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NUMERICAL APPROXIMATION OF VISCOELASTIC FLOWS IN

AN ELASTIC MEDIUM

HYESUK LEE AND SHUHAN XU

(Communicated by Max Gunzburger )

Abstract. We study the numerical approximation of a flow problem governed by a viscoelas-
tic model coupled with a one-dimensional elastic structure equation. A variational formulation
for flow equations is developed based on the Arbitrary Lagrangian-Eulerian (ALE) method and
stability of the time discretized system is investigated. For decoupled numerical algorithms we
consider both an explicit scheme of the Leap-Frog type and a fully implicit scheme.
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1. Introduction

There have been extensive numerical studies on multidisciplinary problems where
a coupled mathematical model is present for more than one media. In particular,
the interaction of fluid flows with an elastic medium is of great interest for both
industrial and biological uses. Examples of such systems include bronchial air ways
[10], blood flow in arteries [4, 21] and micro-fluidic devices [25]. A fluid-elastic
system is typically highly linked through a strong coupling of governing equations,
making its mathematical and numerical study very challenging. Subsystems inter-
act with each other in the manner that the stress of the fluid imposes forces on
the boundaries of the elastic medium, which causes continuous displacement of the
flexible boundaries, resulting in a movement of the fluid domain. Such an interac-
tion problem is mathematically described as a system of time-dependent, coupled,
linear/nonlinear partial differential equations with moving boundaries.

Modeling and simulation of the fluid-structure interaction have been studied by
many researchers [3, 5, 7, 27]. Fluid-structure interactions involving elementary
fluids, governed by equations for a potential functions, e.g., the Laplace equation
or wave equation, were studied in [3, 11]. Studies on multi-phase systems involving
viscous, incompressible fluids and elastic solids can be found in [5, 17, 21]. One
important application of such a system is a blood flow. Interactions of blood flow
with a vessel wall are modeled by coupled fluid-structure equations with matching
conditions on velocity and traction along the interface. The vessel wall is known
to be elastic material, thus a linear/nonlinear elastic equation has been used for
the structural mechanics. The blood flow has been modeled by the Stokes or the
Navier- Stokes equations in literature [4, 13, 21, 22], although blood is known to be
non-Newtonian in general. In particular, it is well known that blood flow in small
vessels and capillaries behaves as a viscoelastic fluid [19, 28].

There are only a few numerical studies found in literature for the non-Newtonian
fluids coupled with elastic solids. Some simulation results for the interaction of
non-Newtonian fluids with deformable bodies were reported in engineering journals
[1, 26] for the purpose of model validation. Even though there are some reports [15,
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Figure 1. Fluid domain.

18] on numerical methods for simulation of blood flows using non-Newtonian fluid
models, detailed numerical analysis such as studies on stability of time-stepping
schemes is, in general, lacking from the current literature.

Mathematical study for partial differential equations governing a viscoelastic
fluid behavior is still far behind compared to advances in computing. It is well-
known that an analytical or numerical study of viscoelastic flows is very challenging
due to complexity of governing equations. One of the difficulties in simulating
viscoelastic flows arises from the hyperbolic nature of the constitutive equation for
which one needs to use a stabilization technique such as the streamline upwinding
Petrov-Galerkin (SUPG) [24] method or the discontinuous Galerkin method [2].

In [6, 16] we introduced a modified Johnson-Segalman model, referred to as the
Oseen-viscoelastic model, in which the velocity in the nonlinear pieces of the con-
stitutive equation was taken to be a known function. For this model we have been
able to provide a rigorous mathematical analysis of the model equations and their
approximation, and provide some additional insights into the investigated problems
(high Weissenberg number problem, domain decomposition, optimal control) in vis-
coelasticity. We use the Oseen model for analysis in this paper, however numerical
tests will be for the standard Jonson-Segalman model. For the structure model, we
use a one-dimensional string model introduced in [20, 21].

The remainder of this paper is organized as follows. In the next section model
equations are described and stability of the coupled system is proved. The varia-
tional formulation of the problem based on the Arbitrary Lagrangian Eulerian is
introduced in Section 3. In Section 4 the time discretized variational formulation
and its stability are studied, and finally numerical results are presented in Section
5.

2. Model equations

We consider a viscoelastic flow problem, where flow equations are coupled with
a one-dimensional elastic structure model. Let Ω(t) be a bounded domain at time t
in RI 2 with the Lipschitz continuous boundary Γ(t). Suppose Γ(t) consists of three
parts: ΓD, ΓN and Γw(t), where ΓD ∪ ΓN is a fixed boundary and Γw(t) a moving
wall boundary.

Consider the viscoelastic model equations:

σ + λ

(

∂σ

∂t
+ u · ∇σ + gβ(σ,∇u)

)

− 2αD(u) = 0 in Ω(t) ,(1)

Re

(

∂u

∂t
+ u · ∇u

)

−∇ · σ − 2(1− α)∇ ·D(u) +∇p = f in Ω(t) ,(2)

∇ · u = 0 in Ω(t) ,(3)
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where σ denotes the extra stress tensor, u the velocity vector, p the pressure of
fluid, Re the Reynolds number, and λ is the Weissenberg number defined as the
product of the relaxation time and a characteristic strain rate. In (1) and (2),
D(u) := (∇u + ∇uT )/2 is the rate of the strain tensor, α a number such that
0 < α < 1 which may be considered as the fraction of viscoelastic viscosity, and f

the body force. In (1), gβ(σ,∇u) is defined by

(4) gβ(σ,∇u) :=
1− β

2
(σ∇u+∇uT

σ)−
1 + β

2
(∇uσ + σ∇uT )

for β ∈ [−1, 1]. Note that (1) reduces to the Oldroyd-B model for the case β = 1.
For the viscoelastic fluid flow problem the major difficulty in establishing ex-

istence of a solution to the continuous variation formulation is the constitutive
equation (1). With this equation the nonlinear operator associated with the model
is neither coercive nor monotone. One way to overcome this difficulty is to con-
sider a nearby problem where the gβ term is linearized with the given velocity
b(x, t)(≈ u(x, t)). Consider the modified problem with the given velocity b in the
gβ term:

σ + λ

(

∂σ

∂t
+ u · ∇σ + gβ(σ,∇b)

)

− 2αD(u) = 0 in Ω(t) ,(5)

Re

(

∂u

∂t
+ u · ∇u

)

−∇ · σ − 2(1− α)∇ ·D(u) +∇p = f in Ω(t) ,(6)

∇ · u = 0 in Ω(t) .(7)

Initial and boundary conditions for u and σ are given as follows:

u(x, 0) = u0 in Ω(0) ,(8)

σ(x, 0) = σ0 in Ω(0) ,(9)

u = 0 on ΓD ,(10)

(σ + 2(1− α)D(u) − pI) · n = 0 on ΓN ,(11)

where n is the outward unit normal vector to Ω(t).
We make the following assumption for b:

(12) b ∈ H1(Ω(t)), ∇ · b = 0, ‖b‖∞ ≤M, ‖∇b‖∞ ≤M <∞ .

To analyze the equation (5), we will need a small data condition on the Weissenberg
number λ and/or on the bound M so that 1 − 4λM > 0. As a model equation
of elastic structure we consider the one-dimensional generalized string model [21],
which was developed to account for longitudinal action:

(13) ρws
∂2η

∂t2
− kGh

∂2η

∂z2
− γ

∂3η

∂t∂z2
+

Es

(1− ν2)R2
0

η = Φ̂ ,

where η represents the radial displacement of the wall with respect to the rest
configuration

(14) Γ0 := {(z, r) ∈ RI 2 : z ∈ (0, L), r ∈ (0, R0)}.

In (13) ρw is the wall volumetric mass, s the wall thickness, k the Timoshenko shear
correction factor, G the shear modulus, and E the Young modulus. The right hand
side function Φ̂ is the external force in the radial direction, ν the Poisson ratio, γ a
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viscoelastic parameter and R0 is the radius at rest. In order to simplify expressions,
we rewrite (13) in the form of

(15) ρw
∂2η

∂t2
− a

∂2η

∂t2
− b

∂3η

∂t∂z2
+ c η = Φ̂,

where a, b, c are positive constants related to the physical properties of the solid
structure described above. The structure equation is accompanied with the condi-
tions at z = 0, L:

(16) η|z=0 = 0 for all t, η|z=L = 0 for all t.

The interface conditions between the fluid and the structure are obtained by
enforcing continuity of the velocity and the stress force:

∂η

∂t
e |t=0 = u0 on Γw(0) ,(17)

∂η

∂t
e = u on Γw(t) ,(18)

Φe = −(−pI+ σ + 2(1− α)D(u)) · n− pextn on Γw(t) ,(19)

where e is a unit vector in the radial direction and pext is the external pressure.
Without loss of generality we let pext = 0 and Γ0 = Γw(0) in this paper. In (19) Φ is

a representation of Φ̂ on Γw(t), which takes into account the change of configuration

from the reference to the moving interface. A detailed form of Φ̂ will be discussed
in the next section. See (42).

Remark 2.1. In general the system of viscoelastic fluid equations (1)-(3) is com-
pleted with initial and boundary conditions (8)-(11) and a Dirichlet type boundary
condition for the stress σ along an inflow boundary of fluid domain, i.e., on a part
of Γ(t) where u · n < 0. In a fluid-structure system an inflow part on the moving
boundary is changed from time to time due to the interface condition (18), which
makes numerical studies for the system extremely challenging not only by the change
of inflow boundaries but also by a lack of boundary information on the stress. There-
fore, to simplify numerical analysis we assume that the stress is unknown on the
whole boundary. The analysis results in theorems are still valid if a stress condition
is imposed. A possible way to implement a stress boundary condition is suggested
in the conclusion section as a future work.

We use the Sobolev spaces Wm,p(D) with norms ‖ · ‖m,p,D if p <∞, ‖ · ‖m,∞,D

if p = ∞. We denote the Sobolev space Wm,2 by Hm with the norm ‖ · ‖m. The
corresponding space of vector-valued or tensor-valued functions is denoted by Hm.
If D = Ω(t), D is omitted, i.e., (·, ·) = (·, ·)Ω(t) and ‖ · ‖ = ‖ · ‖Ω(t) . For σ, τ tensors

and u, v vectors, we use : and · to denote the tensor product σ : τ :=
∑2

i,j=1 σijτij

and the vector product u · v :=
∑2

i=1 uivi. For the structure equation, we will use
(·, ·), ‖ · ‖ to denote (·, ·)Γ0 and ‖ · ‖Γ0 , respectively.

In the next theorem we show the stability of a solution satisfying the coupled
problem (5)-(11), (15)-(19).
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Theorem 2.2. If 1 − 4λM > 0 and u · n ≥ 0 on ΓN , a solution to the system
(5)-(11), (15)-(19) satisfies the estimate

[

λ

2
‖σ‖20 + αRe ‖u‖20 + ρwα ‖

∂η

∂t
‖20 + aα ‖

∂η

∂z
‖20 + cα ‖η‖20

]

+

∫ t

0

b α ‖
∂2η

∂t∂z
‖20 + (1 − 4λM)‖σ‖20 + 2α(1− α)‖D(u)‖20 ds

≤ C ,(20)

where C is a constant depending on the forcing term f and initial data.

Proof. Multiplying (15) by ∂η
∂t

and integrating over Γ0, we have that
(

ρw
∂2η

∂t2
− a

∂2η

∂z2
− b

∂3η

∂t∂z2
+ c η,

∂η

∂t

)

Γ0

=

(

Φ̂,
∂η

∂t

)

Γ0

.(21)

Using integration by parts and (16), (21) implies

ρw
2

d

dt
‖
∂η

∂t
‖20 +

a

2

d

dt
‖
∂η

∂z
‖20 +

b

2
‖
∂2η

∂t∂z
‖20 +

c

2

d

dt
‖η‖20 =

(

Φ̂,
∂η

∂t

)

Γ0

.(22)

On the other hand, multiplying (5), (6), (7) by σ, 2αu and p, respectively, inte-
grating over Ω(t) and using the Green’s theorem, we have

λ

2

∫

Ω(t)

d

dt
(σ : σ) dΩ +

λ

2
((u · n)σ,σ)Γw(t)∪ΓN

+αRe

∫

Ω(t)

d

dt
(u · u) dΩ+ αRe ((u · n)u,u)Γw(t)∪ΓN

+A((σ,u), (σ,u))

= 2α (f ,u) + 2α((σ + 2(1− α)D(u)− pI) · n,u)Γw(t)
,(23)

where A((u,σ), (v, τ )) is defined by

A((u,σ), (v, τ )) := (σ, τ ) + λ (gβ(σ,∇b), τ )− 2α (D(u), τ )

+2α (σ, D(v)) + 4α(1− α) (D(u), D(v)) .(24)

Note that, since

(25) (gβ(σ,∇b), τ ) ≤ 4‖∇b‖∞‖σ‖0‖τ‖0 ≤ 4M ‖σ‖0‖τ‖0 ,

if λM is small so that 1− 4λM > 0, A satisfies

A((u,σ), (u,σ)) ≥ ‖σ‖20 − 4λM ‖σ‖20 + 4α(1− α) ‖D(u)‖20

= (1 − 4λM) ‖σ‖20 + 4α(1− α) ‖D(u)‖20 .(26)

Using (18) and the Reynolds transport formula

(27)

∫

Ω(t)

∂ψ

∂t
dΩ =

d

dt

∫

Ω(t)

ψ dΩ−

∫

Γ(t)

(w · n)ψ dΓ ,

where w is the velocity of a moving boundary, (23) is reduced to

d

dt

(

λ

2
‖σ‖20 + αRe ‖u‖20

)

+
λ

2
((u · n)σ,σ)ΓN

+ αRe ((u · n)u,u)ΓN
+A((σ,u), (σ,u))(28)

= 2α (f ,u) + 2α((σ + 2(1− α)D(u) − pI) · n,u)Γw(t) .
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Note that by the interface boundary conditions (18)-(19), the integral along the
interface boundary in (28) is written as

(29) ((σ+2(1−α)D(u)− pI) ·n,u)Γw(t) = −

(

Φ e,
∂η

∂t
e

)

Γw(t)

= −

(

Φ̂,
∂η

∂t

)

Γ0

.

If u · n ≥ 0 on ΓN , two boundary integrals along ΓN in the left hand side of (28)
are positive, therefore, using (26), (28) and (29), we have

d

dt

(

λ

2
‖σ‖20 + αRe ‖u‖20

)

+ (1− 4λM) ‖σ‖20 + 4α(1− α) ‖D(u)‖20

≤ 2α (f ,u)− 2α

(

Φ̂,
∂η

∂t

)

Γ0

.(30)

Now, multiplying (22) by 2α, adding to (30) and using the Young’s and Poincaré
inequalities, we have that

d

dt

[

λ

2
‖σ‖20 + αRe ‖u‖20 + ρwα ‖

∂η

∂t
‖20 + aα ‖

∂η

∂z
‖20 + cα ‖η‖20

]

+b α ‖
∂2η

∂t∂z
‖20 + (1 − 4λM) ‖σ‖20 + 4α(1− α) ‖D(u)‖20

≤ 2α

(

1

4(1− α)
‖f‖2−1 + (1 − α)‖D(u)‖20

)

.(31)

Simplifying (31), integrating over the time from 0 to t and using the Gronwall
Lemma [23], the energy estimate (20) is obtained. �

3. ALE formulation

For the fluid-elastic system, the interface moves by the displacement of struc-
ture, therefore, the fluid subproblem is a moving boundary problem. Numerical
simulation for the moving boundary problem can be performed using the Arbitrary
Lagrangian Eulerian method [14, 22], where the Eulerian frame is used in the fluid
domain while, in the solid domain, the Lagrangian formulation is used. In ALE
formulation an unknown coordinate transformation is usually introduced for the
fluid domain, and the fluid equations can be rewritten for a fixed reference do-
main. Specifically, we define the time-dependent bijective mapping Ψt that maps
the reference domain Ω0 to the physical domain Ω(t):

(32) Ψt : Ω0 → Ω(t), Ψt(y) = x(t,y) ,

where y and x are the spatial coordinates in Ω0 and Ω(t), respectively. The coor-
dinate y is often called the ALE coordinate. Using Ψt the weak formulation of the
flow equations in Ω(t) can be recast into a weak problem defined in the reference
domain Ω0. Thus the model equations in the reference domain can be considered for
numerical simulation and the transformation function Ψt needs to be determined
at each time step as a part of computation.

For a function φ : Ω(t)× [0, T ] → RI , define its corresponding function φ = g◦Ψt

in the ALE setting:

(33) φ : Ω0 → RI , φ(y, t) = φ(Ψt(y), t).

The time derivative in ALE frame is also defined as

(34)
∂φ

∂t
|y: Ω(t)× [0, T ] → RI ,

∂φ

∂t
|y (y, t) =

∂φ

∂t
(y, t).
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Using the chain rule,

(35)
∂φ

∂t
|y=

∂φ

∂t
+ z · ∇φ,

where z := ∂x
∂t

|y is the domain velocity. In (35) ∂φ
∂t

|y is the so called ALE derivative
of φ. The flow equations (5)-(7) can be then written in ALE formulation as follows:

σ + λ

(

∂σ

∂t
|y +(u− z) · ∇σ + gβ(σ,∇b)

)

− 2αD(u) = 0 in Ω(t) ,(36)

Re

(

∂u

∂t
|y +(u− z) · ∇u

)

−∇ · σ − 2(1− α)∇ ·D(u)

+∇p = f in Ω(t) ,(37)

∇ · u = 0 in Ω(t) .(38)

In order to define the ALE mapping Ψt, consider the boundary position function
h : ∂Ω0 → ∂Ω(t) such that

(39) h(y) =

{

y + η e on Γw(t)
y on ΓD ∪ ΓN ,

where η is the displacement of the moving wall. The ALE mapping may be then
determined by solving the equation

∆Ψt = 0 in Ω0 ,

Ψt = h on ∂Ω0 .(40)

This method is called the harmonic extension, where the boundary position function
on the boundary is extended onto the whole domain [8, 12].

The forcing term Φ in (19) given in the coordinate for Γw(t) can be recast in the
reference configuration Γ0 as

(41) Φ(z, t)|x =



Φ

√

1 +

(

∂η

∂z

)2


 |y on Γ0 ,

where the expression
√

1 + (∂η
∂z

)2 represents the change in the surface measure

passing from Γw(t) to Γ0. Therefore, (15) can be rewritten on Γ0 as

(42) ρw
∂2η

∂t2
− a

∂2η

∂z2
− b

∂3η

∂t∂z2
+ c η = Φ

√

1 +
∂η

∂z

2

.

Now the fluid in a moving boundary problem in ALE formulation is summarized as

solve the fluid equations (36)-(38) and the structure equation (42)
with the boundary and initial conditions (8)-(11), (16) and

u =
∂η

∂t
e on Γw(t) ,(43)

(−pI+ σ + 2(1− α)D(u)) · n = Φ e on Γw(t) ,(44)

using the ALE mapping satisfying (40).
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For the variational formulation of the flow equations (36)-(38) in ALE framework,
define function spaces for the reference domain:

U0 := {v ∈ H1(Ω) : v = 0 on ΓD} ,

Q0 := L2(Ω) ,

Σ0 := {τ ∈ L2(Ω) : τ ij = τ ji} .

The function spaces for Ω(t) are then defined as

Ut := {v : Ω(t)× [0, T ] → RI 2, v = v ◦Ψ−1
t for v ∈ X0} ,

Qt := {q : Ω(t)× [0, T ] → RI , q = q ◦Ψ−1
t for p ∈ Q0} ,

Σt := {τ : Ω(t)× [0, T ] → RI 2×2, τ = τ ◦Ψ−1
t for τ ∈ Σ0} .

The variational formulation of (36)-(38) in ALE framework is then to find (u, p,σ) ∈
Ut ×Qt ×Σt such that

(σ, τ ) + λ

(

∂σ

∂t
|y +(u− z) · ∇σ + gβ(σ,∇b), τ

)

−2α (D(u), τ ) = 0 ∀τ ∈ Σt ,(45)

Re

(

∂u

∂t
|y +(u− z) · ∇u, v

)

+ (σ, D(v)) + 2(1− α)(D(u), D(v))

−(p,∇ · v) = (f ,v) + ((σ + 2(1− α)D(u)− pI) · n,v)Γw(t) ∀v ∈ Ut ,(46)

(q,∇ · u) = 0 ∀q ∈ Qt .(47)

In order to derive the conservative variational formulation [20], consider the
Reynolds transport formula
(48)
d

dt

∫

V (t)

φ(x, t) dV =

∫

V (t)

∂φ

∂t
|y +φ∇x · z dV =

∫

V (t)

∂φ

∂t
|x +∇xφ · z+φ∇x · z dV

for any subdomain V (t) ⊂ Ωt such that V (t) = Ψt(V0) with V0 ⊂ Ω0. If v is a
function from Ωt to RI and v = v ◦Ψ−1

t for v : Ω0 → RI , we have that

(49)
∂v

∂t
|y= 0

and, therefore,

(50)
d

dt

∫

Ωt

v dΩ =

∫

Ωt

v∇x · z dΩ ,

(51)
d

dt

∫

Ωt

φv dΩ =

∫

Ωt

(

∂φ

∂t
|y +φ∇x · z

)

v dΩ .
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Using (45)-(47) and (51), we have the following weak formulation: find (u, p,σ) ∈
Ut ×Qt ×Σt such that

(σ, τ ) + λ
d

dt
(σ, τ ) + λ (−σ(∇ · z) + ((u− z) · ∇)σ + gβ(σ,∇b), τ )

−2α (D(u), τ ) = 0 ∀τ ∈ Σt ,(52)

Re
d

dt
(u,v) +Re (−u(∇ · z) + (u− z) · ∇u, v) + (σ, D(v))

+2(1− α)(D(u), D(v)) − (p,∇ · v)

= (f ,v) + ((σ + 2(1− α)D(u) − pI) · n,v)Γw(t) ∀v ∈ Ut ,(53)

(q,∇ · u) = 0 ∀q ∈ Qt .(54)

For the structure equation define the function space:

S := H1
0 (0, L).

The variational formulation of (42) is then to find η ∈ S such that
(55)

ρw(
∂2η

∂t2
, ξ) + a (

∂η

∂z
,
∂ξ

∂z
) + b (

∂2η

∂t∂z
,
∂ξ

∂z
) + c (η, ξ) = (Φ

√

1 +
∂η

∂z

2

, ξ) ∀ξ ∈ S.

For the coupled problem define the test function spaces for u, η by

(56) Ũt × S̃ := {(v, ξ) ∈ Ut × S : v ◦Ψt |Γ0= ξe} .

Using (19), (41) and the ALE mapping, we have

ρw(
∂2η

∂t2
, ξ) + a (

∂η

∂z
,
∂ξ

∂z
) + b (

∂2η

∂t∂z
,
∂ξ

∂z
) + c (η, ξ)

= −((σ + 2(1− α)D(u)− pI) · n, (ξ ◦Ψ−1
t )e)Γw(t) .(57)

Thus, by (24), (43) and (44), the variational problem of the fluid-structure coupled
problem in ALE frame is given by: find (u, p,σ, η) ∈ Ut ×Qt ×Σt × S such that

2α

[

ρw(
∂2η

∂t2
, ξ) + a (

∂η

∂z
,
∂ξ

∂z
) + b (

∂2η

∂t∂z
,
∂ξ

∂z
) + c (η, ξ)

]

+λ
d

dt
(σ, τ ) + λ (−σ(∇ · z), τ ) + λ ((u− z) · ∇)σ, τ )

+2αRe
d

dt
(u,v) + 2αRe (−u(∇ · z),v) + 2αRe ((u− z) · ∇u,v)

+A((σ,u), (τ ,v))− 2α(p,∇ · v) + 2α(q,∇ · v) = 2α (f ,v)(58)

∀(v, q, τ , ξ) ∈ Ũt ×Σt ×Qt × S̃, where A((σ,u), (τ ,v)) is defined as (24).

4. Discretization

We define finite element spaces for the approximattion of (u, p) in Ω0:

Uh,0 := {v ∈ U0 ∩ (C0(Ω))2 : v|K ∈ P2(K)2, ∀K ∈ Th,0} ,

Qh,0 := {q ∈ Q0 ∩ C
0(Ω) : q|K ∈ P1(K), ∀K ∈ Th,0} ,

where Th,0 is a triangularization of Ω0. The stress σ is approximated in the dis-
continuous finite element space of piecewise linear polynomials:

Σh,0 := {τ ∈ Σ0 : τ |K ∈ P1(K)2×2, ∀K ∈ Th,0} .
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Then the finite element spaces for Ωt are defined as

Uh,t := {vh : Ωt × [0, T ] → RI 2,vh = vh ◦Ψ−1
h,t for vh ∈ Uh,0} ,

Qh,t := {qh : Ωt × [0, T ] → RI , qh = qh ◦Ψ−1
h,t for qh ∈ Qh,0} ,

Σh,t := {σh : Ωt × [0, T ] → RI 2×2,σh = σh ◦Ψ−1
t for σh ∈ Σh,0} ,

where Ψh,t : Ω0 → Ωt is a discrete mapping approximated by Pl Lagrangian finite
elements such that Ψh,t(y) = xh(y, t). For the discrete ALE mapping, define the
set

(59) Xh := {x ∈ H1(Ω0) : x|K ∈ Pl(K)2, ∀K ∈ Th,0} .

For the displacement we define

(60) Sh := {ξ ∈ S ∩ C0([0, L]) : ξ|E ∈ P2(E), ∀E ∈ Th} ,

where ∪Th = [0, L] and Th has matching grid points with Th,0.
Introduce the operators θ(·, ·, ·) κ(·, ·, ·) defined by

(61) θ(u,w,v)Ωt
:=

1

2
[(u · ∇w,v)Ωt

− (u · ∇v,w)Ωt
] ,

(62)

κ(v−z,σ, τ )Ωt
:= (((v−z) ·∇)σ, τ )Ωt

+
1

2
(∇·vσ, τ )Ωt

+ < σ
+−σ

−, τ+ >h,v−z ,

where the last term in (62) accounts for the jump in the discretized σ across an
inflow edge of element associated v− z. Using the Green’s theorem and ∇ · u = 0,

(63) (u · ∇w,v)Ωt
= θ(u,w,v)Ωt

+
1

2
((u · n)w,v)ΓN∪Γw(t)

and

(64) θ(u,v,v)Ωt
=

1

2
((u · n)v,v)ΓN∪Γw(t) ∀v ∈ Uh,t .

Also, using integration by parts, we have

κ(uh − zh,σh, τh)Ωt
= −(((uh − zh) · ∇)τ h,σh)Ωt

−
1

2
(∇ · uh τ h,σh)Ωt

+ < σh
−, τ h

− − τ h
+ >h,uh−zh

+((∇ · zh)σh, τh)Ωt

+(((uh − zh) · n)σh, τh)ΓN∪Γw(t) ,(65)

therefore,

κ(uh − zh,σh,σh)Ωt
=

1

2
[((∇ · zh)σh,σh)Ωt

+(((uh − zh) · n)σh,σh)ΓN∪Γw(t)+ < σh
+ − σh

−,σh
+ − σh

− >h,uh−zh

]

≥
1

2

[

((∇ · zh)σh,σh)Ωt
+ (((uh − zh) · n)σh,σh)ΓN∪Γw(t)

]

.(66)
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The semi-discrete variational formulation of the coupled problem in ALE frame
is then written as

2α

[

ρw(
∂2ηh
∂t2

, ξh)Γ0 + a (
∂ηh
∂z

,
∂ξh
∂z

)Γ0 + b (
∂2ηh
∂t∂z

,
∂ξh
∂z

)Γ0 + c (ηh, ξh)Γ0

]

+λ

[

d

dt
(σh, τh)Ωt

+ κ(uh − zh,σh, τ h)Ωt
− (σh(∇ · zh), τh)Ωt

]

+2αRe

[

d

dt
(uh,vh)Ωt

− (uh(∇ · zh),vh)Ωt

+ θ(uh,uh,vh)Ωt
+

1

2
((uh · n)uh,vh)ΓN∪Γw(t) − (zh · ∇uh,vh)Ωt

]

+A((σh,uh), (τ h,vh))− 2α(ph,∇ · vh)Ωt
+ 2α(qh,∇ · uh)Ωt

= 2α (f ,v)Ωt
∀(vh, τ h, qh, ξh) ∈ Ũh ×Σh ×Qh × S̃h .(67)

In (67) Ũh × S̃h is a subspace of Uh × Sh, where the matching condition in (56) is
satisfied in a discrete sense.

Using the backward Euler for both the fluid and structure equations and applying
the geometric conservation law(GCL) [20], we have the fully discretized systems
given as follows.

2α

[

ρw(
ηn+1
h − 2ηnh + ηn−1

∆t2
, ξh)Γ0 + a (

∂ηn+1
h

∂z
,
∂ξh
∂z

)Γ0

+b (

∂η
n+1
h

∂z
−

∂ηn

h

∂z

∆t
,
∂ξh
∂z

)Γ0 + c (ηn+1
h , ξh)Γ0





+
λ

∆t

[

(σn+1
h , τh)Ωtn+1

− (σn
h, τ h)Ωtn

]

+
2αRe

∆t

[

(un+1
h ,vh)Ω

tn+1 − (un
h ,vh)Ωtn

]

+λ
[

κ(un+1
h − zn+1

h ,σn+1
h , τ h)Ω

t
n+1

2

− (σn+1
h (∇ · zn+1

h ), τ h)Ω
t
n+1

2

]

+2αRe

[

θ(un+1
h ,un+1

h ,vh)Ω
t
n+1

2

+
1

2
((un+1

h · n)un+1
h ,vh)ΓN∪Γ

t
n+1

2

−(un+1
h (∇ · zn+1

h ),vh)Ω
t
n+1

2

− (zn+1
h · ∇un+1

h ,vh)Ω
t
n+1

2

]

+A((σn+1
h ,un+1

h ), (τh,vh))Ω
t
n+1

2

− 2α(pn+1
h ,∇ · vh)Ω

t
n+1

2

+ 2α(qh,∇ · uh)

= 2α (f ,vh)Ω
t
n+1

2

.(68)

Stability of the fully discretized coupled system is proved in the next theorem.
We omit the subscript h in (un

h,σ
n
h , p

n
h, η

n
h ) to simplify our notation.
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Theorem 4.1. If 1 − 4λM > 0, a solution to the fully discretized system (68)
satisfies the estimate

αc ‖ηn+1‖20 +
λ

2∆t
‖σn+1‖20,Ω

tn+1
+
αRe

∆t
‖un+1‖20,Ω

tn+1

+α

[

ρw
∆t2

‖ηn+1 − ηn‖20 + a ‖
∂ηn+1

∂z
‖20

]

+
n
∑

i=0

α

[

ρw
∆t2

‖ηi+1 − 2ηi + ηi−1‖20 + a ‖
∂ηi+1 − ∂ηi

∂z
‖20

+
2b

∆t
‖
∂(ηi+1 − ηi)

∂z
‖20 + c ‖ηi+1 − ηi‖20

]

+

n
∑

i=0

[

2α(1− α)‖D(ui+1)‖20,Ω
t
i+1

2

+ (1− 4λM)‖σi+1‖20,Ω
t
i+1

2

]

+
n
∑

i=0

[

∆t
λ

2
((ui+1 · n)σi+1,σi+1)ΓN

+ αRe ((ui+1 · n)ui+1,ui+1)ΓN

]

≤ α

[

ρw
∆t

‖η̇0‖
2
0 + a ‖

∂η0
∂z

‖20 + c ‖η0‖
2
0

]

+
λ

2∆t
‖σ0‖

2
0,Ω0

+
αRe

∆t
‖u0‖

2
0,Ω0

+C
n
∑

i=0

‖f i+1‖2−1,Ω
t
i+1

2

.(69)

Proof. Letting τ = σ
n+1, v = un+1 , q = pn+1 and ξ = ηn+1 − ηn in (68), we

obtain

2α

[

ρw(
ηn+1 − 2ηn + ηn−1

∆t2
, ηn+1 − ηn)Γ0 + a (

∂ηn+1

∂z
,
∂ηn+1 − ∂ηn

∂z
)Γ0

+b (
∂ηn+1

∂z
− ∂ηn

∂z

∆t
,
∂ηn+1 − ∂ηn

∂z
)Γ0 + c (ηn+1, ηn+1 − ηn)Γ0

]

+
λ

∆t
‖σn+1‖20,Ω

tn+1
+

2αRe

∆t
‖un+1‖20,Ω

tn+1

+λ
[

κ(un+1 − zn+1,σn+1,σn+1)Ω
t
n+1

2

− (σn+1(∇ · zn+1),σn+1)Ω
t
n+ 1

2

]

+2αRe

[

θ(un+1,un+1,un+1)Ω
t
n+1

2

+
1

2
((un+1 · n)un+1,un+1)ΓN∪Γ

t
n+1

2

−(un+1(∇ · zn+1),un+1)Ω
t
n+1

2

− (zn+1 · ∇un+1,un+1)Ω
t
n+1

2

]

+A((σn+1,un+1), (σn+1,un+1))Ω
t
n+1

2

=
λ

∆t
(σn,σn+1)Ωtn

+
2αRe

∆t
(un,un+1)Ωtn

+ 2α (fn+1,un+1)Ω
t
n+1

2

.(70)
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Consider the left hand side of the equation first. The structure terms are turned
to:

2α

[

ρw(
ηn+1 − 2ηn + ηn−1

∆t2
, ηn+1 − ηn)Γ0 + a (

∂ηn+1

∂z
,
∂ηn+1 − ∂ηn

∂z
)Γ0

+b (
∂ηn+1

∂z
− ∂ηn

∂z

∆t
,
∂ηn+1 − ∂ηn

∂z
)Γ0 + c (ηn+1, ηn+1 − ηn)Γ0

]

= α
[ ρw
∆t2

(

‖ηn+1 − ηn‖20 − ‖ηn − ηn−1‖20 + ‖ηn+1 − 2ηn + ηn−1‖20
)

+a

(

‖
∂ηn+1

∂z
‖20 − ‖

∂ηn

∂z
‖20 + ‖

∂ηn+1 − ∂ηn

∂z
‖20

)

+
2b

∆t
‖
∂(ηn+1 − ηn)

∂z
‖20

+c
(

‖ηn+1‖20 − ‖ηn‖20 + ‖ηn+1 − ηn‖20
)]

.(71)

By (66),

λ
[

κ(un+1 − zn+1,σn+1,σn+1)Ω
t
n+1

2

− (σn+1(∇ · zn+1),σn+1)Ω
t
n+ 1

2

]

≥ −
λ

2

[

(σn+1(∇ · zn+1),σn+1)Ω
t
n+ 1

2

−(((un+1 − zn+1) · n)σn+1,σn+1)ΓN∪Γ
t
n+1

2

]

.(72)

Using integration by parts and that zn+1 = 0 on the fixed boundary ΓN ,

(zn+1 · ∇un+1,un+1)Ω
t
n+1

2

= −
1

2
((∇ · zn+1)un+1,un+1)Ω

t
n+ 1

2

+
1

2
((zn+1 · n)un+1,un+1)ΓN∪Γ

t
n+1

2

.(73)

Thus, using (64) and (73),

2αRe

[

θ(un+1,un+1,un+1)Ω
t
n+1

2

+
1

2
((un+1 · n)un+1,un+1)ΓN∪Γ

t
n+1

2

−(un+1(∇ · zn+1),un+1)Ω
t
n+1

2

− (zn+1 · ∇un+1,un+1)Ω
t
n+1

2

]

≥ αRe
[

−(un+1(∇ · zn+1),un+1)Ω
t
n+1

2

+(((un+1 − zn+1) · n)un+1,un+1)ΓN∪Γ
t
n+1

2

]

,(74)

and, by (26), (72) and (74),

Fluid terms at left

≥ αRe
[

−(un+1(∇ · zn+1),un+1)Ω
t
n+1

2

+(((un+1 − zn+1) · n)un+1,un+1)ΓN∪Γ
t
n+1

2

]

+(1− 4λM)‖σn+1‖20,Ω
t
n+1

2

+ 4α(1− α)‖D(un+1)‖20,Ω
t
n+1

2

−
λ

2

[

(σn+1(∇ · zn+1),σn+1)Ω
t
n+1

2

−(((un+1 − zn+1) · n)σn+1,σn+1)ΓN∪Γ
t
n+1

2

]

+
λ

∆t
‖σn+1‖20,Ω

tn+1
+

2αRe

∆t
‖un+1‖20,Ω

tn+1
.(75)
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On the other hand, using the Schwartz and Young’s inequalities, the right hand
side of (70) is bounded as

RHS ≤
λ

2∆t

(

‖σn‖20,Ωtn
+ ‖σn+1‖20,Ωtn

)

+
αRe

∆t

(

‖un‖20,Ωtn
+ ‖un+1‖20,Ωtn

)

+C‖fn+1‖2−1,Ω
t
n+1

2

+ δ‖D(un+1)‖20,Ω
t
n+1

2

.(76)

By (71), (75) and (76), (70) imply

α
[ ρw
∆t2

(

‖ηn+1 − ηn‖20 + ‖ηn+1 − 2ηn + ηn−1‖20
)

+a

(

‖
∂ηn+1

∂z
‖20 + ‖

∂ηn+1 − ∂ηn

∂z
‖20

)

+
2b

∆t

(

‖
∂(ηn+1 − ηn)

∂z
‖20

)

+ c
(

‖ηn+1‖20 + ‖ηn+1 − ηn‖20
)

]

+
λ

∆t

[

‖σn+1‖20,Ω
tn+1

−
1

2
‖σn+1‖20,Ωtn

]

+
2αRe

∆t

[

‖un+1‖20,Ω
tn+1

−
1

2
‖un+1‖20,Ωtn

]

+(1− 4λM)‖σn+1‖20,Ω
t
n+1

2

+ (4α(1− α) − δ)‖D(un+1)‖20,Ω
t
n+1

2

−
λ

2

[

(σn+1(∇ · zn+1),σn+1)Ω
t
n+1

2

−(((un+1 − zn+1) · n)σn+1,σn+1)ΓN∪Γ
t
n+1

2

]

+αRe
[

−(un+1(∇ · zn+1),un+1)Ω
t
n+1

2

+(((un+1 − zn+1) · n)un+1,un+1)ΓN∪Γ
t
n+1

2

]

≤ α

[

ρw
∆t2

‖ηn − ηn−1‖20 + a‖
∂ηn

∂z
‖20 + c‖ηn‖20

]

+
λ

2∆t
‖σn‖20,Ωtn

+
αRe

∆t
‖D(un)‖20,Ωtn

+ C ‖fn+1‖2−1,Ω
t
n+1

2

.(77)

The time discretization scheme in (68) is based on the mid-point rule satisfying
GCL [20]
(78)
∫

Ω
tn+1

vh dΩ−

∫

Ωtn

vh dΩ =

∫ tn+1

tn

∫

Ωt

vh∇ · zh dΩ dt = ∆t

∫

Ω
t
n+1

2

vh∇ · zh dΩ ,

and we have

λ

2∆t

[

‖σn+1‖20,Ω
tn+1

− ‖σn+1‖20,Ωtn

]

=
λ

2

∫

Ω
t
n+1

2

‖σn+1‖20,Ω
t
n+1

2

∇ · zn+1 dΩ

=
λ

2
(σn+1(∇ · zn+1),σn+1)Ω

t
n+1

2

,

αRe

∆t

[

‖un+1‖20,Ω
tn+1

− ‖un+1‖20,Ωtn

]

= αRe

∫

Ω
t
n+1

2

‖un+1‖20,Ω
t
n+1

2

∇ · zn+1 dΩ

= αRe (un+1(∇ · zn+1),un+1)Ω
t
n+1

2

.(79)
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Using (79) in (77) and letting δ = 2α(1 − α), we obtain

α
[ ρw
∆t2

(

‖ηn+1 − ηn‖20 + ‖ηn+1 − 2ηn + ηn−1‖20
)

+a

(

‖
∂ηn+1

∂z
‖20 + ‖

∂ηn+1 − ∂ηn

∂z
‖20

)

+
2b

∆t

(

‖
∂(ηn+1 − ηn)

∂z
‖20

)

+ c
(

‖ηn+1‖20 + ‖ηn+1 − ηn‖20
)

]

+
λ

2∆t
‖σn+1‖20,Ω

tn+1
+
αRe

∆t
‖un+1‖20,Ω

tn+1

+(1− 4λM)‖σn+1‖20,Ω
t
n+1

2

+ (2α(1− α) − δ)‖D(un+1)‖20,Ω
t
n+1

2

+
λ

2
(((un+1 − zn+1) · n)σn+1,σn+1)ΓN∪Γ

t
n+1

2

+αRe (((un+1 − zn+1) · n)un+1,un+1)ΓN∪Γ
t
n+1

2

≤ α

[

ρw
∆t2

‖ηn − ηn−1‖20 + a‖
∂ηn

∂z
‖20 + c‖ηn‖20

]

+
λ

2∆t
‖σn‖20,Ωtn

+
αRe

∆t
‖D(un)‖20,Ωtn

+ C ‖fn+1‖2−1,Ω
t
n+1

2

.(80)

Summing over n in (4.22), assuming that the fluid velocity matches with the domain
velocity on Γ

t
n+1

2
and using zn+1 = 0 on ΓN , we obtain the estimate (69).

�

5. Numerical results

In this section we present results of numerical experiments for the viscoelastic
fluid-structure system (1)-(3) and (15). The initial domain of the fluid is the rec-
tangle of height H = 1 and length L = 6 whose upper bound is elastic. See Figure
2. Both the fluid and structure are initially at rest. We simulate the pressure pulse
Pin = 2000 by imposing the following Neumann boundary conditions on the inflow
and outflow sections:

{

(σ + 2(1− α)D(u) − pI) · n = −Pin

2 [cos( πt
0.0025 )− 1]n on Γin

(σ + 2(1− α)D(u) − pI) · n = 0 on Γout .

The parameters for the fluid equations are given as α = 0.9825, β = 0, λ = 0.9 ,
1/Re = 0.035, while for the structure equation, a = 25000, c = 0.01, b = 400000,
ρw = 1.1. Note that for higher Weissenberg number λ, the numerical stability
for the coupled system degrades due to the required condition 1 − 4λM > 0 of
Theorem 4.1. One of the main goals of numerical experiments is to compare the
viscoelastic case with the Newtonian case (λ = 0), and for this purpose, a choice of
low Reynolds number (high viscosity) can be made to improve numerical stability
when a larger λ value is used for simulations.

A conforming space discretization is applied to the fluid-structure coupled sys-
tem. For the fluid, the space discretization consists of the Taylor-Hood (P2, P1)
finite elements for u, p and P1 discontinuous elements for σ. The structure is dis-
cretized by continuous P2 finite elements, and the ALE mapping is approximated
by P1 elements.

The homogeneous Dirichlet boundary condition was applied for the structure
equation in the previous analysis. However, in the numerical tests, we consider the
first order absorbing boundary condition instead [7], which may be more realistic
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Figure 2. Test domain.

when applied to blood flow simulations:






∂η
∂t

−
√

a
ρw

∂η
∂z

= 0 at z = 0

∂η
∂t

+
√

a
ρw

∂η
∂z

= 0 at z = L .

5.1. Experiment 1. In this experiment, we approximate the system by the Leap-
Frog algorithm. We set the mesh size to h = 0.1 and the time step to ∆t = 10−4.
The wall displacements of the viscoelastic fluid in different time steps are presented
in Figure 3. Observe that the bump of the wall, which is caused by fluid stress,
moves from the inflow section to the outflow section repeatedly as time goes. The
results meet our expectation based on the physical foundation. However, during
numerical tests, we found out that the explicit Leap-Frog algorithm is not always
stable. In fact, with a higher pressure input, the explicit algorithm can converge
only up to the time 0.14s.

5.2. Experiment 2. We implemented a more stable algorithm for the system
by an implicit scheme with relaxation. Specifically, a sub-iteration involving both
structure and fluid solvers is added in each time iteration [20]:

(1) find the fluid subproblem solutions un+1
k , pn+1

k , σn+1
k ,

(2) find the structure subproblem solutions η̂n+1
k ,

(3) relax the structure solver by ηn+1
k = ωη̂n+1

k + (1− ω)ηn+1
k−1 , 0 ≤ ω ≤ 1,

and keep iterating until |ηn+1
k − ηn+1

k−1 | < tolerance.
For this implicit algorithm, we used ω = 0.9 and pin = 20000, which is 10 times

higher than the previous experiment and the result of this case is presented in
Figure 4. Notice that the viscoelastic fluid is reduced to the Newtonian fluid in
the case of λ = 0. Since the Newtonian flow is usually used to simulate the blood
flow in many tests, we compared the wall displacements for both the viscoelastic
and the Newtonian models with all the same parameters except λ. In Figure 4,
displacements of the viscoelastic model are represented by blue curves while results
for the Newtonian case are plotted with red curved. Clearly, similar patterns are
observed from both models. A visible difference is observed as time goes, although
the difference is not quite significant at initial times. During numerical tests, we
also noticed that the viscoelastic case calls for more subiterations to converge as
expected.

6. Conclusion

Viscoelastic flow model equations coupled with the String model was considered
for stability analysis and numerical experiments. The numerical results indicate the
approach based on the ALE method can be used to simulate the viscoelastic flow in
an elastic medium. Non-negligible differences between the viscoelastic flows and the
Newtonian flows were observed under a high pressure input. Also we noticed that



NUMERICAL APPROXIMATION OF VISCOELASTIC FLOWS IN AN ELASTIC MEDIUM 141

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(a) 0.02 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(b) 0.04 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(c) 0.06 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(d) 0.08 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(e) 0.10 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(f) 0.12 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(g) 0.14 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(h) 0.16 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(i) 0.18 s

0 1 2 3 4 5 6
−5

−2.5

0

2.5

5
x 10

−3

(j) 0.20 s

Figure 3. Displacement of the wall for Pin = 2000.

the non-Newtonian property affects stability of decoupled algorithms significantly,
i.e., larger Weissenberg numbers resulted in divergence of the algorithm at earlier
times. This is obviously due to the small data assumption on λ for numerical
stability of the coupled system.

In the future work the study on the viscoelastic/non-Newtonian fluid-structure
system will be extended to a 2D-2D case with linear/nonlinear structure models.
Various decoupling time discretization schemes will be investigated for better stabi-
lized algorithms. As pointed out earlier more realistic numerical simulations include
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Figure 4. Displacement of the wall for Pin = 20000.

implementation of a stress boundary condition along inflow boundaries. One possi-
ble way would be to compute boundary value of stress using velocity information as
given in [9] on inflow boundaries, where u ·n < 0 and use this as a stress condition
for the next time or subiteration.
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