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A PRIORI ERROR ESTIMATES FOR SEMI-DISCRETE
DISCONTINUOUS GALERKIN METHODS SOLVING
NONLINEAR HAMILTON-JACOBI EQUATIONS
WITH SMOOTH SOLUTIONS

TAO XIONG, CHI-WANG SHU, AND MENGPING ZHANG

Abstract. In this paper, we provide a priori L? error estimates for the semi-discrete discontinuous
Galerkin method [3] and the local discontinuous Galerkin method [22] for one- and two-dimensional
nonlinear Hamilton-Jacobi equations with smooth solutions. With a special Gauss-Radau projec-
tion, the optimal error estimates on rectangular meshes are obtained.
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1. Introduction

In this paper, we are interested in the a priori L? error estimates of the semi-
discrete discontinuous Galerkin (DG) and local discontinuous Galerkin (LDG) meth-
ods for smooth solutions of nonlinear Hamilton-Jacobi (HJ) equations in the one-
dimensional case

(1) ¢+ H(¢ps,w) =0,  ¢(x,0) = ¢°(x)
and in the two-dimensional case:
(2) b+ H(¢w, by, ,y) =0, ¢(x,9,0) = ¢°(x,y).

The Hamiltonian H is assumed to be a smooth function of all the arguments.
When there is no ambiguity, we also take the concise notation H(¢,) = H (¢, x)
and H(¢z, ¢y) = H(¢a, by, T, y).

The DG method is a class of finite element methods using completely discontin-
uous piecewise polynomial space for the numerical solution in the spatial variables.
It can be discretized in time by the explicit and nonlinearly stable high order
Runge-Kutta time discretization [20], resulting in the so-called RKDG method.
The RKDG method was first developed for nonlinear hyperbolic conservation laws
by Cockburn et al. in [8, 7, 5, 9]. Later it was generalized to the LDG method for
solving convection-diffusion equations by Cockburn and Shu [10].

The time-dependent Hamilton-Jacobi (HJ) equations (1) and (2) are closely re-
lated to the conservation laws. In the one-dimensional case, they are equivalent
if one takes the spatial derivative in (1) and writes out the equation satisfied by
u = ¢,. It is thus not surprisingly that many successful numerical methods for
the conservation laws have been adapted to solve the Hamilton-Jacobi equations.
For finite difference schemes, the high order essentially non-oscillatory (ENO) and
weighted ENO (WENO) schemes [18, 14, 25] are such examples. However, it is less
straightforward to adapt DG schemes to solve the Hamilton-Jacobi equations, since
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the nonlinear Hamiltonian H prevents a direct integration by parts. Hu and Shu
developed a DG scheme [13] for solving the nonlinear Hamilton-Jacobi equations,
which is based on the Runge-Kutta discontinuous Galerkin (RKDG) method for
solving conservation laws. They first solve the conservation law equation satisfied
by u = ¢, with the standard DG method, which can determine ¢ for each element
up to a constant, and then the missing constant is obtained by integration either
in time or from the boundary. In two dimensions, this scheme involves a least
square procedure to obtain ¢ from the numerical approximations of u = ¢, and
v = ¢y, as they may not satisfy the compatibility condition u, = v, = ¢5,. Later,
Li and Shu [16] reinterpreted the method in [13] by using a curl-free subspace for
the discontinuous Galerkin method in the two-dimensional case to avoid the least
squares procedure. The two algorithms in [13] and [16] are mathematically equiv-
alent, however the latter avoids the least square procedure and also uses a smaller
finite element space, resulting in a significant simplification in implementation with
a reduced cost. The DG scheme in [13] achieves the optimal k-th order of accuracy
for w = ¢, (and also v = ¢, in two dimensions), however the optimal (k + 1)-th
order accuracy for ¢ is not always observed numerically when k-th degree piece-
wise polynomial space is used. For the one-dimensional case, the error estimates
for conservation laws in [23, 21, 24] can be directly applied, yielding k-th order
error accuracy for the upwind fluxes and (k — %)—th order error accuracy for general
numerical fluxes for the derivative u = ¢, when k-th degree piecewise polynomial
space is used. For the two-dimensional case, we can follow the a priori error esti-
mates for u = ¢, and v = ¢, in the DG curl-free subspace, however only (k — %)—th
order accuracy can be obtained either for the upwind fluxes or for general fluxes,
since the special projections need for the optimal error estimates in two dimensions
cannot be defined in the curl-free subspace.

More recently, Cheng and Shu in [3] proposed a DG method for directly solving
Hamilton-Jacobi equations without going through the derivatives u = ¢, and v =
¢y. Also, Yan and Osher [22] designed a direct LDG method for solving Hamilton-
Jacobi equations. Numerically, optimal order error accuracy has been observed for
both of these two methods. For linear Hamiltonians, the DG and LDG methods
in [3] and [22] are equivalent to those for solving conservation laws, hence stability
and error estimates can be obtained following the techniques for conservation laws.
However, for nonlinear Hamiltonians, the methods in [3] and [22] are distinct from
the DG methods for conservation laws. In this paper, we follow and generalize the
techniques in [23, 21, 24] to obtain a priori L? error estimates for the DG and LDG
methods in [3] and [22] for directly solving nonlinear Hamilton-Jacobi equations
with smooth solutions.

The paper is organized as follows. In Section 2, we introduce notations, defini-
tions and auxiliary results used later in this paper. In Section 3, we obtain a priori
error estimates for the one-dimensional Hamilton-Jacobi equations. In Section 4,
we follow the same line as the one-dimensional case to obtain a priori error esti-
mates for the two-dimensional Hamilton-Jacobi equations. Concluding remarks are
given in Section 5.

2. Notations, definitions and auxiliary results

In this section, we follow [21, 24] to first introduce notations and definitions to
be used later in this paper and also present some auxiliary results. We use a special
Gauss-Radau projection as in [24], and present certain interpolation and inverse
properties for the finite element spaces that will be used in the error analysis.
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2.1. Basic notations.

2.1.1. One-dimensional case. We consider the one-dimensional Hamilton-Jacobi
equation in the interval I = (0,1), which is divided into N cells as 0 = 1 <3 <

w<ayypy =1 Weset [j = (z;_1,2;01), [j = [z, 1,2,,1], 75 = 3 (j_l+$ 1),
h;j =Tj1— T and I+1 = [:cj,:cjﬂ] for j =1,...,N, and we define the quan-
tities

(3) h = max h; and p= min h,

1<j<N 1<j<N
We assume the mesh is regular, namely the ratio of h over p stays bounded by

a fixed positive constant ¥~ during mesh refinements, that is vh < p < h. The
piecewise-polynomial approximation space is

(4) Vi, ={v:v|, € P*(I;),j=1,..,N}

where Pk(Ij) denotes all polynomials of degree at most k on I;.
The numerical solution is denoted by ¢, € Vj,. As usual, we denote by (gf)h);r_|rl

and ((Z)h);_|rl the values of ¢y at Tjy1 from the right cell I;;; and the left cell I},
2 —

respectively. We also use the notations [¢] = ¢ — ¢, and ¢, = (¢ + ¢;,)

to denote the jump and the mean of the function ¢ at each element boundary

point respectively. Finally, we denote by Hi (¢, x) = %(qﬁz, x) and Hq1(¢g,x) =

82 5 (qu, x), the first and second derivatives of H with respect to its first argument,

respectively.

2.1.2. Two-dimensional case. We consider the two-dimensional Hamilton-Jacobi
equation on the domain Q. For a rectangular partition of I x J = [0, L] x [0, L],
we denote the mesh by I; x J; with I; = ( Ti_1,@p1) and Jj = (y;_1,y;41), for
i=1,.,Nyandj=1,..,N,. Wesetz; = 1(x Ty 14T 1) and y; = %(yj,%erH%).
The cell lengths are denoted by h{ = z; il T T

i1 and hY = Y1 — Yj_1 with
h* = maxi<i<n, hi, h¥ = maxi<j<n, h? and h = max(h*,h¥). We also assume
the mesh is regular as in the one-dimensional case.

We define the space Z;, as the space of tensor product piecewise polynomials of

degree at most k in each variable on every element, i.e.
(5) Zn={v:ive Q"I xJ)¥(x,y) €L; x Jj,i=1,...,Npj=1,..,N,}

where Q¥ is the space of tensor products of one-dimensional polynomials of degree
up to k.
We denote by ((bh):;l y and (¢n);, 1 y the values of ¢ at (2, 1,y) from the right
2 2

cell J;11 x J;j and from the left cell I; x Jj, respectively, when y € J; on all verti-

cal edges. Also [dn];y1, = (dn)f,1, = (@)1, and (Bn)ips, = 5((0n)] s, +

(th);rl y) denote the jump and the mean of the function ¢y, at (IH_%,y) when y €
2 —

J;. Similarly, we can define (qﬁh): '+l7(¢h);j+l’ [Pn]ejr1 and (Pn), j41. We de-

notebyHl(qbl,(by,x y) 6¢T (¢la¢y7x y) a'ndHll((b:w(byax y) 82¢I(¢x7¢yax y)
the first and second derivatives of H with respect to its first argument, respectively.

Similarl% we define H2(¢za¢yam y) = a_H(d)a:a(vbyax y) and H22(¢za¢y7xay) =

824) 2 (p,, ¢y, ¢, y). The mixed derivative is Hi2(¢z, ¢y, 2, y) = 8%(%1 (Oz, Oy, 2, Y).
For an arbitrary unstructured triangulation, let T, denote a tessellation of €

with shape-regular elements K. Let 'y, denotes the union of the boundary faces of
elements K € Ty, i.e., ', = Uger, 0K, and Ty = T, \ 92. Let P*(K) be the space
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of polynomials of degree at most £k > 0 on K € T,. We denote the finite element
space by

(6) Wy, = {v:v € P¥K) for (z,y) € K,VK € T}
Let e be an edge shared by the elements K and K’. Define the unit normal vectors

n and n’ on e pointing exterior to K and K', respectively. If ¢ is a function on
K and K, but possibly discontinuous across e, let (¢, )% denote ((¢n)|x)|e and

(¢n) denote ((én)|k)le-

2.2. Projection and interpolation properties.

2.2.1. One-dimensional case. We will consider the Gauss-Radau projection Ry,
that projects ¢(z,t) € L?(0, 1) into the finite element space Vj,, which depends on
the function ¢(z,t) itself and is defined in each element as:

R} if H1(9,¢) > 0 in the element I,
(7) Ry = (R, if Hi(0.¢) <0 in the element I},

P, if H1(0.¢) changes its sign on the element ;.

where the L%-projection Pj, on the element I; is,

®) A@mw—mwmmmﬁwwmewwm
and the projection Rif on the element I; is,

9) /Q@R;¢@»——¢@»wh@»mc=<Lleefﬂ10»,
with R,jgb(xjt%) - ¢(xjt%) =0,

(10) (L@Wﬂ@—¢@»w@ﬂw=awmePkWQh

with R} (z];%) - ¢(x;+%) =0.
Denote by n = Rp¢ — ¢ the projection error, by a standard scaling argument,
for this projection, we can obtain [2, 4, 15]

(11) 7]l + Bllnall + 22 nllr, < CREH

and it follows from Sobolev’s inequality that

(12) I7lloe < CRF*S.

The positive constant C, solely depending on ¢, is independent of h. || - | and

|| - [loo are the usual L2-norm and L*°-norm in Sobolev spaces, respectively. I'y, is
the union of all element interface points, and the L?-norm on I'y, is defined by

1/2
(13) Inlrhl > <(”f+;)2+(”f+;)2)]

1<j<N

From the projection (7), for each partition {I;} of I, we can accumulate the
elements with the same projection into three classes, i.e., S; denotes the class of
cells with projection RZ, Sy denotes the class of cells with projection R, and S3
denotes the class of cells with projection Py,.
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2.2.2. Two-dimensional case. For two-dimensional problems on Cartesian meshes,
we also use the Gauss-Radau projection, which is the tensor product of the pro-
jections in the one-dimensional case. On a rectangle I x J = [0, L;] x [0, L,], the
projection is defined to be

(14) Z¢ = Rn)z @ (Rp)y¢

where the subscripts indicate the application of the one-dimensional projection Ry,
with respect to the corresponding variable.

Denote by n = P ¢—¢ the projection error, there holds the similar approximation
results [6, 12]

(15) 9]l + hllna|l + Y2 (nllr, < CH*

where I'y, denotes the set of intercell boundaries of all elements I; x J;.

2.3. Notations for different constants. We will adopt the following conven-
tion for different constants. These constants may have a different value in each
occurrence.

We will denote by C a positive constant independent of h, which may depend
on the exact solution of the PDE. Especially, in the following we will denote by C
a positive constant only for the a priori assumption. For problems considered in
this paper, the exact solution is assumed to be smooth with periodic or compactly
supported boundary condition. Also, 0 < ¢ < T for a fixed T. Therefore, the exact
solution is always bounded.

2.4. Inverse properties. Finally, we list some inverse properties of the finite
element space V},. For any v, € V},, there exits a positive constant C, independent
of h, such that

(16)
(@) l1wn)all < CRMonll, () fonlle, < CR™2lonll, (i) flvnlloo < Ch™ % ||un]

where n = 1 or 2 is the spatial dimension. More details of the inverse properties
can be found in [4].

3. Error estimates for the HJ equations

3.1. One-dimensional case.

3.1.1. DG scheme for directly solving the HJ equations. In this section, we
describe the DG scheme in [3] for directly solving the one-dimensional Hamilton-
Jacobi equations. Here the DG scheme is formulated as: find ¢, (z,t) € Vj,, such
that for any vy € V4,

[ @on) + H@uon,0),2)0n (@)

1

1 :
+ 5( min  Hy(0pfn, j41) —

I61j+%

min Hq(0,dn, x;
‘x61j+% 1Oz, J+%)

>[¢h]j+% (Uh);r%

1
+ 5 (xg}ai{l Hl(aﬂi(bhvxj—%) + xg}ai(l Hl(am(bh; Ij—%) )[(bh]j_%(’ljh);;%

i3 2
(17) =0, i=1.,N
Noticing that, when taking the maximum or minimum, the scheme needs the

reconstructed information of 9,¢y, on the cells I. -1 and T s which contains the
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points z;_1 and z; +1 respectively, where the numerical solution ¢y (2, t) is discon-

tinuous. A polynomial w; 1 (z) € P+ s defined on I; U ;1 1, such that

(18) /Ithvdx:/l wj+%vdac

for any v € P* on I, and

(19) / ppudr = / w;y 1vde
Ij Ijta

for any v € P* on Ii11. Then we use Oy¢n = 6ij+% on I_j+% when taking the
maximum or minimum in the scheme (17).

3.1.2. LDG scheme for directly solving the HJ equations. In this section,
we describe the LDG scheme in [22] for directly solving the Hamilton-Jacobi equa-~
tions. The LDG scheme is defined as follows: find ¢, € Vj such that for all test
function u € V},, we have

(20) / (on)rudz —|—/ ﬁ(pl,pg)udx =0, j=1,...,N
I I;

J

where p; and py are two auxiliary variables to approximate ¢, and H (p1,p2) is
a monotone consistent numerical Hamiltonian [11] chosen to approximate H(¢.,).
For any test function v € V4, p1 € V} is obtained by solving the following right
upwind DG scheme

(21) / v + /I Onvndz — (1), 07,y ()0

1 1
5 J—3
1]

=0

and for any test function w € V},, pa € V}, is obtained by solving the following left
upwind DG scheme
Jr

(22) /1 powdx + /1 opwydr — (¢’l);+%w;+% + (én); W]

j—5 3
J

=0.

We can use the simple Lax-Friedrichs numerical Hamiltonian

(23) H(pi,p2) = H (p1 ;—m) - %Oé(m —p2)

OH(p)
dp

ated locally as D = [min(p1, p2), max(p1, p2)]|1;, it is called a local Lax-Friedrichs
Hamiltonian. With D taken as a global domain, namely D is evaluated over the
whole computational domain and defined as D = [min(p1, p2), max(p1, p2)]|a, it is
called a global Lax-Friedrichs Hamiltonian.

with o = maxpep ‘ ‘ When D is taken as a local domain, which is evalu-

3.1.3. The main results. We state the main error estimates of the semi-discrete
DG scheme (17) and the semi-discrete LDG scheme (20)-(22). Detailed proof will
be given in the subsequent subsections.

Theorem 3.1. Let ¢ be the exact solution of the problem (1), which is sufficiently
smooth with bounded derivatives, and assume H(dy¢,x) € C%. Let ¢y, be the nu-
merical solution of the semi-discrete DG scheme (17) or the semi-discrete LDG
scheme (20)-(22), and denote the corresponding numerical error by ey = ¢ — ¢dp.
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For regular triangulations of I = (0,1), if the finite element space V}, is the piece-
wise polynomial space of degree k > 2, then for small enough h, there holds the
following optimal error estimate

(24) ¢ — ¢n|| < CHFH!

where the positive constant C' depends on the final time T, k, ||9l| o (0, 1), %+1 (1))
and the bounds on the m-th derivatives of H(0y¢,x) with respect to its first ar-
gument, m = 1,2, ||@|l Lo ((o,1),mx+1(1)) 5 the mazimum over 0 < t < T of the
standard Sobolev (k + 1)-norm in space.

3.1.4. Proof of Theorem 3.1 for the DG scheme. The cell error equation for
this scheme is

/ 04(8(2,1) — (. 1)) on(x)da + / (H(Ds (. 1), 2) — H(Dyn (1, ), ) )op (2)da

1
—§(xm1n Hq(00n,x Tyl *‘ mlIl H1 (Oxpn, x Tl 1)

EI+1

) [¢h]j+% (Uh)j;%

1
—5(96161}@ H1 (O fn, x5 1)

max Hiy(0xn, xjfé)

zel,
617%

) [Qﬁh]jf% (Uh);r_%

(25) E
=0

We take the Taylor expansion on H (9., x) with respect to its first argument

(26)  H(0utn,r) = H(0z¢, ) — H1(0p, )0(¢ — P1) + %Hn(ax(ﬂﬁ — ¢n))?

where the second derivative Hy; is evaluated at some point between 9,¢ and 0, ¢y,.
We would like to adopt the following a priori assumption

(27) 10z€plloc = 1102(¢ — dn)lloc < Ch.

The reasonableness of this a priori assumption will be justified later. Denoting
d—dn =ep = (Rpop— ) — (Rpo — ¢) = £ —n and taking the test function v, = &,
we obtain

2 2

/I. ftfdl'+ /] Hlfamfdl' + (Hlmin)j+% [E]J-i-% (E)j_Jr% + (Hlmaaz)j_%[f]j_l (€)+ 1

— [ medo+ [ Higounda + (Hiun), 414605,
1 I P

28) (i)l 3O +5 [ 6Hn(0.(e0)Rds

2

where we have taken the short-hand notations

(29) Hy = H(0:¢, )
1
(30) (Hlmin)jJr% = 5(95?%}?1 Hl( z¢ha j+ ) g}lill Hl( z¢h; ]+ ))

)

max Hl( z¢h7 j+ )+

;CEI n}ax Hl( z¢h; ]+ )

re +1

(3 (Himaw)ies = 5
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when there is no confusion, and Hy; is a mean value from the Taylor expansion.
For the second term on the left side of (28), we have

_ 1 2 1 2\ —
|| meoutae = =3 [ outnaa s g (e, o))
and for the second term on the right side of (28), we have

[ Houmds =~ [ (€0uy + H0,€)nds + (Hing);, , — (i)
I;

I i=3

- / End, Hyder — / (H\ (020 2) — Hy(0s6,2)| Yt

I r=r;
(33) + (Hne);,, — (Hmo)?

where we have used the property that Ry¢ — ¢ is locally orthogonal to all polyno-
mials of degree up to k — 1, so

(34) /I H; (0,9, :E)‘z:mnaxfdm =0.

Now (28) can be rewritten as

1
/ &&da = / médx 4+ = / €20, H dx — / &ndy Hidx
I; I; 2 I; I;

- [ (H@o.0) ~ H@r0,0)|_ wdnsde - 506

+ (Hmf)j;% - (Hlmin)j+%[§]j+%(§);+% + (Hlmin)j+%[n]j+%(£);+;

)T, — (Hne)E (Hlmmj_,[aj_;(s)* 1

]__ / EH11(0z(ep))

2
Summing over j from j; to ja, the error equation (35) becomes

jl/ §t§dx§:/ nédz + Z /528 Hldacfj ]1/ &ndy Hydx

J=J1 J=i

T=x;

(35) (Hlmaa [n]j

_i/ H1(0:¢,7) — H1(0: 9, )} N0 Edx

J=n =

i Z (, % H1€2)™ + (Hin¢)™ — Himinl€]6™ + Hlmin[n]gi)

. 1
Jt+3
J=i 2

+ Z ( Hlf (H1ﬂ§)+ - Hlmaz[£]§+ + Hlmaz[n]§+) .

j—
J=i

(36) + Z / §H11 6¢

J=i

=

Since H1 (0.0, ) is continuous with respect to its first argument, we have

(37) max |Hi(0y¢,x) — H1 (020, x) <Ch
J

T=x; xcl;
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then for the first two lines of the right side of (36), we obtain

J2 J2 J2

1
g /ntﬁdx—i— E 5/ 20, Hydx — g /57781.H1dx
=1 Vi g=i =71 =1 7 i

J2
-2 /1 (H1(006,2) = H(026,7)| )10
J=j1v =
J2
@ <oy [l + [ o [ pentarn | pongiar).

By the a priori assumption (27), for the last line of the right side of (36), we obtain

J2 1 ~ 1
Z 3 /Ij €H11(3x(€¢))2dx < O|0ze4lo0 XJ: B /Ij €0 (€ — m)|dx

J=J1
j2
(39) < Ch; ( /I JeDutlde + /I j (€0.nlde).

Now for the boundary terms of the third and fourth lines on the right side of (36),
denoted by Ty, first we have that H1(0,¢, x) is continuous at each cell boundary,
which is Hy = (H1)~ = (H1)". If Hi(9,¢,x) changes its sign in the cell I; of S3,
then it has at least one zero point z* in the cell I:j. By taking a Taylor expansion
at this zero point *, we easily obtain that |H;(d.¢,z)| < Ch in such I;.

) ;2:]'1
I, = U§‘2=j1 fj, then in the interior open set I, we have Hy > 0, so that Hypin =0
and max;, <;<j, |H1 — Hlmax|j+% < Ch (The proof of this inequality is given in

If we assume {I[;} is a sequence of maximum consecutive cells in S; and

the appendix). The projection is R;. The two boundary points of I, Ti o1 and
Tjyq 1, should belong to the cells I:jl,l and fj2+1 of Ss respectively, otherwise we
have I, = I = (0,1). In the following, we only consider the more general case that

fj1,1 € S3 and jj2+1 € Ss. In this case, we have |H1(0,¢, x) < Ch and

r=r. 1
j1—3
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‘Hl Oz, )| < Ch, and we can obtain
Ty = 3 (Hi(—5(€) + 5 - [€D)
> (@) = ) +1€N)
() (57 +007)
(), (5 - 00" - g +lmeT)
£ ((Hunar — H)(lEJEY + 1Y)
-3 (e —7) > (ore —nen)

+( ) (— 5 +007)
(), (GET - 00 — e +leT)
£ ((Humar — H)(-IEET +1lED)

() <Ch 3 (EPHE @ E0?)

where for the last inequality in (40), we have used the special interpolating property
of the projection of R;.
Combining (36), (38), (39) and (40), we have

g /Ij &iéde <C i (/1 €] da + /Ij dx + /Ij Ifnldx)

J=i J

J2

+ Ch]; (/IJ [no€ldx + /Ij |€0,.€|dx + /[j |§81-77|dx>
J2

(41) +Oh D (EPHEP 0P 0P

j=j1—1 2

Similarly, if {I; }g;): j, 1s a sequence of consecutive cells in Ss, and the two bound-

ary points T o1 and Tj,41 of I, = Uf:jlfj also belong to the cells I:jl,l and
I_j2+1 of S3 respectively, then in I;, we have H; < 0, so that Hyime = 0 and
max; |[H; — Hlmin|j+% < Ch (similar to the proof in the appendix), and the pro-
jection is R, = R, . With the special property of R, , we have the same results as
(41).
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Now if {I; }j 2 ;, Is a sequence of consecutive cells in S3, the estimates of (38) and
(39) are still the same. For the boundary term, first we have
(42) Hl(ang,l') SCha for]:.Jlf]-anQ

it+d
and 80 |Himin| < Ch and |Himaz| < Ch in each I:jJr% (j1 < j < j2) (also similar to
the proof in the appendix). We can then obtain

J2

Tbry == Z (* %(H1£2)7 + (H1ﬂ§)7 - Hlmzn[£]§7 + Hlmzn[n]gi)

J=ij1 a
+ 2 (3UREN ~ (Hn)" = Hinaol€l€" + Hinaslile”)
J=i1 :
J2
(43) <Ch Y ((g*)2 +(EP+ )+ (n’)Q) L
j=ii—1 e

In this case, we also have the same estimate as (41).

Since each case in the classes of S, Sz and S3 has the same estimate (41),
summing over all the sequences of consecutive cells in the three nonoverlapping
classes, we have

1
G161 <C( [ nel+ € + fenbio)

+ ([ (1ndut + 1605€] + €0rme)
(44) FORY (EP+E P+ P+ ?)

using Schwarz inequality, the inverse property (16) and the interpolating property
(11), we have

d
S IEl® <CUEN + limll* + 1ml1*) + Ch* (101 + 19=m]1*) + CRAIENR, + InlE,)

(45)  <C(llg)* +n*?)

applying the Gronwall’s inequality and the triangle inequality, we get the optimal
error estimate for the DG scheme.

Remark 3.1. When summing over all the sequences for (41), each boundary term
has been counted at most twice. This does not affect the optimal error estimate.
This remark also applied for the following LDG scheme.

3.1.5. Proof of Theorem 3.1 for the LDG scheme. In this subsection, we
give the proof for the local Lax-Friedrichs LDG scheme of Theorem 3.1. We use
a; to denote the local a in the cell I;. We also would like to make an a priori
assumption that, for small enough h, there holds

p1+ P2

(46)

angf

< Ch

o0

and leave its justification to the next subsection. Denoting ¢ — ¢, = ey = (Rp¢p —
on) — (Rpp — @) =& —n and zp, = O dp — % € Wy, for the term zp, we have
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Lemma 3.2. With the interpolation property (11), we have
(47) znll < CRTH(IEI + A1),

Proof. We have

J—3 713

@) [ dongde+ [ onGdn— 004Gy + 0] 40, =0

Taking v =w in (21) and ( = w in (48), and combining Eqns. (21), (22) and (48),
we obtain

1 _ 1
(49) /1 zhwdm+§[¢h]j+%wj+% +§[¢h]j_%w]t% =0.

Summing over j, we get
(50) Z/I zpwdr = — Z([%]w)ﬁ%.
joh J

Taking w = z,, from the inverse property (16), the equation becomes

120 ll* = = ([6n)20) ;42

= Z([¢ — &nlzn) 11

< CllE=nlryllznllr,
(51) < ChH(|Igll -+ A*F 1) el

so we have ||z < Ch=1(||€]| + RFFY).

Now we are going to follow the main procedure as the proof for the DG scheme
to get the error estimates for the LDG scheme. We first assume {I;}72, is a
sequence of consecutive cells in Sy, with the two boundary points z; _ 1 and z;, 1
of I, = Ugijl I_j belonging to the cells I_jl,l and I:j2+1 of S5 respectively. Then we
have Hy > 0 in I, so that |ja; — H1llco < Ch in each cell I; C I, and we have the
following cell error equations:

(52)

/ (6 — dn)ruda + / (H(926) — H(py, pa))udz = 0,
1; I;

(53)

[ 00— pyudo+ [ (6= 6nyuads — (0 - o), yur,, + 6 0n);ywl, =0

I I;
By taking a Taylor expansion for H(2-£22), we have
(54)

H (pl “’2) = H(D.0) ~ Hy(D.) (am— n ”’2) L (al-qb— 2 “’2)2.

2 2 2 2
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Taking u = £ and w = —«;&, and adding (53) to (52), we obtain

/gt«sdx+/ ¢H, ( m—p”m)dﬂ%aj/lv&(pl—pg)dx

— /Ij £(0x¢ — p2)dz — @ /zj Sabddr + 0 (&5 16714 _gj—lg;r“)

1 2
:/ 77t§d93+/ _ngl azd)* PLEp dx — aj/ faﬂ?dfﬂ
I I 2 2 I

J

(55) +0<j(77j_+% j_+1*77 1§+ )-

J—3 J**

Here H; is a short-hand notation for Hy(9,¢). For the left hand side (LHS) of (55),

we have
LHS = /«ft«fdx—/g (xqf)—pl—;pQ)dI

(56) +2aj(£]‘+1 s 28 e )

Since H; > 0, we have Ry, = R:. Applying the special property of R,T, the right
hand side (RHS) of (55) is

1 _
(57) RHS:/ nt«fdx—i—/ S¢Hn ( x¢—p1+p2) da
I I;

We now sum over j for the LHS and RHS of (55) from j; to j. Since I;, 1 € S3 and
Ij,+1 € Ss, in the adjacent cells, we have |a;,| < Ch and |oj,| < Ch. Combining
with (46), we obtain

j2—1
Z/ gt«sdx—zfg (m—pl‘;m)d:c— Y gaile —€M2,

J=j1
1
e _ + +
+§a12 jo+3 ]2+1 JlE § 2 Jl§11—1€]1——
Jr
+Z/ ntfderZ/ §H11<m¢171 p2>
J=I
3 / oy — V60046 — 60) + )l + Lo, 6
J=J
_ 1
Jlfjl,;gjt,;Jri J1 jl,lfj—t,;JFZ/ ne§dx
J=In
_l’_
+Clope— 2 pQHooZ/ €06 — ) + =)l

J=J1 I

<ch( Z/ €000 + Dam + 20)lda + (&5, 1) + (&) + (& _,)

J1—3 J1—35
J=n I

(58) £ 3 / neélda.

J=i
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Similarly, if {1, }] s
ary points Tj 1 and Ty, 1 of I, = Ugijlfj belonging to the cells I:jl,l and fj2+1
of S respectively, then we have Hy < 0 in I, so that ||a; + Hi|lec < Ch in each
cell I; C I, and the cell error equations are (52) and the following:

is a sequence of consecutive cells in Sa, with the two bound-

(59)
/I (6x¢ —pl)vdac +/ (¢ - ¢h)%d$ - (¢ - Q/)h)jjrév;;r% + (¢ - ¢h)j 1 ;_ ; =0.

. . 2
J IJ

With the special property of R, , we can get the similar estimate as in (58), that is

17_

/ftfd:c <Ch /|§8§+8zn+zh)|dx+( ) +(§;+%)2 (§+ )2)
J=j1 J=

(60) + Z / i€ e

J=J

Now if {I; }j 2, 1s a sequence of consecutive cells in S3, in each cell I; C I, =
Uf:jlfj, we directly have |H;(0,¢)| < Ch and a; < Ch. In this case, the cell error
equations are (52), (53) and (59). By taking v = 2, v = o, w = —;&, and
summing over j from j; to jo, we can obtain that

QZ/ftfdm 2Z/nt5dzf22/§Hl (06— T2 )a

+z%(§ ME) g — (€= )03
+Z/§H11 (006~ P P22y
<2Z/ |m€|d$+22/ L IED (6 — 6n) + 21)|da
1 SE R S N
b=

I3 16606 = 6u) + s

<22/ €l + Ch Z/ 1€(D0€ + Do + 21)|da

J=J1 I

(61) + Z (€2 + €+ 02 + (7))

j=j1—1
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Combining (58), (60) and (61), for each sequence of consecutive cells in the
classes of S1, So and S3, we have

J2 J2 J2
> [ asde< > [ melarrcn( Y [ 1@+ o+ )l

(62) FY €+ 0+ )y,

Summing over all the sequences in the three nonoverlapping classes, we have
d 1 1
G < [ mgldn + on( [ 16@ut + 0+ 20)lds
0 0

(63) + UM, + Inli3, )-

From the inverse property (16), the interpolation property (11) and the estimate
for the term zp (47), and using Schwarz inequality, (63) can be rewritten as

d
€l <CUEN® + lImll) + Ch*(
(64)  <C(lglf* + n*+2).

Applying the Gronwall’s inequality and the triangle inequality, we finally get the
optimal error estimate for the LDG scheme.

|02€11° + 10anl® + lzn*) + CAUIENIR, + [ImIIE,)

Remark 3.2. For the LDG scheme, we can only prove the optimal error estimate
for the local, not the global, Lax-Friedrichs numerical Hamiltonian. This is because
in the upwind case Hy(9y¢) > 0, we need H(py,p1) = H(p2) + O(h)(p2 — p1). Be-
sides the local Laz-Friedrichs Hamiltonian, other purely upwind numerical Hamil-
tonians, such as the Godunov [18] and Osher-Sethian [19] numerical Hamiltonians
, would also yield optimal error estimates.

3.1.6. Justification of the a priori assumption. Now, to complete the proof
of Theorem 3.1, we follow [21, 24] to verify the a priori assumption (27) and (46).
For (27), we have

(65) 18:(& = é)lloe < 10:€l00 + 18nllo0 < C(R™2 1] 4+ h*~2)
and for (46), from the inverse property (16) and (47), we have
1806 — P2 oo < 026 — én) + 20l
< 102€lloc + 102mlloo + [12n ][00
< O(h™ 3¢l + h*% + h™= )
(66) < C(h~3le]| + hF~ %)

Here ||0,7]|s0 < Ch¥~2 can be referred to [1, 4].
From |¢|| < Ch*+1 and k > 2, we can get

(67) 102 (¢ — Pn)|loo < CRE=2 < Coh?

where the positive constant Cy depends on T but is independent of h. Certainly
there exists a constant hg > 0 such that Coh? < C, and consequently |0y (¢—¢p)|| <
Ch if h < hg. Thus the a priori assumptions (27) and (46) are justified.

3.2. Two-dimensional case.
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3.2.1. DG scheme for directly solving HJ equations. The DG scheme for
directly solving the two-dimensional HJ equations in [3] is defined on rectangular
meshes as: find ¢p(x,y,t) € Zp, such that for any test function vy, € Z,

/ (8t¢h(x7 Y, t)+H(al¢h(Ia Y, t)a 8y¢h($a Y, t)a Z, y))Uh (x7 y)dxdy

I; 5

/ Hlmzn( er 5 y)[(ybh]( er 5 y)’l)h( i+l 1 y)dy
/ Hlmaz )[(bh]( )Uh( i %7y)dy
+ /1 Homin (€, Y54 1) [00) (2, 954 1 Jon (@, 97, 1 )y

b [ Homantovy lon)(e,, Jon() )y
I;
(68) = 0
where

Hlmin(mi+%7y) = min H1(8x¢h78y¢h7mi+%7y) -

dl
2 1617’+%

max Hl(azd)h: ay¢h7 xi+% ) y) +

zel

énil'l Hl(8$¢h7 Oy b, $i+% ) y)

Hlmaz(x7;+%yy): max Hl( Z¢h7ay¢h7xi+%7y)

o+ veliiy

min H. T
y6J+1 2( z¢h7 yd)h: y]-i,— )

1
Homin (€, Y5, 1) = 5(

errJnr:1 Hy(0x¢n, Oy, z, Yi+d L)

1
H2maﬂc($7yj+;) = §< Inaxl HQ( $¢h76y¢)h7m7yj+%) +
J+

Ug’?’f% H2(8x¢h7 Oybn, x, yj-{»%)

and in these formulae, we define

Tedn = 5((0c0) "+ @etn) ), Ty = 5(Dun)* + Oyn) ).

On the interfaces of the cells, along the normal dlrectlon, the reconstructed informa-
tion of the partial derivatives as in the one-dimensional case is used, and tangential
to the interface, the average of the partial derivatives from the two neighboring
cells is used. The reconstruction process is the same as that in the one-dimensional
case, except that we need to fix  or y, then perform the reconstruction on the
other spatial variable.

3.2.2. LDG scheme for directly solving HJ equations. The LDG scheme
for directly solving the two-dimensional HJ equations in [22] defined on arbitrary
triangulation is: find ¢; € W}, such that for any test function u € W}, we have

(69) / (¢h)tud$dy+/ H(p1,p2, q1, q2)udzdy = 0.
K K

The variables p; and po are used to approximate ¢,, and similar to the 1D case,
p1 and py are obtained by solving two simple upwind DG schemes, that is: find
p1 € W, and pa € Wy, such that for any test functions v; € Wy, and vo € Wy, we
have

(70) Jre prordady + [4 dn(v1)zdady — faK(gZ)h)*nxv’l:mde =0
S p2v2dady + [4 dn(v2)dady — faK(éh)_nxvémde =0

N—— ~—— " "
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with
(én)F = {(m)m, if ny >0

| (@n)tx, else
and

(6n) = {wh)m“ﬁ if n, > 0

(¢n)oet, else

where 0K is the boundary of element K, n = (ng, n,) is the outward unit normal
for element K along the element boundary K. Here (¢p,)" % denotes the value
of ¢, on OK evaluated from inside the element K, and correspondingly (¢, )%
denotes the value of ¢, on 0K evaluated from the outside element K (inside the
neighboring element K’ which shares the same edge with K).

Two other variables ¢; and ¢» are used to approximate ¢, and are obtained by
solving the following two upwind DG schemes: find ¢; € W), and g2 € W}, such
that for any test functions wy € Wj, and we € Wy, we have

(71) S qwidzdy + [, dn(w1)ydedy — faK(¢h)+nyw11:"ths =0,
Ji eewadzdy + [i dn(w2)ydady — [, (¢n) nywy™*ds =0
with
(¢h)+ _ (Qsh)etha if Ny >0
(fn)™x<, else
and

~_ J@yime, it ny >0
o= {(ash)mk, else

The Lax-Friedrichs type numerical Hamiltonian can be used, which is defined to be

(72) ﬁ(pl,pz,ql,qz)H(“*m ‘“*"2)

- l04(101 —p2) — %5((11 —q2)

2 ’ 2 2
with
B 0H(p, q) B 0H (p, q)
(73) o= e | P, g,

here H(u,v) is a short-hand notation for H(u,v,z,y). With D = [min(p1, p2),
max(p1,p2)]|x and E = [min(q1,¢2), max(q1,¢2)]|x, it is called the local Lax-
Friedrichs Hamiltonian. With D = [min(p1, p2), max(p1, p2)]|q and E = [min(q1, g2),
max(q1, ¢2)]|q, then it is called the global Lax-Friedrichs Hamiltonian.

The definition of the LDG scheme on rectangular meshes is that we only need to
replace W), with Z;. In this case, our domain is I x J and each element K = I; ;.

3.2.3. The main results. In this section, we state the main error estimate results
for the semi-discrete DG scheme (68) and the semi-discrete LDG scheme (69)-(71)
on Cartesian meshes.

Theorem 3.3. Let ¢ be the exact solution of the problem (2), which is sufficiently
smooth with bounded derivatives, and assume H(u,v,z,y) € C?. Let ¢y be the
numerical solution of the semi-discrete DG scheme (68) or the semi-discrete LDG
scheme (69), (70) and (71). Denote the corresponding numerical error as eg =
¢ — ¢n. For a rectangular triangulation of I x J, if the finite element space Zy is
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the piecewise tensor product polynomials with degree k > 3, then for small enough
h, there holds the following error estimates

(74) ¢ — énll < CHM

where the positive constant C' depends on the final time T, k, ||| Loo (0, 1), ++1 (1x.0))
and the bounds on the m-th derivatives of H(0z¢, 0y, z,y) with respect to its first
and second arguments for m = 1,2. (@ Loo((0,1), mr+1(1x.0)) 95 the mazimum over
0 <t <T of the standard Sobolev (k + 1)-norm in space.

Remark 3.3. Notice that our proof for the optimal error estimate works only for
the finite element space Zn, not for the usual k-th degree polynomial space Wy,. This
is because the main technique is the special tensor product projection. However,
numerical examples in [22] do verify the optimal order of accuracy for the LDG
scheme defined on Wj,.

3.2.4. Sketch of the proof for the DG scheme. First we would like to adopt
an a priori assumption for the two-dimensional DG scheme, that is

(75) [02(¢ = dn)lloo < Ch,  [[0y(¢ — dn)lloc < Ch.

The cell error equation for the DG scheme is

/ ((b - ¢h)tvhdxdy+ / (H(a$¢a ay¢a z, y) - H(az¢ha ay¢h7 &€, y))?}hdl'dy

I 5 I 5

*/ Hlmzn(xz+%7y)[¢h](xz+%ay)vh(m;r%ay)dy
(].7

- Hlmam(xi—%ay)[ﬁbh](xi—% ) y)’uh(:c:;%,y)dy
(].7

—/I H2mz‘n(%?}j+%)[¢h]($;yj+%)“h($7yj_+%)dx

_/] H2max($ayj—%)[¢h]($ayj—%)vh(xay;; )dx

(76) = 0.

[

By taking a Taylor expansion

H(al¢) ayd)a Z, y) - H(ax¢ha ay¢h7x7y) = H16$(¢ - ¢h) + HQ@y(¢ - ¢h)

(H11(92(6 — én))? + 2H120: (6 — 1) 3y (¢ — d1) + Hoz(9y (¢ — ¢1))?)

(M 3

we have

(78) / (¢ — én)rvndady + F1+ Jo+ F3=0

I
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where

/1 :/I (Hlaa:(¢ - ¢h) — lgu(ax(qﬁ _ ¢h))2)vhdl‘dy

(2%

/ Hlmzn( er 7y)[¢h]( er ,y)Uh( +1ay)dy
/ Hlmaa: )[¢h]( )Uh( j%ay)dy

2 :/ (H20y(¢ — ¢n) — %Hm(ay((b — én))?)vpdxdy

(2%

~ [ Hainovy onl(ey on, o

- / Hamas (2,5, 0]y, Jon (@5t )da

i—3

_ /1 - H120:(6 — 60)0, (6 — O )ondady.

F1 and _#5 can be estimated similarly as in the one-dimensional case, and _#3 can
be estimated similarly as in (39). The optimal error estimate of the DG scheme for
the two-dimensional case can then be obtained.

3.2.5. Sketch of the proof for the LDG scheme. In this section, we also give
a sketch of the proof for the local Lax-Friedrichs LDG scheme on Cartesian meshes.
An a priori assumption we adopt for the two-dimensional LDG scheme is

1+p2 1+QQ

(79) (020 — e < Ch, [[0y¢ —

lloo < Ch

The cell error equation for the LDG scheme is

| 0= onnmdsdyt [ (10,0.0,0) ~ nELE2 DLy

@] (2%

1 1
(80) +§a/ (p1 — p2)udxdy + 55/ (g1 — g2)udzdy = 0.
I,;,j Ii,j

By taking a Taylor expansion

+ + + +
H(0,6,8,0) — HETP2 B8 _ pp,(9,6 - P22 4 o, ~ 222
_% (]5111(895(15— %)2 _215112( ) — M)( Ay — q1 +QQ)+H22(8?,¢>— q1 ;q2)2
we have
(81) / (0 — on)rudady + Fa+ s+ F6=0
I;
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where
+ 1~ +
/4 :/ U(Hl(ax(b - il D) p2) - §H11(83,¢ - h 2 P2 )Q)dxdy
1
+ 504/ (p1 — p2)udzdy
Lij
+ 1~ +
So= [ ulHa(0,6 - T - Hal0,0 — L)) dady
Lij
1
+ 55/ (@1 — g2)udzdy
Lij
_ - -
So=— / Hio(0:6 — B2 (0,6 — T2 udady.
Lij

With (70) and (71), Z4 and _#5 can be estimated similarly as in the one-dimensional
case, and _Zg can be estimated similarly as the term f[- CHy1 (0,0 — %)Qudacdy.

The optimal error estimate of the LDG scheme for the two-dimensional case is thus
obtained.

Remark 3.4. For the two-dimensional LDG scheme on a rectangular mesh, an-
other more general definition for the local Lax-Friedrichs Hamiltonian in (72) and
(78) is that [18], D = [min(p1, p2), max(p1, p2)]|r, but E = [min(¢1, ¢2), max(q1, ¢2)]|s
for a, and D = [min(p, p2), max(p1,p2)]|; but E = [min(q1, ¢2), max(q1,q2)]|s; for
B, this Hamiltonian is monotone. However, our estimates for the two-dimensional
case only works for the non monotone local Laz-Friedrichs Hamiltonian defined in
(72) and (73), since we need |Hy —a| < Ch and |Hy— | < Ch in each cell I;;, with
the a and 8 contained in (80). But the monotone Godunov [18] and Osher-Sethian
[19] numerical Hamiltonian, which do not contain o and 8 in (80), would also yield
optimal error estimates for the two-dimensional case.

3.2.6. Justification of the a priori assumption. For the two-dimensional case,
the a priori assumptions (75) and (79) can be similarly verified as in the one-
dimensional case. We need the restriction ¥ > 3 in Theorem 3.3, due to the
different bounds in (16). We omit the detailed proof here.

4. Concluding remarks

In this paper, we have obtained the optimal a priori L? error estimates for the
semi-discrete DG scheme and the semi-discrete LDG scheme for directly solving
the Hamilton-Jacobi equations in one- and two-dimensional cases on rectangular
meshes. By using the regular L? projection rather than the special projections,
we can prove sub-optimal a priori L? error estimates (half an order lower) for the
same schemes on arbitrary triangulations in two dimensions. The proof follows the
same lines and hence is not given in this paper. The sub-optimal a priori L? error
estimates can also be obtained for the central DG scheme defined in [17] along the
same lines.

As is well known, the viscosity solution to the Hamilton-Jacobi equation is gener-
ically only Lipschitz continuous, with possible discontinuous derivatives. Conver-
gence and error estimates of the DG and LDG schemes for such cases are much
more difficult to analyze and are worthy of future investigation.



174 T. XIONG, C.-W. SHU, AND M. ZHANG

5. Appendix

In this appendix, we are going to prove max;, <j<j, [H1 — Himaa|j42 < Ch in
Section 3.1.4. Hy = H1(0:¢) > 0 and Hipmar = maxxejj+% H1(0: 1), we omit
the index x here. Although we use ¢, in the definition of Himey, from (18) and
(19), ¢y, is actually the polynomial Wiy 1, which leads to the proof of the inequality
nontrivial. Himaz (é?l.wj +1 ) is actually the function H 1(0;5111]- " %) evaluated at some
point z* inside the cell I;, 1, which we denote to be Hi((0zw;1)").

First, we can define a similar projection P¢ € P*F1(I; UI;41) as w1 but
corresponding to the exact smooth solution ¢, which is

(A1) / ¢oCdx = / Poldx,
I, I,
for any ¢ € P*(I,), s = j,j + 1. And from [4], we have the error estimate that
(A.2) 102 (6 = P)|l o (1,01,41) < CRF3,
We adopt the a priori assumption similar to (27) in this section, that is
(A.3) Il — énll < Ch3

the justification is easily followed from Section 3.1.6, since we have k > 2.
In the following, we are going to prove that ||P¢fwj+% l2(;01,,0) < Cllo—onll-
From (18), (19) and (A.1), we have

(A1) [ (Po=wyy)cde = [ (0= oncan,

for any ¢ € P¥(I,), s = j,7 + 1. Denote u = P¢ — w1 € PP U L), we
can define the L2-projection u; € P*(I;) of u in the cell I; and us € P*(I;41) of u
in the cell I; 1, which satisfy

(A.5) /u%dac:/ uiudx
I I

J J

and

(A.6) / usdr = / ugudz
Tit1 Tit1

we have [[u1llz2(r;) < [Jullz2r;) and |luzllp2r,.,) < llullzzq,,,). However, con-
versely, we also have
(A7) ||u||L2(IjUIj+1) < C(HU’1||L2(IJ') + HU’2||L2(IJ‘+1))'
We can first prove (A.7) on a standard cell T = (0,1), we define
V = P*TYT) = Span{l,z,2?,--- 21},
Vi = Span{l,2? z* - 2?*},
Vo = Span{z, x>, a°, - 2?1},
W = P*(I) = Span{1,z,22,--- , 2"},

that is V = V1 + V5. For any v € V, we have v = v; +v5 where v; € V7 and vy € V5.
Now we perform a L2-projection P from V; to W, which is

1 1
(A.8) / v (dr = / w1 (dx
0 0
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for any ¢ € W, here w; = Pv;. Using the basis of V3 and W, (A.8) can be written
in the form A;9; = Ay, here oy = (29,92, --- ,9?%) and w; = (@9, @}, --- ,@F) are
the coefficients of v; and w; with the polynomial basis in the corresponding space,
A; is a constant matrix which can be easily found to be invertible, and A is the

mass matrix in W. So we have 91 = (A1) ™! Aw;, which means that

(A.9) lvillZaqvy < CZ 2 < O)(A) AP Z ? < ClwilZaw,
=0

Similarly, for v; € Vi, we have the L2-projection ws = Puvy in W, such that
llvallz2(vy) < Cllwall 2wy, combining with (A.9), we have
(A.10)
lvllL2vy = llvr + vallz2evy < llvill2o) + lv2llz2(ve) < CUlwillzzowy + [Jwallz2(wy)
using the scaling argument, where v, w; and ws corresponding to u, u; and us
respectively, we obtain (A.7).

n (A.4), taking ¢ = vy in I; and { = us in I;41, combining (A.5) and (A.6), we
obtain

/u%dx—i—/ u%dx:/
I Ijt I

J J

— [ onudo+ [ (6 o1)usde

I; Ijta

wudx + / usudx
Ijta

<|l¢ = dullL2y lurllLzy) + 10 = dullLz ) luzllLz g,y
(A.11) < l¢ = onllllullac;u,ym)
from (A.7) and (A.11), we obtain ||P¢—wj+%||L2(Iquj+1) < C|¢— ¢n||. Then with
the inverse property (16) and the a priori assumption (A.3), we have
02 (P — w1 ) zee(ry0r;40) < Ch™%||P¢ — Wiy llz2;0r0)
< Ch™% ¢ — éu|
(A.12) < Ch
Now we can get our result from
|H1(020) — Himaz (0xw;y 1)| <|H1(0:¢) — H1(02(P))]|
+ [H1(02(P¢)) — H1(Opw;y 1)
+ |H1(81.wj+%) - Hl((aijJr%)*”
C(10,(6 — P6)| +10.(P6 — w,, )|
+ |0ij+% - (8l‘wj+%)*|)
<C(h*% +h+h)
(A.13) <Ch

here k > 2 and taking the maximum over j; < j < ja in (A.13), the inequality
max;, <j<j, |[H1 — Hlmaa:|j+% < Ch has been obtained.
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