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MULTISCALE COMPUTATION OF A STEKLOV EIGENVALUE
PROBLEM WITH RAPIDLY OSCILLATING COEFFICIENTS

LI-QUN CAO, LEI ZHANG, WALTER ALLEGRETTO, AND YANPING LIN

Abstract. In this paper we consider the multiscale computation of a Steklov
eigenvalue problem with rapidly oscillating coefficients. The new contribution
obtained in this paper is a superapproximation estimate for solving the ho-
mogenized Steklov eigenvalue problem and to present a multiscale numerical
method. Numerical simulations are then carried out to validate the theoretical

results reported in the present paper.
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1. Introduction

In this paper we discuss the multiscale computation of a Steklov eigenvalue
problem with rapidly oscillating coefficients given by

Leu® =0, in Q,
(1) u® =0, on Ty,
oe(uf) = A°u®, on Iy,

where ) is a bounded Lipschitz polygonal convex domain or a smooth domain
in R™, n > 2 with a periodic microstructure, and whose boundary is denoted by
I =00 =TyUTly, with ToNT; = 0. Here £. denotes a second-order partial
differential operator with rapidly oscillating coefficients given by

0 0
Lep= ~on (aij(g)a—:i) + ao(%)ﬂ%

and 90
x
o () = Vzaw(s)axjv

where 7 = (11, ,vy,) is the outward unit normal to I'y, and ¢ > 0 is a small
period parameter. Here and below we use the Einstein summation convention on
repeated indices.

We make the following assumptions:

(A1) Let & = 71z, and assume that a;;(£), ag(€) are 1-periodic functions in &.

(A2) There is a positive constant vy which is independent of € such that

xr
aij(g)ninj > vo[n|?
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n
for all (1, ,n,) € R", [n]* = Y n? and all z € Q, ag(£) > 0.
i=1

(As) ai;(£) = aji(£) for almost every z € Q.

(A4) aj a5 € L=(9).

Problems with an eigenvalue parameter on the boundary appear in many physi-
cal situations(see, e.g.[1, 10, 26, 3]). Courant and Hilbert [16] presented early results
on the Steklov eigenvalue problems. Osborn [36]developed a general approximation
theory for compact operators. Bramble and Osborn [7] presented a Galerkin method
for the approximation of the Steklov problem for a non self-adjoint second order d-
ifferential operator. Andreev and Todorov [2] gave the isoparametric finite element
approximation of Steklov eigenvalue problems for second-order, self-adjoint, elliptic
differential operators. Several eigenvalue problems arising in physics and engineer-
ing, as well as their approximations, are presented in Weinberger [42],Babuska and
Osborn [5]. On the other hand, a Steklov eigenvalue problem with constant coef-
ficients can be easily converted into the eigenvalue problem of a boundary integral
equation, so the boundary element method is more advantageous in such a case.
Han, Guan and He [24] developed the boundary element method for a Steklov
eigenvalue problem by means of a boundary integral equation. Huang and Lii [29]
used the mechanical quadrature method to obtain the extrapolation formulae for
solving the boundary integral equation arising from Steklov eigenvalue problems.

This paper involves Steklov eigenvalue problems arising from structures made
of composite materials. In such cases, the direct accurate numerical computation
of the solution becomes difficult because of the very fine mesh required. We recall
that the homogenization method gives the overall solution behavior by incorpo-
rating the fluctuations due to the heterogeneities. Vanninathan [40] obtained a
homogenization result for a spectral problem with Steklov boundary conditions on
periodically distributed holes inside the domain 2. There are many other results
(see, e.g. [33, 21, 23, 30, 9]). Simulation results (cf. [11], [12] ) have shown that
the numerical accuracy of the homogenization method may not be satisfactory if
¢ is not sufficiently small. We also refer to the numerical results presented in Sec-
tion 5. This is the main motivation for the multiscale asymptotic methods and the
associated numerical algorithms.

Sarkis and Versieux [41] presented the numerical boundary corrector for elliptic
equations with rapidly oscillating periodic coefficients and derived the convergence
results of their method in [39]. Hou and Wu[27] and Hou, Wu and Cai [28] provided
an interesting multiscale finite element method (MsFEM) based on the first order
asymptotic expansion. The basic idea of MSFEM is to find new finite element
space; i.e., the set of basis functions consists of two parts, the first part being
the set of piecewise polynomials and the second part the set of some oscillatory
functions obtained by simultaneously solving locally partial differential equations
in subdomains. Efendiev and Hou [19] gave a comprehensive survey of MSFEM. E
and Engquist [17] proposed the overall framework of an important heterogeneous
multi-scale method (HMM). A review of HMM was presented in [18]. In [13],
authors presented recently the multiscale asymptotic method for a Steklov problem
with rapidly oscillating coeflicients.

The new contribution obtained in the present paper is a superapproximation
estimate for solving the homogenized Steklov eigenvalue problem and to present
a multiscale finite element method on the basis of the theoretical results of [13].
The key steps in this approach are the application of an adaptive finite element
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method to solve the cell problems and considerations of the boundary layer equa-
tion, followed by a numerical algorithm for solving the algebraic eigenvalue problem.
Numerical simulations are carried out at the end to validate the theoretical results
reported earlier in the paper.

The paper is organized as follows. In Section 2, we present the multiscale asymp-
totic expansions for the eigenvalues and the eigenfunctions of the Steklov eigenvalue
problem (1) and define the boundary layer solution. Section 3 is devoted to the
finite element computations of the related problems. In particular, we obtain a
superapproximation estimate for solving the homogenized Steklov eigenvalue prob-
lem. In Section 4, we present the multiscale finite element method for problem
(1) based on multiscale asymptotic expansions. Finally, in Section 5, we give some
numerical case studies as validation for the numerical results.

2. Multiscale Asymptotic Method

In this section, we introduce the multiscale asymptotic method for problem (1),
also see [13].
Let V be the closed subspace of H!(Q) given by
V=H"Ty) ={ve H(Q), |v=0 on Ty}

Obviously H}(Q) C V C HY(Q).
Assume that the space L?(T'1) is equipped with the scalar product

(1) = F/ ddo

The bilinear form on V' x V associated with L. is given by

as(¢ﬂ/’)2/(Gij(x)%a—q/}—l—ao(g)gbw)dx.

e’ 0x; Ox;
Q

Let (A%, u®) be the exact Steklov eigenpair of problem (1) as given in the weak
formulation:

(2) a:(u®,v) = A°(uf,v), YveV.
From assumptions (As) — (A4), we can easily infer that

ﬁOHU”%,Q < ac(v,v),
|ac(u,v)| < Brlullr,ellv]

where (g, 81 are positive constants independent of €.

Then from the classical theory of abstract elliptic eigenvalue problems (see, e.g.
[5], [36]), we obtain

Lemma 2.1 ([42, 5]) Problem (2) has a countably infinite set of eigenvalues, all
of finite multiplicity, without finite accumulation point. If T'g = @), then it follows
that

1,0 Yu,veV

O=M<A<A < <A <= o0
If Ty # 0, then
D<A < A< <A <> 00,

where each eigenvalue occurs as many times as given by its multiplicity. Further-
more, the orthonormal eigenfunctions uf, £ > 1 form a basis of the Hilbert space
L?(Q) with respect to the inner product (u,v) given in (2.1).
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Remark 2.1 Throughout the paper we assume that all eigenfunctions u(x) for
the Steklov eigenvalue problem are canonical, ie. |[ulor, = 1, where [ulf =
(u,u) without loss of generality. Otherwise, we replace u by u/||ullo,r,-

In [13], we presented the multiscale asymptotic expansions of the eigenvalues and
the eigenfunctions of problem (1). Setting £ = e~ 'z and following the terminology
of [6], x,& are called as “slow” and “fast” variables, respectively. We define the
function ug ; (z) by

0'uy (x)

_— =1,2.
0T,y - O, §

)

(3) ’U,i _uk +ZE Z Nal"'al(g)

ay, =1
The cell functions Ny, (§), Najas(§), a1,a2 =1,2,---  n are defined as follows

9 ONa, ()Y _ 0
o6 (056 ) = 5

(4) N, (&) is l-periodic in ¢,
gNoa (§)d¢ =0,

(0:(9)). €€

and
9 ONayas(§), 0
a—&(aij(f)T) = _6_&(%0‘1(5)]\7% ()
(5) _aalj(g)aNaaig_(g) — Qajas (5) + doaazv 5 € Qa

J
Noyay(§) is l-periodic in ¢,
fNOtlaQ (§)d€ = 07

Q

where a;; = qf)(aij &) + aip(g)@g%)dg, and the reference cell Q = (0,1)"™.

The homogenized Steklov eigenvalue problem associated with problem (1) is then
given by

. Oug(x .
Lu) = _3%(@” 6:10( )) + (ap)ul(z) =0, in Q,
(6) ud(z) =0, on Ty,
Vidiij 8133( ) _ A0(2) on Ty, k>1,
J
where 7 = (v, -+ ,1,) is the outward unit normal to the boundary I'1, (é;;) is the

homogenized coefficients matrix and {(ag) fQ ap(&)dg.

If Q is a bounded domain in R" with Lipschitz-continuous piecewise C**2 bound-
ary 0f, then we can prove that the k-th eigenfunction u) € H*"2(Q) of the ho-
mogenized Steklov eigenvalue problem. However, generally speaking, for a general
bounded Lipschitz polygonal domain, the condition u{ € H®**?(Q2), s = 1,2, is
invalid. To overcome this difficulty, we need to define the boundary layer solu-
tion. To begin let us introduce the notation: We construct an interior subdomain
Qo =U.cp e(2+ Q) C Q as illustrated in Figure 1 such that dist(90,09Q) > ?,

where the 1ndex set To = {z = (21, ,2n) € Z", e(z+ Q) C Q}, and the unit
cube @ = (0,1)". The boundary layer Q; = Q\ Qg, T'* = 9Q N I is as shown in
Figure 2.
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Qo

FIGURE FIGURE
1. Interior 2. The
subdomain boundary
Qo layer €4

We define the boundary layer solution uiZ(:z:), k > 1 given by

b .
Leuy =0, in Q4
b

ugyy =0, on Iy,
(7) eb ¢ r*
us,k - ’u’s,k7 on )

g,by _ (0) &b
o=(ugy) = Ay ugy (@), on Iy,

where )\,(CO), ug ;. () are given in (6) and (3).
We define the multiscale asymptotic solution by

s n alUO(x) _
9 ! Noyoor k Q
© =] TG, S Ve W v e

u?i(m), r €, s=1,2.

Lemma 2.2 (see [13], Theorem 2.2) Suppose that 2 is a bounded Lipschitz
polygonal domain or a smooth domain in R™, n > 2 with boundary 052, Q¢ CC
Q, Q1 = Q\ Qo. Let (Af,uf,) be the k-th eigenpair of problem (1), and let @S, (x)
be the multiscale solutions as defined in (8) associated with uf. Then we have the
following estimates:

(9) A=AV < k)2, k> 1

If the multiplicity of the eigenvalues /\](CO) is equal to t, then

(10) a5, = @ il < Cs(k)e' 2, s=12, k>1,

where 45, is a linear combination of the eigenfunctions of problem (1) corresponding

to AL, -+, Afy;_,- In particular, if the eigenvalue /\](CO) is simple, then

(11) luf, = @S il < Csk)e' 2, s=1,2, k>1,

where C(k) is a constant independent of .

3. Finite Element Computations

In this section, we present the finite element numerical algorithms for the related
problems. In particular, we obtain a superapproximation estimate for solving the
homogenized Steklov eigenvalue problem.
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3.1. Adaptive finite elements for calculating cell functions N,,(¢) and
Na1a2(§)7 ay,

as = 1,2,--- ,n. Since the elements a;;(£) of the coefficients matrix A(§) of (4)
and (5) are discontinuous, we employ an adaptive finite element method (see [14,
43]). For convenience, we present the a posteriori error estimates for solving the
cell problems (4). In solving (5), we use the same mesh as in solving (4). We
first introduce the following notation: Let 7, be a sequence of tetrahedrons of
the reference cell @), and let F,, be the set of faces not lying on 9Q) , p > 0, i.e.
Fp N OQ = 0. Note that the tetrahedrons must be aligned with the boundary of
Q@ to employ the periodic boundary conditions on the boundary 9@Q. The finite
element space U, over 7, is defined by

(12) Up(Q)={veC(@Q)| vlrePi(T), v takes the same
value on the opposite faces of Q, VI € 7T,}.

For any T' € 7, and F' € F,,, we denote the diameters of T' and F' by hr and hp,
respectively.

Let N[0 () denote the approximate solution of Ny, (€) in the finite element
space U, (Q), respectively, where hyg is the final mesh parameter of () for the adaptive
finite element method.

Following the lines of Theorems 5.2.1 of [43], also see [14], a posteriori error

estimates for N,, (§) are given by

(13) INay = NI <C( D G+ > )

TET, FEF,
where
da; 9 ONay (€) 2
2 = pZ 9aia, (€) | 0 a;; (6) eI e
ONG? p(6) N2
2 _ . @1,pP
CF = hF; ( azal + Q5 (5) 85] )) dl—‘fa
where v = (11, -+ ,1,,) is the outward unit normal to the element edge F' € F,,.

We then obtain the following proposition.

Proposition 3.1 Let Ny, () and Ny, o, () be the weak solutions of problems (4)
and (5), respectively, and let N0 (¢), N (£) be the corresponding finite element
solutions, where hg is the final mesh parameter of () for the adaptive finite element

method. If No,, Na,a, € H%(Q), then it holds

(14) HNOtl _NLLSHGQ < Chg_U”Na1”27Qv o=0,1,
and
(15) ”NOthz N(]XI?QQ hg_a (HN , )7 o=0,1,

where C' is a constant independent of €, hyg.

3.2. FEM for computing the eigenvalues and the eigenfunctions of the
homogenized Steklov eigenvalue problem. In the numerical computation, we
actually solve the modified homogenized Steklov eigenvalue problem

i 00 i i
L, i) = —298_(“Z _uaﬁ) + (ao)i(x) =0 in O
(16) p(r) =0, on Tp
v dho auk( ) — 5\120)17‘2 (.I) on Fl,

2 (%] xj
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where ,
ON;°(£)
~ho __ . . J
ity = [ () + o)== e
and NV Jho (&) is the finite element solution of N;(§).
Remark 3.1 Tt follows from (A4;)—(As) and Proposition 3.1 that the coefficients

matrix (d?;’) is symmetric and positive-definite, and
(17) fia|n|* < alonin; < falnl?,
where ji1, jiz are constants independent of hg, and n = (n1,--- ,1m,) € R™, |n|* =
> ;-
i=1

Next we compare (6) with (16), and estimate the difference between the eigenpair
(A,go),ug) of problem (6) and (5\,(60),&2) of problem (16).

Proposition 3.2 Let (/\,(CO),ug) and (5\,(60),&,6), k=1,2,--- be the eigenvalues

and the eigenfunctions of the Steklov eigenvalue problems (6) and (16), respectively.
Under assumptions (A;) — (A4), then it holds

(18) A = A0 < Ck)R3.
Moreover, if the multiplicity of the eigenvalue )\,(CO) is equal to t, i.e.
0 0) 0) 0

/\Ec—)l < )‘I(c == )‘l(c—i-t—l < /\Ec-zt’
then
(19) [up — @Rll1.0 < C(k)hg,
where 52 is a linear combination of the eigenfunctions of problem (16) corresponding
to the eigenvalues :\20)7 e ,:\;ﬂolt_l. In particular, if )\,(CO) is simple, then
(20) [ug = axll10 < C(k)hg,

where C'(k) is a constant independent of &, hy.

Proof. The proof of Proposition 3.2 follows along the lines of the proof of
Theorem 4.1 of [11].

Since equations (6) and (16) are Steklov eigenvalue problems with constant co-
efficients, we can take higher-order derivatives on both sides of (6) and (16) in the
interior subdomain g, respectively. Subtracting Eq.(16) from Eq.(6), using the
interior regularity estimates for elliptic equations (see, e.g. [20]) and Proposition
3.2, we obtain

Proposition 3.3 Suppose that Qg CC Q' CC Q. Under assumptions (A4;) —
(Ay), if ul € H™ ('), 0 < r < s, then the following estimate holds:

(21) lu = @y llr0o < CR)AG|uRllrr2.00,

where r =0,---,s, s =1,2, k > 1, and C(k) is a constant independent of e, hy.

For simplicity, we assume that Q C R? is a bounded Lipschitz convex domain,
the higher dimensional cases can be discussed similarly. Let J" = {e} be a regular
family of subdivision of €2, and satisfy the following properties:

(F1). The elements are uniform triangles (or rectangles) in the interior domain
Qo CC Q.

(F2). The elements are regular triangles in region Q; = Q\ Qg, and the elements
are (curved) triangles near the boundary 0.

(F3). Any face of any element e; is either a subset of the boundary 9, or a
face of another element ey in the subdivision.
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We define a finite element space as follows: For m > 1, let

(22) V(@) ={veC@): vl Pnle), vlr, =0}c HY(Q,T),

where H'(Q,T) = {v € H'(Q), v|r, = 0}, and P,, = gm, e is a rectangle

- e is a triangle °
We follow Ciarlet’s notation of finite element spaces (see [15]).
The discrete variational formulation of the modified homogenized Steklov eigen-
value problem (16) is then given by

(23) AT o) = M@ 4 on), Yo € Vi(Q), k=12,
where
Ou Jv
— "ho_ =
(24) A(u,v) = / (aij Dz, O, + <a0>uv)d:§, (u,v) /uvdo.
Q '

For the error estimates of the finite element solutions for problem (23), we have
the following known convergence results.
Lemma 3.1 (2], Theorem 1) If @) € H™T(Q), k > 1, then

(25) 0< A A <Cthn®™, ||l —ad ulloe < C(k)R™

where C'(k) is a constant independent of .
Lemma 3.2 ([4]) If a2 € H™1(Q), k > 1, then it follows that

(26) g — ag plle < C(k)R™,

where C'(k) is a constant independent of .

Armentano [4] gave a priori estimates for the finite element method applied to
the Steklov eigenvalue problem. Andreev and Todorov [2] obtained error estimates
for the isoparametric finite element approximation of a Steklov eigenvalue problem.
Armentano and Padra [3] presented a posteriori error estimates for this problem. As
mentioned earlier, a goal of this paper is to obtain a superapproximation estimate
for solving the Steklov eigenvalue problem (16). To the best of our knowledge, there
are no other results of this type in the literature. We remark that our technique for
superapproximation is valid only in two dimensional cases. However, superapproxi-
mation error estimates for other types eigenvalue problems have been the subject of
a considerable number of theoretical and numerical results. We refer the interested
reader to some classical books (see, e.g. [32], [44]).

To begin, we introduce the notation: Set ||w||} = A(w,w) and define a Ritz-

Galerkin projection operator R;Lk) : Vi € HY(Q,To) — Vi () such that
(27) A(w—RPu, o) =0, uweVi, Vo, € Vi(Q).

where Vi, C V denotes the orthogonal complement of the first £ — 1 eigenspaces,
k > 1 with respect to the inner product A(u,v) defined in (24), i.e.

Vi = {v eV, Alv,u;) =0,i =1,--- |k —1}. In particular, for & = 1, we have
Vi = Vi =V = HY(Q,T,). For simplicity, we write R{") = Ry, in the sequel.

For convenience, we set A = :\20)7 A = :\590217 and assume that Hy(T'p) is the
restriction of the eigenspace of the operator Lp, with respect to the eigenvalue
A= :\20)7 k > 1 on the boundary I'y. Define a projection operator Py : L?(I';) —
Hy(T'1) such that

(28) Py = Z (v, u)ug,

A=A
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where (¢, g) = fF1 wgdo , and {u;} form a set of orthonormal basis of Hy(T'y) with
respect to the inner product (yp, g).

To derive the superapproximation estimate for the finite element method of
problem (23), see Theorem 3.1, we have to present Propositions 3.4, 3.5 and 3.6.
We would like to emphasize that these propositions are proved only for the first
eigenpair (5\50) ; ﬂgo)) of the modified homogenized Steklov eigenvalue problem (16),
and they are actually valid for other cases k > 1.

Proposition 3.4 Suppose that Q C R? is a bounded Lipschitz convex domain
or a smooth domain. Let (5‘120)7 a?) and (5\,(602” a9 1), k > 1 be k-th eigenvalues and
eigenfunctions of problems (16) and (23), respectively. Then the following relations
hold

A B _ ~0q2
o) oo <£le:§) P ||w<w By, e,
_ A@) ,, a0 - A
(30) 0< A < w =30 < @) gy Vi(9),
<uk,h7uk,h> (v,v)

and

. . (k) ~0 p(k)~0 - (F)~0 _ ~0y2
(31) OSAI(S;L—/\;O) < ARy, g, Ry, ) _)\io) < Ry, g, — ||’ k>,

(B, Ry ) TR R )
where R;Lk) is defined in (27), in particular, RS) = Rp. A(w,w), (w,w) are given
in (24).

Proof. We prove Proposition 3.4 only for the first eigenvalue and the first eigen-
function, i.e. k = 1.

Estimate (30) is a straightforward consequence of the relation V,(Q) C V =
H(Q,Tp). It remains to give the proofs of (29) and (31).

For any fixed w € V, w # 0, since ||w||% = :\50) (w, 49)? + ||lw — (w,ad)ad||4, we
have

2 2 ~0\~01(2
(32) so _ o lvlla o flwlla <304 lw — (w, @)y |1

o veV, v#£0 ||UH3,F1 - ||U)| g)rl Hw||?)7f‘1

On the other hand, since ||@{or, = 1 (see Remark 2.1), for any fixed w €
V, w # 0, one can directly verify that

(33) Alw — (w, @)@}, at?) =0, Va € R,
and consequently
(34) w — @5 = llw — (w, a9)ad % + || (w, af)ay — afl|% > |lw — (w, ag)aq|.
Combining (32) and (34) gives
> 1 >
{w, w) [wl r,

(35) actually proves (29). Putting w = Rpa{ into (29), and recalling (30) , we
get

lwllg.r,

| Rpal — @)%
(RLa%, RpaY)

The proof of Proposition 3.4 is complete.

(36) 0 <A - A" <
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In order to obtain Propositions 3.5 and 3.6, we first consider the mixed boundary
value problem given by

Lp,w(z) =0, ze€Q,

(37) w(z) =0, =z €Ty,
~ho Qw(z)
Vil g = g(x), xe€Tly.

where the operator Lp, is defined in (16).
The variational form of (37) is to find w € V = H*(Q,Ty) such that

(38) A(w,v) = (g,v), geL*T), YweV.

It follows from (17) that problem (38) is uniquely solvable. For g € L*(T) the
solution w is in V. We define the operator B : L2(I';) — V by Bg = w. Now let
us consider the operator 7 : L?(T'y) — L?(I'1) as the restriction of B on I'y, i.e.
Tg = (Bg)|r,. We can check that 7 : L?(I'1) — L?(T;) is a linear self-adjoint
compact operator in a Hilbert space L?(I'1), see [7] and [2].

Proposition 3.5 Suppose that Q C R? is a bounded Lipschitz convex domain
or a smooth domain. Let R;Lk) : Vi = Vi(Q), k > 1 be the Ritz-Galerkin projection

operator defined in (27), in particular, RS) = Rj,. Under assumptions (A1) —
(Ag), (F2) — (F3), we have

(39) IMREB = AB|ly < C(k)hV/2,
and
(40) IRVB|, < Ck),

where || K|y = ||K||L2(r,)—r2(ry) is the norm of an operator K: L*(T'1) — L*(T'1),
and C(k) is a constant independent of €, h, ho.

Proof. We only prove Proposition 3.5 for the case £k = 1. If Q) is a bounded
Lipschitz convex domain or a smooth domain, for ¢ € L?(T';), then we can infer
that Bg € H3/2(Q) and [|Bg|[3/2,0 < C|lgllo,r, (see [2, 7]). On the other hand, it
follows from Theorem 4.4.4 of ([8], p.104) and the interpolation error estimates of
Sobolev spaces that

I(RnB = B)gll1.0 < Ch?||Bg]i3/2,0-

By using the trace theorem, we get

[(RuB = B)gllor, < Cl(RB—B)gllia

< ChY?||By|l3/2.0 < ChY?|glo,r,,

and consequently

(41) I(RnBB = B)|ly < Ch'2.

It follows from Lemma 3.1 and (41) that
H)\thB — /\B”b < H)\thB — B+ M\ B - )\BH[,

< Al[(BuB = B)ls + [An = All| Bl
< Ch'Y24+Ch? < ChY/2.

Since |[ARpB|ly < ||ARrB — AB||p + || AB]|», using (39) and ||Bl|, < C, we get
[ RnBlly < C.

Therefore the proof of Proposition 3.5 is complete.

Proposition 3.6 Suppose that Q C R? is a bounded Lipschitz convex domain
or a smooth domain. Let R;Lk) : Vi = Vi(Q), k > 1 be the Ritz-Galerkin projection
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operator defined in (27), in particular, Rgl) = Rp. If u e WmTha(Q), ¢ > 2, then
we have the following estimate:

(42) |RBU = R Yullor, < COR™ 2 Julmirgn, m=1,
where I is an identity operator, % + % =1, % <p<2,¢g>2,and C(k) is a

constant independent of ¢, h, hg.

Proof. We only prove Proposition 3.6 for the case £ = 1. We define a solution
w eV =H(Q,T) such that
(43) A(w,v) = (RpB(I — Rp)u,v), YveV.

Using a priori estimates for elliptic equations (cf.[20]), it is obvious that ||@]1,0 <
CHR}J?(I — Rh)u| 0,I';-

Let B* be the adjoint operator of B with respect to the inner product (¢, g), in
such a way that for all o € H1(2), A(p,B*) = (¢, g). Using (3.3) of [2], we have

(44) 1B*gll3/2,0 < C*ligllory, Vg € L*(T1),

where C* is a constant independent of €, hq, h.

Let us introduce an interpolation operator I, : V — V3 (2). Tt follows from
Theorem 4.4.4 of ([8], p.104) and the interpolation error estimates of Sobolev spaces
that

(45)  |B"Ruis — LB Ryl < Ch'|B* Ryillajz s m > 1,

where C' is a constant independent of ¢, hg, h.
Using (27) and the interpolation error estimates, it is not difficult to check that

(46) lu— Rpulig0 < Ch™|[ullmirg0 m =1,

where C' is a constant independent of e, hg, h.
Using (43)-(46), Holder inequality and the trace theorem, we obtain

[RhB(I — Rp)ull§r, = A(w, RpB(I — Ry)u)

A(B* Ry, (I — Rp)u)

A(B*Rpw — I, B*Rpw, (I — Rp)u) (see (3.14), k= 1)
C”B*Rh’d) — ImB*Rh'LDHl,p,QHU — Rh’UJHLq’Q

Ch™+ 3 || B* Ry || 3/2.p.0 /|t ms1.0.0

Ch™ % ||ul|m41,0.0/| Batd o p.r,

Ch™ 2 ||uf|mi1.q.0l Rnid]lo.r, (since 4/3 < p < 2)
Ch™ % [t mt1.q.0ll Rrd| 1,0

Ch™ % [l mg1,q.0ll9] 1.0 (see (40))

Ch™ % |[u]lmir,q.0ll RRBI — Ri)ullor, ,

A A A VA VAN VAR VAN

and consequently
| RuB(I ~ Riullox, < CH™ % [[ullmir g0
The proof of Proposition 3.6 is complete.
Theorem 3.1 Suppose that  C R? is a bounded Lipschitz convex domain
or a smooth domain. Let Hy be the eigenspace of the k-th eigenvalue A = /\ECO)
for problem (16), and Vy, C V}, be the eigenspace of A, = 5\,(602 for problem (23).

Assume that Hy ¢ W™HL4(Q), ¢ > 2, m > 1. For Yuy, € V,,, then there exists
u € H)y such that

(47) IR u —up 1.0 < CE)R™ % |[ullms1,q,0,
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where ng) : Vi = Vi (Q), k > 1 are the Ritz-Galerkin projection operators defined
in (27), in particular, Rgl) = Ry, and C(k) is a constant independent of €, ho, h.

Proof. We prove Theorem 3.1 only for the case K = 1. Other cases can be
discussed similarly. Let A = 5\50), Ap = 5\&0})1 and have A > 0, A\p, > 0. Set

M={peL*I), (p,v)=0,Yve H}.

We recall 7 : L2(T'y) — L?(T'y) is a self-adjoint compact operator. For Vo € M,
since (Tp,v) = (p, Tv) = %(cp,v) = 0, we infer that 7M C M. Denote by T
the restriction of 7 on M. It follows from Fredholm’s alternative theorem that the
operator (I — AT |a) has a bounded inverse operator. Hence there exists a constant
~ > 0 such that

(48) Yvllo., <[ = AT m)vllor,, Vo e M.

We know Py : L2(I';) — H) is a projection operator and Pxv = Y (v, u;)u;, v €
A=A
L?(T'y). For Yuy, € Vi, C Vi, we set u = Pyuy, € Hy. It remains to prove that u
satisfies (47).
Setting u = Rpu —up — P\(Rpu—uyp), where Ry, = Rgl) Vi =V = Vi (Q) is the
Ritz-Galerkin projection operator defined in (27), it is easy to check that @ € M.
On the other hand, we have

ABu = ABP\up, = AB Y (up, u;)u;
A=A

=A% (unywi)Bui = A 3 (un, ) s
Xi=A AT
= Pyuy = u.

Since

A(AthBuh, ’Uh) = )\hA(RhBuh,Uh) = )\hA(Buh,Uh)
= )\hA()\_lhuhavh) = A(uh,vh), Yy, € Vh(Q),

we thus get A(/\thBuh — uh,vh) =0, Vv, € Vj, and A\ RpBuy, = up,.
Given @ € M, we have (I — AT |m)a = (I — AT )u. We recall the operator
T : L?(T'y) — L?(T'1) as the restriction of B on 'y and obtain

(I — )\'T)P,\(Rhu - uh) = 0,

(I = AT)ullo,r, = I(Z = AT)(Rru — un)llo,r,
= [|(I = AB)(Rpu — up)|lo,r,-

Hence we derive

Yallor, < [[( = AT|{m)ullor, (since (48))
= [[(I = AT)allo,r, = (1 = AB)(Rpu — up)|lo,r,
= H)\RhB(I — Rp)u + ()\thB — )\B)(Rhu — uh)
(49) + ()\ — )\h)RhBRhUHO,Fl < )\”RhB(I — Rh)u||07p1
+ H()\thB — )\B)(Rhu — uh)||07p1 + ||(/\ — /\h)RhBRhu|‘07F1
< AMBpB(I = Rp)ullo,r, + [[AnRaB — AB|[v[| Rnu — unllo,r,
+ O™ BBl Brullo,r, -
Given
P)\u =

Py\(Pyup) = Py Y (up,uiu; = Y (un, us) Pau;
A=A

- E <uhaui>ui = P)\Uh,
Ai=A

i=
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here we have used (uj,u;) = d;;, where d;; is the Kronecker symbol.

standard error interpolation, we thus obtain

[Px(Rpu —up)llor, = [[Px(Rru—u)or,
= | Z (Rnu — w, ug)us|o,r,
Ai=
< |<Rhu — w, wi)| ||

50 Ai=A
G0 o ARy — u,u)|

Ai=A

> %|A(Rhu — u,u; — Imu;)| (since
A=A
< Ch*™.
We recall @ = Rpu — up, — Pax(Rpu — uyp), and derive
(51) l@llo.r, = | Bru = unllor, — [[Px(Ruu —un)llor, -
Substituting (51) into (49), we obtain

(1 — —||)\th8 )\B||b>||Rhu—uh||0 T,

(52)

Combining (39), (40) and (42) yields

1
(53) | Rhu — upllo,r, < Ch™ 2 ||ullmir,q.0-

Here we have used the estimate: ||Rpullor, < C|lull1q.
On the other hand, since A(u — Rpu,vp) =0, Y, € V},, we have

A(up, — Rpu,vp) = A(up —u,vp)
= Ap(up,vn) — AMu, vp)
(54) = ()\h - )<uh, h> A(uh —u, ’Uh>
= ()\h — )<uh, ’Uh> <uh — Rhu, ’Uh>

+ A(Rhu —u,vp), Youp € V.

_%mwu—mwmn+cmw0Hmmmwme»

By using

(27))

We recall (38) and the operator B : L?(I'y) — V by Bg = w. For any fixed

vy, € Vj,, if we set g = vy, then we have w = By, and
A(w, Rpu — u) = (v, Rpu — u).

Using (27), Holder inequality, the interpolation error estimates and the trace

theorem, we obtain

A(Rpu — u,w — Ipw)

[Rru — ull1,q,0llw — Inwl1,p0
Ch™ 2 ||ul|ms1.q.0wll3/2,p.0
Ch™ 2 ||ullms1,qg.0llvnllopr,
Chm—i_%||u||m+1,q,ﬂl|vh||1,p,ﬂ
Ch™ % ||ull 1 g.0llvall1,0,

(Rpu — u,vp)

AVARVAN VA VAT

where ]lg
1
|[A(up, — Rpu,vp)| < CR™ 2 ||ullms1,g.0llvnl1,0. Yon € Vi.
Furthermore, we have

lun = Rpulle < Ch™ 2 [u]lmi1,g.0.

+ % =1, ¢>2, 4/3 < p < 2. Substituting (55) into (54), we get

where C' is a constant independent of &, hg, h. Therefore, the proof of Theorem 3.1

is complete.
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Remark 3.2 The basic idea of the proof of Theorem 3.1 originates from the
proof of Proposition 4.5 of [11]. However, there is the essential difference between
them. In (38), we defined the operator B : L?(I';) — H(Q,T) by Bg = w. In [11],
the corresponding operator K was defined as L?*(Q) — H{(Q2). Since we cannot use
the embedding theorems in the former case, the proof of Theorem 3.1 is much more
complicated than that of Proposition 4.5 of [11].

Now we use the superconvergence results of Theorem 3.1 to implemelnt the post-

~0
processing technique for calculating the higher-order derivatives 3%’ l=
a1 [£2]
1,2, a1, s = 1,2, where @Y is the k-th eigenfunction of problem (16).

Following the terminology of [32], we define the novel bi-2m-th ( 2m-th) order
interpolation operator and denote by Iz(im) the operator. The crucial idea of the
interpolated finite element method is the following: If we know the nodal values
of the bi-m-th (or m-th ) finite element solution in a fine mesh, then we use these
nodal values to define a bi-2m-th (or 2m-th) interpolation function at a new larger
element with respect to a coarse mesh as shown as in Figs.3 and 4. It should be
emphasized that the mesh must be uniform, i.e. the condition (Fy). We refer the
interested reader to Lin’s book [32].

e 3 e 2
€2
e
4 6‘4 e
e3 €1 !
FIGURE FIGURE
3. Triangular 4. Rectangular
mesh. mesh.

In order to obtain the global superapproximation estimate for the postprocessing
operator (see Theorem 3.2), we need to employ the following lemmas.
Lemma 3.3 [32] Let I, : V — V3(f2) be a Lagrange’s interpolation operator.

Then the interpolation operators I,,, and Iéim) satisfy the following properties:
(56)  NZ5" vnllop < Cllvnllop, 1<p <00, 0=0,1, Yoy € V()
2m 2m 2m 2m 2m
(57) (12(h ))2 = I2(h )v Iéh )Im = Iéh )’ Imzéh = Im,
V2 € Ni, T8 ™ 0(z) = Lyv(z) = v(z1), v € C[),
where A}, is the set of nodal points of J" = {e}.

(58) [v = Z5™ 0]l 0p 5 < CR2™ =7 0l|2im 1 5,124

where
Yo € W2MTLP(E), 0 =0,1,1<p < o0, VE € T

To prove Theorem 3.1, we introduce the following lemma:
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Lemma 3.4 [45] Suppose that Q C R? is a bounded Lipschitz convex domain
or a smooth domain. Under the assumptions of (F}) — (F3), we have the following
estimate:

(59)
Ch™t ullmrz.gallvnllipo m=1,2, eis a triangle;
— < »q, sPsidy < )
| A = L, on)| { Ch™ ullmi2.q.0llvnll1p.0, m > 1, e is a rectangle,

for Yoy, € Vi(Q), I, : C(Q) — V,(Q) is a Lagrange’s interpolation operator, and
%+%=1,1<q<oo.

Next we give the global superapproximation estimate for the postprocessing op-
erator.

Theorem 3.2 Suppose that 2 C R? is a bounded Lipschitz convex domain or
a smooth domain. Let (/\](CO), @Y (x)) be the k-th eigenpair of problem (16), and let
(5\,(60,)1, ay j,()) be the corresponding finite element solution of (A (A, ) 4 ad(z)) in Vi, ().
Under assumptions (A1) — (A4), (F1) — (F3), if @9 € H™*2(Q), then we obtain the
following superapproximation estimate:
(60) 1

N om C(E)h™ 2|0l |[mt2.0, m = 1,2, e is a triangle;

i) — ﬂg%Amm_{&&WQQL;mmZLemmmwi7

where C(k) > 0 is a constant independent of ¢, hg, h; k > 1.
Proof. As mentioned above, we prove Theorem 3.2 only for the first eigenpair of
problem (16) and for the rectangular mesh. Other cases can be discussed similarly.
It follows from Lemma 3.4 that

fir || I @ — Rhﬂ?”%,n < A(I,u) — Rpul, I,uf — Rpaf)
= A(L,u9 —aY, I,a§ — Rpa?)
< Ch™ Al my2.0ll Im@) — Ruaf || g,
and
(61) [T — Rt [l1.0 < CR" M@ |imy2.0,

where C' is a constant independent of e, hg, h.
It follows from Lemma 3.3, Theorem 3.1, and (61) that

12578 = T W e = 125" (I8 = 3 ) 0
@ A B e
+ Ol Rpa} — a5 pll10 < CA™ @} lm2,0
+ C|Rpu} —af 4|10 < Ch™ 2 |9 | m2,0,
and consequently
1@} — Iéh “1 e < @ - I( "
(63) + |z a fw%ﬂm

< Chmt s ||U1 [ m+2.0-

Therefore the proof of Theorem 3.2 is complete.
We define
2m) ~ 2m) ~
T (2m) A(IQ(h : 2 th(h )ug n)

(64) A = = L ,
TS, T al )

where the operator Iéim)

solutlon of the k-th eigenfunction a3 (x) of problem (16). A(u,v), (u,v) are defined
n (24).

is given in Lemma 3.3, and @y, ;,(x) is the finite element
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To get Corollary 3.1, we need to introduce the following lemma:
Lemma 3.5 (see [44]) Let (A, u) be the eigenpair of the Steklov eigenvalue
problem (16). Then, for Yw € V, ||wl|jo,r, # 0, we have

A —ul)? w—ul?
(65) Aww) _\ Jw-uly e = lor,
{w, w) l[wllg,r, w5 r,

and consequently

lw — ull%

(66) |
lwll3r,

w
—l L -)\<C
o) =
where C' is a constant, [[w|a = A(w,w), |w|[§r, = (w,w), A(u,v), (u,v) are de-

fined in (24).
Proof. We directly check that
lw —wll = Mlw — wl[§ p, = A(w, w) — Mw, w).

Since [|w|[§ , # 0, we thus get

N et N 2
(w, w) w3 r, w3 r,

Therefore, (65) holds. From Lemma 2.1, we know A > 0. Furthermore, using the
trace theorem, we complete the proof of (66).
Corollary 3.1 Under the assumptions of Theorem 3.2, we have

~ 2m—+1

= 1,2, triangles;
k,2h C(k)h2m+1, 2

1,
1, rectangles,
where C'(k) is a constant independent of h, hg.

Proof. When the mesh parameter h is sufficiently small, using Theorem 3.2,
we have

2 _
||I( i ap e, = HIh ukh_uk+u%||g,rl

2m
> |laQl2 r, — 1T ™ay, — adll3 r,
>1-Chmt1/2 >1/2.

In (66), if we set w = Iz(im)u,C hs W= T2, then we obtain

X 2m 2m
|)\0 )‘I(c 2h)| < C”I( )Uk h Uk||1 Q-

Theorem 3.2 implies that (67) holds.

Remark 3.3 It should be emphasized that we can obtain the superapproxi-
mation estimate of the k-th eigenvalue and the k-th eigenfunction, & > 1, for the
Steklov eigenvalue problem with constant coefficients only in two dimensional cases
(see, Theorem 3.2 and Corollary 3.1). An interesting question is: The numerical
results presented in Section 5 (e.g. Example 5.2) clearly show that there are not
the usual superapproximation estimates for the eigenvalues and the eigenfunctions
of the Steklov eigenvalue problems with constant coefficients in three dimensional
cases.
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3.3. Adaptive finite elements for solving the boundary layer equation.
We recall the boundary layer equation (7). In practice, we solve the modified
boundary layer equation given by

Lol =0, mo

b on I

68 %y 7

(68) ik = Ui (@), n I7
(~a,b) _ 5\(0) ~e,b r

oe () = A ptyk (@), on b

where 5\,(60;1 is the finite element solution of the k—th eigenfunction 5\,(60) for the mod-

ified homogenized Steklov eigenvalue problem (16). The function uzZoh denotes
the multiscale approximate solutions as given in (75).

Similarly to the computations of cell functions N, (£), we employ an adaptive
finite element method to solve the boundary layer equation (68). The details of

the procedure are omitted. Let 7" = {7} be a family of regular triangulations of
subdomain Q7 = Q\ Qo as shown in Figure 2 . Let hy = max {h:}, h_21 << 1.
TEFM €

Define a piecewise linear finite element space

(69) Wi, () = {v cC@): vl € Pi(r), v|p, =0, v

T* = UE-,ZO-,h}
s, :
Denote by a;‘ihl(m) the finite element solution of ﬁii(m), k> 1in W ().
Note that @5, (z) does depend on hg, h.
S,k,hl

3.4. The numerical algorithm for solving the algebraic eigenvalue prob-
lem. In this section, we introduce the numerical algorithm for solving the algebraic
eigenvalue problem (23). We follow Andreev’s idea, see [2]. Let N}, denote the set
of the nodes of the subdivision J", and Ngp be the set of the nodes on the bound-
ary I'y. Let N, = N, \ Npp, and {1;} be the nodal basis in a finite element space
V(). We define the spaces

VBh - Span{d}i}i:zie/\/}ah,a ‘/Ih - Span{wi}i:zl'e/\fjh'
It is also convenient to introduce some vectors and matrices

UIh - (uh(zi))i:ziGNjhv UBh - (Uh(zi))i:ziGNBh,
Kir = (A(Wi ¥3))i gz e, Kap = (AWi, ¥5))ij:2:,2,6Nn
Kip= (A(wivwj))i7j?ZiEN1h,Zj€NBh7MBB = (<wi7wj>)i7j3zi7ZjENBh'
We rewrite (16) in the following algebraic form:
(70)
K Kip Urn 0 0 Urn
Kig Kpp) \Usn 0 Mgp/) \Usn
It is obvious that the matrix K is symmetric and positive definite. We write
the complete Cholesky factorization of the matrix K;; = LL!, where the matrix
L is a lower triangular matrix. Then for the corresponding Schur complement we
have
S=Kpp—KigL 'L 'K;p.
Eliminating Uy, from (70), we get
(71) SUgy = \nMppUpy,.
We use the subspace iterative algorithm (see, e.g. [22]) to solve the general
algebraic eigenvalue problem (71).
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4. The Multiscale Numerical Algorithm

We recall (8), and summarize the multiscale finite element method for solving
the Steklov eigenvalue problem (1) by means of the following parts:

Part I. Compute the cell functions Ny, (€), Najas(§), a1,02 =1,2,--- ;nina
reference cell @ = (0,1)™.

Part II.Solve the modified homogenized Steklov eigenvalue problem (16) in a
whole domain €2 in a coarse mesh. o

Part III. Calculate the higher-order derivatives 3%, 1=1,2, aj,as =
1,2,---, “ “
n; k > 1 by using the finite difference method, where @9 (z) is the k-th eigenfunction
of the modified homogenized Steklov eigenvalue problem (16). The key step of

~0 2
our method is to replace the derivatives Buk(ac)7 0ty () at the nodal point N,
ox; 0x;0x, p
by the first-order difference quotients (5%.&27 »(INp) and the second-order difference

quotients 51 - ﬁg 1 (IVp), respectively. We remark that one cannot directly compute

the hlgher-order derivatives from the finite element solutions.
Part IV. Solve the modified boundary layer equation (68) in a fine mesh.
We first introduce the first-order difference quotients given by

N 1 oul

e€o(Np)

where o(N,) is the set of elements with node N, 7(N) is the number of elements
o ~0

of 0(Np), 4 j,(x) is the finite element solution of @ (x) in V;,(£2), and ( 8£ 1y (N,)
~0 v

ot
is the value of the derivative a;h at node N, relative to element e.

3
Analogously, the second-order difference quotients are then given by

> zsmqukh (52) @

p e€o(Nyp) j=

(73) 0z, U p (Np) =

where d is the number of nodes in e, P; are the nodes of e, ¥;(x) are Lagrange’s
shape functions, j =1,2,...,d.
In summary, we define the multiscale finite element scheme as follows:

Jho,h a
&,ho,h B (Np)s Np €8

(74) Us)k)h1 (Np) = b
U k,hy (Np)a Np €y,

where

(75) ul i (Np) = @ u(Np) + D' Z N2 (EN)IOL o 0 (),

=1 aq ,ap=1

and @5° », denotes the finite element solution of @St in Wi (h), k>1,s =

1,2, N, € Q is a nodal point, hg, h, h1 are the mesh parameters of Q, Q, Q1,
respectively.
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In order to improve the numerical accuracy, we employ the postprocessing tech-
nique given by
€,ho,h _ 7(2m)~o
Pug, ™ (x) =Ly, iy, 5 (2)

+ Z: e Z N(g? oy (5)(5[ - alzéim)ag,h(x)v S ﬁOv s=1,2

Cl)al
ay,,op=1

(76)

where the interpolation operator Iéim) is as given in Lemma 3.3.

Finally, we state the error estimates for the multiscale finite element method.

Theorem 4.1 Suppose that Q C R™, n > 2, is a bounded Lipschitz polygonal
convex domain or a smooth domain with the boundary 92, Qy CC ©, Q; = Q\ Q.
Let (A, uf(z)) be the k-th eigenpair of the Steklov eigenvalue problem (1). Assume
that ()\,(CO),uk( ), ()\,(CO ,1)(z)) are the k-th eigenpairs of the homogenized Steklov
eigenvalue problems (6) and (16) respectively, (5\,(602, 112) 1 (2)) are the corresponding

ﬁmte element solutions of (A} ),ug(:v)) in V3,(Q). uizoh(x), uiz n, () are defined
n (75). Under assumptions (A1) — (A4) and (Fy) — (F3), we have the following

error estimates:

(77) Af = Ml < O(k){51/2 +h2+ th},
(78) = 4l < COY{ B3 +hm
(79)
lof w5 g < OO/ 4 ho + W7 4 20772, m 21 5= 1,2,k 21,
and
(80) [[uf — uiji,h1 1,00 < C(k){€1/2 +ho+h™+ 22 4 (%)}7

m>1, k>1, 1<p<pyg<2

where C'(k) is a constant independent of &, ho, h, h1; ho, h, hy are mesh parameters
of @, Q and €14, respectively.
Proof. Given

A=A =28 =AY A =AY+ A - A0

Using Lemma 2.2, Proposition 3.2 and Lemma 3.1, we complete the proof of (77).
Since u — ﬂg)h =ud —ad+a) — ﬁg)h, it follows from Proposition 3.2 and Lemma
3.2 that the proof of (78) is complete.
We recall that
(81) uf, — a0 = — gy g - ul"
On the other hand, we have

V() =) = o) = ) + R00) — 0
+ye 3 [N (€) = NLS...o, €) 8xa_k(:z:aé_

oy, op=1 L

82 S n al 0 o~
S I oI LA e ()
S K o'l (x) .
! ho k sl 0
+l§15 ah;:al le al(f)[m 5ma1-~~zaluk,h($)]

It follows from Proposition 3.2 that
(83) lui () = ap(2)]l1.0, < Chg.
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By using Lemma 3.2, we have

(84) ||ﬂ2( )_“k r(@)1,0, < CR™.

Thanks to the interior regularity estimates for elliptic equations (see [20]), taking

. d 9 10 . ..
into account dr; — Iz, +e 96, and using Proposition 3.1, we get

(85)
- - 0 0'ui (x)
H;El > [Nal---m@ Nl al(f)}m| :

o, ,0p=1

SCho, 821,2.

d

Recalling du; — 3— +e7t

3?, it follows from Propositions 3.1 and 3.3 that

: 0 (uh(z) — ()
l ho k k 2 —
(36) H}l:l:a > NG T g, < OB, 5= 1,2

aq,,op=1

We observe the final terms of (82) and estimate their errors. First, taking into

account dd- (’9. -1 %, we have
o1 - 0 _
. lenzoe) () 5, @) e < C{NZHED 5, 3 o,
9 (z -
el G 5, o
Since

( O — O, Uy h)(

0%,

using Lemma 3.2, we have

HCI

0% a, e
On the other hand, using (72) and (73), it is obvious that
o0y 0 0*l)
P 0 o Y= (LB )
((%ciaxal o oy Uk, ( ) 97;0%, Tty Uk, ( p)
Recalling (73) and using [|¢; 1, < Ch™!, we get

(88) I @ plloo, < CR™, m > 1.

oud(x - _
(59) 1O @), < OB 1
Combining (87)-(89) gives
o (x)

(90) e Nho( )( —5%1“1@ n( ))Hl Qo <C{hm+€hm 1} < C{hm—i—a}.

Similarly, we can prove

0 -
62N, (€) [—a%“%(xj 7oy @] 1.0,
82
<o{el D 52, @, @loa

0 ~
) PR @)}

l :qu

< C{ahm 1 +a2hm—2} < O{a+52hm_2}, m> 1.

0%,
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Combining (81)-(91), and using Lemma 2.2, we obtain

Eho,h'

ug — ! <o thg+hm 4 hm ), mz1 s =12

Therefore, (79) holds.
Following the lines of the proof of Theorem 3.3 of [11], we obtain

(92) @57 200 < Clh)e2 (12 [l2pi0 < ClR)e2,

where C'(k) is a constant independent of £; 1 < p < 2.
It is obvious that

€ ~e,b e e,b e,b ~e,b
Up = Ugp py = Uy — Uy T U — Uy g
(93) _ + eb  ~eb + ~e,b  ~e,b
U T Uy T U — Ug g s,k Us khy

We recall (7) and (68), and get
s = @kl < CO{Jlus = uZh" a0
0) 0
+Hag = A0}
It follows from (94),(79) and (77) that
(95) lsh = a5hl g0, < CR){eV/2 4 ho + B + 2021,

(94)

Using the error estimates of the finite element method and (92), we have

- R hy
(96) Hu:z Us, iy h1||1 poy < C(k )h1||u‘z ZHQle <C(k )(6—2)

By using Lemma 2.2, (93)-(96) and the triangle inequality, we complete the proof
of (80). Therefore the proof of Theorem 4.1 is complete.

In conclusion, we obtain a superapproximation estimate for the multiscale finite
element method:

Theorem 4.2 Suppose that Q C R? is a bounded Lipschitz polygonal convex
domain or a smooth domain with the boundary 09, Qg CC Q, Q1 = Q\ Qo. Let
(A%, u5(x)) be the k-th eigenpair of the Steklov eigenvalue problem (1). Assume
that (A,ﬁo),ug(a@)), (5\](60),’112(,%)) are the k-th eigenpairs of the homogenized Steklov

eigenvalue problems (6) and (16), respectively, ()\,(CO,)I, ay () are the corresponding

finite element solutions of (5‘120)’112(33)) in Vi, (Q). Puspoh Iéim)ukh are given

n (76) and (60), respectively. Under assumptions (Al) (A4) (Fy) — (F), if
u%, a9y € HF2(Qo) N H™T1(Qp), then we have the following superapproximation
estimates:

(97) = Z5™ a8 e < COY{ G+ nm 3
and
Huk ,Pus ,ho,h Hlﬂo <C( ){81/2+h0+hm+% +€2hm_%},

(98)
le,s—l,Z,kzl,

where C'(k) is a constant independent of ¢, hg, h; hg, h are the mesh parameters of
Q@ and ), respectively.

Following the lines of the proof of Theorem 4.1, and using Theorem 3.2, we
complete the proof of Theorem 4.2.

Remark 4.1 We would like to state that Theorem 4.1 is valid in any higher-
dimensional cases, but the superapproximation estimates in Theorem 4.2 are true
only in two dimensional cases.
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TABLE 1. The computational results in Example 5.1: the first eigenvalue

h 1/4 1/6 1/8 1/10 1/12
Arn | 1.030841 [ 1.013773 | 1.007768 | 1.004979 | 1.003461
AP | 1.000344 | 1.000090 | 1.000032 | 1.000013 | 1.000005

5. Numerical Case Studies

To validate the developed multiscale algorithm and to confirm the theoretical
analysis reported in this paper, we present numerical simulations for the following
case studies.

Example 5.1 We first present the numerical example, which supports the su-
perapproximation results of Theorem 3.2. To this end, we consider the following
Steklov eigenvalue problem with constant coefficients

—Au=0, z€Q,
(99) u=0, x€ly,

8u*/\u zel

87_ ) 1,

where () = (O, 1)2, FO = {(Il,I2)| T1xg = O}, Fl = {($1,I2)| 0< T S 1, To =
1} U {($1,$2)| z1=1,0<22 < 1}

It is obvious that the exact first eigenpair of problem (99) is (A1, u;), where A\; =
1, ui(x1,x2) = x122. In the standard approach, we first apply linear triangular
elements to solve problem (99). The numerical results for the first eigenvalue of
(99) are illustrated in Table 1, where A1 j, denotes the finite element solution of the
first eigenvalue A;. It can be verified that \; < Ay < A + C1hP, B = 1.9909,
which is consistent with Lemma 3.1. In addition, we use the following formula to
compute the first eigenvalue of (99):

(2m) _ G(Ig(im)ul,h7fg(im)U1,h)

(100) /\1 on = ooy - m=1
7 <Ig(i )ul,h,Ig(i Yupp)

) 3

where the operator Iz(im) is given in Lemma 3.3, and u; j is the finite element
solution of the first eigenfunction w; of problem (99). The numerical results are

listed in Table 1. It can be verified that A, < A*7) < X, + 148, B = 3.7887
Remark 5.1 We observe the computational results in Table 1, and conclude that
the formula (100) improves the numerical accuracy for computing the eigenvalues
of problem (99) in two dimensional cases.
For the first eigenfunction u; (21, 22), we have the following numerical errors:

(101 lur = wrpllo.o < CLAMT, lur — IQ(IQIm)ul,hHO,Q < Coh™ 18,
and
(102) ur — urnlio < Cshy  flur — T2 ug pll1.0 < Caht54,

where C;, i = 1,2,3,4 are constants independent of h, and the higher-order in-
terpolation operator Iéim), m = 1 has been defined in Lemma 3.3. The further
computational results are illustrated in Fig.5:(a)-(d).
Remark 5.2 The error estimates both (101) in the L?(©2) norm and (102) in
the H'(2) norm demonstrate the superapproximation result of Theorem 3.2.
Example 5.2 We consider the similar Steklov eigenvalue problem to Exam-

ple 5.1, where a domain Q = (0,1)3, Ty = {(x1,72,23)| mim223 = 0}, =
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The slope of the line: 3.18

The slope of the line: 1.67
:726 -2‘4 -2‘2 -; -1‘8 -1‘6 -1‘4 -12 B 26 -2.‘4 -2‘.2 -2 -1‘.8 -1‘.6 -1‘.4 -12

(a) (b)

The slope of the line: 1.0
The slope of the line: 1.54

(©) (d)

FIGURE 5. In Example 5.1: (a) The relationship between In(||u; —
uinlloe) and In(h);  (b) the relationship between In(|lu; —
Iéim)ulﬁhﬂoyg) and In(h); (c) the relationship between in(|lu; —
uinll,e) and In(h);  (d) the relationship between In(||lu; —
I3 urnl1,0) and In(h).

{($1,$2,$3)| 3 = 1,0 < 21 < 1,0 < 20 < 1}U {($1,$2,$3)| zo = 1,0 <
21 <1,0<x3 <1}U{(x1,22,23)] 21 =1,0<22<1,0< 23 <1}

The exact first eigenpair (A1, u1) of the problem is Ay = 1, ui(z1,22,23) =
x1x2x3. To verify that whether Theorem 3.2 is valid or not in three dimensional
cases, we do some numerical simulations. We employ linear tetrahedral elements
to solve the problem, where A; ; denotes the finite element solution of the first
eigenvalue A;. It can be verified that Ay < Ay < Ay + C1hP, B = 1.9905, which
is consistent with Lemma 3.1. Also we use the formula (100) to compute the

first eigenvalue Ay and obtain the following numerical error: A\; < )\fg,? < A +

C1hP, B = 2.1533. The further computational results are illustrated in Table 2.
For the first eigenfunction uq(x1, x2, z3), we have the following numerical errors:

(103) lur — urpllo,0 < C1h*,  [juy _Ig(im)ul,hHO,Q < Coh*12,
and

(104) ur — urnlio < Cshy  flur — T ug pll1.0 < Caht14,
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TABLE 2. The computational results in Example 5.2: the first eigenvalue

I 1/4 1/8 1/10 1/20
A, | 1.031391 | 1.007933 | 1.005085 | 1.001275

AP | 1.010156 | 1.002103 | 1.001374 | 1.000315

where Cj, i = 1,2, 3,4 are constants independent of h. The further computational
results are shown in Fig.6:(a)-(d).

The slope of the line: 1.99 The slope of the line: 2.12

(a) (b)

The slope of the line: 1.0 s

The slope of the line: 1.14

(©) (d)

FIGURE 6. In Example 5.2: (a) The relationship between In(||u; —
uinlloe) and In(h);  (b) the relationship between In(|lu; —
Iéim)ul_,hﬂoyg) and In(h); (c) the relationship between in(|lu; —
uinll,e) and In(h);  (d) the relationship between In(||lu; —

Iz(im)ul,hﬂlﬂ) and In(h).

Remark 5.3 Observing the computational results listed in Table 2, (103)-(104)
and Fig.6:(a)-(d), we conclude that we can not obtain the similar superapproxima-
tion estimates for the eigenvalues and the eigenfunctions to Theorem 3.2 in three
dimensional cases.
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Example 5.3 We consider the Steklov eigenvalue problem

ouy, 5
(105) _%@”(%)_uﬁ) +ao($)ug(z) =0, ze,
viaig () g = Nuile), @ €09.

where 2 = (0, 1)? is a periodic structure as illustrated in Figure 7, and the reference
cell @ is shown as in Figure 8, Ty = {(z1,22)] 0 < 21 < 0.2,20 = 0.2 — 21} U
{($1,£l?2)| 0<z <0220 = 08—|—$1} U {($1,£l?2)| 08 < x1 < 1,20 = 1.8 —
121} U {($1,$2)| 08 < 11 < 1,132 = 1 —0.8},F1 = {($1,£l?2)| 02 <z <
0.8, ro = 0}U{($1,$2)| xr, = 1, 0.2 S o S 0.8}U{($1,$2)| 0.2 S X1 S 08, ro =
1}U{(z1,22)] 21 =0,02 < 29 <08}, v = (v1,--,V,) is the outward unit
normal to I'y. We take € = %

G =
=)

m g
. . . . . 'aijo
EEEEE , |
EEEEE 5

00 e 8]

FIGURE g.IGII‘J}?eE

;2.' Domain reference

cell Q.

In (105), let ag(£) = 0 and d;; be a Kronecker symbol.

Case 2.1: aij0 = 5ij, Aij1 = 0.1(5¢j;

Case 2.2: aij0 = 6ij7 aij1 = 001513

Case 2.3: aij0 = 51'3‘, aij1 = 0001513

In order to show the numerical accuracy of the method presented in this paper,
we need to know the exact solution of the original problem (105). Since this is
extremely difficult, we replace the exact solution with the finite element solution
in a fine mesh. We employ linear triangular elements to solve the original problem
(105). In real applications, this step is not necessary, and we can apply our method
to solve numerically problem (105) in more complicated structures.

Here we use the linear triangular elements to compute the cell functions N, (),
Nayas(§), a1, a0 = 1,2 defined in (4) and (5), the modified homogenized Steklov
problem (16) and the boundary layer solution (7), respectively. The numbers of
elements and nodes are listed in Table 3.

The numerical results of several eigenvalues and eigenfunctions of the relat-
ed problems in Example 5.3 are illustrated as in Tables 4-9, respectively. Here
Ao B =1,2,3,4 are the finite element solutions of the four minimal eigenvalues

of the original problem (105) in a fine mesh, and >\](€O), k =1,2,3,4 are the finite
element solutions of the corresponding eigenvalues of the modified homogenized
Steklov eigenvalue problem (16) in a coarse mesh. The functions uf(z), k = 1,2,3,4
are the finite element solutions of the eigenfunctions associated with four minimal
eigenvalues of problem (105) in a fine mesh, while u9(z), k = 1,2, 3,4 denote the
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finite element solutions of the corresponding eigenfunctions for the modified homog-
enized Steklov eigenvalue problem (16) in a coarse mesh. Finally, it should be noted
that the functions UT , (), Us ;(z), k = 1,2, 3,4 are respectively the first-order and
the second-order multiscale finite element solutions based on the expansion (74).
We set eg , = uj, — ug, ek = Uy — Uf,k, €2k = Uy, — U§,k.

TABLE 3. Comparison of computational cost

original problem | cell problem | homogenized equation | boundary layer
elements 18400 800 1150 11200
nodes 9361 441 616 5880

The numerical results for the second eigenfunction in Case 2.1, the second eigen-
function in Case 2.2 and the second eigenfunction in Case 2.3 are illustrated in
Figs.9-14, respectively.

Remark 5.4 The numerical results as shown as in Tables 4, 6 and 8, show that
the eigenvalues of the modified homogenized Steklov eigenvalue problem (16) in a
coarse mesh are close to those of the original Steklov eigenvalue problem (105) in
a fine mesh. This implies that, in order to calculate the eigenvalues for the Steklov
eigenvalue problem (105) with rapidly oscillating coefficients, we only need to com-
pute the associated eigenvalues for the homogenized Steklov eigenvalue problem
(16) in a coarse mesh.

Remark 5.5 The computational results that are illustrated in Tables 5, 7 and
9, show that the error estimates of Theorem 4.1 are correct. Figs.9-14 support

TABLE 4. Comparison of computational results in Case 2.1: four
minimal eigenvalues

original problem ()) | homogenized equation ()\,(CO)) relative error
k=1 1.989091 2.016775 0.013726
k=2 2.726728 2.777857 0.018405
k=3 2.726728 2.777857 0.018405
k=4 3.018254 3.077715 0.019319

TABLE 5. Comparison of computational results in Case 2.1: eigenfunctions

Mo,k 2 MTei,xllp2 Me2,k M2 Meo,k Mgt Ter, kMgt Me2,kll g1

||U%HL2 ||U151@HL2 HU2€ICHL2 Hu()iHHl HU1€k”H1 ”U2EkHH1
k=1 | 0.046642 | 0.010421 | 0.010569 | 0.503885 | 0.096686 | 0.096983
k=2 | 0.077027 | 0.017251 | 0.017247 | 0.447108 | 0.058885 | 0.056487
k=31 0.077011 | 0.017289 | 0.017283 | 0.447112 | 0.058889 | 0.056483
k=4 | 0.093801 | 0.028623 | 0.028950 | 0.490832 | 0.092353 | 0.095392

TABLE 6. Comparison of computational results in Case 2.2: four
minimal eigenvalues

original problem | homogenized solutions | relative error
1 1.778715 1.740666 0.021858
2 2.410815 2.397551 0.005532
3 2.410815 2.397551 0.005532
4 2.649853 2.656357 0.002448
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TABLE 7. Comparison of computational results in Case 2.2: eigenfunctions

Mo,k 2 MTei,xllp2 Me2,k M2 Meo,k Mgt Ter,kll g1 Me2,kll g1
lugll 2 0% N2 U5 Ml 2 1w e NUT sl | TTUS Mg
0.053723 | 0.017170 | 0.017380 | 0.547313 | 0.110316 | 0.111782
0.077907 | 0.017476 | 0.017273 | 0.478182 | 0.058563 | 0.058872
0.078021 | 0.017343 | 0.017435 | 0.471127 | 0.059898 | 0.059838

0.107685 | 0.023138 | 0.024143 | 0.543290 | 0.100363 | 0.107822

W‘W‘W‘W‘
= Wl DN —

TABLE 8. Comparison of computational results in Case 2.3: four
minimal eigenvalues

original problem | homogenized solutions | relative error
1 1.755958 1.711058 0.026241
2 2.376704 2.356769 0.008458
3 2.376704 2.356769 0.008458
4 2.610057 2.611173 0.000427

TABLE 9. Comparison of computational results in Case 2.3: eigenfunctions

Meo, k12 Me1,k 12 e,k 12 Mo,k g1 Me1, kg1 M2,k g1

llulll 2 US 2 NUS . ll12 ludll 1 NUS gy | NUS ol
k=1 | 0.054601 | 0.018881 | 0.019093 | 0.552150 | 0.113700 | 0.115508
k=2 0.078702 | 0.018135 | 0.018724 | 0.480898 | 0.058798 | 0.058327
k=3 | 0.078931 | 0.018219 | 0.018385 | 0.481236 | 0.058901 | 0.058433
k=4 0.109257 | 0.024977 | 0.023893 | 0.548967 | 0.110832 | 0.102708

the results of Theorem 4.1. They show that the multiscale finite element method
has better numerical accuracy compared with the homogenization method. Finally,
we observe that the multiscale correctors presented this paper are essential for the
improvement of the numerical accuracy.

Remark 5.6 We observe the numerical results presented in Tables 5, 7 and
9, and conclude that the first-order multiscale method should be a better choice
compared with the homogenization method and is sufficient to describe the detail
of solutions compared with the second-order multiscale method for the Steklov
eigenvalue problem (1), which is different from other eigenvalue problems, see [11,
12, 13].

To support the convergence results of Lemma 2.2, we present the following nu-
merical example:

Example 5.4 We consider the following Steklov eigenvalue problem

€
_8%(0,”(%)@8%‘%)) :O, xEQ,
(106) ui(x) =0, ze€ly
€
Viaij(%)a%% = iui(:c), zeli.
where () = (O, 1)2, F() = {(Il,I2)| T1xg = O}, Fl = {(«CC1,I2)| 0< T S 1, T =
1}U{(I1,ZC2)| I1:1,0<I2<1}.

We respectively use the homogenization method, the first-order and the second-
order multiscale methods to compute the first eigenfunctions of problem (106) with
respect to different small periodic parameters . Without confusion u§(x) denotes
the finite element solution of the first eigenfunction in a fine mesh and replace
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FIGURE 9. Case 2.1: u5.

FIGURE 10. Case 2.1: Uf)2.

TABLE 10. Comparison of the computational results for different

- T T T T T

lleo,1llo/|[u5][o 0.020457 | 0.015057 | 0.007578 | 0.003791 | 0.001856
erallo/lu5llo | 0.005226 | 0.002192 | 0.001091 | 0.000542 | 0.000272
e2.1lo/lu5]lo | 0.004835 | 0.002171 | 0.001091 | 0.000542 | 0.000272
leoalli/Nus]lx | 0.174892 | 0.176840 | 0.175498 | 0.175572 | 0.170115
lerall1/Tuills | 0.035144 | 0.029460 | 0.027802 | 0.026155 | 0.024534
llez.1ll1/[us]lx | 0.030461 | 0.025159 | 0.023484 | 0.023074 | 0.022518

the exact solution of problem (106) by the approximate solution. u{(x) is the
finite element solution of the first eigenfunction for the corresponding homogenized
Steklov problem (16) in a coarse mesh. uj ;(z), u5 ;(z) denote the first-order and
the second-order multiscale solutions for the first eigenfunction of problem (106),
respectively. The numbers of elements and nodes are listed in Table 3. We set
eoq = uf —ul, e1,1 = uf —ug y, ez,1 = u§ —uf ;. The numerical results for different
¢ are illustrated in Table 10 and Fig.15, where [[v]lo = [|v||z2(q), [v]l1 = [[v] a1 @)-
Observing the numerical results for the first eigenfunction u§, we can obtain the
following error estimates:
(107)

[lui —U(1)||0,Q < Cye 1.0544

09908 lug —uf llo,0 < CretPM, [luf —u5 y[lo,0 < Cae

1.0306
)
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FIGURE 11. Case 2.1: U3 ,.

Homogenization
First-order multiscale

Homogenization
<= = First-order multiscale
= = = Second-order multiscale

FI1GURE 13. In Case
2.2, comparison of
the numerical errors
es,2, s =0,1,2of the
second eigenfunction
along the diagonal
line x5 = 1.

where Cj, ¢ = 0,1, 2 are constants independent of ¢.

FIGURE 14. In Case
2.3, comparison of
the numerical errors
es,2, s =0,1,2of the
second eigenfunction
along the line xo
0.5.
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T
= = Homogenization
-4t One-order multiscale |1
= Two-order multiscale

Log(ll & — u®#ll, / Il & 1|

FIGURE 15. Homogenization: The relationship between In(||u§ —
u?]o.0) and In(g). The first-order multiscale method: The rela-
tionship between In(||uf —ug ;/lo,0) and In(e). The second-order
multiscale method: The relationship between in(|luf — u5 ,/o.)
and In(e).

Conclusions.

This paper discussed the multiscale finite element computation of a Steklov eigen-
value problem with rapidly oscillating coefficients. The new contributions obtained
in this paper were to present the multiscale finite element method and to derive the
convergence result (see Theorems 4.1 and 4.2). In particular, a superapproximation
estimate for solving the homogenized Steklov eigenvalue problem was obtained. To
our knowledge, there are no other results in the literature on this problem. The nu-
merical results given in Section 5 validated the theoretical results presented earlier
in the paper.
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