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SECOND ORDER DECOUPLED IMPLICIT/EXPLICIT METHOD
OF THE PRIMITIVE EQUATIONS OF THE OCEAN I: TIME
DISCRETIZATION

YINNIAN HE

Abstract. In this article, we propose the time discretization of the second order decoupled
implicit/explicit method of the 3D primitive equations of the ocean in the case of the Dirichlet
boundary conditions on the side. We deduce the second order optimal error estimates on the L2
and H! norms of the time discrete velocity and density and the L2 norm of the time discrete
pressure under the restriction of the time step 0 < 7 < 8 for some positive constant 8. Also, we
deduce some stability results on the time discrete solution under the same restriction on the time
step.

Key words. Primitive equations of the ocean, stability, optimal error estimate, second order
decoupled implicit/explicit method.

1. Introduction

Given a smooth bounded domain w C R? and the cylindrical domain Q =
w x (—=d,0) C R3, consider in Q the following 3D viscous primitive equations of the
ocean:

(1.1) u + Lyu+ (u- V)u+ wd,u+ VP + fk x u=Fy,
(1.2) O+ Lab + (u- V)0 + w00 — ow = F
(1.3) V-u+0,w=0,
(1.4) 0.P+~0=0.

The unknowns for the 3D viscous PEs are the fluid velocity flied (u,w) =
(u1,uz,w) € R® with u = (uy,us) being horizontal, the density § and the pres-
sure P. Here f = fo(B8 + y) is the given coriolis rotation frequency with S-plane
approximation, F and F5 are two given functions and k is vertical unit vector and
o > 0 and v > 0 are given constant. The elliptic operators L; and L, are given
respectively as the following:

Li = —ViA — ,uiag L= 1, 2.

2z
Here the positive constants v1, p; are the horizontal and vertical viscosity coef-
ficients; while the positive constants vo, o are the horizontal and vertical thermal
diffusivity coefficients and

ou 00 0
Ea 0, = aa V= (8xaay)7 Az@x:c"'@yya Op, = a0 aﬂcwi :aiv

with i = 1,2,3 and (21, 22, 23) = (2,y, 2).
We partition the boundary of € into the following three parts:

Pu = {(x,y,z) € Q;Z = 0}7 Fb = {(l’,y,Z) S Q;Z = _d}>

Uy =
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Ly ={(z,y,2) € O (z,y) € Ow, —d <z <0}
We consider the following homogenous boundary conditions of the 3D viscous
PEs as in [3, 13, 19]:

(1.5) wlr,ur, = 0.
Ou
(1.6-1) d.ulp,ur, =0, u-nlp, =0, = n|p, = 0;
(1.6-2) or u;|r,ur, =0, ulr, =0;
00
(1.7) 6z0|pb = (0.0 + a9)|pu =0, n r. =0.

Here n is the normal vector of I'y, « is a positive constant. Also, the initial condi-
tions of u(z,y, z,t) and 0(x,y, z,t) should be given by

(1.8) u(z,y,2,0) =uo(z,y,2), 0(x,y,2,0) =0g(z,y, 2).

Using the Dirichlet boundary condition (1.5) of w on I';, N T and (1.3)-(1.4), we
have

z 0
w(x,y,z,t) :_/dv'u(xvy7£7t)d£7 /dV~u(:v,y,f,t)d£=07

ma%aw:pm%w—w/¥wa%aw@.

With the above statements, one obtains the initial boundary value problem of the
3D viscous PEs:

Ut +L1u+vp(xay,t) 77/

z

VO(z,y, & t)dE + fk x u
d
(19) +(u~V)u—(/_ZdV~u(x,y,g,t)df)azu:Fl,

0, —|—L20—|—cr/z V-u(z,y,&,t)dE + (u- V)0 — (/Z V- u(z,y, &, t)d€)0,0
—d —d

(1.10) = P,
(111)  V-ua=0,

together with the boundary condition (1.6)-(1.7) and the initial condition (1.8),
where

0 ~
Qg(xyy) = é/_dqb(x,y,z)dZ, ¢:¢_¢7

for any function ¢(z,y,z) in Q.

Remark. Recall [3,13], F; =0and y =1in (1.9), y =1in (1.4) and 0 = 0
in (1.2) and (1.10), the boundary condition on w is (1.6-1). While in [19], the
boundary condition on u is (1.6-2).

The 3D viscous PEs are very important research subjects in the field of geophys-
ical fluid dynamics, at both the theoretical and numerical levels. There are some
well-known difficulties associated with this fundamental equation for 3D oceanic
model since their strong nonlinearity. The Mathematical study of the PEs origi-
nates in a series of articles, by Lions, Temam and Wang in the early 1990s: see,
for instance, [16, 17, 18], where the mathematical formulation of the PEs, which
resembles that of the Navier-Stokes equations, was established. Also, the asymp-
totic analysis and the finite dimensional behavior of the 3D viscous PEs in thin
domain as the depth of the domain goes to zero were studied in [11, 12]. For a
more extensive discussion and review on this subject, the reader is referred to the
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recent articles [2, 3, 13, 7, 21, 22]. Furthermore, a two-grid finite difference method
for the primitive equations of the ocean was proposed by Medjo and Temam in [19].
In particular, in the recent paper [7], we have discussed the HZ2-regularity of the
solution and some its time derivatives for the 3D viscous PEs, where main results
in this paper are included in the following theorem.

Theorem 1.1. Assume that the initial data (ug,6p) is the H?-regularity, and

(0.F1,0.F), (0;F1,0;Fy) € L®(RT; L*(2)?) x L®(R"; L*()), i=0,1,--- ,m.

Then, the solution (u,p, #) of the 3D viscous PEs satisfies the following bounds:
a?m 2O |0] u )22 + 107022 + o @07 u(t)lzr + 107 0(t) |7

(1.12) HOF T u®) | F2 + 1077 0@z + 107 p(t)30] < &,

t
/ (=0 2m=2(g)[[| 0™ u|| % + || 070]|%
0

(1.13) +o(s) (107 ull3g= + 10701132 + 107" Pl F1))ds < &,
t
(1.14) et s ol + 10 6l ds < .
0
for all ¢ > 0 and m = 1,2,3, where ay > 0 is a fixed constant and « is a

general positive constant depending on the data (w,a, 0,7, d, v1, p1, Ve, pe, f) and
(F1, F3,ug,6p), which can take the different value at its different occurrences.

In very recent papers [8, 9], we have considered the first order decoupled method
of problem (1.9)-(1.11) in the finite time interval [0, T'] with the boundary conditions
(1.6)-(1.7) and the initial condition (1.8), the time variable is discreted by the
first order decoupled semi-implicit scheme and the spatial variable is discreted by
Pi(Py) — P, — Py(Py) finite element for the velocity, pressure and density. Here we
have discussed the stability of the first order decoupled semi-implicit scheme with
respect to the time discretization and the optimal error estimates with respect to
the time and spatial discretizations of the numerical solution.

In this paper we analyze the time discretization of the second order decoupled im-
plicit/explicit method for problem (1.9)-(1.11) in the finite time interval [0, 7] with
the boundary conditions (1.6)-(1.7) and the initial condition (1.8), the spatial vari-
able remaining continuous. Setting 7 be time step size and tn = n7 and T N, we
consider the time discrete approximation (u™, p™, ™) of (u ft " p(t)dt, 0(ty,)).

In our second order decoupled implicit/explicit method, the hnear terms are dis-
creted by the Crank-Nicolson scheme with (u™, p™) and 6" being uncoupled and the
nonlinear terms are discreted by the Admas-Bathforth scheme, where the Crank-
Nicolson/Admas-Bathforth scheme were applied to solving the 2D and 3D Navier-
Stokes equations [6, 23]. Splitting u™ = 4" +a"™, we reduce the time discrete solution
(u™, p™,0™) of the 3D primitive equations of the ocean into the solution (@",p™)
defined by the Stokes equations in the 2D domain w and the solution (a™,8"™) de-
termined by the linear equations in the 3D domain 2, respectively. The L? and H*
lower order error estimates of the time discrete solution (u™,#™) are provided by
the induction method and the Gronwall lemma and the L2 and H' second order
error estimate of (u™,p™, ™) are proven by using the negative norm technique and
the Gronwall lemma under the restriction of time step 0 < 7 < 3 for some positive
constants 8. Also, we deduce some stability results on the time discrete solution
under the same restriction on the time step.
The main results of this paper are stated as follows.
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Theorem 1.2. Under the assumptions (A1)-(A2), if 0 < 7 < § for some posi-

tive constant [ , then (u™,p™, 6™) satisfies the following stability and convergence
results:

m
(1.15) 7Y ™ G+ 10" 7] + ™ 72 + 1107 12 < 5,
n=1

m
7> s + 1™ ey + 10" s + ldeu™ 30 + [1de™[131]

n=1
(1.16) ™ e + 1P 1 @) + 10" 172 < 5,
(117) 72 [lldeu™ G2 + 1ded" 372] + 7™ s + TlP™ T2y + IO 170 < 5,
n=1
> ) lde(ultn) — ™) 72 + [lde(0(tm) — 0™)17:]
7 ) o (t)llldi(ultm) — u™)|72 + [|de(0(tm 22
n=1

= 1 tn n m
+7203(tn)||;/ p(t)dt = p" |72 () + 0% (tm) [ultm) — u™ |22
n=1

tn—1
+02 (tm) [0(tm) — 0™ 72 + 0 (tm) [u(tin) — u™ |7
(1.18) +2 () |0(tm) — 0™ )% < KT

where, o(t) = min{1,¢}. Here and after,  is used to denote a general positive con-
stant depending on the data (w,«,0,v,d,v1, pu1,v2, u2, f, F1, Fa,ug,0,T), which
can take the different value at its different occurrences.

This paper is organized as follows. In §2, some basic mathematical setting and
some important inequalities are recalled and some basic lemmas and some estimates
of the nonlinear terms are provided. In §3, the time discretization of the second
order decoupled implicit/explicit method is proposed for the 3D primitive equations
of the ocean and the error estimates of the first time discrete solution are provided.
In §4, the lower order error estimates of the time discrete solution (u™,p™,0") are
obtained. In §5, the second order error estimates of the time discrete solution
(u™, p™, ™) are obtained, namely, Theorem 1.2 is proven.

2. Preliminaries

For the 3D domain  and 2D domain w and m > 0, p > 1, we introduce the
standard Sobolev spaces H™(Q) and H™(w) or H™(Q)? and H™(w)? with the
norms || || gm and || || gm () and semi-norms |- |gm and |- | gm (y,), respectively. For
some detail cases of the Sobolev spaces, the reader can refer to Adams [1]. Set

Hy =L*(Q), Xo=Vo=H"Q), Hy = {v € L*(Q)*dive =0, v-n|r, =0},

X, ={ve H(Q)?% v-n|p, =0},
in the case of (2.6-1) and
X, ={ve H (Q)? v|r, =0},

in the case of (2.6-2), and V; = X7 N H;. And we introduce the Sobolev space X
in the 2D domain by

0
Xo=X1={veH (w0 = d—l/ v(z,y,2)dz, v e X1}, Vo = {v € Xo; V-0 = 0}.
—d
We also use (+,-)q and (-, -),, to denote the inner product in L*(Q) and L?(w) or
L?(9)? and L?(w)? or L*(Q)* and L?(w)?, respectively.
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We denote by A; the Stokes-type operator associated with the primitive equa-
tions(see [3, 13, 14]), that is A; = PL;, where P is the L2-orthogonal projection
from L?(Q)% to H;. Also, we write Ay = L. Therefore, we define the bilinear
forms a; : X; x X; — R, i = 1,2 as follows:

a1 (u,v) = v1(Vu, Vo)g + p1(uz,v:)a = (Liu, L v)q,

a2(6,1) = va(V0, Vo + a(0:,12)a + (0= = 0), 1(= = 0))us = (436, A3 7)o,
where
ay(u,v) = (A%U,A%'U)Q Yu, v e V.
Define
D(A;) ={¢ € Hi; Aip € Hi}, i =1,2,
with the norm ||A; - || 2.
We have the following Poincaré inequalities[1, 3, 13]:

(2.1) Yollull3s < | Vul2s Vu € Xy
(2.2) 20l6122 < a(10:013 + allf(z = 0)[3(,)) VO € X,

for some positive constant -y depending on 2 or (w,d). Here and after, we shall
use the letters ¢ and C(with or without subscripts) to denote the general positive
constants depending on the data (w,«,o,7,d, v, i1, Ve, p2), which can take the
different value at their different occurrences.

Also, we need a further assumption on the regularity results of the solution of
the Stokes-type system associated with the primitive equations of ocean and the
modified Poisson equation when the domain w is sufficient smooth.

(A1). For a given g; € H*(Q2)2, the steady modified Stokes-type system

—v1Av — (1102.v + Vq(z,y) = g1 in Q, div 9(2,y) =0 inw

admits a unique solution (v,q) € H?>**(Q)? x L2(w) N H**¥(w) for the boundary

conditions 9,v|r,ur, =0 and v - n|r, =0, 22 x n|p, =0 or v|r, = 0 such that

(2.3) [0l F2ee + llallFren )y < cllgrllzns
for k=0, 1, 2 and for a given go € H*(£2), the elliptic equation
— oA — 1120, = g2 in
admits a unique solution ¢ € H>**(Q) for the boundary conditions 0. ¢|r, = (0,6+
ad)|r, =0, and %h = 0 such that
(2.4) 16/l zr+x < cllgallFe

for k=0, 1,2. In the case k = 0, 1, the assumption (A1) can be referred in [8] by
He.

We usually make the following assumption about the prescribed data for problem
(1.6)-(1.11):

(A2) The initial data (ug, o) € D(A1)x D(Ag) and (Fy, Fy) € L>([0,T); L*(£2)?) x
L>([0,T); L?(2)) such that for some positive constant Cp,

[Avuol|7z + | A260l|72 + sup {I1F1(8)|I52 + [1Fa () I}
0<t<T

(2.5) + OiugT{llFu(t)quz P2 (0) 72 + [Free (D12 + | Faee (1) 72} < Co.
<t<
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Also, we recall the following important inequality(see [3, 7, 7])

1

allglin < ILZgl7: < colldln, ¢ € X,

alllie < 14idll72 < colldllF, ¢ € D(A),
3

cillpllzs < 1A79l72 < colldllfs, ¢ € D(AZ),

(2.6) |Pol|7: <cllollz,, i=0, 1, 2, ¢ € H(Q)?
fori=1, 2 and
0 0
|| vt ld [ joulhuidzdzay
wJ—d —d
1 1 1 1
(2.7) <ol Vull 22| Aull 7202172 IV f2 w22,

for u € D(A1), (p,w) € D(A1) x L*(Q)? or (¢,w) € D(A2) x L*(Q) and the
following Sobolev and Ladyzhenskaya inequalities [1, 3, 4, 5, 15]:

(2.8) 10llLs@) < cllelz=l@lzns N1dllzs + 8llLa@oa) < colldllm,
for all ¢ € X; or X5, where the norm || - ||« denotes || - |[La(q)2 or || - || a(n) and
1 1 1 1
Il 4) < cll@lz ol 7 Vo € H (W), 1gll=w) < clollZll¢llze Yo € H?(w),
11 1
(2.9) Pl o) + IVOllLs ) + 10283 ) < collA7 Bl Aidll ]2,
for all ¢ € H2(2)?NV; with i =1, 2.
It is easy to see [3] that

(f Zdv e, o) — (| Zd Vo(e, y, €)dE, v)a

0 0
(210) = (/_dv . U(xay7€)d§7/_d¢(x7y7€)d§)w Vv € Xlu (b € X2?

(211)  fkxv-vjo/* =0vo e L*(Q)?, k=0,1.

Moreover, we define the trilinear forms:
b0.0,0) = (0 D)6, )0 — (|9 -0d)0.0,0)n,

for all v € X1, (¢,v) € HY(2)? x HY(Q)? or (¢,9) € H () x HL(Q). Tt is easy to
see that

1 0
o4k (/_dV -vdg, |p(z = 0)]*T4F),,

for all v € X1, ¢ € HY(Q) or H*(Q)? and k=0, 1.

With the above statements and the boundary conditions (1.6)-(1.7), we deduce
the weak form: find (u,p,0)(t) € X1 x My x Xo with ¢t > 0 such that (v,q,n) €
X1 X MO X X2

(2.12) b(v, ¢, ¢l¢|**) =

(Ut; ”U)Q + al(u,v) + b(u,u,’l)) + (fE X U,U)Q - 7(/ dvg(xayagvt)dgv ¢)Q
(213) — (V . U;p)Q + (V *Uu, q)Q = (Flav)ﬂa

(2'14) (eta d))Q + a2(05 ¢) + b(u’ 9’ d)) + U(/Zd V- u(a:, y?fat)dga d))ﬂ = (FQa ¢)Q,
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together with the initial condition (1.8). In order to analyze the stability and
convergence of the numerical solution, we need the following uniform Gronwall
lemma [20].

Lemma 2.1. Let Cj is a positive constant and a,, b,, d, be three positive
series satisfying

m—1
(2.15) am—i-TZb <7 dnan+Co, m > 1,
n=1 n=0
Then
m m—1
(2.16) Qm, + T an < Coexp(T Z dp) Ym > 1.
n=1 n=0

Lemma 2.2. Let Q1 € R™ and Q5 C R™2 be two measurable sets, where m;
and my are positive integers. Suppose that f(£,n) is measurable over 0y X Q.
Then

(2.17) LA(A;U@mﬁhyﬁﬁfgé(l;vﬁmwwaiw

Theorem 2.1. Assume that assumptions (A1)-(A2) hold. Then, the solution
(u,p,0) of the 3D viscous PEs satisfies the following bounds:

P2 ()9 u() e + 07020 + o (1) (107 u (@) + 1070
(2.18) O a2 + 107000 20 + 107 p(0)]1 )] < 5,
t t
Ao%*wmww@wwww@mw+éUM*@www%w
t
(2.19) +40“”@WWW@HWWW@wm%§m

t
(2.20) AUM*wmwwwmrHWHWM»wgm

forall 0 <t <T and m =1,2,3, and

(2.21) a(®)[llu®)lzzs + 107 + PO Fr2 ()] < 5
(2.22) o O 0vu(®) s + 100055 + 100t I7r2()] <
(2.23) /T[IU(t)II?{s 035 + IpO 72 )t < 5,
(2.24) /OTU O0cu®)zs + 1000175 + 10 () 72 )t < 5,
(2.25) /OTU O0cu(®) 7+ + 10:0() I3+ + 10:p(0) I3 )t < 5,
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and

(2.26) o (O)[10eu(®)[|7rs + 10:0(0) 175 + 10ep() ]| 2 0] < 5

(2.27) o (O10Fu() || Fs + 10700 Fs + 107001 Fr20)] < 5,
T

(2.28) /0 o (O)[[10vu(t) [ Fs + 10:0()][ 72 + [0e(0) |52 (o))t <

T
(2.29) A o O[07u®)Frs + 107007 + 107 ()72 )l < 5,

T
(2.30) /O o® OIOFu®) I3 + 1070t s + 107 p(E) 745 )l < s,

forall 0 <t <T.

Proof. Under the assumption (A2), we define Fi|jr o) = 0, Faliroc) = 0.
Then, we deduce (2.18)-(2.20) by Theorem 1.1. Moreover, by the assumption (A1)
and (1.9)-(1.11), we deduce

[l 25 + ()] 2 )

< o)l + clFr(t) |z + el 00) a2 + cllu@®)e + ellult) |G a7

< %Hu(t)l\m +cllocu®)llm + cll L)l + 02 + cllul®)lla + cllu(®)]|3:,
10(8) 120 < D01 arr + ell Fa(8) [z -+ cllu()l]zz= + lfut) [z 1008) | 2 1008) | o

1
< 10 us + cldb Ol + el o)l + ellu®)llnz + clu@) 721160 12,

which and (2.18)-(2.19) with m =1 yield (2.21) and (2.23).
Furthermore, we deduce from (1.9)-(1.11) that

L10yu + Voup(z,y,t) = —0?u + 7/ Vo0 (x,y, &, t)dE — fE X g
—d
— (O - V)u — (u- V)ou + (/ V- dpu(z,y, &, t)dE)0,u
—d

(231) +(/Zdv'u(x7y7§7t)d§)azatu+Fl7

z

Ly0,0 = —9%6 — a/ V- Ou(x,y, &, 1)dE — (Opu - V)0 — (u - V)00
d

(232)  +( / TV Bl . €, )dE)D0 + ( / TV, £,0)d6)0.0,0 1 B,
—d —d
(2.33) v-8a—0.
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Hence, by (2.1)-(2.2), (2.7)-(2.9), Lemma 2.2 and some simple calculations, we
deduce from the assumption (A1) and (2.29)-(2.31) that

10cu(®) | 712 + 10ep(t) | 1r2() < cllOFu)l e + cllOeF1 (Bl s + cll OOt 12
+ellOru(®) e + cl|Oru(®) ]|z ()| s

10:0() |12 < cl| OO 2 + cllOeF2 ()]l + cllOvu(t) |2 + cllFru(t) | r2 10(E) | 22
+ cllu(®)[| 21106 () || 2,

10cu(t) |+ + 1002 (t) | 113wy < €llOFult) | + cl|OFr () 2 + cl|OO(E) | s
+cllOwu(®)l g2 + el Opu®) || s lu(®)| a2

10:0() 125 < cllOFO) 2 + clOF2(t)l| 2 + cllOpu(t)l|sra + cl|Oeu(t) | 173 10E) | o
+ cllu(®)]| s 10:0() || 125

which and (2.18)-(2.19) with m = 1, 2,3 and (2.21) yield (2.22) and (2.24)-(2.25).
Similarly, we can prove (2.26)-(2.30). The proof ends.

3. Second order decoupled implicit/explicit scheme

Setting 7 be time step size, t, = n7, T = N7 and u® = ug, 6° = g, then we
can define the second order time discrete schemes of (1.9)-(1.11) as follows.

Second order decoupled implicit/explicit scheme: For each n and find
(6™, u™, p™) satistying

(dw™,v)q + a1 (0", v) = (V-v,pM)q + (V- -4",q)q — fy(/_zd VZ(0™)dE, v)a
(3.1) + (fE % Z(u"),v)a + Z(bu", u",0)) = (F}',v)a,
(A48, e + az(07, 6) + o / V2 G+ 267, 0)

(3.2) = (F3', d)a,

for 2 <n < N with (v,q,¢) € X1 x M x X,, where Z({") = 3£m71 — %5”_2,5” =
L+ and

1 1
dtun _ 7(un _ un—l)7 dten — 7(971 _ en—l)7
T T
1 tn 1 tn
Fr = / Fu(t)ydt, Fp = / Fo(t)dt.
T tn—1 T tn—1

Here (u',p!,6') is defined by the first order implicit/explicit scheme:
(dut,v)q + ai(ut,v) — (V-v,pa + (V-ut,q)q — ’y(/zd V0°de, v)q
+ (fk x u®,v)q + b(u®, u®,v) = (F},v)q,
(@', 600+ ax(6',0) + o[ V-u0d. )0+ a6, 6) = (7. 0

Here, given (u™~1,6m71), (u™,p™) can be solved by (3.1) without #” and 6" can
be solved by (3.2) without (u™,p™), respectively. Set
0
ut =a" +a", a" = dil/ u(z,y,2)dz, 0" =u" —a",
—d
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then (3.1) can be rewritten as follows: for each n and (u"~1,0"~1), find (a", p", a")
such that

(deti™, D) + ay (0", 0) — (V- 0,p™) + (V- 4™, q)q — 7(/_1 VZ(0™)dE, v)g

(3.3) + (fk x Z(@"),0)q + Z(b(u", u"™,v)) = (FI*,0)q,
(dyii™, )0 + ar (8", 5) — 7(/_,1 VZ(67)de, D)o+ (FF x Z(@"), )
(3.4) + Z(b(u™,u",0)) = (FI',9)q,

for 2 <n < N with v € X7 and ¢ € M, together with the initial condition:

T ao(x,y), = o (@, y, 2).

Here (@™,p™) can be solved by the Stokes equations (3.3) in the 2D domain w
without 4™ and @" can be solved by the elliptic equations (3.4) in the 3D do-
main  without 4. Hence, the scheme (3.2)-(3.4) is a second order decoupled
implicit /explicit scheme with respect to 8™, (a",p") and a™.

From the definition of (u!,p!, '), the assumptions (A1)-(A2) and (2.13)-(2.14),
we deduce the following stability and convergence results.

Lemma 3.1. Suppose that the assumptions (A1)-(A2) hold, then there hold

_1 _1
IAT e 172 + Tl 22 + A7 e [1Te + 7]l Ay 2t [Te < w7t
_1 _1
14y 2 e lZe + Tl Iz + 145 2t [[Ge + Tllet Iz < w7,
1 1
let |72 + Tl AF e IZa + [l 72 + Tl A3 et |72 < w72,

1 1
1A7 e!l[72 + Tl Are 172 + A3 [ + TllAaet 12

S RT,

3 3
| Are |2 + Tl|Af €t [2: + | Aset 32 + T AF e 2 < i,
12 < s,

where (el,r1,e1) = (u(ty) —ul, L [ p(t)dt — p', 0(t1) — 0Y).

Proof. By (2.1)-(2.2), (2.6)-(2.9), Lemma 2.2 and some simple computations,
Lemma 3.1 can be proved.

Finally, using (2.1)-(2.2, (2.6)-(2.12) and Lemma 2.2, we deduce the following
important estimates of the trilinear form b, which are useful in proof of the error
estimates of the time discrete solution (u™,p™, 6™).
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Lemma 3.2. There hold the following estimates for the trilinear form b:

|b(u,v,v)] =0Vu eV, ve X,

)| < ellullpz | AZ w2 o]l s Yu € Hy,v € H3 Q)™ N X, w € Vi,

£
S
S

)| < c||u||H3||A2wHL2Hv||Lz Yu € H¥3(Q)? N Hy,v € Hy,w €V,

£
&
<

u, w,v)| < ||A1§UHL2HU)||H3HU||L2 Yu € Vi,w e H3 Q)3 N X;,v € Hy,

1 1 1 1 1 1
ww,0)] < el Afull | Aval A7 wl 2| Avwl| 2 o] 2 Vu € D(AL), w € D(4), v € H,,
_1
)| < s 4w | AT ol s € HYQ) 0160, w € DA, v e By

7 VU

(
(
(
(u,w,v)| < c||A1u||L2||wHHs||A;%UHLz Yu € D(Ay), we H3(Q)*'NX,;, ve H,
(
(
(u
(u

| <c|l4; uHL2||w||H3||A-v||Lz Yu € Hy, we H3 Q)P 'N X, ve D(A),
|

w,v)
cw,v)| < cllull g l|wl s | A7 Mol 2 Yu € H¥(Q)* N Xy, we H*(Q)* "N X;, ve H,,

where i = 1, 2.

4. Lower-order error estimates

In this section, we shall provide the lower-order error estimates of the numerical
solution (u™,p™,6m).

To this end, we apply the integrate operator — ft -dt to (2.13) and (2.14) and
using the following formulas:

(4.1) - = / P(t) " (t —tn—1)(tn — t)hu(t)dl
) —f/ (1) /"(t—tn D)t — D) (t)dlt
(4.2) + §/t (t = tn)hy(t)dt — %/t n_1(75 — tp_o)y(t)dt

for each ¢ € H?(t,_1,t,), to obtain

(deutn),0)a -+ ax (dlta), ) + Z(b(utn)sulta). o) + (FF x Z(u(ta)),v)n

. / V2(001,))d€ 0~ (70,2 [ )i+ (V- ult). 0
@3 =(Foa+(EL0a
(@e(t). ) + ax(0(8,).6) + Z(0u(ta). 0. 0) + o [ V- Z(utt))a. 0)o
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for 2 <n < N with (v,q,¢) € X1 x My x X5, where

I
(ET,v)q = > (tn —t)(t — tn—1)a1 (us(t),v)dt
T Jtn s
I
+— (tn — t)(t — tn—1)bee(u(t), u(t),v)dt
27 J |

+ % /t : (t = tn)bu(u(t), u(t), v)dt — % /tn:l (t = tn—2)bu(u(t), u(t), v)dt

—_
&
3

(tn — t)(t — tn_1)(Fk X ug(t), v)odt

—1

(t — 1) (fF X (1), 0)edt — %/ T = o) (FF X s (£), 0)odt

—1 n—

(b — 1)(t — b1 / V0, (t)de, v)adt

_|_

+
DN | = w‘
\]

5\
3

3

9]
~~

|
(SRS Y B
r\” r\
3 ﬁ

3
|

T
3 ~+

| 3

o

(t—tn) / V0 (t)d€, v)adt

3
B |
-

/\
-
o

Z
_l’_

(t — o) /_ V(1) v,

&
=
I

(tn —t)(t — tn—1)a2(0u(t), ¢)dt

- 3l

't — 1)t — 1) (u(t), O(E), 6)dt

1—1

@ftwm<mﬂm@ﬁ—§[”7r%%ﬂ%wmﬁ®¢Mt

+
DN
\]

3 5“\(*

+
DN =

T

—1

Sf
c\

(tn —t) tftn_l)(/z V - uy(t)dE, d)odt

tn
+;/t } (t —tn) / V - g (£)dE, ¢)adt
tn_1
1) -2 /t (t = o) /_ Vw0, .
where

bre (u(t), u(t), v) = blu (t), u(t), v) + b(u(t), s (t), v) + 2b(uq(t), us (), v),

be (u(t), 0(t),v) = bluw(t), 0(t),v) + b(u(t), O (L), v) + 2b(ue(t), 04(t), v).

From Theorem 2.1 and (4.5)-(4.6), we can deduce the following estimates for the
error pair (ET, EY).
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Lemma 4.1. Under the assumptions of Theorem 2.1, the error pair (E7, ET)
satisfies the following estimates:

m

_3 _3
TZ(HAl *PE}|7. + || A5 2 EF|32) < kT,
n=2
73 0t (ta) (|AT PEYI3 + |45 B [32) < k73, i = 0,1,
n=2

no 1 1 )
> o' (tn) (| A 2PEY|3: + |4 * E|[72) < w7, i =0,1,2,

n=2
S i mn||2 ni||2 1+¢ , __
73 o () (IEF I + | E322) < wr'F, i =0,1,2,3,
n=2
moo 1 9 1 9 .
73" o' (ta) (| AF PEY |32 + | A B3 |32) < w77, i =0,1,2,3,4,
n=2
73 0 (1) (|ALPE} |2 + | Ao B3 32) < m', i = 0,1,2,3,4.
n=2

By (2.1)-(2.2), (2.6) and Lemma 3.2 and some simple computations, we deduce
3
-3 4
T2 PELIR: < ert(1+ o [Anu(0]:)

tn 1 1
x / AT g ()12 + 145 ¥ 0,02t

tn—2

tn 1
rort s (Ol [ 1A (o) o

_3
T Ay * E|l7s < er'[1+ max ([Avu()]z: + 1420 ]172)]

tn 1 1
x / 1AL uee (N2 + 145> e (8) [ 721t

tn—2

tn N
@) rert mas 10005 [ 1ATu(faar

ro (b)) 47 PEY[F2 < er® (1 + max ([ Avu(t)]32)

ln
></ oOllluee N7 + 10elZ2]dt

tn—2

. 1 tn 1
+ert max O(t)llAfUt(t)lliz/ 147 we (t) |72t

<T to

i -1 2 341
7o' (tn)||Ay By |72 <cT H[l + or<nta§XT

([Aru(®)1Z2 + [ A20()]72)]

x / " ol (®)]122 + [0 (2) 22t

tn—2

. 1 tn 1
(43) ert s oAF0 I [ IAfui Ol

tn—2



14 Y. N. HE

for: =0, 1 and

i -3 2 24 2
o (ta)| AT PEY s < er*i(1+ max [ Avu(t)]32)

tn 1 1
></ o ()| A7 wee ()72 + (| A3 Orel[7 ] dt
tn—2

tn 1
241 2 2 2 2
+ort o A OlAme@)s [ 1A w0t

7o' (1) 143 L B s < er? " (1 4+ max (| Avu(t)[3a + ]| A20(0)32)]
tn 1 1
x / ()| AF (0|25 + [|AF 000 (1)1 2. )t
tn—2

tn
241 2 2 2
(1.9 Fert max ol A0 [ 1At

fori =0, 1, 2 and

7t ()| EY 3 < ert (L + max [ Avu(t)]3e)

tTI,
x / 3O vt (D)2 + || Asbe 2]t

tn—2

[2%
+ert max @O (0)E [ oAl

tn—2

70" (tn) | B3 |72 < 671“[1 + Og%%XT(HAW(t)IIQLz + [ 420(1)]|72)]
tn
X / o ()| Aruee (1) [|72 + | A262 (1)][7]dt
tn—2

tn
(4.10) +er'™ max Oz(t)||A29t(t)Hiz/ o(t)]| Avue(t)]|72dt,

0<t=T o2
for i =0,1,2,3, and
T ) AF PETIR: < er'(1+ s [|Avu()]3:)

t’!L
X/ o (O e (@)l7gs + 02e|75)dt

tn—2

tn
+ cr? ax o 2(8) | Avue (¢ )||2L2/ 2 (1) [[ue (8) | Fadlt,
tn—2

n—

o' (t) | A3 B3 ||72 < er'[1+ OréltaSXT(llAW(t)H%z + [ A20(8)172)]

x/ o () [l[uee (D) 1250 + 1620 () | 20

tn—2

tn
(4.11) dert s 02042001 [ o2(Olun(t)
tn—2

n—
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for i = 0,1,2,3,4, and

720" (t) | AL PET |72 < er'(1+ OQ%XTU(t)IIU(t)II%s)

tn

tn . 3
<[ OOl + 16ullplde+ e [ 00wl

tn72 tn—l

tn
3 3 2 2 2
b e A Ou®)ls [ AO]u)

tn—2
70" (t)[ A2 B3 |72 < er'[L+ max o(6)([[u(®)[7s + 10(5)]72)]

in

tn .
></ 04(75)[\\Utt(f)|\qu+H‘9tt(t)||§is]dt+671/ ® ()| 0sel7adt
tn—2

n— tn—1

tn
i 3 2 2 2
(112 bert e OO [ o0 nlo) st

tr

fori=0,1,2,3,4.
Hence, Lemma 4.1 can be proven by (4.7)-(4.12) and Theorem 2.1.
Lemma 4.2. Under the assumptions of Theorem 2.1, (u™,p™, ™) satisfies the

following error estimate:

m
AT An 1 £ n n— 1 £ n n—
Z[HA SO 2ar 4+ 14,7 ||%27+§||Af(e —e 1)||2L2+§HA§(€ — " H|I7:]
n=1
ko ko T kL T, kL
+ A7 e™([72 + 1| AF e H%z+§llA12 e ||2Lz+5||A22 7%
1 m
(4.13) < st F 4 Cir Y NPT

2"

n=1

for some constants ki and C7; with 1 < m < N, k=0, 1, 2, where 2711:2 N =0,
tn
(e rm ) = (ulta) = a3 [ pl0)de =500t~ 07),
tn—1

and

NgTU = 7 AF e Bl Are 2 + AT e 3]l Ane" 22)
(414) 4 7(lAFe 23l Are" 23 + A5 2. A2 22),

NPl = (JAF e e [ Are™ 2e + A5 2l Ase™ | 22)
+ (A7 32 Arem 22 + |43 €2 22 ) Aze™2132)
+ (A7 e Mol Are™ e + 1A €2 2| Are™ || o) | Ave™ ™ 2
+ (A7 ™Ml p2 | Are™ 12 + |42 €™ 2]l Aze™ | o) ]| Az 12
(415)  + (I AF €2 ol Are™ 2]l + | A3 2| 2| Aoe™ || o) | Aze™ " 2,
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and

1 3
Nyt = Afe el A " |2 | Are™ |7
kS 3
+[1A7 "2 2| A €72 2 [| Are” 2|72
1 3
+[1A7 e[ a || Are” | 2] Aze™ | 2| A3 " T |2
3 1
| Are" 2| A7 € |2l A3 €™ [ o | Aze™ T |2
1 3
+ A7 "2 2| Are” 72| 2] A2e™ 72| 2| A3 " 72| 2
3 1
+ ([ Are" 2|2 [[AF "2 12| A3 €772 2] A2e™ 2 2
A% nflé A n—1 A% n71%
+ [ A7 eI EallAre™ | 2 [Af €™ |72
A% n—2 % A n—2 A% n—2 % A% n—1
+ lAT e fallAre™ L2l Af e | Af € | 2
A% n—1 % A n—1 % A n—1 % A% n—1 % A% n—1
+ A7 e" Izl Are™ I 72 | A2e™ ] F2 [ AZ €™ 2l AZ €™
A n—1 % A% n—1 % A% n—1 % A n—1 % A% n—1
+ | Are" I lAT e 22 llAZ e Il A2e™ (I 21 AS €™ I 2
A% n—2 % A n—2 % A n—2 % A% n—2 % A% n—1
+ [[Af e" 717l Are™ I 22 | A2e™ 7] F2 [ AZ ™7 2 | AZ €™ o

4.16 A n—2 % A% n—2 % A% n—2 % A n—2 % A% n—2
(4.16) + | Are" T 2 lAT €7 FellAZ e 7N 2l A2 I 2 1 AS €™l s

Proof. Now, subtracting (3.1) and (3.2) from (4.3) and (4.4), respectively, we
deduce

(die”, v)q +ax(€",v) + Z(b(e", ultn), v)) + Z(b(u(tn), ", v)) — Z(b(e", e",v))
+ (fk x Z(e"),v)q — 'y(/_d VZ(EMdE,v)g — (V- -v,rMa+ (V- €™ q)a

(4.17) = (BT, v)q,
(die", @)a + aa(", ) + Z(b(e", 0(tn), ¢)) + Z(b(ultn), ", ¢)) — Z(b(e", ", )

@i ol f TV 2(eMde, b = (B, d)a,

—d

for 2<n<N.
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Taking (v,q) = 2(A%e™,0)7 in (4.17) and ¢ = 2A5¢"7 in (4.18), adding these
two relations and using (2.10)-(2.12), we find

k koo Eon n—
(147 e"lZe — AL e" M Za + | Af (" — e )lIZa]
k ko B -
+[ll42 "II%rIIAZ ! 1||2L2+||Az( - 1)II%Q]
[IIA el = 14T e e + 44T €]

THAs™ €32 — 14,7 €™ M35 + 41 4,7 €713]

+ 2
+37[b(e™ u(ty_1), A¥e™) + b(u(tn_1),e" L, ARe™) — b(e" L, en L, Akem)]
—7b(e" % u(tn_2), A ™)+ b(u(ty_2),e" 2, A]fe") —b(e" 2, "2, A]fe")]
+37[b(e™ L, 0(tn_1), A ™)+ b(u(ty_q),e" " Ak - b(e"_l,an_l,Algan)]
—7[b(e" 72, 0(ty_2), ASe™) + b(u(t,_o),e" 2, Ake™) — b(e" 72, e" 72, Ake™)]
+27(fk x Z(e™), A )9—277(/ VZ(e™)dE, Aje™)q
—d
+ 207‘(/ V- Z(e")de, AEem),
—d
(4.19) = 27(E}, AYe™)q + 27(EY, Ake™)q,

for k=0, 1, 2.
Using (2.1)-(2.2), (2.6) and Lemma 3.2, integration by parts and some simple

calculations and noting e = é" 4+ (e" — e"71), " = &" 4 L(e" — ") and
en =28" + e, e" = 26" + "1 there hold the following estimates:

b uts), A+ ). 45l
_%IIAQ &3+ o \\Af(e“fe“*)n%z

+erlut >||H3<||A2ef||L2+f||A !

(e, 6(t5), ABeMlr < oLl A EnFar + o145 (€ -
+erlotes) s (IAF 13 + T4 )2,

pu(ty), &, Aem)lr < inA%énuin + oelaf @ - eIz
+erlutty) s (145 93 + 214, % efnm,

2l( [ Ve ALl < g4 e G Slabe eI,

+ellAfen B + AT 21 + Z(14,% e e + Ay e 2Rl
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# 1 k41 1 k
20([ V- 2(en)ds, Afemar < AT e + gl -
+llAf e A e + 2014, e R+ 1A, R ),
27](7F x Z(e"), AfeMal < AT M Ear + ]l (" - R
el Af e + AT e ),
2/(BY, AbeMalr < 54T e ar + ollAf (e — e
+el|A,T PEY[3r + cllAf PET |7
2/(Bg, Abe"alr < 54T €M Rar + ollAf " - eI
(420) + ¢ AT B3|Bar + el A B3 (3272,
blef, e, Atem)lr < el = e s + oellen ™ = e
+er?lAf |l Are |2,
e, Aem)lr < e — s + o flen - e
(421) +cr?(lAFel el Are |32 + 1438 3]l Ao ),
fork=0, j=n—1, n—2 and

. . 1 . .
1b(e?, ¢, Ake™) |7 < erl|AZ |2 ]| Ave? || 2| Are™ | o
< LA ar 1 er| A |20 Aved |2s + erl A e e A
=9 1€ || 12T CT 1€ 112 1€7 || 1,2 CT 1€ |12 1€7 || 2,
o 1 A
b€l &7, Afe)|r < ool Ao 37
AZ (12,11 Aol |12 AZ (12,1 Al |12
+er(| A2 el |22 | Aved |2 + | AZ7 22| Aoe?[122)

1 . . 1 . .
(4.22) +er(Af el || ra [ Arelllze + | A3 e[| 2 [ Aze?[|2) ]| Aze™ | 2,

fork=1, j=n—1, n—2 and

. 1 3 1. 3 . .
[b(e?, e?, Afem)|r < o6 A1 &"|[Lo7 + erl| A7 € |2 || At €| 2] Ave? | 22
1.1 3 .1 . 3
+ || AT e[| AT ]| 72| Ave || L2 | AT €™ 2,
. 1 3
[b(e?, &7, Aje™)|r < oglAsem e
1 . . . 3 .
+crl|A7 €| L2 | Are || 2] Az | 2 || AZ €| L2
. 3 . i . .
+or||Ave’ |2 || A7 €| 2| AZ €7 || L2 | A2e” | 2
. L 3 .1 i .1 oL 3
+crl|Arel||f2 || Af €| 7211 A3 €7 || 7 | A2e (|72 ]| A €7l L2

1 .1 .1 coL 3 .1 3
(4.23) +erllAf€[|7a | Ave? |17l Aze” |72 | A3 7172 A3 " e,

fork=2and j=n—-1, n—2.
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Combining (4.19) with (4.20) and (4.21)-(4.23) yields

E k T k+1 T k+1
[lAf e 72 + ||A25n||%2 + 5147 6”\\%2 + 511427 e"1z:]

k
—[IIAf 2o+ AFen T Ze 4 5 HA "G + 5 HA " H|727]
&An _ 5/ n n—
AL BT+ 4,7 & Far + 5 [IIA( DIZe + 145 (" — V)13
1 k k
—1gllAf (€ =" )Ze + 145 ("1 — en2) 2]
n—1
T
<3 > dJ[HAzejllerllAWHLz+*||A ejIILzTJr*IIA " |2.7]
Jj=n—2

k=1 k k=1
+cl|A, T PEY (727 + cl|Af PEY||727° + ]| A" By 727

k
(4.24) + || A EZ||727% + TN,

where
dn—1 = er(1+ Jultn-1)|Fs + 110(tn—1)[1Fs)-

Summing (4.24) from n = 2 to m and using Lemma 3.1 and Lemma 4.1, we
deduce

m

A on A2An 7A n—1y/|2 1A§n_n—12
Bl 1227 + |l 1727 + S| AZ (e Mze + 51145 (" =" )lIze]
n=1
k k T kt1 T ki1
+|Az ™7z + |4z ™22 + *||A12 |7 + *HAzz em||7.7
m—1
(4.25) <Cr? +7’Zd |A2 "||Lz+||A2 e"132) +C7’ZNk,
n=1 n=2

for 1 <m < N. Applying Lemma 2.1 to (4.25) and using Theorem 2.1 and noting

tn—1

m—1 m—1 1 tn
P d=er S+ ||;/ (ultn) — ult) + u(t))dt|%s

(4.26) +||$/" (0(t) — 0() + ()| 3] < C,

tn—1

we deduce (4.13).
Theorem 4.1. Under the assumption of Theorem 2.1, if 0 < 7 < 1 satisfies

16001H1T S 1, 801%%7’ S Ko, 4001/%2’7’ S 1712801,“&1\/%07' S \/I€273201\/F50H2T S 1,
(4.27) 641C(4ko + k1)RITT < Ko, 322CH(4ko + K1)k TT < 1,
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then (u™,p™, 0™) satisfies the following error estimates:

1 1 1 ) 1
A ™77 + A3 7|77 + le” = e" e+ e — e H12e]

2 |

1

—
N
[N}

1, 1 1, 1
28) + €™ 17 + [le™ 172 + AL |77 + §HA§€’"H%QT < koT?,

N n 1 3/n n— 1 3/ n—
[1Axe™ 727 + [ Aag" 727 + SIAT (" — "7 D)Z2 + 51143 (" =" DII7:]

NE

Il
-

4.929 A%mZ A%mQ lAmQ lAmQ <
(4.29) AT ™ ze + 143 ™ |z + Sl Are™ |27 + 5[ A2e™ 727 < T,

3 3 1 _ 1 _
> llAFe|Zar + |45 ™| 7a7 + SllAu(e™ =" DL + S As(e™ = "1 7]

n=1

(4.30) + [l Are™||2s + [ A2e™ (17 + 5 IIA2 "z + *HAZ €7 < k2,

for 0 <m < N.

Proof. Now, we will use the induction method to prove Theorem 4.1. It follows
Lemma 3.1 that (4.28)-(4.30) hold for m = 0,1. Assuming that (4.28)-(4.30) hold
form=0, 1,---,.J, we need to prove (4.28)-(4.30) hold for m = J + 1.

Using (4.14)-(4.16), the convergence condition (4.27) and the induction assump-
tion on (4.28)-(4.30) for m =0,1,---,J, we obtain

J+1 J+1
Cl’r Z NSL_l § 201(4%0 + /<;1)an3, ClT Z Nln_l S 1001 (4I€:1 + IQQ)K17'2,
n=2 n=2
J+1
-1 1 1 1 1 3
Chr Z NI <ACY(4K1 + Ro)/KokeT + 4(4ko + k1) 7 (267 + k3)(TT)4KS .
n=2

Using the convergence condition (4.27) in the above inequalities and using Lemma
4.2 with m = J + 1, we have showed that (4.28)-(4.30) hold for m = J + 1. The
proof ends.

Theorem 4.2. Under the assumption of Theorem 4.1, (u™, p™, ™) satisfies the
following error estimate:

m

Z n)(ldee™ (22 + [l 1172)

m—1

m
ery ot (ta)llAre" |2 +em Y o J(IIAF e 22 + A5 "13)
n=2 n=1

m—1

(431) +er Y (lulta)ll3s + [Arem )0 (ta) | A "||L2+CTZ DB 22,
1

n
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and
7Y o' (tn) |72 < CTZ n) || A2€" (|72 +CTZ wIE3 (12
n=2 n=2
. 1
+er Z L+ [Ju(ta) I Fs + 110(tn) I32)0 (ta) (1 AT €” |72 + || Aze™[1Z2)
(4.32) et Z DAF 32 + [ AF"22)(JAre™ 2 + [ Aze™[32).

Proof. Using Lemma 3.2 and some simple calculations, we deduce from (4.14)
and (4.15) that

n—1
Idee" Iz < [[Are™|[ 2 +c > (fulty el Af |2 + | AF ] 2| Are]|2)
j=n—2
n—l 1. 1.
+c > (lAF |2 + A7 €71 22) + cll BY |,
j=n—2
n—1
n AT 2 J % J
Idee™ |22 < 1 A2€™ 22 + ¢ D (lulty)llasllAz e llz + 100) sl Af €| 2
j=n—2
n-l 1 ) 1 ) 1 "
+e > (1472 Ave |l + (|43 7[| 2| A2 || 12 + [|AF €| 2) + el B3 | 2,
j=n—2
which yield
n-l 1.
ldee™ |72 < cllAre™[[7em +¢ D (14 Julty)|Fs) |47 /|72
j=n—2
n-l 1 ) 1
433)  +c Y (47 7allAre’ |72 + |4 €7][72) + | B (172
Jj=n-—2
n—1 N N
ldie™ |72 < cllAog™[[Z2 + ¢ D [ult)llFs A5 "7 + e+ [0t F0) 1 AT €"|72]
k=n—2

-1
1 1
434) e Y (ATt T Are" (17 + | A5 R I72 ]| Az [172) + ¢l B3 |22
k=n—2

Moreover, taking v = v in (4.14) and using (2.1)-(2.2), Lemma 3.2 and the
inf-sup inequality:

(V "Daq)w
2@ < csup ==,
lallzz) < e S0 15T e

we obtain
n—1
n n AN % ]
1Pl L2 ) < clldee™ (|2 + el Aré™ |2 + ¢ > (14 [Julty)]|as)|AZ ] 2

j=n—2

n-l1 1. . 1.

e Y (14272 Avel |2 + |AZ €7 || 12) + el BTl o
j=n—2
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Combining the above inequality with (4.33) yields

n—1
1 .
dee™ |72 + 172 < cllAre™l7z +¢ > (L4 ult;)1Fs)1AZ 7|13
j=n—2
= 3 52 2 3 512 n)|2
(4.35) te > (142320141772 + 1A €7(132) + cll B} |3
j=n—2

Multiplying (4.35) and (4.34) by 7o%(t,) and summing from n = 2 to n = m,
respectively, and using the inequalities: o(t,,) < o(tn—1)+7, o(tn) < o(tn_2)+27,
we deduce (4.31) and (4.32). The proof ends.

5. Proof of Theorem 1.2

In this section, we shall provide the second order error estimates of the numeri-
cal solution (u™,p",0™) by the negative norm technique and the Gronwall lemma.
Moreover, based on the error estimates of (u™,p™, §™) and Theorem 2.1, we deduce
the stability results of (u™, p™, ™). Finally, Theorem 1.2 is proven.

Lemma 5.1. Under the assumptions of Theorem 4.1, (u™,p™, ™) satisfies the
following error estimate:

m
N N 1, -1 _ 1, 1 B
> lerzer + 1€m3.7 + SIAE (e —en Yl + Sz (" —e" YI32]
n=1
(1) A T [2a + 145 2™ + Sl Ze + S |2s < 573, 1< m < N
. 1 L2 2 "€ ||L2JF2H6 ||L2+2||5 ||L2_HT7 Sm S V.

Proof. Taking (v,q) = 2(A7'e”,0)7 in (4.17) and ¢ = 245 "7 in (4.18),
adding these two relations, we find

_1 1 T T
14y 217 + 1145 2™ (172 + S lle™ 17z + 5 €™ [17:]

1 1
3 T

— -1 T
—AZ e Te + 14z 2™ M1 + S llem Iz + Sllem ]

2
A7 E (e = e + 1145 (" = e + 20 + 20
+37[b(e™ u(tn 1), AT e™) + b(u(tn_1),e" 1 AT e™) — b(em L et AT ™))
—7[b(e" 2 ultn_a), AT ™) + blu(tn_2),e" 2, A7 e™) — b(e" 2, "2 AT e))
+37[0(e™ ™, 0(tn_1), A ™) + b(u(ty,_1),e" 7, Ay Te™) — ble" e Ayt e™)]
—7[b(e" 2, 0(tn_2), Ay ™) + b(u(ty_2),e" 2, Ay ™) — b(e" 2,2, Ay ™))

—d
(5.2) =27(EY, A7 e™)q + 27(EY, Ay Ye™)q.

Using (2.1)-(2.2), (2.6) and Lemma 3.2, integration by parts and some simple
calculations and noting e = é" + F(e" — "), " = &" 4 L(e" — e""!) and



e

n
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=em—e" 4 enl g =" — "1 4 "L there hold the following estimates:

b(e”,u(ty), AT e™)|T + [b(ulty), e’ AT )I
1 1 — -3 e
< ggle™” 1||LzT+ slle” e 2HL27+ ||A1 2™ —e" )17
L3 NIRRT
+ggllA T (€ A7z +c Z ()2 (1 AT 2 722 + 5 l1€’llz2),
j=n—2

31b(e" ™, O(tn—1), Ay €™)|T + [b(e" 2, O(tn—2), Ay 'e")|T

. 1 _ _ 1 _1 _
< 32|| e 1||L27—+7||€n Poen 2H%zTJr*IIAQQ(E"—E" Dz

1 1 o T 4
+ 35l e 2 (€ =" )l + e Z 1035 (145 2725 + S le7llzz),

Jj=n—2

31b(u(tn— )75"_17A51€")|T+|b(U(tn72),€"_2,A516")|T

R 1 _ 1 B
< 32|| e+ 5l — e P T+ o5 |\Az?(€”*€71 Dz

1 -1 - . T .
+ggllda 7 e Nz + e Z a3 (145 292 + S IE71IZz),
j=n—2

3\b(e”_1, en L, Afle")\T + \b(e"‘Q, en2, Afle")\T

1 1 n—l 1.

< e o+ olle” — e ar ber Y Afellds,

Jj=n-—2
_ _ o 1.

Bb(e" !, e AT T + [b(e" 2, e 2, Ay e < @\lfnﬂiﬂ

1 n—l 1 1
+§H€”—€"71H%2T+CT > ARG AZE |7,

Jj=n-—2

27|(/ VZ(en)de, A7 e)alr < e Z(e™) 2 Ay P e | ar

. L _
< 33||A e ’1)Hiz+*H " 4 g lle T - e
—1 T T
+er(l A7 e 3 + Sl Mz + 51" 2I1z:),

201( [ V- 20t A7 eMalr < gyl Ear + gl - e R r
+33\\A;§<e”—e"-l>||iz+cr(|\A;%e e+ Sl e G len ),
27](fF x Z("), A7 Mol < o ll6 a5l - R

AT e = e+ cr(l\AI%eHII%z gl R + S e ),
2B}, AT Malr < s e Bar + gslle” = e Rar + | AT PEY

1 1
2|(By, Ay'e)alr < *HE"IleT + g5 lle” — " o + el AT ER | 2o
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Combining (5.2) with the above inequalities yields

(14, * n||L2 + 14,2 5nHL2 + *”@nHL? + *||5n||L2]

.
— (14T 2 e Y2, + 1145 25n_1HL2 + *Ilen_llliz + 51"
2

§[||6"HL27+ 1€z ~ [||A” HIZer + 1€ el
3 B U
+ Ay e — e |2 + 14y F (e — e )2
1 n— -1 - n—
= gl Ar e = e 22 + Ay E (e — )2
T — . _1 . T . T .
< 5 Z GIIAT 2|2 + 1145 269120 + Slelllze + 51171722
n , ! 1 1 1
tor Yol =Gt er Y (AT ITe + A5 7 (172) [ AT €717
j=n—1 j=n—2
n
(5.3) +er Z e — @722 + c| AT P PEY| 2.7 + || Ay Y ER |22,

j=n—1

for 2 <n<m.
Summing (5.3) from n = 2 to m and using Lemma 3.1 and Lemma 4.1 and
Theorem 4.1, we deduce

147 2em3a + 145 2 €m||L2+*||€m||Lz+ || ™17
G 2 |2 -3 112 -3 112
+ 3 [lleM T + €M7 + §||A1 2" —e" ). [ Ay 2 (" — ") |7z
n=1
m—1
(54)  <CrP+7 Y da(A 2 2|20 + |4 2 ”IleJr*HG”IILer H "|Z2),
n=1

for 1 <m < N. Applying Lemma 2.1 to (5.4) and using (4.26), we deduce (5.1).
Lemma 5.2. Under the assumptions of Theorem 4.1, (u™,p™, 0™) satisfies the
following error estimate:

GAN U, 1o 1 m e Lo 1m e
DollA T[T + |14y %e 727+ SIAT ™ = e DEe + 5114z T (" — e D]7:]
n=1

5.5 A71m2 A71m2 A em A_%mQ < 4
(5.5) AT ™[z + ([ Az 7™ 22 + 5 || 72+ 5 || 2 €Mz < KT

for 1 <m < N.
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Proof. Taking (v,q) = 2(A;%e",0)7 in (4.17) and ¢ = 2A;%"7 in (4.18),
adding these two relations, we find

_1
(1A e"[[72 + 1 A3 e 12 + *IIA 2, + o IIAg *e"1Ze]

—[lAT e T + 1Az e 1HLer*IIA e 1||L2+*||A L2,

HIAT ™ — e 2 + 1471 — e )3 + 2 AT Fen3s + 27145 Fen 3,
+37[b(e" u(tn_1), A7 %e™) + b(u(tn,l), e ATZe™) — b(em Tt en T AT e
—7[b(e" 2 ultn_2), A7 %e™) + blu(t,_2),e" 2, A %e™) — b(e" "2, e" "2, A7 %e™)]
+37[0(e™ 1, 0(tn_1), Ay %e™) + blu(t,_1),e" 1, Ay %e™) — ble" 1 e Ay %e™)]
—7[b(e" 72, 0(ty_2), Ay 2E™) + b(u(ty_2),e" 2, Ay 2e™) — b(e" 2,72, Ay %))

(5.6) +207(/ V- Z(eM)de, Ay %Mo = 2r(ET, A72eM) o + 27(ED, Ay %Mo,
—d

Using (2.1)-(2.2), (2.6) and Lemma 3.2, integration by parts and some simple
calculations and noting e = é" 4+ (e" — e"71), " = &" 4 L(e" — e"7!) and
et =e" —e" L penTl g? =" — "1 4 "1 there hold the following estimates:

b

[b(e?, ulty), Ay %e™)|r + [b(u(ty), ¢!, Ay e™)|r

n

1. -1 B 1
s%nAlze ar o+ gelAr H e = e b o S AT — R

j=n—1
+ e lulty) I lle’12s + Tllult)|Zs [ A7 e’ l1Z2),
31b(e™ ™, 0(tn_1), Ay 2™)|T + [b(e" 2, 0(tn_2), Ay 2e™)|T

*An 1 -3/ n— n— 1
*IIA 1HL2T+372||A12(6 f—e 2)||2227+3j2 >4 E -]

j=n—1

+e Z N0 T2 ll€? 1727 + cllO(t) 1 Fa 1Az €7 | 227),
Jj=n—2
3|b(u(tn_1),e" ", A3 2e™)|T + |b(u(tn_2),e" 2, Ay 2™ |7
1 ~3gn—1 ~3(n—1 1 ¢ 1y12
< glld2 %€ (s 2||A22(5 - )||L2T+32 A E =Y
j=n—1
n—1
e > (lultp)elle 7272 + llulty) I A3 e (1 727),

j=n—2
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and

o 1 1, _

[b(e?,¢?, AT 2eM)|T < *IIA ¢ [3ar + g 141 He — e )12z
1 —

+er(lle" 20 + Il AF 20| Af €2 3,

o 1 1 1 _ _
3lb(e?, €7, Ay %e™)r < oSl Ag T[T + o5 1A (E — eI

32 32
+er((le?)1Fz + T AT |72 AT €122,
i n —2 n 1 *lAn 1 — n n—

27|(/ VZ(e")dE, A2 eM)a|T < 3541 7€ H%QT + 55141 Hem = e hI7

+elllAT e T T + 1Ay e T + (IIA e 1||Lz+||A 22|,

201( [ V- 20"t A7*ealr < o147 e + 5145 6 -

el AT e e AT e e+ 2 (1AL P e + 47 P e R I

27|(fk x Z(e"), AT? ”) | =27|(f I<;><A1 e", Z(eM)al

< ST R e o AT (e = ) B (AT e s o+ AT e ),
2(By, AT%e")alr < —HA‘“"H%M g5l = e Far o+ el AT PEY

n "TL 1 -3 n n— -2 n
2|(By, Ay%e")alr < *HA 727 + 25 142 * (" =& DI[Zem + ell Az * B[ 7aT,
for j =n—1, n— 2. Combining (5.6) with the above inequalities yields

(AT 132 + (|45 " 132 + 5 ll4:? 2, + o IIA e 2]

= [T e 1||L2+HA tenT 1HL2+*||A Ben 1IILer*HA L2,

§[||A_7An||L2T+||A_7An||L2] - [IIA“A” 2ot + 145 Fen 20

3 — — n n—1

+ AT " = e DEe + 11421 (" = e D]

1 n— — n— n—

= AT (e = e ) Te + AN (e = eI
n—1

T _ . _ . T _1r . T 1

< TN AT + 45 R+ ZlAT e+ Ay R ]

j=n—2

n _l
ter 30 (AT — @3 + 457 (e — &) 2)

Jj=n—1
n—1
+er? () + 10172 (e 122 + l1?1172)
Jj=n-2
_3 _3
(5.7) +cl|Ay 2 PEY|[727 + cl| Ay * B3 | 7o,

for 2<n<N.
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Summing (5.7) from n = 2 to m and using Lemma 3.1, Lemma 4.1, Lemma 5.1,
Theorem 2.1 and Theorem 4.1, we deduce

AT e™ 122 + 1145 mIILz+*||A Fem 20 + © HAz Eml\LaJrTZIIA o2
n=1
m

_1
+7 ) 1Ay 7€ Fe + AT (" — e )[7e + 1Ay (e — " TYIIZ] < O
(5.8) 47 Y du(| A7 |7 + AT " 2 + HA Fen|2, + *IIA fen2,),

for 1 <m < N. Applying Lemma 2.1 to (5.8) and using (4.26), we deduce (5.5).
Lemma 5.3. Under the assumption of Theorem 4.1, (u™,p™, ™) satisfies the
following error estimate:

m

1 _
Yot 77 + €777 + | A7 e — e |2 + 4y F (e — e Y)2)
n=1
em m Ti.m m
(5.9) o (tm) AT 2™ 22 + 145 2™ 30 + S lle™ e+ *IIE I72] < w7,
m
> ot DA 27 + | AFEM [ + ™ — 30 + ™ — " 132]
n=1
T, 1 T2

(5.10) +o(tm)lle™Zz +le™ 17 + S 1A €™ [To7 + S A3e™ [72] < w7,

2 2 3 —1y2 2 —1y(2
o(tn)[|A1€" |27 + | A2™ |27 + [| AT (€™ — " )72 + [[ A3 (" — ™) || 7z]

NgE

n=1

(5.11) to(tm) 147 ™[22 + 1 AF ™13 + © ||A1€m||Lz + *IlAzeml\Lz] < w7’

forall1 <m < N.

Proof. Multiplying (4.24) with k = 1 by o(t,) and noting o(t,,) < o(tn-1) +
T, 0(tn) < o(tn—2) + 27, and using Lemma 2.1 and (4.26), we deduce (5.11).

Multiplying (4.24) with k = 0 by o(¢,), using Lemma 2.1 and (4.26), we deduce
(5.10).

Now, multiplying (5.3) by o(t,) and summing from n = 2 to n = m, using (5.10),
Lemma 3.1, Lemma 4.1, Lemma 5.1, Lemma 5.2 and Theorem 4.1, we deduce

o(tm) A7 €™ 30 + 145 * mllm+*|\€mllm +5 H "IZ2]

m m

T N
+ 2 Dot Ee + 5 D olta) €7
n=1 n=1
1 - 1
=S A E (e — e Y IBe + Ay (" — e Y)[22) < mrt
+3 Z 2o + 1145 2

(5.12) + 37 Z dno(tn)[l|A; 2 n||L2 +114, 2 5nHL2 + *”@nHm +3 ||5n||%2]7

Applying Lemma 2.1 to (5.12) and using (4.26), we deduce (5.9).
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Lemma 5.4. Under the assumption of Theorem 4.1, (u™,p",0") satisfies the
following error estimate:

m
1 1

> () IAF & |Fa7 + | AF [ Far + [le™ — " Ta + [l — e 2e]

n=1

(5.13)
2 mi2 mi2 T A% m2 T A% m2 4
o (tm)llle™Z2 + lle™ 22 + 5 A7 e™ Iz + Sl Az e™|z2] < w77,
m 1
Z MIIALE™ |77 + | A" |77 + A2 (e e" 72 + 1143 (" — " HI72]
1 1 T T
(5.14) +0° (tm)[|AZ €™ |72 + A5 e™ (172 + §||A1€m||2L2 + §\|A2€ml|2p] < w7’

foralll1 <m < N.
Proof. Multiplying (4.24) with & = 1 by 02(t,), and summing from n = 2 to
n = m, using Lemma 3.1, Lemma 4.1, Lemma 5.1 and Theorem 4.1, we deduce

Z A 3a7 + [ 42" 135 + 47 (" — e )3 + A5 (" — e )] 2]

T
102 () [|AF €™ |22 + [ AZe™132 + 2 HAlemlliz + 51 Ase™72] < 7
m—1

(5.15) +97 Y duo®(ta)[ AF€"[172 + [|AF "7 + 5l Aze 172 + 5l Aze 1721,

n=1

for all 1 < m < N. Applying Lemma 2.1 to (5.15) and using (4.26), we deduce
(5.14).

Multiplying (4.24) with k = 0 by o%(t,), and summing from n = 2 to n = m,
using Lemma 3.1, Lemma 4.1, Lemma 5.1 and Theorem 4.1, we deduce

s 1 1 1 1
Ty P (ta)[|AZEM32 + |AZEM 172 + yL e" |7 + yL e H|7:)
n=1
2 m|2 m|2 LTI Lot g2 4
+o(tm)llle™ 22 + lle™ 22 + Sl A7 €™ [[z27 + §||A2€ [227] < KT
(5.16) 497 Z dno®(tn)[lle™ 2 + ™72 + 5 ||A 7T+ = ||A e™|77],

for all 1 < m < N. Applying Lemma 2.1 to (5.16) and using (4.26), we deduce
(5.14).

Lemma 5.5. Under the assumption of Theorem 4.1, (u™,p™, ™) satisfies the
following error estimate:

m

1 _
ZO’ I A1e™ |72 + [| A28 27 + ||A (" —e" M|z + |45 (" — e 1) |72]
3 3 m2 3 my2 T m|2 T my2 4
(627) oAb e + AT 12+ D Are |2+ T Ase™ 2] < r,

forall1 <m < N.
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Proof. Multiplying (4.24) with k = 1 by 03(¢,) and noting o(t,) < o(t,_1) +
7, 0(tyn) < o(tn—2) + 27, we obtain
()l A e 32 + 143 "3 + Tl Are" 32 + Tl Az 3]
= (b)) IAf € e + AT e + 2 A1 e + Ao ]
+ 70 () (A3 + | 4227 32)
+ 305 1AF @ — e + 143 — e IR)

1 n— 1 n— n—
— 50 3(ta-1) (1A ("' — ™22 + [|AZ (" — &%) |2)
1 1
< 3702 (t-1)[|AZ €™ Y22 + |42 "2
T _ T e
+ SllAre™ 172 + 511 A2e™ 7]
2 2
27 ! T T
> do? V(A 7|22 + 1|42 7|2 + §\|A16’|Iiz + §||A2€]H%2)

j=n—2
1 1
+co® ()| BY |72 + cl| A7 PET|[227° + || ES (| 227 + c|| AS E3 || 7277
1 1
+re(A7 e e + A7 ("7 = ") Te + [[Ar(e" T = €"T?)|[e7)

x o?(t;) (| Are’ 7 + || A2 |1 72)

+re(|AZE T [T + 143 ("7 = ") IITs + [ A2(e" T = " TP)|Za)
1
(5.18)  x o?(t;) (1 Arel|72 + | A2e7|[22).

Jj=n—2

3
|

Il
3

Summing (5.18) from n = 2 to n = m, using Lemma 3.1, Lemma 4.1, Lemma
5.1-Lemma 5.4 and Theorem 4.1, we deduce

Za V[l Are™ |27 + | Ae™(|2a7 + — <||A2dte"||p+||A2dts"||p> 2
% m||2 % m| 2 T m|2 T m||2 4
+ 0 (tn) AP ™ (32 + A7 €™ 32 + Sl A1 7 + 5l Aze™[32] < mr
T
(5.19) +7227d A (ta)lAT e |32 + A3 F + Tl Arem 3 + 7l Ase 2],

for all 1 < m < N. Applying Lemma 2.1 to (5.19) and using (4.26), we deduce
(5.17).

Finally, combining Theorem 4.1 and (4.26) with Theorem 2.1 and using As-
sumption A2 has completed the proof of the stability results in Theorem 1.2 and
combining Lemma 5.4 and Lemma 5.5 with Theorem 4.2 has completed the proof
of the convergence results in Theorem 1.2.
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