [5] introduced the notion of CR-lightlike submanifolds of indefinite Kdhler
manifolds. Contrary to the classical theory of CR-submanifolds, CR-lightlike submani-
folds do not include complex and totally real lightlike submanifolds as subcases. There-
fore Duggal and Sahin [7] introduced SCR-lightlike submanifolds of indefinite Kdhler
manifold which contain complex and totally real subcases but do not include CR and
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SCR cases. Therefore Duggal and Sahin [8] introduced GCR-lightlike submanifolds of in-
definite Kdhler manifolds, which behaves as an umbrella of complex, totally real, screen
real and CR-lightlike submanifolds and further studied by [11-13]. Husain and Desh-
mukh [10] studied CR submanifolds of nearly Kdhler manifolds. Recently, Sangeet et
al. [14] introduced GCR-lightlike submanifolds of indefinite nearly Kdhler manifolds and
obtained their existence in indefinite nearly Kédhler manifolds of constant holomorphic
sectional curvature c and of constant type a. In present paper, we obtain the expressions
for sectional curvature, holomorphic sectional curvature and holomorphic bisectional
curvature of a GCR-lightlike submanifold of an indefinite nearly Kdhler manifold and
obtain characterization theorems for holomorphic sectional and holomorphic bisectional
curvature.

2 Lightlike submanifolds

Let (M,g) be a real (m-+n)-dimensional semi-Riemannian manifold of constant index g
such thatm,n>1,1<g<m-+n—1and (M,g) be an m-dimensional submanifold of M and
g be the induced metric of § on M. If § is degenerate on the tangent bundle TM of M
then M is called a lightlike submanifold of M, for detail see [5]. For a degenerate metric g
on M, TM* is a degenerate n-dimensional subspace of TyM. Thus both T,M and T, M=+
are degenerate orthogonal subspaces but no longer complementary. In this case, there
exists a subspace RadT M = T.MNT,M* which is known as radical (null) subspace. If
the mapping RadTM : x € M — RadTM, defines a smooth distribution on M of rank
r >0 then the submanifold M of M is called an r-lightlike submanifold and RadTM is
called the radical distribution on M. Screen distribution S(TM) is a semi-Riemannian
complementary distribution of Rad(TM) in TM therefore

TM=RadTMLS(TM) 2.1)

and S(TM™) is a complementary vector subbundle to RadTM in TM*. Let tr(TM) and
Itr(TM) be complementary (but not orthogonal) vector bundles to TM in TM|y and to
RadTM in S(TM*)* respectively. Then we have

tr(TM) =1tr(TM) LS(TM™), (2.2a)
TM|y=TM&tr(TM) = (RadTMSItr(TM)) LS(TM) LS(TM™"). (2.2b)

Let u be a local coordinate neighborhood of M and consider the local quasi-orthonormal
fields of frames of M along M, on u as {&1, +,&, Wri1, -, Wi, N1, Ny, Xoi1,+, X },
where {&1,---,&}, {N1,---,N,} are local lightlike bases of I'(RadTM|,), T(Itr(TM)|,)
and {W,;1,"--, Wy}, {X;41,"-,Xm} are local orthonormal bases of I'(S(TM*)|,) and
I'(S(TM)|,) respectively. For these quasi-orthonormal fields of frames, we have

Theorem 2.1 (see [5]). Let (M,g) be an r-lightlike submanifold of a semi-Riemannian manifold
(M,g). Then there exists a complementary vector bundle Itr(TM) of RadTM in S(TM*)* and
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a basis of Itr(TM) |y consisting of smooth section {N;} of S(TM~)*|,, where u is a coordinate
neighborhood of M such that

g_(NZ,C]) :51']', g_(NZ,N]) =0 fOi’ any i,jE {1,2,' .- ,1’},
where {&1,---,¢r } is a lightlike basis of T (Rad(TM)).

Let V be the Levi-Civita connection on M then according to the decomposition (2.2b),
the Gauss and Weingarten formulas are given by

VxY=VxY+h(X)Y), VxU=-AyX+VxU, (2.3)

forany X, YT (TM) and UET (tr(TM)), where {VxY,AyX} and {h(X,Y),VxU} belong
to I'(TM) and T'(tr(TM)), respectively. Here V is a torsion-free linear connection on M,
h is a symmetric bilinear form on I'(TM) which is called second fundamental form, Ay;
is a linear a operator on M and known as shape operator.

According to (2.2a) considering the projection morphisms L and S of tr(TM) on
Itr(TM) and S(TM™) respectively, then (2.3) become

VxY=VxY+h (X, Y)+h(X,Y), VxU=-AyX+DiU+D5U, (2.4)

where we put 1 (X,Y) = L(h(X,Y)), i*(X,Y) = S(h(X,Y)), DLU = L(VxU), DU =
S(VxU).

As 1! and k® are T(Itr(TM))-valued and T(S(TM™'))-valued respectively, therefore
they are called the lightlike second fundamental form and the screen second fundamental
form on M. In particular

VxN=—ANX+VAN+D!(X,N), VxW=—-ApX+ViW+D'(X,W), (2.5)
where X €T (TM), N €T (Itr(TM)) and W €T (S(TM™)). Using (2.4) and (2.5) we obtain
$(h(X,Y),W)+3(Y,D'(X,W)) =g(AwX,Y), (2.6)

for any W €T (S(TM™1)). Let P be the projection morphism of TM on S(TM) then using
(2.1), we can induce some new geometric objects on the screen distribution S(TM) on M
as

VxPY=VYPY+I*(X,PY), Vx&=-A:X+VY, 2.7)

for any X,Y € I(TM) and ¢ € I'(RadTM), where {VyPY,A:X} and {h*(X,PY),V¥}
belong to T'(S(TM)) and T'(RadTM) respectively. V* and V*! are linear connections on
complementary distributions S(TM) and RadT M respectively. h* and A* are I'(RadTM)-
valued and T'(S(TM))-valued bilinear forms and are called as second fundamental forms
of distributions S(TM) and RadT M respectively.

Using (2.4) and (2.7), we obtain

g0 (X,PY),§) =g(AIX,PY), g(h"(X,PY),N)=g(ANX,PY), 8)
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for any X,Y €I'(TM), { €T (Rad(TM)) and N €I’ (Itr(TM)).
In general, the induced connection V on M is not a metric connection. Since Visa
metric connection, by using (2.4), we get

(Vxg)(Y,Z)=g(h' (X,Y),Z)+3(h' (X,Z),Y).

However, it is important to note that V* is a metric connection on S(TM).
Denote by R and R the curvature tensors of V and V respectively then by straightfor-
ward calculations (see [5]), we have

R(X,Y)Z :R(X’Y)Z+Ah[(X,Z)Y_Ah[(Y,Z)X+AhS(X,Z)Y

— Apsv, 2y X+ (Vxh) (Y, Z)— (Vyh')(X,2)
+DY (X, 1 (Y,Z)) =D (Y, 1 (X,2))+(Vxh®)(Y,Z)

—(Vyh*)(X,Z)+D*(X,h (Y,Z))—D(Y,h (X,Z)), (2.9)

where
(Vxh)(Y,Z)=V5h (Y, Z)—h (VxY,Z)—h(Y,VxZ), (2.10a)
(Vxh)(Y,Z2) =V H (Y,Z2) -1 (VxY,Z)—H (Y, VxZ). (2.10b)

Then Codazzi equation is given respectively by

(R(X,Y)Z)*=(Vxh)(Y,Z2)—(Vyh)(X,Z2)+D'(X,h*(Y,Z)) - D' (Y,h* (X, Z))
+(Vxh*)(Y,2)— (Vyh)(X,Z)+D*(X,h (Y,Z))— D3 (Y, (X,Z)). (2.11)

Gray [9], defined nearly Kdhler manifolds as

Definition 2.1. Let (M,],¢) be an indefinite almost Hermitian manifold and V be the
Levi-Civita connection on M with respect to §. Then M is called an indefinite nearly
Kéahler manifold if

(Vx)Y+(Vy)X=0, VX, YeI(TM), (2.12)

or equivalently
(Vx/)X=0, VXeI(TM). (2.13)

It is well known that every Kadhler manifold is a nearly Kdhler manifold but converse
is not true. S® with its canonical almost complex structure is a nearly Kahler manifold
but not a Kidhler manifold. Due to rich geometric and topological properties, the study
of nearly Kdhler manifolds is as important as that of Kéhler manifolds. Therefore we
studied the geometry of CR, SCR and GCR-lightlike submanifolds of an indefinite nearly
Ké&hler manifolds in [14].
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Nearly Kéhler manifold of constant holomorphic curvature c is denoted by M(c) and
its curvature tensor field R is given by, [15]

R(X,Y,Z,W) ZE{Q(X/W) 2(Y,Z2)—8(X,2)3(Y, W) +8(X,JW)3(Y,]Z)
—8(X,JZ)g(Y,JW)—-23(X,JY)3(Z,JW)}
+ %{g((vxf)(W),(Vy]‘) (2))=3((Vx])(2),(V¥])(W))

—28((VxN)(V),(V2))(W))} (2.14)

and the sectional curvature is given by
_ c.,_ _ _ _ - - -
R(XY,X,Y) = £ {g(X,Y)2=g(X,X)g(¥,Y) =38 (X,JY)2} =5 | (Vx]) (V)

A nearly Kéhler manifold is said to be of constant type « [9], if there exists a real valued
C® function « on M such that

IV 2 =adIXIPIY? = g(X,Y)? = g(X,]Y)*}. (2.15)

3 Generalized Cauchy-Riemann lightlike submanifolds

In this section, we briefly recall generalized Cauchy-Riemann (GCR)-lightlike submani-
fold of an indefinite nearly Kahler manifold (M,g,]), for detail see [14].

Definition 3.1 (see [14]). Let (M,g,S(TM)) be a real lightlike submanifold of an indefinite
nearly Kidhler manifold (M, §,]) then M is called a generalized Cauchy-Riemann (GCR)-
lightlike submanifold if the following conditions are satisfied

(A) There exist two subbundles Dy and D; of Rad(TM) such that
Rad(TM)=D1®D,, J(D1)=D;, J(D;)CS(TM).
(B) There exist two subbundles Dy and D’ of S(TM) such that
S(TM)={JD,®D'} LDy, J(Do)=Do, J(D')=LiLL,,

where Dy is a non degenerate distribution on M, L; and L, are vector subbundles of
Itr(TM) and S(TM)* respectively.

Then the tangent bundle TM of M is decomposed as
TM=D1D', D=Rad(TM)®Dy®]D,.

M is called a proper GCR-lightlike submanifold if Dy # {0}, Dy # {0}, Dy # {0} and
L #{0}.
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Let Q, P; and P, be the projections on D, J(L1) = M; and J(Lp) = My, respectively.
Then for any X €I'(TM), we have X =QX+ P, X+ P, X, applying ] both sides, we obtain

JX=TX+wP X+wPX, 3.1)
and we can write the Eq. (3.1) as
JX=TX+wX, (3.2)

where TX and wX are the tangential and transversal components of [X, respectively.
Similarly
JV=BV+CV, (3.3)

for any V € T'(tr(TM)), where BV and CV are the sections of TM and tr(TM) respec-
tively. Applying J to (3.2) and (3.3), we get T>= —I—Bw, and C>= — I —wB. Using nearly
Kghlerian property of V with (2.5), we have the following lemma.

Lemma 3.1 (see [14]). Let M be a GCR-lightlike submanifold of an indefinite nearly Kihler
manifold M. Then we have

(VxT)Y+(VyT)X = Apy X+ ApxY +2Bh(X,Y) (3.4)

and
(Viw)Y +(Viw)X=2Ch(X,Y)—h(X,TY)—h(TX,Y),

for any X,Y €T (TM), where
(VxT)Y=VxTY-TVxY and (Viw)Y=ViwY-wVxY.

4 Holomorphic sectional curvature of a GCR-lightlike
submanifold

Let M be an indefinite nearly K&hler manifold of constant holomorphic curvature ¢ the
using (2.9) and (2.14) for any X, Y, Z, W vector fields on TM, we obtain

g(R(X,Y)Z,W):i{g‘(X,W)‘(Y,Z) §(X,2)g(Y,W)+g(X,JW)3(Y,]Z)
28(X,JY)3(Z,JW)}
Vy)(2))=5((Vx)(Z2),(Vy])(W))
=28((Vx)(Y),(V2]) (W)} =g(Apx,2) Y, W)
—8(Aw(x,2)Y W) +8(Aps(v,2) X, W)
W)+8((Vyh)(X,Z),W)
—3(DN(X,k(Y,2)),W)+g(D'(Y,h*(X,Z)),W). (4.1)
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Using (2.6) in (4.1), we obtain

=
ﬁ
=
N
|
ﬁ
x
=
=
=
+
oQi

S(R(X,Y)Z,W)=2{3(X

g
Then the sectional curvature Ky (X,Y)=g(R(X,Y)Y,X) of M determined by orthonormal
vectors X and Y of I'( Dy M) and given by

c - 3 -
Km(X,Y) :Z{1+38(XJY)2}+Z 1(Vx])(Y) Hz—g(Ahl(x,y)Y/X)
+8(Ap X, X) =g (Y, X), 1° (X, Y)) +& (W (X, X),/° (Y, Y)).  (43)
Corollary 4.1. Let M be a GCR-lightlike submanifold of an indefinite nearly Kdhler man-

ifold of constant holomorphic sectional curvature c. Then sectional curvature of M is
given by

c - 3 e -
Kn(X,Y) = (143X Y2} (T ()]
if
(i) M defines a totally geodesic foliation in M.

(ii) Dy defines a totally geodesic foliation in M.
(iii) M is totally geodesic in M.

Definition 4.1. The holomorphic sectional curvature H(X) =g(R(X,JX)JX,X) of M de-
termined by a unit vector X €I'(Dy) is the sectional curvature of a plane section {X,JX}.

Then using (2.8) and (4.3), for a unit vector field X €T'(Dy), we get
H(X)=c—g(h" (X,JX),h* (X, X)) +&(h (JX,JX),h* (X, X))
=g(h*(JX, X),1* (X,] X)) +&(F* (X, X),h* (JX,] X))
(VXD TX)| (44)

] W o

Since for a nearly Kédhler manifold, we know that (Vx])(JX)=—](VxJ)(X)=0, therefore
from (4.4), we obtain

X,JX)). (4.5)
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Theorem 4.1 (see [14]). Let M be a GCR-lightlike submanifold of an indefinite nearly Kihler
manifold M then the distribution D is integrable if and only if h(X,JY)=h(Y,]X), for any
X,YeT(D).

Theorem 4.2. Let M be a GCR-lightlike submanifold of an indefinite nearly Kihler manifold
M(c) with constant holomorphic sectional curvature ¢ and the distribution Dy is integrable then
H(X) <c for any unit vector field X €T'(Dy).

Proof. Since Dy is integrable therefore using the Theorem 4.1, we have h(JX,JX) =
—h(X,X), for any unit vector field X €I'(Dy). Therefore from (4.5), we obtain

H(X)=c—g(h (X,JX),h* (JX, X)) =g (' (X, X), " (X, X))
= [I1° (X TX) [P = |11 (X, X) [ <e. (4.6)
So, we complete the proof. O

Definition 4.2. A GCR-lightlike submanifold M of an indefinite nearly Kdhler manifold
M is said to be D- totally geodesic (resp. D’-totally geodesic) if and only if (X,Y) =0 for
any X,Y€TI'(Dy) (resp. X,Y €T'(D)).

Lemma 4.1. Let M be a GCR-lightlike submanifold of an indefinite nearly Kiihler manifold M.
If the distribution Dy defines a totally geodesic foliation in M then M is Dy-geodesic.

Proof. To show M is Dy-geodesic we have to prove
g (X,Y),0) =g (X,Y),W) =0,

for any X,Y € T(Dy), & € [(Rad(TM)) and W € T'(S(TM™)). Since D, defines totally
geodesic foliation in M therefore we obtain

SH(X,Y),E)=g(VxY,&) =0

and )
(M (X,Y),W)=g(VxY,W)=0.

Hence the assertion follows. O

Theorem 4.3. Let M be a GCR-lightlike submanifold of an indefinite nearly Kihler manifold M
with constant holomorphic sectional curvature c. If Dy defines a totally geodesic foliation in M
then H(X) =c, for any unit vector field X €T'(Dy).

Proof. The assertion follows directly using the Lemma 4.1 in (4.5). O

Theorem 4.4. Let M be a GCR-lightlike submanifold of an indefinite nearly Kihler manifold M
of constant type a and of constant holomorphic sectional curvature c. If M is Mp-totally geodesic
then

1
Ky(X,Y)= Z(C+3“)’

where Ky (X,Y) is the sectional curvature of the plane section X \Y in My C D'.
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Proof. Let plane section X \Y is spanned by the orthonormal unit vectors X,Y € T'(M;) C
I'(D’), then using (2.8) in (4.3), we get
Km(X,Y)=

=g (XY), 1 (X,Y) +g (W (YY), 1 (X, X)) =g (W (X,Y),1* (X, Y))

=10

+8
G0 (X, (Y, 0) 42 [ (TxT) (1) @7)

Since M is of constant type &, using (2.15) we obtain

1
Knm(X,Y) =7 (c+30) - S (X, Y), (X, Y)+g(H (Y,Y),h*(X,X))
=3P (X,Y), P (X,Y))+g(h* (X, X),h°(Y,Y)). (4.8)
Using the hypothesis that M is M»-totally geodesic in (4.8), the assertion follows. O

Definition 4.3. The holomorphic bisectional curvature for the pair of unit vector fields
{X,Y} on M is given by
H(X,Y)=5(R(X,JX)Y,JY).

Definition 4.4. A GCR-lightlike submanifold M of an indefinite nearly Ké&hler manifold
M is said to be mixed geodesic if and only if h(X,Y) =0 for any X €T(D) and Y €T'(D").

Theorem 4.5. Let M be a mixed geodesic GCR-lightlike submanifold of an indefinite nearly
Kihler manifold M with Dy as a parallel distribution with respect to V on M. Then H(X,Z)=0,
forany X €T (Dy) and Z €T (My).

Proof. Let X,Y €T'(Dy) and Z €I'(M;) then using the hypothesis that the distribution Dy
is parallel with respect to V on M, we have

e(TVxZ,Y)=-§(VxZ,TY)=g(Z,VxTY)=0.
Hence the non degeneracy of the distribution Dy implies that, TV xZ =0, that is
VxZeT(D'), (4.9)

for any Z € T(M;). Now replacing Y by JX respectively in (2.11) and then taking inner
product with JZ, for any X €T (D) and Z €I'(M>). Then by virtue of (2.10b), we get

H(X,Z)=—=g(W*(Vx]X,2),]Z)+§(Vx (" (JX,2)),]Z) =g (h* (] X,V xZ),] Z)
—8(Vix(F(X,2)),]2)+3(*(VxX,2),]2)+&(*(X,VxZ),] Z)
+8(D* (X, (]X,2)),]Z) - g(D*(JX, I (X,Z)),] Z).

Hence using that M is mixed totally geodesic with (4.9), the assertion follows. O
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Lemma 4.2 (see [15]). If M is a nearly Kiihler manifold, then
(VXDY+(Vix)JY =0, N(X,Y)=—4/((Vx])(Y)),
forany X,Y €T(T(M)). where N(X,Y) is the Nijenhuis tensor and given by
N(XY) = [JX Y] =X Y] =TX, Y] = [X,Y].

Theorem 4.6. Consider an indefinite nearly Kithler manifold M of constant holomorphic sectional
curvature c. In order that it may admit a mixed geodesic GCR-lightlike submanifold M with
parallel distribution Dy, it is necessary that ¢ > 0.

Proof. Using the Theorem 4.5, we have H(X,Z) =0 for any X € I['(Dy) and Z € T(M,).
Using this result with the Lemma 4.2 and the fact that (Vx])(JY)=—J(Vx])(Y) in (2.14)
we obtain

c|XIPNZIP = (V) (2)IP,
this implies that ¢ > 0. O

Theorem 4.7. Let M be a GCR-lightlike submanifold of an indefinite nearly Kihler manifold M.
If D' defines a totally geodesic foliation in M then §(h*(D’,Dy),JD")=0.

Proof. Let D’ defines a totally geodesic foliation in M this implies that VxY=VxY eI (D’)
and h(X,Y) =0 for any X,Y € T(D’). Therefore using (3.4), we obtain A,yX+AyxY =
—2Bh(X,Y)=0. Let Z€T(Dy) then using (2.4), (2.6), (2.12) we get

0=g(AwpyX,Z)+g(Auwr,yX,Z) +8(Auwpr xY,Z)+§(Auwr,xY,Z)
= —g(vxf_l’lY,Z) —|—g(hs (X,Z),szY) —g(Vy]_PlX,Z) —|—g_(hs (Y,Z),szX)
:g(hs (X,Z),ZUPQY) —l—g_(hs (Y,Z),ZUPQX) —g(VX]_P1Y+Vy]_P1X,Z)

=¢(h*(X,Z),wP,Y)+g(h(Y,Z),wP,X)—g(VxY+VyX,]Z)
=3(h*(X,Z),wPY)+3(h*(Y,Z),wP>X)
=g(*(D',Dy),]D")+5(I* (D', Dy),JD").

Thus the assertion follows. O

Definition 4.5 (see [6]). A lightlike submanifold (M,g) of a semi-Riemannian manifold
(M, 3) is said to be a totally umbilical in M if there is a smooth transversal vector field He
[(tr(TM)) on M, called the transversal curvature vector field of M, such that h(X,Y) =
HZ(X,Y), for X,YeI'(TM). Using (2.5), it is clear that M is a totally umbilical, if and only
if, on each coordinate neighborhood u there exist smooth vector fields H' € T(Itr(TM))
and H* €T (S(TM")) such that

(X, Y)=H'g(X,Y), (X, Y)=H¢(X,Y), D!(X,W)=0,

for X,Y €T(TM) and W € T(S(TM™)). M is called totally geodesic if H =0, that is, if
h(X,Y)=0.
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Theorem 4.8 (see [14]). Let M be a totally umbilical proper GCR-lightlike submanifold of an
indefinite nearly Kihler manifold M. If Dy defines a totally geodesic foliation in M then the
induced connection V is a metric connection. Moreover, h® =0.

Theorem 4.9. Let M be a totally umbilical GCR-lightlike submanifold of an indefinite nearly
Kiihler manifold of constant holomorphic sectional curvature ¢ #0 with the distribution Dy defin-
ing a totally geodesic foliation in M. Then M is of constant curvature if and only if M is of
constant type c.

Proof. Let X,Y € (D@ M) be two orthonormal vectors such that g(X,Y) =g¢(X,JY) =
0. Since M is a totally umbilical GCR-lightlike submanifold with the distribution Dy
defining a totally geodesic foliation in M therefore using (4.3) and (4.5), the sectional
curvature and holomorphic sectional curvature of M are given, respectively, by

c 3 - s
Ku(X,Y) = 7+ 1 (V)Y |2+ |1

and
H(X)=c+|H|

It follows that if M is of constant type ¢, then Ky (X,Y) =c~+||H*||>. Hence M is a space
of constant curvature c. O

5 Null holomorphically flat GCR-lightlike submanifold

Let x € M and U be a null vector of TyM. A plane 7t of TyM is called a null plane di-
rected by U if it contains U, §,(U,V) =0, for any V € 7t and there exists Vj € 77 such that
3+(Vo, Vo) #0. Following Beem-Ehrlich [1], the null sectional curvature of 7t with respect
to U and V, as a real number is defined as

Rur(m) =54 g(YU%JV)

where V is an arbitrary non-null vector in 7.
Consider u € M and a null plane 7 of T,,M directed by ¢, € Rad(TM) then the null
sectional sectional curvature of 7t with respect to ¢, and V, as a real number is defined as

_ Lu(R(Viu,Cu)Cu, Vi)
Su(Vi, Vi) ’

Ke, ()

where V), is an arbitrary non-null vector in 7.
Let M be a GCR-lightlike submanifold of an indefinite nearly Kdhler manifold of
constant holomorphic sectional curvature ¢ then using (4.2), the null sectional sectional
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curvature of 77 with respect to ¢ is given by

T 8 A0V V) 8 A 2 V) + (V.Y (D)

—g(hs(é V)IE(V,8)) =g((Vvl)(£,6), V) +8((Veh')(V.),V)}
—Zg((vvf)é‘/(véf) )- (5.1)

Then using (2.8), we obtain

Ke(r) Z%{g(h*(V/V),hl(C,C)) g(h* (&, V) (V,8))+8(h (V,V), I (,8))

g(v
—g(hs(é V),H(V,E)—=g(Vvh')(£,8),V)+&§((Veh ) (V,8),V)}

L ACI) 52)

We know that a plane 7t is called holomorphic if it remains invariant under the action of
the almost complex structure J, thatis, if t={Z,]Z}. The sectional curvature associated
with the holomorphic plane is called the holomorphic sectional curvature, denoted by
H(r) and given by H(7t)=R(Z,]Z,2,]Z)/§(Z,Z)?. The holomorphic plane 7= {Z,]Z}
is called null or degenerate if and only if Z is a null vector. A manifold (M,g,]) is called
null holomorphically flat if the curvature tensor R satisfies, (see [2])

R(Z,]Z,2,]Z)=
for all null vectors Z. Put §(R(X,Y)Z,W)=R(X,Y,Z,W), then from (5.2), we obtain

R(&JEETE) =g (&80 (J&, &) —g(h* (J&E),H (&,]T))
+3(1° (&,8),1° (JETE)) — g1 (J&,&), 1 (E,]))

=g((Veh)(J2,J8),0) +8((Vih') (2,]2).6)
2 H(VeDI (VDR 63)
Since (Vx])Y =—](Vx])Y therefore using (2.13), we have

§((VeD)JS (Vie)E) ==8(T(Ve))e, (Ve )E) =
Thus (5.3) becomes

R(&,J&,2,J2) =g(h*(&,&).h (J&,J&)) —g(h* (J&,8),h (2,]2))
+g(1°(&,8),1° (JETE)) — g1 (J&,£), 1 (2,]))
—S((Veh)(TETE),8)+8((Vieh') (8,78),8). (5.4)

Let M be a totally umbilical lightlike submanifold then, we have h(J&,J¢)=Hg(J¢&,J&) =
Hg(¢,&) =0 and h(E,J¢) =Hg(¢,J¢) =0, for any ¢ € I (Rad(TM)). Thus from (5.4), we
have the following theorem.

K ()=
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Theorem 5.1. Let M be a GCR-lightlike submanifold of an indefinite nearly Kihler manifold of
constant holomorphic sectional curvature c. If M is totally umbilical lightlike submanifold then
M is null holomorphically flat.

Moreover, from (5.4) it is clear that the expression of R(¢, J&,E,JE) is expressed in terms
of screen second fundamental forms of M, thus GCR-lightlike submanifold M of an in-
definite nearly Kdhler manifold of constant holomorphic sectional curvature c is null
holomorphically flat if M is totally geodesic.
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