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EXTRAPOLATION OF THE FINITE ELEMENT METHOD ON
GENERAL MESHES

QUN LIN AND HEHU XIE

Abstract. In this paper, we consider the extrapolation method for second order elliptic prob-
lems on general meshes and derive a type of finite element expansion which is dependent of the
triangulation. It allows to prove the effectiveness of the extrapolation on general meshes and
also validates the extrapolation method can be applied on the automatically produced meshes of
the general computing domains. Some numerical examples are given to illustrate the theoretical
analysis.
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1. Introduction

It is well known that the extrapolation method, which was established by Richard-
son in 1926, is an efficient procedure for increasing the solution accuracy of many
problems in numerical analysis. The effectiveness of this technique relies heavily
on the existence of an asymptotic expansion for the error. The application of this
approach in finite difference method can be found in the book of Marchuk and
Shaidurov [11]. This technique has been well demonstrated in the frame of the
finite element method [7, 10, 9, 5].

Usually in the finite element method, we first need to get the error expansion
for the solution approximations such as [7, 2, 10, 9, 5]

(1) un(z) — mpu(x) = cr(u)h® + O(R*?),

in some norm sense, where ¢; is a function depending on u and independent of
h, § > 0, up and mpu are the finite element approximation and interpolation,
respectively. Then we can use the extrapolation method ([7, 2, 10, 9])

2Ky, 5 — up,
2k —1 7
which has higher convergence order O(h**+%) only at the mesh nodes ([7]).

If we want to obtain globally higher order convergence, we must need to apply
the higher order interpolation postprocessing operator Qy ([7, 9, 5])

(2) uzxtra =

3) e 2" Qpjaunsz — Quun
2k —1 ’
which has globally higher convergence order O(h¥*?).

So far there are two types of extrapolation schemes for the finite element method
as described above: mesh nodes extrapolation and extrapolation based on the in-
terpolation postprocessing. So, the key for the extrapolation of the finite element
method is whether we can get the expansion (1) for the finite element approxima-
tion. But, so far the expansion (1) almost need structured meshes ([7, 2, 8, 10, 9, 5]).
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So far, we always study the extrapolation situation under the structured mesh
and the mesh condition is the important restrict for the extrapolation method
extended to general meshes. In this paper, we first consider the interpolation ex-
pansion on general meshes and then derive what kind of needed properties of the
meshes to improve the accuracy of the finite element approximations by extrapo-
lation method. For this aim, we derive the definition of the mesh measurement for
the finite element extrapolation. And based on the properties of the mesh mea-
surement, we can obtain that the extrapolation method always has effectiveness on
general meshes.

For simplicity, we consider the following second order elliptic problem

4) B(u,v) = /Q(.AVU Vv + puwv)dzdy = f(v), Yv €V := H}(Q),

where A = {a;;}1<ij<2 € R**? is a symmetric positive definite matrix, p > 0 in
Q, f(-) a bounded linear functional in H~1(£2), and € is a bounded domain in R?
with Lipschitz boundary 0€2. For simplicity, we assume the matrix A and function
p are smooth enough.

Let 75, be the consistent triangulation of the domain € in the set of triangular
elements and satisfy the following quasi-uniform condition:

Jo > 0 such that hg/7x >0, VK €T
and
Iy > 0, such that max{h/hg, K € Tp} <1,
where hy is the diameter of K; 7x is maximum diameter of the inscribed circle in
K € Tp; and h := max{hg, K € Tp}.
The linear finite element space Vj, on 7Ty, is defined as follows:

Vi = {ve H'(Q),v|x € Pi(K), VK € T, } N Hj(9),
where P; = span{l,z,y}. For our analysis, we need to define the interpolation
operator 7, : H%(Q) — V), on the mesh 7y, as

Whu(Zi) = U(Zi), 1= 1, 2, 3,

where Z; are the three vertices of element K € 7j,.
Based on the finite element space V,, we define the Ritz-projection operator
Ly : V=V, as

(5) B(Lpu,vy) = f(vp), Yon € V.

It is known about the convergence rate that
(6) 1£nu = ullo + hllLxu — ulls < Ch2Jullz,
where || - ||o denotes the L?-norm.

In order to use the extrapolation method, we need to refine the mesh 7 in the
regular way. Each element K € 7, is subdivided into 4 congruent triangles by
connecting the midpoints of its edges (see Figure 3) and we get the finer mesh 7y, /5.
In the similar way, we can define the finite element space V}, /2 and the corresponding
operators 7y, /2, L}, /2 on the finer mesh 7j, /5. It is obviously Vi, C Vy,z.

Other notations for Sobolev spaces and norms in them (including with fractional
orders) are standard and can be found in many sources like [4].

The rest of the paper is organized in the following way. In section 2 we give
some useful preliminary lemmas. Interpolation expansions are obtained in section
3. Section 4 is devoted to deriving the asymptotic error expansion of the finite
element approximation. The extrapolation method is discussed in Section 5. In
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section 6, two numerical examples are given to illustrate the validity of our analysis.
Finally, we give some concluding remarks in the last section.

2. Some useful notations and preliminary lemmas

We first need to define some notations and give some geometric identities for
an arbitrary element K. Let K have vertices Z; = (x;,y;) (1 < i < 3) oriented
counterclockwise. Let e; (1 < i < 3) denote the edges of the element K; n; (1 <1i <
3) are the unit outward normal vectors; t; = (cos6;,sin6;) (1 <4 < 3) are the unit
tangent vectors with the counterclockwise orientation and 6; are its corresponding
angle to the x-axes; h; (1 <4 < 3) are the edge lengths; H; (1 <4 < 3) are the
perpendicular heights (see Figure 1). We also need to define the following constants
of the element K:

li=hi/h, i=1,2,3, a=|K|/h*
We also use the periodic relation for the subscripts: i + 3 = 1.
Let 61' = 6/8tl

Zi+2

Zi+1

FIGURE 1. The main features of an element K

Now we give some lemmas. They can been found in some papers ([2, 14]) or
book ([10, 9]), but for the convenience of readers, we provide proofs here.

Lemma 2.1.

2|K]|
7 t; -y = )
@ it hihit1

2|K]|

8 it = ——,
® Bt b hihiya

hihit1 .
(9) n; = 2|I(+| [(1’11 'l’li+1)ti — ti+1], 1= 1, 2, 3.

Proof. First, we have

1
ghiHi =|K|, (hiti) nip1 = Hipq,
then K|
1 2|K
ting = —Hi1 = .
N T i
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So, we obtain (7). Similarly we can obtain (8).
Since t; and t;41 are two linear independent vectors, we have two constants ;
and f3; 1 such that

n; = Bit; + Bititit1-

Using equality t;11 - n;4+1 = 0 and (7), we have

26| K|
n; Ny = Pity i = hihins
So
_ hihiya
Bz — 2|K| n; n1+1-

Similarly using equality t; - n; = 0 and (8), we have 8,11 = —h;h;+1/(2|K]). This
completes the proof. O

Using (9), we can have the following differential property.

Lemma 2.2.

o il
on; 2

(10) [(nz . niH)&-v — 8i+1’0} .

Proof. From (9) we have equality

ov lllz
8111' =Vu- n, =— WHV’U . [(1’11 . l’li+1)ti - ti+1}
Ll
= —2;_1 [(nz . ni+1)8iv — 614_1’0}.

We also need the following integration formula.
Lemma 2.3. Assume that v € C1(K), then we have
hihah
(11) hi+1/ vds — hi/ vds = 203 / Oiravdzdy.
€4 €i41 2|I(| K

7

Proof. With the Green formula, we have

/ O rovdxdy :/ vty - nds,
K oK

where K is the boundary of the element K. Using equality t;12 - n;40 = 0, (7),
and (8), we have

/ 81'+2’Ud$dy = / vtiJrQ . Ill'dS +/ ’Uti+2 . ni+1ds
K e €it1

2h1+1|K| vds — 2hz|K|
hlhghg e h1h2h3 eit1

vds.

From this, (11) follows by multiplication of hihahs/(2|K]). O
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3. Interpolation expansions

First, we need the following one dimensional interpolation expansion which is
the application of the Bramble-Hilbert lemma and scaling argument.

Lemma 3.1. Let mpu be the linear interplant of u on K and e; be an edge of the
element K. Assume that u € H*(K) and a € W1*°(K). Then we have

(12) / alu — Tpu) gvh

n;

ds

/ 82u—d8+O(h2)||u||37K|vh|1,K, Von € V.

Proof. Let é = [0, 1] be the reference edge and define the affine transformation F
from e; to é and then K to K. Define the functions @ = u, T4 = mu.
Consider the following linear functional on é

(1) = /(u — 70)d3 + % /éagﬁdg.

By the Sobolev imbedding theorem, we know that the functional ® is bounded

[@(a)| < Cllall; z-
A direct computation shows that

®(a) =0, Vae Po(K).

Then the Bramle-Hilbert lemma gives

[@(a)] < Clils -
With the inverse map of F', we obtain (12) by some easy calculation. (Il

Now, let’s consider the interpolation error expansion of B(u — mpu, vp,).

Theorem 3.1. Let m,u be the piecewise linear interpolant of u. If u € H*(2), we
have the following expansion

h? h?
/ V(u—mpu) - AVupdedy = ——W(u 'Uh7771) + 12K(u 'Uh;,];z)
Q
(13) +O(0) [ulallonlls, Yo € Vi,
where
W(u, vh,ﬁ)
= > le liy1(n nz+1) ((Aiafuvh)(ZiJrg) - (Aiafuvh)(ZiH))
KeTy, i=1
3 l4
4 - Z Z 1222 ((Ai+28i2+2u”h)(zi+2)— (Ai+2ai2+2uvh)(zi+1)),
KeTy i=1

K(uwon,Th) = Y Zz?’ v (Bi - niv1) /a (A;02u)vnds

KeT, i=1

4
(15) - Z Z L / Di1(A;0%u)vpds,
€i+1

KeTy i=1
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and

(16) A;=mn;- A n,.

Proof. We need the following inequality for the finite element space Vj, and K € T:
(17) vnl1,06 < Ch™2vnll1ic, Vou € Vi,

and the trace inequality

(18)  ullo.ox < Ch™?|lullox + ChY?||ully kc, for ue H'(K).

With Green formula we have

V(u—mpu) - AVopdedy = Z Z/ u — mpu)n; - (AVuy)ds

Q KeTy, i=1
- Z/ (u — mpu)V - (AVuy,)dady
KeTh
(19) = T+ O0(h?)|ull2]v]1.

Let’s compute II as follows

I = ZZ/ u— mpu)n; - A- nl(?v;%

’L

KeT, i=1
—I—ZZ/ u—mpu)n; - A- tavhds
h 7 zati
KeT;, i=1
= Z Z/ u— mpu)A hd
KeTy, i=1
2 (%h 2
= - > Z 5 udiz d + O(h7)|[ulls[vnllx
KeT;, i=1
2 2 Oup 2
= Z Z L AG; —d + O(h%) [|ulls]lvnllx
KEThz 1
h? 2
(20) = T+ 000 Juls|on].

With Green formula and Lemma 2.2, we have

(21) I = Z 212””1/1462 (i - 1341)03vn — Dig1vn)ds.

KeTy i=1

By Lemma 2.3, the following integral formula holds

l; Lil;
/ A; 8 u@Hlvhds = / Ai83u8i+1vhds+ +2 / 8i+2 (Azafu)[)zﬂvhda:dy
€i i+1 Jejqq 2c K

From (21) and integration by parts, we can obtain

3
li+1(n1’ : nz‘+1) ll
I = Z Z [lfT A; 8 ud;vpds — 2';2 : Aiy20; +2u8 vhds}
KeTy, i=1 7
3

11151
- Z Z@qﬁ/}{@ﬂ(z‘liwa ' ou)O;updady

KeTy, i=1
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3
l; i1y
. Zlf%((/&@fuvm(zi”) — (AiB2uvn)(Zis)

KeTy, i=1
—/ &(Aiafu)vhds)
3 l4 )
-> > o ((Ai+28i2+2uvh)(zi+2) — (Ai4207 puvn) (Ziga)
keTy, i=1
(22 - [ 0AusaEzpnds) + O ulslonl
Combining (20) and (22), we can get the desired result (13). O

Let N}, denote the set of vertices of the triangulation 75, and w;? ={K:K¢€
Tn and Z; € K} denote the patch around the node Z; (see Figure 2). From (14)
and assume the local number of Z; in each triangle K € wj is ¢ (see Figure 2), we
have

W(’U,,’U,'FL) _ Z 2(13 z+1 l'lz+1)(Aiai2u,U)(Zi+2)

KeT;, i=1

lz n; -1y
_ZZO’H W (Ai+lai2+1uv)(zi+2))

e 7
- Z Z( 21;2 (Ai4207 3uv)(Zita2) — %(Aiafuv)(ZHg))

KTy i=1
3 3
l: ll n; -1
X (0%
KeTy, i=1
lf’ li n; -1y
—$(Ai+23i+2u)(zi))v(zi)
3.4 ) 12,
SDIPI CACTNICARE VML SOIEA) ES
KeT;, i=1
B3 livo(nipr - nig2)
= [ > (SR (A ) (2)

lz+2l (nit2 - ny)
2

(23) - X (%Aﬁfuxzj)—lig( Ai103,0)(2)) ) [0(Z).

Z;ENy, Kew;?

(Ai+26i+2u)(Zj))} v(Z;)

Let’s define N; = (cos? 0;, 2 sin 6; cos 6;, sin? ;). Assume Tj, has N nodes and let’s
define the matrix Mes(7;) € RV*3 and d, € RY*? as follows

. l; i+1 1
Mes(7x)(j,:) = Z(l§+1MAi+1(Zj)Ni+l

2c
Kewj'.‘

L li(ni+2 'Ilz')

2 20 Ai+2(Zj)Ni+2)
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FIGURE 2. The patch w; and the local numbers of Z; in each K € w;

I s
(24) - > (%Az‘(zj)Ni— 221 Ai+1(Zj)Ni+1)a
KEw;L
and
(25) () = (02u(2),0:0,u(Z,), 02u(Z) ),

where Mes(73)(j,:) and d, (7, :) denote the j-th row of the corresponding matrix.
Corollary 3.1. For W(u,vp,Tp), we have

(26) [Wiuon T = | Y Mes(T)(G,) - dulisJon(Z)], von € Vi,
ZjGNh,

where the matric Mes(Ty,) is defined as (24). Then the following estimate holds

(27) W (u, vn, Tn)| < Ch™[Mes(Th) || llull2.ccllvnllo,  Yon € Vi,

where || - ||[r denote the Frobenius matriz norm. Furthermore, we also have the

following estimate for |Mes(Tr)||r

(28) [Mes(75)||r < Ch™.

Proof. From (23) and (24), we can easily obtain (26). By using the following
relations

20)  eh o < (Y0 n(2)?)" <Ch M unllo, Von € Vi,
ZjGNh

[

and Hoider inequality, we can obtain (27). The estimate (28) can be directly
obtained from the quasi-uniform condition of 7p. O

4. Asymptotic error expansion

In this section, we give the asymptotic error expansion of the finite element
approximation by using the suitable interpolation postprocessing method.

In order to obtain asymptotic error expansion, we need to construct the following
auxiliary finite element equation:

Find ¢ € V such that
(30) B(,v) =g(v), VveV,
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where

1 1
(31) g(l}) = _Ew(uaph/viﬁ) + EK(uaPh/viﬁl)a

with Py, /5 is the L2-projection operator with respect to V, /2 defined on the mesh

Thy2
(32) (Prj2d,vns2) = (6, 0n/2), Yoo € Vio.

First we have the following estimate

(33) sup L < o (IMes(Ta) 1 + 1) (lulla + ullzc0).
S2P ol

Then from the regularity of the elliptic problem, the following estimate holds

34 [0l < Csup % < Ch " (IMes(To)llr + 1) (lulla + [ull2.00)-

Remark 4.1. Here, we use the projection operator Py, /o to overcome the difficulty

V¢ Lo(Q).

Lemma 4.1. Assume u € H*(Q), Lyu and mpu are the finite element approzima-
tion and interplant corresponding to Tn. Then we have

(35) ||£hu—7rhu—h2£hwul < Ch2||u||3.

Proof. Let ny, := up, — mpu — h2Lp1). By the coercivity of the bilinear form B(-,-),
(6), (13), (30) and the property Vi C V2, we have

Collnnll¥ < B(nn,mn) = B(un — mnu — h* Ly, np)
= B(u — ThU — h2£h¢,nh) = B(u — TThU, nh) — hQB(,Ch’t/J, nh)

— Blu - myu ) — 2By < / p(u — mpu)mndady + Ch2 [l
Q

< Ch?[lulls |1
This is the desired result (35). O

In order to do the extrapolation, we always need to obtain the asymptotic ex-
pansion of the finite element approximation. For this aim, it is needed to do the
higher order interpolation postprocessing ([9, 5]). For the general meshes, since
they are not obtained by the regular refinement from the structured meshes, the
reasonable postprocessing method is the type of recovery method for linear element
([17, 18]). Let us define Q) as the recovery operator Qp : Vi — Vp, X V3, where
OnLpu is some type of approximation to the gradient of the exact solution Vu by
the finite element approximation Lpu. Here we assume that the operator Qp has
the following properties

(36) 1Qrvnllo < Clonh, Voun €W,
(37) |Qnu—Vulo < CR*||uls,
(38) Qru = Qp(mpu).

Theorem 4.1. Assume Lpu and wpu are the finite element approximation and
interplant corresponding to T. Then we have

(39) |QnLnu — Vu—h?*Vi|| ;< Ch?(1+ [|[Mes(Th)l ) ([[ulla + ull2,00)-
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Proof. By (34), (35) and the properties (36)-(38) of the interpolation postprocessing
operator Qp, we have

HQhﬁhu —Vu — h2Vz/JHO <On(Lpu — mhu — h2Lpab)|o + HQ;ﬂrhu — VUHO
+ 02| Qu(Lny) — mp)[|, + P*|| Quraty — VO |
<CR*([lulla + [lull2,00) + CR?|[3]|2
<CR?(1+ |Mes(T)ll ) (lulla + l|ull2,0c).-
Thus we complete the proof. (I

In order to use the extrapolation method, we need to refine the mesh 7, in the
regular way (please read Section 2).

FIGURE 3. The elements of 7}, /5 in an element K € T

For the relation between T, and 7}, /2, we have the following lemma.

Lemma 4.2. If T} /o is obtained from Ty by the regular refinement, we have

(40) [Mes(Tn)llr = [[Mes(Ty/2)l r,
(41) W(uavh/%%/?) = W(uvvh/2a7;1)7
(42) K(uavh/Qaﬁz/Q) = K(uuvh/%ﬂl)'

Proof. For every new nodes Z; produced by the regular refinement, it is easy to
check that

(43) Mes(7h/2)(j,:) = (0,0,0).
Thus, we can obtain (40) and (41) can also be derived from (43). Similarly, we can

obtain (42) by the property of the new edges by regular refinement (Figure 3). O

Similarly to Theorem 4.1, based on Lemma 4.2, we can obtain the following
asymptotic error expansion of the finite element approximation Ly, /ou.

Lemma 4.3. Assume u € H*(2), Ly j2u and 7y ou are the finite element approx-
imation and interplant corresponding to Ty 2. Then we have

(44) Hﬁh/zu — Th/2U — (g)zﬁh/zi/iHl < Ch2||u||3,
(45) [ @upatenyon—Vu— (5) V|, < OB+ IMes(Ti)#) (Juls + )
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Proof. Let
B2
Nhy2 = Lpjau — Tpou — (5) Ly 21
By the coercivity of the bilinear form B(, -), (6), (13) and (30), similarly to Theorem

4.1 we have

I 2
CO”nh/ZH% < B(nh/2a77h/2) = B(£h/2u — Th/2U — (5) ﬁh/zi/%??h/z)
Ay 2
= B(u — Th/2U — (5) L 2%, 77h/2)

Iy 2
= B(u — mp 2u, N j2) — (5) B(Lp21,m1)2)
< Ch?||ullz]lnn 2l

This is the desired result (44). Based on (44) and (40)-(42) and the properties
(36)-(38) of the interpolation postprocessing operator Q /2, we have

R AL
SH Qn/2(Lpj2u — Thyou — (g)zﬁh/ﬂ/))uo + || Qnjamnjau — Vul|,

h\2 h\2
+ (5) HQh/2(£h/21/1 - Wh/zi/J)HO + (5) HQh/27Th/21/J - kuo
<CP?|lulls + Ch*|[ ]l
<Ch?*(1+ || Mes(Thy2)llF) (lulla + llull2.00)
=Ch*(1+ [[Mes(Tn)ll7) (lulla + l[ull2,00)-
This is the result (45) and we complete the proof. O

Based on the asymptotic error expansions (39) and (45), we can define the ex-
trapolation scheme as

A9y 0Ly pu — QnLlpu
= 3 .
Theorem 4.2. We have the following error estimate for the extrapolation solution
defined in (46)
(47) 1250 — Vul|, < CR?* (1 + [Mes(Th)| r) (lulla + llull2,00)-
Proof. By Theorem 4.1 and Lemma 4.3, we have
HE?LX“au — VuHO = H4Qh/2£h/2u — OpLpu — 3VUHO

(46) Lyxtray

—||4(Qns2Lnsu - Vu - (g)Qw) ~ (QuLnu— Vu— h299)||
it - (B9l +(@utun -],

(48)  <Ch*(1+ [ Mes(Ta)llr) (llulla + [lull2,00)-

Thus we complete the proof. (Il

The estimate (47) shows that the effectiveness of extrapolation method depends
on the estimate |[Mes(7p)||r. So we call |[Mes(T)||r as the extrapolation mea-
surement of the mesh Ty, ([14]).

From (28), (40) and Theorem 4.2, the extrapolation method can arrive O(h?)
convergence rate if we refine the mesh in the regular way from any initial mesh 73,,.
Especially, we have the following corollary.
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Corollary 4.1. Assume that u € H*(Q), Ty is produced by refining the triangula-
tion Tr, in the regular way and ho = O(1). Then we have the following extrapolation
estimate

(49) ||£Z’“rau — VUHO < C’h2(||u||4 + ||u||200)

Proof. (49) can be obtained easily from (28), (40), (47) and hg = O(1). O

5. Numerical results

In this section, we show the effectiveness of the extrapolation method on gen-
eral meshes by two numerical examples. First, we present an example to test the
convergence order of the extrapolation on general meshes. In the second example,
we will check the influence of the regularity of exact solutions on the extrapolation
method.

5.1. Convergence order of extrapolation scheme. In this subsection, we solve
the following second order elliptic problem

(50) —V(AVu) +pu=f, in Q,
(51) uw=up, on IS,
where

m2+1 Ty
e e
(52) .A: ( oY eyz ) 3
p=2>+y%and Q = [-1,1] x [-1,1]\[-1,0] x [0,1]. The function f and boundary
condition up are chosen such that the exact solution is u = e®¥. Figure 4 shows

the three initial meshes with size h = 0.4, h = 0.2 and h = 0.1 for our numerical
tests. The corresponding numerical results are presented in Figure 5.

E L L L L L 4l il
1 08 -06 04 -02 0 02 04 06 08 1 -1 -08 06 -04 -02 O 02 04 0§ 08 1 -1 08 -06 D& -02 0 02 04 06 08 1

ho =0.4 ho = 0.2 ho = 0.1
FIGURE 4. The initial meshes for the L shape domain
From numerical results showed in Figure 5, we find that the extrapolation

method can improve the convergence order form first to second on the general
initial meshes. This confirms the theoretical result in Theorem 4.2.
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Errors

Errors by linear finite element with intial mesh h=0.4 , Errors by linear finite element with initial mesh h=0.2 , Errors by linear finite element with initial mesh h=0.1
T T T 10 T T 10 T T
AR AR AR
B B B
-~ -slope=-05 107 ., -~ -slope=-05 -~ -slope=-05
= = slope=-1 ~ = = slope=-1 10 = = slope=-1
N )
v v T
¢ gy
i i
10’
) SN
10
L L L 10’5 L L 10" L L
' W i i) JIA ) 1’ ' JOR ) 1’ ' i
Number of elements Number of elements Number of elements
ho =04 ho =0.2 ho = 0.1

FIGURE 5. The numerical results for equation (50)-(51)

5.2. Regularity check of extrapolation. In this subsection, we solve the fol-
lowing model problem

(53)
(54)

—Au = f, in Q,

uw=up, on 0,

where = [0, 1] x [0, 1]. We chose different functions f and up such that the exact
solutions are u = (22 +y2)*/3, u = (22 + 4?)%/% and u = (22 + y?)'/3, respectively.
It is easy to know the three exact functions belong to H3t1/6=¢(Q), H2+1/6=¢(Q)
and H'*T1/3=¢(Q).

We compute these three examples with linear finite element and extrapolation
method to check the influence of the regularity on the extrapolation. Here, we
adopt the initial meshes showed in Figure 6 to produce two mesh sequences by the
regular refinement.

1 1
09) 09
08 0.8
07 0.7
0] 0.6
05) 05
04 04
03 03
02 02
o1 0.1
0 01 02 03 04 05 06 07 08 09 1 30 02 0.4 06 0.8 1
ho = 0.1 ho = 0.05

FIGURE 6. The initial meshes for the square domain

Figures 7 and 8 show the errors of the extrapolation method for the initial meshes
h = 0.1 and h = 0.05, respectively.
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FIGURE 7. Numerical results for equation (53)-(54) with initial
mesh size hg = 0.1
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FIGURE 8. Numerical results for equation (53)-(54) with initial

mesh size hg = 0.1

Figures 7 and 8 shows that even when the exact solution belongs to H?*1/6(Q),
the extrapolation method can improve the convergence order obviously. But when
the exact solution u € H'+1/3(Q), extrapolation scheme can not improve the con-
vergence order.

6. Concluding remarks

In this paper, we analyze the extrapolation method for the second order elliptic
problems by linear finite element on general meshes. Based on our analysis, we find
the extrapolation can improve the convergence order on the meshes produced by
regular refinement on general initial meshes. This means the extrapolation method
can be applied on the general domains by the totally automatical triangulation
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and dose not need to construct the meshes artificially. Based on the definition
IMes(Tx)||F, extrapolation method can improve the convergence order when it
is applied on the classical so-called superconvergence meshes (structured meshes)
(1, 2,3,5,7,9, 10, 12, 13, 15, 16, 17, 18]).

The idea presented in this paper can be extended to other types of problems and
this may be our future work.
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