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SECOND ORDER PARAMETER-UNIFORM CONVERGENCE
FOR A FINITE DIFFERENCE METHOD FOR A SINGULARLY
PERTURBED LINEAR PARABOLIC SYSTEM

V. FRANKLIN, M. PARAMASIVAM, J.J.H. MILLER, AND S. VALARMATHI

Abstract. A singularly perturbed linear system of second order partial dif-
ferential equations of parabolic reaction-diffusion type with given initial and
boundary conditions is considered. The diffusion term of each equation is mul-
tiplied by a small positive parameter. These singular perturbation parameters
are assumed to be distinct. The components of the solution exhibit overlap-
ping layers. Shishkin piecewise-uniform meshes are introduced, which are used
in conjunction with a classical finite difference discretisation, to construct a
numerical method for solving this problem. It is proved that in the maximum
norm the numerical approximations obtained with this method are first or-
der convergent in time and essentially second order convergent in the space

variable, uniformly with respect to all of the parameters.

Key Words. Singular perturbation problems, parabolic problems, boundary

layers, uniform convergence, finite difference scheme, Shishkin mesh.

1. Introduction

The following parabolic initial-boundary value problem is considered for a sin-
gularly perturbed linear system of second order differential equations

N 2 —
(1) %—E%—i—flﬁ:f, on ), @ given on T,

where Q = {(2,t) : 0 <2 <1,0<t<T}, Q=QUTl, I' =T, UlgUTlg with
@(0,t) = ¢r(t) on T, = {(0,t) : 0 < t < T}, @(,0) = ¢p(z) on T = {(z,0) :
0<az <1}, @(1,t) = ¢r(t)on T = {(1,£) : 0 < t < T}. Here, for all (z,t) € Q,
i@(xz,t) and f(z,t) are column n — vectors, E and A(z,t) are n x n matrices,
E =diag(é), €= (e1, -+, €n) with 0 < g; < 1 forall i=1,...,n. Thee¢; are
assumed to be distinct and, for convenience, to have the ordering

g1 < - < gy

Cases with some of the parameters coincident are not considered here.
The problem (1) can also be written in the operator form

Li = f on Q, @ given on T,

where the operator L is defined by

Received by the editors May 17, 2011 and, in revised form, December 09, 2011.
2000 Mathematics Subject Classification. 65M06, 65N06, 65N12.

178
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where [ is the identity matrix. The reduced problem corresponding to (1) is defined
by

(2) 24 Aidg=1f, on Q, @ =1 on {(2,0):0<x<1}.

For a general introduction to parameter-uniform numerical methods for singular
perturbation problems, see [7], [9] and [1]. The piecewise-uniform Shishkin meshes
QM:N in the present paper have the elegant property that they reduce to uniform
meshes when the parameters are not small. The problem posed in the present paper
is also considered in [3], where parameter uniform convergence in the maximum
norm is proved, which is first order in time and essentially first order in space.
The meshes used there are different from those in the present paper. The main
result of the present paper is established in [6] for the special case n =1 and in [5]
for n = 2. The proof in the present paper of first order convergence in the time
variable and essentially second order convergence in the space variable, for general
n, draws heavily on the analogous result in [8], where a slightly weaker result is
proved for a reaction-diffusion system. The final result in the present paper is that
the error in the maximum norm is bounded by C(M ! + (N~'1In N)?), where C is
a constant which is independent of the singular perturbation parameters & and of
the mesh parameters M, N. It is the factor In N here, which makes the convergence
essentially rather than fully second order, but it has little significance in practice.

The plan of the paper is as follows. In the next three sections both standard
and novel bounds on the smooth and singular components of the exact solution
are obtained. The sharp estimates for the singular component in Lemma 4.3 are
proved by mathematical induction, while interesting orderings of the points xES])
are established in Lemma 4.2. In Section 5 piecewise-uniform Shishkin meshes are
introduced. In Section 6 the discrete problem is defined and a discrete maximum
principle, discrete stability properties and a comparison principle are established.
In Section 7 an expression for the local truncation error is derived and standard
estimates are stated. In Section 8 parameter-uniform estimates for the local trun-
cation error of the smooth and singular components are obtained by means of a
sequence of lemmas. The section culminates with the statement and proof of the
required parameter-uniform error estimate in the maximum norm.

2. Solutions of the continuous problem

Standard theoretical results on the solutions of (1) are stated, without proof, in
this section. See [2] and [4] for more details. For all (x,t) € €, it is assumed that
the components a;;(z,t) of A(x,t) satisty the inequalities

(3)  ai(x,t) > Z|aij(:£,t)| for 1 <i<n, and a;;(z,t) <0 for i #j

J#i
j=1

and, for some «,

(z,t)eQ £
1<i<n =

4) 0 < @< min (Z a;j(z,t)).
j=1
It is also assumed, without loss of generality, that

(5) max +/g; < %.

1<i<n
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The norms || V || = maxi<i<y |Vi| for any n-vector V, || y |lp = sup{|y(z,t)| :
(x,t) € D} for any scalar-valued function y and domain D, and || ¥ || = maxi<k<n
|| yx || for any vector-valued function ¢ are introduced. When D = Q or € the
subscript D is usually dropped. In a compact domain D a function is said to be
Holder continuous of degree A, 0 < A < 1, if, for all (x1,¢1), (22, t2) € D,

A/2
u(@r, t1) — u(ws, )] < C(lwr — w2 + [t — t2]).

The set of Holder continuous functions forms a normed linear space C9(D) with
the norm

llulla,p = |lu|lp + sup lu(z, t1) — u(z2, t2)
’ - )
@t (eat)eD (|71 — 222 + [t — t2])™?

where |[u|]|p = sup |u(z,t)|. For each integer k > 1, the subspaces C§¥(D) of
(x,t)eD

CY(D), which contain functions having Hélder continuous derivatives, are defined
as follows

, oMy, 0
CY(D) ={u: o © Cy(D) forI,m > 0and 0 <14 2m < k}.
l+my,
The norm on CY(D) is taken to be ||ul|xxp = o ax ||W [|a,p. For a vector
function ¥ = (v1,v2, ...,y ), the norm is defined by ||0]|xxp = 1rgi<xn||vi||/\’k’D'

Sufficient conditions for the existence, uniqueness and regularity of a solution of
(1) are given in the following theorem.

Theorem 2.1. Assume that A, f € C3(Q), oL € CY(Ty), b5 € C?(T'p), bR €
CY(T'r) and that the following compatibility conditions are fulfilled at the corners
(0,0) and (1,0) of T

(6) ¢5(0) = ¢.(0) and ¢p(1) = $r(0),
210 e 4 a0,0350) = f0.0),
(7) B B
dor(0) d*¢p(1) - _ 7
dt - B A2 +A(150)¢B(1) - f(l,O)
and
2 4 2
%&(0) = EQ%Q‘EB(O) —2EA(0, 0)%53(0) — EA(0, 0)%53(0)
2
©) ~(42(0,0) + 220,0) + BS20,0)55(0)
—A(0,0)£(0,0) + ﬁ(o, 0) + Eﬁ(o, 0),

ot 02
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50 = B2 Ga0) - 2840105 651 - BALOLG5(1)
a2t N dzt " a2t A
0A 0%2A -
9) 7(A2(1,0)+E(l,O)JrE@(l,O))qu(l)
. of o’
*A(l,O)f(].,O)‘F5(1,0)+E@(1,0).

Then there exists a unique solution @ of (1) satisfying @ € C3(%).

It is assumed throughout the paper that all of the assumptions (3) - (9) of this
section are fulfilled. Furthermore, C' denotes a generic positive constant, which is
independent of x,t and of all singular perturbation and discretization parameters.
Inequalities between vectors are understood in the componentwise sense.

3. Standard analytical results

The operator L satisfies the following maximum principle

Lemma 3.1. Let assumptions (3) - (9) hold. Let ¢ be any vector-valued function
in the domain of L such that 1; >0 onT. Then [_:1;(30,1?) >0 on Q implies that
U(z,t) >0 on Q.

Proof. Let i*,xz*,t* be such that ¢;« (2*,t*) = min; ming ¢;(z,t) and assume that
the lemma is false. Then ¥;« (x*,t*) < 0. From the hypotheses we have (z*,t*) ¢ T’
and %i(z*,t*) > 0. Thus

% ) - 6t I ¥ 6x2 5 = i*,j y j R ,
which contradicts the assumption and proves the result for L. O

Let A(z,t) be any principal sub-matrix of A(x,t) and L the corresponding op-

erator. To see that any L satisfies the same maximum principle as E, it suffices to
observe that the elements of A(z,t) satisfy a fortiori the same inequalities as those
of A(x,t).

Lemma 3.2. Let assumptions (3) - (9) hold. If@/; is any vector-valued function in
the domain of L, then, for eachi, 1 <i<n and (x,t) € Q,

1 Ll
it < max {1l 3 1 E71}.

Proof. Define the two functions

—

F(.t) = max {1 I, 21251} £ o

where & = (1, ..., 1)T is the unit column vector. Using the properties of A
it is not hard to verify that gt > Oon T and LO* > 0 on Q. It follows from
Lemma 3.1 that 6+ > 0 on 0 as required. O

A standard estimate of the exact solution and its derivatives is contained in the
following lemma.



182 V. FRANKLIN, M. PARAMASIVAM, J.J.H. MILLER, AND S. VALARMATHI

Lemma 3.3. Let assumptions (3) - (9) hold and let i be the exact solution of (1).
Then, for all (x,t) € Q and eachi=1,...,n

zui o 1 qf -
| L (:L'at)| SC(||U||F+ZQ=O||%||)7 l*0a172
|

o =42 -2 7
128 (e, 1) < Cerer = (alle + 1711+ 1250+ 1511+ 207 1ot} 1=3,4

()] < %(Ilullr+||f||+|| Al

Loy
I%(M)KCE (IIUI|r+||f||+|Iat||+||atf||) 1=2,3.

Proof. The bound on % is an immediate consequence of Lemma 3.2. Differentiating
(1) partially with respect to time once respectively twice, and applying Lemma
3.2, the bounds on 6t , respectlvely 6t2 are obtained. To bound %1;
(:c,t), consider an interval I = [a,a + /¢;], a > 0 such that € I.

Then for some y such that a <y < a+ /¢, and t € (0,7
%( t) = wia + /i, t) — ui(a, t)
oz VEi

, for each 7 and

0ui
1 < 2
(10) 15, WOl < Cei= [dl]
Then for any z € I
ou; Ou; T 0%u;(s,t)
e @0 = 5t ””*/y a7
Ou; ~ Ouy 1 %[ Ou(s,t) _ - - _
5t =gt [ 2 fz(s,t)Jr;a”(S’t)ug(svt) ds
ou; ou;

15, @0l <15 (at)|+C€Z1/ (||U||F+||f||+|| ||
y
Using (10) in the above equation

ox

Rearranging the terms in (1), it is easy to get

| 82%

Analogous steps are used to get the rest of the estimates. (I

(2,8)| < Ces ™ ([l + [ F1] + || II)

7| < Cer (lalle +11£1] + || ||

The Shishkin decomposition of the exact solution « of (1) is @ = ¥+ @ where
the smooth component o is the solution of

(11) Li=finQ, 7= onT
and the singular component @ is the solution of
(12) L = 0inQ, #=a—7 onT.

Theorem 2.1 ensures that @, € C3(Q). For convenience the left and right boundary
layers of @ are separated using the further decomposition @ = w" + wW® where
Lt = 0on Q, W =w onlg w= OonT'pUTR and Lw® = 0 on
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Q, ﬁR:wODFR, ’LURZOODFLUFB.
Bounds on the smooth component and its derivatives are contained in

Lemma 3.4. Let assumptions (3) - (9) hold. Then the smooth component ¥ and

its derivatives satisfy, for each (x,t) € Q andi=1,...,n,
(a) |24 (x,1)] < Cforl=0,1,2
1
(b) 2% (x,t)] < C(l4e 2)forl=0,1,234

Iy
(c) |%(x,t)| < C for1=23.

Proof. The bound on ¢ is an immediate consequence of the defining equations for
¢ and Lemma 3.2. Differentiating the equation (11) twice partially with respect to

z and applying Lemma 3.2 for 6 —3, we get
821)1' ov
13 ) <C(1 —ID.
(13) Sk w0 < O+ 1501
Let
(14) Qv (x” t*)—||—U|| for some i =i, x =z*, t =1t*
ox 0 o I

Using Taylor expansion, it follows that, for some y € [0,1 — z*] and some 7 €
(x*,2* 4+ y)

2 92
* gk Y 07v; *
(l‘ iy )+? 8I; (nat )

i *

ov
1 ’L* * 7t* — 1;* *7 t* _ v
(15)  wele Hut) = )y

Rearranging (15) yields

Ovix , o ., Vi (2% oy, t7) — v (T, 8F) y 0% .
Z7 ) = _ 7
or ($ ) ) y 2 8:02 (77) )
(16) 2o ) < et + U3
ox ’ oy 2
Using (14) and (16) in (13),
82’Ui
14 215
Za < e+ 2m+ L.
This leads to
(1- —)II || <C(1+ —||’t7||)
and so, using (a) with I =0,
0%v
(17) 521l <
Using (17) in (16) yields
|| || <C.
Repeating the above steps with ativ it is easy to get the required bounds on the
v o'
mixed derivatives. The bounds on —, av are derived by a similar argument.
Ox3’ Ozt

O
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4. Improved estimates

The layer functions BZ-L7 BZ-R7 B;, i=1, ..., n,, associated with the solution
i, are defined on [0, 1] by

BE(x) = e*V*/% | BE(z) = BE(1 — @), Bi(z) = BF(x) + Bf(2).

The following elementary properties of these layer functions, for all 1 <i < j <mn
and 0 <z < y < 1, should be noted:

(18) B;(z) = B;(1 — z).

(19) Bi(z) < Bf(z), Bf(x)> Bi(y), 0 < Bi(z) < L.
(20) Bfi(@) < Bfi(2). Bi'(x) < Bl'y). 0 < Bfi(a) < 1
(21) B;(z) is monotone decreasing for increasing x € [0, 5]
(22) B;(x) is monotone increasing for increasing x € [%, 1].
(23) B;(x) < 2BE(z) for z € [0, %], B;(x) < 2BE(x) for x € [%, 1].

(24) BE@2,/ZmN) = N2,
«
(s)

The interesting points z; ; are now defined.

Definition 4.1. For BY, B]L, eachi,j, 1 <i#j<mn and each s,s >0, the point
xgs]) is defined by

5) Bl BEG)
€} sj

It is remarked that

o) BE(L-af’))  BE(L-al)
es e '

()

In the next lemma the existence and uniqueness of the points x; i are shown.

Various properties are also established.

Lemma 4.2. For alli,j, such that 1 <i < j<n and 0 < s < 3/2, the points xgs])
exist, are uniquely defined and satisfy the following inequalities

BL BE(x . BL BL(z s
(27) ﬂ > 15 ), z € [0,z), ﬁ < A z e (2, 1].
i €3 ' € e ’
Moreover
() _ () e - &) _ () e
(28) T <wpgy g, if i+ 1<joand o) <wmi, if @<
Also

(s) /€ (s) Lye o
(29) z;; <2s - and ;7 € (0,5) if i <j.
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Analogous results hold for the BE, BR and the points 1 — Ig?

Proof. The proof is given in [§]. O
Bounds on the singular components w”, w? of @ and their derivatives are contained
in

Lemma 4.3. Let assumptions (3) - (9) hold. Then there exists a constant C, such

that, for each (z,t) € Q andi=1, ..., n,
I, L
|031:li (z,t)| < CBE(x), for 1 =0,1,2,
o' . Bi@)
| @Dl < CEg r ,for 1=1,2,
q
(30) .
Bk B
20 <o, B2
ox3 .3
q
otwk BL(z)

w; 1
(0] < O Sy
Analogous results hold for the wlt and their derivatives.
Proof. To obtain the bound of @, define the functions ;% (x,t) = Ce®*BL(x) +
wk(x,t), for each i = 1,...,n. Tt is clear that, for (z,t) € Q, ¥;*(0,t), ¥;=(,0),

@-i(l,t) and (Ly)*);(z, t) are non-negative. By Lemma 1, ¢;* (z,t) > 0 for (z,t) €
Q. Tt follows that |wf(x,t)| < Ce**BL(x) or

(31) |wk (x,t)] < CBE(x).
To obtain the bound for #, define the two functions 6;(z,t) = CBE(z) +
8;’;( t) for each i = 1,...,n. Differentiating the homogeneous equation satisfied

by wkF, partially with respect to t, and rearranging yields

Ok otk +i out 0% ey
@i at

2 _ i
(32) o2 Siozor ot i

and we get
- Owr
(E55-)il < OBE@)
ou; ov;
ot
owl
ot

owk
L n,0)] =0

owk
|—(O7t)| = |

<
at (O7t)| = Cl

O +137

(L) =0

asw =0onI'pUTIRg.
By Lemma 3.2, for a proper choice of C, it follows that

owk L
el P .
(33) 2 < oL )
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Now the bound for 2 Pw is obtained by using Lemma 3.3 and Lemma 3.4

Dzt
Ty o Py ) Do
JxOt — Ox0t 0x0t
82 L 1
P08 < e Qlathe -+ 171+ 12011+ 122 ).
Similarly,
0w _
(34) 2t | < et + 171+ 12010+ 122

As before, using suitable barrier functions, it is not hard to verify that
al—i-m
| Satam oztotm |
Using (31), (33) and (34) in (32), |8Z;‘;iL| < C. Then defining the barrier function
UE(z,t) = C’eo‘tBﬁ(:E) =+ %(x,t) and using Lemma 3.2, the required bound is
obtained.

The bounds on ——+ 6 Y 1=1,2,3,4andi=1,...,n are now derived by induction
on n. For n =1, the result follows from [6]. It is then assumed that the required

—1
<Ce? Bi(x), 1<3, m<2and0<1+2m <4,

L 2 L 3, L
bounds on 6{;’; , 66;”; , 86;03" and o w4 hold for all systems up to order n— 1. Define
W = (wf,...,wk ), then WL satisfies the system
owt 9%t .o,
— = + Aw*™ =g,
ot Ox? g
with

!

@ (0,t) = a(0,t) — ao(0,t),w*(1,t) =0,
U:;L(Ia O) = E(Ia O) - aO(Ia O) = ¢B($) - (gB(x) =0

Here, E and A are the matrices obtained by deleting the last row and column from
E, A respectively, the components of g are g; = —aimw{; for1 <i<n-—1and
o is the solution of the reduced problem. Now decompose @F into smooth and
singular components to get wl = ¢+ 7, where I_:q": g, ¢ = o on T, Lr = 0, 7=

L _ZonT. By induction, the bounds on the derivatives of u:;L hold. That is, for
1=1,...,n—1,

owk -
0*wk n—1 __
e B W ()
(35)
3wk —
Sonl < CXned BLw)
o*wl _
|€iW = CZq 15 IBL( )-

Rearranging the nt" equation of the system satisfied by w’ yields
82 L owk
" Oz Fr
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Using (31) and (33) gives

(36) Tt < 0o B @),

Applying the mean value theorem to wl at some y € I = (a,a + Ve,)

owk (1) = wk(a + Ve, t) — wk(a,t)
5w & Ve |

Using (31) gives

owk

Gt < o

(BE(a+ VE,) + Bk (a)).

So
owk c
(37) |5 o (y, )] < \/——EHB{Z(G)-

Again, for x € I, such that y <7 < =z,

owk owk O?wk
(38) or (l‘,t) - or (ya ) + (:L' - y) o2 (nvt)'
Using (36) and (37) in (38) yields
%@ b < Cled BE(a)+e BE()
< Ce? BE(a)
=1 BL

= Cs,i Bl (z) B’L‘EZ;

= C¢&? BE(z)elr—aVe/Ve,

< Ce? BE(x)eVenvelven
Therefore

L

(39) %05 (2,1)] < Cei? BEw)

187

Now, differentiating the equation satisfied by wX partially with respect to =, and

rearranging, gives

93wk 82 L n—1 L
n

8w aanq
923 Dwdt +Z na g ”"” +Z

The bounds on wl and (35) then give

€n

aSL n

"|_CZ€Q2 L (7).

Similarly
otwk =\
len a1 SCD ey By (@)
g=1

. owl 2wl 2wl =
Using the bounds on w?, = 9g 0°g

4= T B (x _
% are bounded by CBZ(x), C_\'?E_ ¢ B ( ) by q%( )’ Cert Y,

€q

4 L 3 =

n 0°g

i 8932 , amg and 2 5% Yn it is seen that g, S, 525 B
L

4 (@)

respectively. Introducing the functions z/?i(:c,t) = COBL(z)e + ¢(a,t), it is
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easy to see that wi(O t) =
% (2,0) = CBL(2)e + 0> 0 and
(L) (a,t) = C’(fsi; +Y ay)BE(x) + CBE(x) >0, as — j— > 1.
n

Applying Lemma 1, it follows that ||g(x,t)|| < CBZ(z). Defining barrier functions
= =t

0F(x,t) = Cey? BE(x)e + g‘%, I =1,2 and using Lemmas 3.3 and 3.4 for the
problem satisfied by ¢, the bounds reqmred for 2 —x and 2 932 are obtained. Then it

is easy to derive the bounds for 2 5ar, | = 3,4 from the defining equation of ¢. By
induction, the following bounds for 7" are obtained for i =1,...,n — 1,

. L L
|aTz| § C |:Bz (l‘) + + Bnl(z):| ,
Oor

\/E'L' \/En—l
2 L L
P [BE) L B
0x2 & En—1
|83T1| BlL(':L') ++7BTLL/—1($)
o =73 g
1 n—1
|€. | C w 4+ 4 M
Yoxt ! T €1 En—1 '

Combining the bounds for the derivatives of ¢; and r; it follows that, for i =
1,2,...,n

an A'r; BE(x)
|+|al|—czqz 7 for 1 =1,2,
€q
i Bl ()
5 | <OY i — =,
€4

Pk B

|€i ax4 |§02q71 c

Recalling the bounds on the derivatives of wl completes the proof of the lemma

for the system of n equations.

A similar proof of the analogous results for the boundary layer functions w? holds.
O

In the following lemma sharper estimates of the smooth component are presented.

Lemma 4.4. Let assumptions (3) - (9) hold. Then the smooth component ¥ of
the solution @ of (1) satisfies for all i=1,--- ,n and all (z,t) €

( t<c 1+Z forl =0,1,2,3.
q=i 5(1
Proof. Define two barrier functions

l—o
Gt (x,t) = C[1 + Bp(2))E + gqj(ac #), 1=0,1,2 and (z,t) € Q.
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Using Lemma 3.4, it follows that, for a proper choice of C, with ¥ = uy on T,

v,
+ i
- = + >
¥(0,t) C 5l (0,£) >0
v,
+ i
=(1,t) = + 1,t) >
1/}1 ( Y ) C al‘l( ? ) 0
UE(@,0) = O+ Ba(e)] £ 2% > 0
i \L,U) = n ol =
and (Ly*);(x,t) > 0.
By Lemma 3.1
81’01-
(40) |W(x’t)| < C[1 + By(2)] for 1=0,1,2.
Consider the equation
- 0%9 2f 0 7-1 Q4 . 82 7-1 Qi
(41) (L(Q))i _ 9, =1 i Ov; @%
0x? 0x? ox ox ox?
with
(92’Ui (92’Ui (92’Ui 62¢B Z(I)
42 = —(1 = = —— 7
(42) Ox2 (0.%) 0 812( 1) 0 Ox2 (z,0) Ox2
For convenience, let p denote %. Then
(43) Eji=g with 5(0,t) =0, p(1,t) =0, p(z,0)=5
where
= 0% f; B 202?:1 aij Juj i 0?a;; Cod s = 029 i(z)
a2 Ox Oz = ox2 7 ! ox?

Let ¢ and 7 be the smooth and singular components of p given by
(44)  Lg=g with q(0,¢) = 70(0,8), q(1,t) =po(1,t), ql=,0) = pl«,0)
where py is the solution of the reduced problem

9po

2 T Apo = g with po(,0) = p(,0) = 5.

Now,
(45) L7 =0, with 7(0,¢) = —q(0,t), 7(1,t) = —q(1,t), #(x,0) = 0.
Using Lemma 3.4 and Lemma 4.3, it follows that, for i = 1,...,n and (z,t) € Q,

0q;
<
i) < 0
and
87“1' BZ(I) Bn(I)
Zt < ... .
Hence, for (z,t) € Qand i =1,...,n,
O3v; Ip; B;(x) B, (x)

(46) | |<Cl+

55~ 1 oa Ve NG
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Then (40) and (46), for [ = 0,1,2,3 and (z,t) € Q, lead to
|8l’U1‘
ox!

_ 1 _1
| <Cll+e 2Bi(x)+-+en 2Bu(2)]
O

Remark : It is interesting to note that the above estimate reduces to the estimate
of the smooth component of the solution of the scalar problem given in [7] when
n = 1.

5. The Shishkin mesh
A piecewise uniform Shishkin mesh with M x N mesh-intervals is now con-
structed. Let QM = {t; 1M, QN = {2} ! ﬁi\/j = {tx}M,, Y

j=1> z
{2}, QMY = QM x o’ =9 «q) and TMN =TT
The mesh ﬁi\/l is chosen to be a uniform mesh with M mesh-intervals on [0, 7.
The mesh ﬁiv is a piecewise-uniform mesh on [0, 1] obtained by dividing [0, 1] into
2n + 1 mesh-intervals as follows

[0,01]U---U(op_1,00]U (on, 1 —0n]U (1l —0pn,1 —0p_1]U---U (1l —0y,1].

The n parameters o,, which determine the points separating the uniform meshes,

are defined by o9 = 0, onH:%and, for r=1, ... ,n,
. Or41 Ep
47 r= ,24/—InN 3.
(47) o mm{ 5 1/(1 n }
Clearly
1 3
0<01<...<0n§1, Z§1—0n<...<1—01<1.

Then, on the sub-interval (0,1 — 0,] a uniform mesh with % mesh-intervals
is placed, on each of the sub-intervals (o,,0.41] and (1 — op41,1 — 0y, r =
1,...,n—1, a uniform mesh of QW,LHQ mesh-intervals is placed and on both of
the sub-intervals [0,01] and (1 —o07,1] a uniform mesh of 52+ mesh-intervals

is placed. In practice it is convenient to take
(48) N = 2ntptl

for some natural number p. It follows that, for 2 < r < n, in the sub-interval
[0/—1,0,] there are N/2"~ 73 = 27+P=2 mesh-intervals and in each of [0, 0] and
[01,02] there are N/2"t1 = 2P, This construction leads to a class of 2" piecewise
uniform Shishkin meshes Q. Note that these meshes are not the same as those
constructed in [3].

From the above construction it is clear that the transition points {0, 1—0,}7_; are
the only points at which the mesh-size can change and that it does not necessarily
change at each of these points. The following notation is introduced: if z; = o,
then h, = z; —xj_1,h}t = xj41 — x;, J = {0, : b} # h}. In general, for each
point z; in the mesh-interval (o,_1, 0],

(49) Tj—Tj-1= 2n_7‘+3N_1(0'7- — 0'7-_1).

Also, for z; € (0, %], @j—2j-1 = N~} (1—40y,) and for z; € (0,01], z; —z;_1 =
2" TIN =1y, Thus, for 1 < r < n, the change in the mesh-size at the point z; = o,
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is

(50) ht —h, =2"""BN"(d, —d,_1),
where
(51) dy = % — oy

with the convention dy = 0. Notice that d, > 0, that QN is a classical uniform
mesh when d, =0 for all » =1 ... n and, from (47), that

(52) or <Cye,;InN, 1<r<n.

It follows from (49) and (52) that forr =1, ... |n,

(53) hy +ht <C\ExiN 'InN.

Also

(54) op = 2_(S_T+1)0'S+1 whend, =---=ds =0, 1 <r<s<n.

The results in the following lemma are used later.

Lemma 5.1. Assume that d, > 0 for some r,1 < r < n. Then the following
inequalities hold

(53) B~ 0,) < BHoy) = N2

(56) aci‘?u < or—h for0<s<2,1<r<n.

(57) B;(U,. —h.) < CB;(O‘,«) for 1<r<g<n.
By (o)

(58) for 1<q¢<n, 1<r<n.

o 1
VEd ~  WErlnN
Analogous results hold for BE.
Proof. The proof is given in [§]. O
6. The discrete problem

In this section a classical finite difference operator with an appropriate Shishkin
mesh is used to construct a numerical method for (1), which is shown later to be first
order parameter-uniform in time and essentially second order parameter-uniform
in the space variable.

The discrete initial-boundary value problem is now defined on any mesh by the
finite difference method

(59) DU — E?U + AU = f on QMN T =@ on TMN,
This is used to compute numerical approximations to the exact solution of (1). It
is assumed henceforth that the mesh is a Shishkin mesh, as defined in the previous
section. Note that (59), can also be written in the operator form
LMNG = fon QM U=4a on M

where

LMY = ID; —E&?+ A
and D; , 62, D} and D are the difference operators

— —

U(Ij,tk) — U(Ij,tk_l)

D;U(xjatk) = th —th 1

)
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520 (. 1) = DY U(wj, tr) — Dy U(x, tr)
B (Tj41 —2j-1)/2

D:-v‘r[jv(x]a tk) = U($j+17tk) — U($j7tk)7

)

Tj+1 =~ T
- Uz te) — U1, t
D;U(I'],tk-) _ ( Jo k) ( j—1 k‘)
Tj— Tj—1

For any function Z defined on the Shishkin mesh QM’N, we define
1Z]| = max max | Zi(, tr)]-

The following discrete results are analogous to those for the continuous case.

Lemma 6.1. Let assumptions (3) - (9) hold. Then, for any vector-valued mesh
function ¥, the inequalities ¥ > 0 on IMN gnd LMNG > ( on QMN imply
that U > 0 on QM’N.

Proof. Let i*,j*,k* be such that ¥, (x«,tg+) = min; min; , ;(x;, tx) and assume
that the lemma is false. Then W;«(xj«,tx+) < 0 . From the hypotheses we have
J¥#0, Nand W (20, b ) = W (e, tpr 1) <0, Wi (e, tge ) — Wi (w501, tp) <
0, Wis (@041, tp) = Wi (@0, e ) > 0,80 Dy Win (2o, g ) <0, O3 Wi (240, Lpr) >
0. It follows that

(EM’N‘f/) B} (xj*,tk*) = Dt_q/z* (Ij*,tk*) — Ei*éi‘lli* (xj*,tk*)

i
n
+Y i, (@, the) Uy (e, the) < 0,
qg=1
which is a contradiction, as required. (I

An immediate consequence of this is the following discrete stability result.

Lemma 6.2. Let assumptions (3) - (9) hold. Then, for any vector-valued mesh

function T on QY and i = 1,...,n,
. 1 o
s(ayeto)] < max {1, 240}
Proof. Define the two functions

. . 1 - o .
OF (2, tr) = max{|[¥||pav, EIILM’N‘I’II}%—L W(zj, te)

where &= (1, ... ,1). Using the properties of A it is not hard to verify that 6% >0
on TM:N and LM:NoE > 0 on QM It follows from Lemma 6.1 that ©F > 0 on
—M,N

Q. O

The following comparison principle will be used in the proof of the error estimate.

Lemma 6.3. Assume that, for eachi =1, ... ,n, the vector-valued mesh functions
® and Z satisfy

Z;| < ®; on TMN and [(EMNZ),| < (LMN®); on QYN
Then, for eachi=1, ... n,

|Zz| § q)z on §M7N.
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Proof. Define the two mesh functions o by
Ut =3+ 7.
Then, for each ¢ =1, n, \Ilzi satisfies
\I/li >0 on '™ and (EM’N\f/i)i >0 on QM.
The result follows from an application of Lemma 6.1. O

7. The local truncation error

From Lemma 6.2, it is seen that in order to bound the error U-— i, it suffices to
bound LM-N(U — ). But this expression satisfies, for (z;,t) € QN

LMN(T — @) = LMN(U) — LM (4) =
f—LMN(@) = L(a@) — LMN (@) = (L — LMN)a.
It follows that

2
LMN(T — @) = 9 D; )il — E(a— — 62)i.

(at ox? "
Let 17, Wl , W be the discrete analogues of 7, W, W respectively. Then, similarly,
DN - = (2 by B - e
ot 0x?
LMNWE — gl = (3 — D)ot — B(5— o — 82)w*
ot Ox?
R S AN v L T > — 62yl
ot Ox?
and so, foreach i =1, ... ,n,
PM,N (75 = 9 82 2
(60) LTV = 0)il < (57 = D vl + lei5 5 = 0z )uil,
- 0?2
(61) (EMN (WL = it));] < I(— - Dy )wi| + (52 — 5w,
62 (MR = @) < (2~ Dyl + (g — Dl
=00t Lo o2 T

Thus, the smooth and singular components of the local truncation error can be
treated separately. Note that, for any smooth function ¢ and for each (x;,t;) €
QM:N the following distinct estimates of the local truncation error hold:

©3) (2 Dyt < Ol —tiy) Y . 8)
o Zj,lk)| < k— tk—1 Serﬁlkaltk 5z (25> 9)l;
) 8%
(64) |(£ — DI )(aj, )] < Ol —%)Segl%m“a 5 (5, tk)],
o? a%
(65) s~ e )l < € max |2 86,0

o? 9%y
(66) |(@ — 82 p(mj, tr)| < Clajgr — Ij—l)ggﬂ@(&tkﬂ-
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Furthermore, if z; ¢ J, then

62 2 2 84’(p
(67) |(@ =0 )(zj, te)| < C(wjp1 —wj-1) Iggng(s,tk)l-

Here Ij = [Zj,1,$j+1].
8. Error estimate

The proof of the error estimate is broken into two parts. In the first a theorem
concerning the smooth part of the error is proved. Then the singular part of the
error is considered. A barrier function is now constructed, which is used in both
parts of the proof.

For each z; = o0, € J, introduce a piecewise linear polynomial 6, on Q, defined by

T
—, 0z <o,

Or
@)= 1 or<a<i-on
— X
al_UT‘ngl-
Or

It is not hard to verify that for any x; € QM.N

N aby(z;), 2iflxj ¢J
(68) (L 0r€)i(x;) > €i

+——— ifx;eJ x; € 1 -0}
a S if x; zj € {o, or}

Now, define the barrier function o by
(69) O(zj,t) =C[M T+ (N"'InN)2+ (N InN)> > 0n(x;)]e,

{r:o,eJ}
where C' is any su_fﬁciently large constant.
Then, on QMY & satisfies
(70) 0<®(zj,t;) <CM '+ (N"'InN)?), 1<i<n.
Also, for z; ¢ J,
(71) (LMNE) (zj,t6) > C(M™L + (N"1In N)?)

and, for z; € J, xz; € {o,,1 — 0.}, using (52), (53) and (68),
_ &
VEr€r41

The following theorem gives the estimate for the smooth component of the error.

(72) (LMNE) (2, 1) > C(M™L + (N"TIn N)? + N7,

Theorem 8.1. Let assumptions (3) - (9) hold. Let ¥ denote the smooth component

of the exact solution from (1) and V the smooth component of the discrete solution
from (59). Then

(73) IV —dl <C(M™ + (N~tn N)?).

Proof. By the comparison principle in Lemma 6.3 it suffices to show that, for all
1,7,k and some C,

(74) (LM = 0))i(ag, tr)] < (ZMNB)(ay, ).

For each mesh point x; there are two possibilities: either z; ¢ J or z; € J.
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If x; ¢ J, apply Lemma 3.4(a) with { = 2 and (63) to the ¢-derivative and apply
Lemma 3.4(b) with [ =4 and (67) to the z- derivative to get

(LN = 0))i(zg, )] < Clte — toe1 + (2531 — 25-1)?]
(75)
< C(M™'+ (N~'InN)?).

Then (71) and (75) imply (74).

On the other hand, if z; € J, then z; € {o,,1 — 0, }, for some 7,1 < r < n. Here
the argument for x; = o, is given. For x; = 1 — 0 it is analogous.

If x; = 0, € J, apply Lemma 3.4(a) with [ = 2 and (63) to the ¢-derivative, and
apply Lemma 4.4 with [ = 3 and (66) to the a- derivative to get

(EMN = D)oy t)]  Cli = tics +i(ayoa =21+ 1 P,

S0, since z;_1 = o, — h,_,
. . n B o h_
(76)  NEMY(F = )il )] < CIM L+ o114 3 Baloe e )y
q=i \/Eq

For each r, 1 <7 < n there are at most two possibilities: either ¢ > r or i <r — 1.
. n Bq o'r—h: . . .. .
Ifi > 7, then }  _, % < \/% < \/% Substituting this into (76) gives
7 S - &q _
(77) (EMNV = D)oyt < CIMH o+ —LN )
(72) and (77) imply (74).
If ¢ <r — 1, which arises only if » > 1, there are two possibilities: either d, > 0 or
d, =0 and d,_; > 0, because the case d, = d,_; = 0 cannot occur for x; = o, € J.
Since x;_1 = 0, —h, and 0, —h,; < 3, By(zj_1) = By(o, —h;) = Bk (o, —h; ) +

— _ n  Bg(or—h, n  BE(o,—h;)

Bf(ar —hy) < 2BqL(U7' —h;). Then 3 0 % <230 e
L -
If d, > 0, then using (27) in Lemma 4.2 and (56) in Lemma 5.1 give L{gh") <

% for 1 < g <r. Hence ZZ:i % < \/% Substituting this into (76)
gives
7 > Ei Ao
(78) (LN = 0))i(j, t)] < CIM™H + == N1,
VE
(72) and (78) imply (74).
If do = 0 and d,—; > 0 then using (27) and the fact that o, — h, > o,_; >

L - L -
Bylorzhy) o Bralon—h,) for 1 <g<r—1. Hence

Tgr—1, L <qg<r—2give

N
Bl(o,—h,) BE(or—1) BL_(0r1) .
ZZ=i T VR4 < CZZ:T‘—I T e < 0[17 o + ﬁ]

< O[=+ L.
Substituting this into (76) gives
) [(LMNV = 0))ilwjth)] < C[MT'+ SN~ + N7

< C[M 4 SN

(72) and (79) imply (74). This completes the proof. O
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In order to estimate the singular component of the error the following four lemmas
are required.

Lemma 8.2. Assume that ©; ¢ J. Let assumptions (3) - (9) hold. Then, on
QMN - for each 1 < i < n, the following estimates hold

(80) (AN (W~ h))i(ay, )] < COM 4 M>

An analogous result holds for the Wh— @R,

Proof. Since z; ¢ J, from (67) and Lemma 4.3, it follows that

- - - — 2 —
[(LMNWE —at))i(ag,te)l = (5 — DY) — E(g= — 5%))wL)i($j7t1£)(l )
" Bl(s
-1 2 q
< OM™ A+ (2541 — 1) mmax qZ::I T)
< C(M~+ (93j+1*95j—1)2)
< =
as required. O

The following decompositions of the singular components w{“ are used in the next
lemma
r+1

(81) sz = Z Wi,m
m=1

where the components w; ,,, are defined by

(s) (s)
Wi, r+1 { piL o [O’mmﬂ)

w;’  otherwise

and, for each m, r > m > 2,

(s) (s)
b; on [O’mel,m)
W _ r+1
o wh — E w;,q otherwise
g=m-+1
and
r+1

wi = w — Zwm on [0,1].
q=2

Here the polynomials pgs), for s =3/2 and s = 1, are defined by

3 L _ .(3/2)\¢q
At = 3 e 0
and
p(l)(x £ = 24: 01wk (x(1) ) (z — 935,12“)‘1
7 ) = 030‘1 rr+1 q| .

Notice that the decomposition (81) depends on the choice of the polynomials pl(-s)
and that the Ig? are defined by (25). The following lemma provides estimates of

the derivatives of the components in the decomposition (81).
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Lemma 8.3. Assume that d, > 0 for somer, 1 <r < n. Let assumptions (3) - (9)
hold. Then, for each 1 < i < n, the components in the decomposition (81) satisfy
the following estimates for each q¢ and r, 1 < q¢ <r, and all (z;,t;) € QM
8 i,
Tt (@, te)| < Cmm{E — }BL(IJ)
Pw;,
St (x,tk)] < len{T, ?}BL(%')

Bwy,r () zj5)
| “gx;l(z],tknwmm{zq o 250 By,

4
881;)2(1 (xj7tk: | < O 2a\%5) q (CCJ)

)
Ei€q

o wi, BL(x;)
| g£4+1 (I'j;tk)| < Czq=r+1 Zﬁq]

Analogous results hold for the w® and their derivatives.

Proof. Consider first the decomposition (81) corresponding to the polynomials
(3/2)

D; .

From the above definitions it follows that, for each m, 1 < m < r, w;,y, =

(3/2)

m,m-+1? 1]

To establish the bounds on the third derivatives it is seen that: for z € [z isfi)l, 1],

Lemma 4.3 and = > :Ef,./i)l imply that

0 on [z

3
| 0 Wi r+1
ox3

Z 3/2 ;

g=r+1 q

Pwk
(2 0)] = | 552

for z € [0, acﬁ/ i)l] Lemma 4.3 and z < acigfi)l imply that

OB3w; pi1 3/2
P gy = | 20 S0

n L3 (%2 n

SCZ 53;;rl ¢ Z 3;27Jrl Z 3/2 ’
q

q=1 g=r+1 q=r €q
and for each m =1r, ... ,2, it follows that
3/2 BPwi m
for x € [xfn(m)+1, 1], =55 = 0;

for x € [9352£21),ma mij{ilﬁ, Lemma 4.3 implies that

3 I r+1
4

3w, 0°w; AP,
i,m < i,q
| ()] < | S )+ 3 1S (e, )

~Bi@) _ Bp()

for x € [0, S/Ql) m), Lemma 4.3 and = < 35571/1) imply that
PPwim (3/2)

R

" BL(zB/2) ) BE (232 ) Bl (z) .
SCZ q ;2 m_ o mg;}Q <O 72/2 , using (25) and (27);




198 V. FRANKLIN, M. PARAMASIVAM, J.J.H. MILLER, AND S. VALARMATHI

for x € [0, $(3/2)] Lemma 4.3 implies that
Ow; 1 Owk s () B{“(x)
=5 @Dl <5 |+Z| xt|<CZ 53/2 :

1

For the bounds on the second derivatives note that, for eachm, 1 <m <r: for
(3/2) 8?2 Wi m
x €z 1], = 0;

m,m+1 Ox2
for z € [O,xfg/i)ﬂ]
e 93 2 2 2
e Wi,m 0w m (3/2) 0w m O wi m
t)ds = —=— t) — : t) = — . t
. 6$3 ( S, ) S 8I2 ( m,m+1’ ) ox (l’, ) axg (l’, )
and so

(3/2) (3/2)

62wi,m Tm,m+1 agwi,m C Fmmt1 L B'rl;z(x)
Tl < [ T e s < g [ Bl < 0P

This completes the proof of the estimates for s = 3/2.

Secondly, consider the decomposition (81) corresponding to the polynomials pz(-l).

From the above definitions it follows that, for each m, 1 < m < r, w;y, =
1

0 on [x'(m?erl?]-]'

To establish the bounds on the fourth derivatives it is seen that:

for x € [z 5 2+1, 1], Lemma 4.3, (27) and x > x5.12+1 imply that

6 Wy,
|€iaT4+1(I,t)|=|EZ |<CZ <c Z

g=r+1

for x € [0, :EST)H], Lemma 4.3, (27) and z < x£ 2+1 imply that

n 1)
O*w; i1 o*wk rr+1)
|€i#( )= lei 89341 el gt Z
n (1) n L
coy UL oy P
g=r—+1 qg=r+1
and for each m =1r, ... 2, it follows that
for z € [:cfib?mﬂ, 1], 65;1’" =0;
for z € [x'E?lz)—l,m’ acg’)m+1], Lemma 4.3 implies that

O*w; *wk sy O*w;
1 )] < i ()] D i ()

g=m-+1

"\ Bf(x) BE (x .
_Cz; i_q <C En(@)’ using (27);

for € [0, 2V 1.m); Lemma 4.3 and z < xgll m imply that

(1)

O*w; m, ot w (1) " BL(I “m)

A ) t — t < C q m 1M
|€1 or (Ia )| |€1 or 4 ( Lo — 1,m> )l — ;:1 £q

BL (1) L
1) _ o BhG

Em m

), using (25) and (27);
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ozt

for z € |0, (") , Lemma 4.3 implies that
1,2

for z € [:cgg,l], Qwi = 0;

4 L r+1
Wi, 1

|za4(at)|§|51 Zact|+Z|€1

(z, 1))

n BL(I) BL(LL‘)
C i <o+,
- ; € €1

For the bounds on the second and third derivatives note that, for each m, 1 < m < r:

1 % w; m Pwi m
forxe[gn)mﬂ,l], g =0 = %™
for = € [0, :L'in)erl]
xsrll,)nwrl o4 Wim 83wi,m (1) 03wi,m aswi,m
/ siw(s,t)ds = EZW( m, ma1s ) —€i o (z,t) = —¢; o (z,t)
x
and so
(1)
3w, Ton m+1 o4 m, m+1 BL (1
e D o < [ 2 s < £ [ yis < ¢l
8$3 T \/gm
In a similar way, it can be shown that
0%w;
i3 (@ D] < CB ().
The proof for the sz and their derivatives is similar. O

Lemma 8.4. Assume that d,. > 0 for some r, 1 < r < n. Let assumptions (3) -
(9) hold. Then, if x; ¢ J,

=7 . . 2
82) (M W =)oy ot)] < CIM 4+ BE(ayy) + S =2
r+1

and if x; € J
-

LMN (WL — E )| <CM™ 4+ N™*+ ——
I

N7.

Analogous results hold for the WE —

Proof. By (63) and Lemma 4.3
0

=il ~
Suppose first that z; ¢ J. Then, by (65), (67) and Lemma 8.3
(85)

|51(W _52) (%;tk)L .

< C[r_ maxeep, e 5 (s, t)] + (w541 — 2j-1)? maxeer, e 9er (s, 1)

Bl (z;_1)
< C[yor_, min{1, i—;}BqL(xj;O + (T —xj-1)* 0y %]
< C[B} (wj) + 22220,

Er41

(84) D )wf (g, )] < Cltg — tr-1).

Then (82) follows from (84) and (85).
Suppose now that x; =0, € J



200 V. FRANKLIN, M. PARAMASIVAM, J.J.H. MILLER, AND S. VALARMATHI

(an analogous argument holds if z; = 1 — o0, € J). Then, by Lemma 8.3 and the
expressions (65) and (66),

|51(W _52) (xjatk)l

r 2 ,
< O[Sy maxaer, | Dot (s, )] + (@511 — 251) maxeer, e g2 (s, 1) ]

r BL( —h7)
< C’[X:q=1 min{1, £ }BL(O'T —h;)+ (h, +h+)zq e min{1, £ : } N |

When i > r + 1 replace both minima by the upper bound 1 and get, using (19),
(57),(58),(24) and (53),

BLIL(UT)
|51(3I2 - 52) (xjatk” < C[BL(UT - hr ) (h + th) Zq =r+1 NG ]

< C[BE(a,) + }*h JSOINT2 4[N S CIN T2 =2=N "],

which is (83) for this case. On the other hand, when ¢ < r replace both minima by
the upper bound £ and get, using Lemma 5.1,

|51(W _52) (xjatk)l .
< O et 0 D 2
< C[ENT + N1 <C[N72+

—1
\/€€+1 ,/55+1N ]’
which is (83) for this case. The proof for WR — @ is similar. O

Lemma 8.5. Let assumptions (3) - (9) hold. Then, on QMN | for each 1 <i < n,
the following estimates hold

(86) (EMN (W — b)) (1) < C(M™ + BE(2-1)).
An analogous result holds for WR — @,
Proof. From (65) and Lemma 4.3, for each i =1,...,n , it follows that on QMY
(EMN (WL = 5))i (25, t6)] = (5 = Di) = B — 02)a5 )i, )|
< C(M™+¢g Zn: 7BQL(% 1))
— K3 Eq

q=1

< C(M_l +B£‘($]_1))

The proof for WR — R is similar. O
The following theorem gives the estimate of the singular component of the error.

Theorem 8.6. Let assumptions (3) - (9) hold. Let W denote the singular compo-
nent of the exact solution from (1) and W the singular component of the discrete
solution from (59). Then

(87) W — ]| < C(M~' + (N"'In N)?).

Proof. Since 1 = w” + ", it suffices to prove the result for w” and @ separately.
Here it is proved for w%: a similar proof holds for w*.
By the comparison principle in Lemma 6.3 it suffices to show that, for all i, j, k,

and some constant C,
(88) (LN (W — @)y, te)| < (BN D) (a;, 1)

This is proved for each mesh point z; € (0,1) by considering separately the 4 kinds
of subinterval (a) (0,01), (b) [01,02), () [Om,Tm+1) for some m, 2 <m <n—1



NUMERICAL SOLUTION OF A PARABOLIC REACTION-DIFFUSION SYSTEM 201

and (d) [0, 1).

(a) Clearly z; ¢ J and z;41 — xj—1 < Cy/e1N " 'InN. Then, Lemma 8.2 and (71)

give (88).

(b) There are 2 possibilities: (bl) dy = 0 and (b2) d; > 0.

(bl) Since 01 = % and the mesh is uniform in (0, 02) it follows that z; ¢ J, and

zjp1 —xj—1 < C/egN"'InN. Then Lemma 8.2 and (71) give (88).

(b2) Either z; ¢ J or z; € J.

If 2; ¢ J then ;41 —x;—1 < C’\/QN*1 In N and by Lemma 5.1 BlL(:Ej,l) <

Bi(o1 —h]) < CN~2 so Lemma 8.4 (82) with r = 1 and (71) give (88).

On the other hand, if z; € J, then Lemma 8.4 (83) with r =1 and (72) give (88).

(¢) There are 3 possibilities: (cl1) dy = do = -+ = dp, = 0, (c2) d > 0 and

dry1= ... =dm=0forsomer, 1 <r<m-—1and (c3) d,, > 0.

(c1)Since 01 = Copmy1 and the mesh is uniform in (0, 0y, 41), it follows that x; ¢ J

and 41 —zj_1 < C\/etN~'In N. Then Lemma 8.2 and (71) give (88).

(c2) Either z; ¢ J or z; € J.

If x; ¢ J then 0,41 = Copmg1, Tjg1 — Tjo1 < CMN_IIHN and by Lemma

51 BL(z;_1) < BE(om — hy,) < BE(0, —h;7) < CN~2. Thus Lemma 8.4 (82) and

(71) give (88).

On the other hand, if z; € J, then z; = 0, so Lemma 8.4 (83) with » = m and

(72) give (88).

(c3) Either x; ¢ J or z; € J.

If x; ¢ J then xj41 —xj—1 < CMN_llnN and by Lemma 5.1 BE (z;_1) <

BL (o, — h;;) < CN72, so Lemma 8.4 (82) with 7 = m and (71) give (88).

On the other hand, if z; = 0,,, so Lemma 8.4 (83) with » = m and (72) give (88).

(d) There are 3 possibilities: (d1) dy = ... =d, = 0, (d2) d, > 0 and

dry1= ... =d, =0forsomer, 1 <r<n-1and (d3) d,, > 0.

(dl) Since oy = C' and the mesh is uniform in (0,1), it follows that z; ¢ J,
151 <CInN and zj41 —xj—1 < CN~'. Then Lemma 8.2 and (71) give (88).

(d2) Either z; ¢ J or z; € J.

If x; ¢ J then 0,41 = C, L_ < ChnN, Tjp1 — Tj—1 < CN~! and, by Lemma

5.1, BE(z;_1) < BE(0,, — h;;) < BE(0, — h;7) < CN~2. Thus Lemma 8.4 (82) and

(71) give (88).

On the other hand, if z; € J, then z; € {on,1 —0p, ... ,1—01}. Thus, Lemma

8.4 (83) and (72) give (88).

(d3) By Lemma 5.1 with r = n, BE(x;_1) < BL(0,, — h;;) < CN~2. Then Lemma

8.5 and (71) give (88). O

The following theorem gives the first order in time and essentially second order in
space parameter-uniform error estimate.

Theorem 8.7. Let assumptions (3) - (9) hold. Let @ denote the exact solution of
(1) and U the discrete solution of (59). Then

(89) U — || <C(M~' + (N"'InN)?).

Proof. An application of the triangle inequality and the results of Theorems 8.1
and 8.6 lead immediately to the required result. (I
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