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Abstract  In this paper,we consider the elgenvalue problem and the Dirichlet prob-
lem of general Euler equations under the natural growth condition.
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1. Preface and Assumptions

In this paper the eigenvalue of general Euler equations under the natural growth
condition is first discussed, '

el _"i_ R r—2
dI‘F,-{z,u,Du} + Folz,u,Du) = Alu|” %, z2C€ 0 1

u(z) — w(z) € W)

where
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L2 is a bounded domain in R',n}m,nz%p-:iﬂ—in;,m(ﬂ EWI™ () L. (32). Both

Wo™(2) and W™ () are Sobolev spaces.
The special case of this problem,i. e. Flx,u,q9) = a,(x y i) gg; - eladv? and wix)
=0, with the assumptions.,
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has been discussed in [1 1. _
We consider multiple integrals of the form I (u) =J F(z,u,Du)dz, then we Know
; @

that the variational problem .

I(u) =inf I(v)

e X
K={ulu € W'(Q) andu — & € Wi (D))

under some sufficient conditions relevant to F(z,u,q) ', has its solution (see [2]). A
similar method can be used to prove the existence of the solution to the variational prob-
lem .

1) = inf 1), E={u|s€ K, ||s|,=1) (3)

here || = Il wll 1,

However, when F(z,u,q) grows naturally, /(u) could be differentiable only
when 2 € L. (82) (see [3]). Unfortunately, it is quiwe difficult to verify that the solu-
tion u(z) to variational problem (3) is bounded, because F(z,u,q) grows naturally,
in addition, the probiem is restricted on F.

In this paper this difficulty will be overcome. Shortly speaking, if u(z) is the solu-
tion to (3), we firstly prove, for some special test functions g, @ (2) = signu -
max( |u|—%,0),I(Gu+tp)/ || uttp |l ,) is differentiable about ¢, when ¢=0. Then,

we derive

J [F.(x,u,Du)Dip + F.(z,u,Du)pldz = J’ﬂ|u|’_2uqxiz (4)

MNext this fact shows the boundedness of u, thus we learn (4) is satisfied for all @&
W™ (). The solution of the variational problem (3), consequently, is the weak solu-
tion of the problem (1). Here we can omit the condition (2), and we can also consider
non-homogeneous Dirichlet problem, apart from these, a;(x,u) need not to be uniform-
ly bounded about u. We may apply our method to discuss the eigenvalue problem of
general quasilinear Euler equations.

Because (2) is omitted, the proof of (4) about some special test functions @ be-
comes rather complex and different from the other paper. Nevertheless, we easily ap-
ply the properties of Giorgi functions in [27] to prove u& L, (£2) finally.

Surely, we can also use this method to discuss Dirichlet problem of general quasi-
linear Euler equations.

Some assumptions about F(z,u,q);

(i)  Suppose F(z,u,q) is measurable about z, and is continuously differentiable
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for » and ¢. Besides, F(z,u,q)=0.
(ii) F(z,u,q) is convex about g¢,i. e.

F(I:ﬂ!f:} = F(Irui'ﬁ} e F.-(Iaﬂp&}(ij’.- — '&.} ::" {]1 llﬂr Q'f{_i‘ (5)
(iii) There is u,& F, such that
I(y,) <<+ oo (6)

(iv) Waeak elliptic condition .
olu) |g]® < Filzyu,dg << e Co(fuD g™ + [g]™) (7)
here 1="m<Zm,o (i) =c, >0, moreover, when 1=_¢,<2, there exists ¢,, such that
olcst) = co(t), Y= 10 | LT5)
(v) A condition about F,.

_ﬂd.Fi(f!utﬁ':]'i’i%3‘Fu(i’&“r‘?:}iﬁﬁiﬂ'{lﬂl)lﬂu_J_ |'i’|"' o |2"|{|3I (8)

here D%EI{I IEE;D im£$“i£-

- 2. Eigenvalue Problem

Theorem 1 [If F(z,u,q) sdisfies (i) — (v), then the problem (1) has a weak solution
u, and e L ().

Proof Our proof is divided into four steps.

a) According to the above conditions, a method similar to Theorem 2. 1 of Chap-
ter 5 in [2] may show the existence of the solution u(z) to the variational problem
(3), furthermore

I(u) = infI(v) = d =< I(uy) <<+ oo
rE K
However, by the condition (7), we have

1
F{Igﬂ,q?} —_— dF(Iéu’tg)
o 0 £

dt + F(z,u,0)

"1
= ﬂFi(I-lﬂg-l‘-ﬁ"}g{ﬂ + .F{Egﬂjﬂ}

; :
> oClul) A% + pezyu,0
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}iuilulﬂql“ (9
Thus, the solution of the variational problem (3) satisfies,
Jna(ful}1ﬂu1'h£ﬂﬂ£mfiuq} <+ oo (10)

b) Next, we will prove (4), with @(z)=sign uemax( |u|—#k,0). Because

e
Tl € 5

if %I( ik ) exists when =0, then

L1+ 9/ 4 + 19> |omo = 0 an

By wvirtue of the Mean-value theorem, we have

lim (ICCu + ) /lu + #0]],) — ICu)) /8

=t

s “;L u+ilp Du—+ the

= i [ (e B~ 7o i

oy Gl u+t8p Du+ ‘{E’E) 2
o F’(I’ lu + e2ell,” lls + ¢,

' lu + t@ll;* » [llu + 2l ,Dip — (Du + tED,p) -
lla + el Ju+ 2ol + 2p)gue i
: v+ 59 Du+ tiDp g S
+tim [ r oo, o) I+ ol
* Llle + ol — (v + &) « |lu + o}~ ﬂlﬂ + o | Cp(u + t2p)dx Jdx
= lim I,(¢) 4+ lim I,(¢)

=T g

==0"

n—-u-"' o

Now,let's prove p=signu-max(|u| —%,0) belong to W.™. We have

';""(1') —_ fnﬁx{ﬂ — k,0) — max(— u — },ﬂ) = "F"I(i') — ‘F‘gffﬁ‘)

By [2] and [Ju| 1_coy <k, we know that @, and @, € Wy™(2), hence p & W™, More-
over, we learn,
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D= Du, whenz € 4, = {z|z € Q, |u| }i:}r
D= 0, when x € @\4,

Now set $(x) =p(z) /u(z), we have 0="yp(z)<"1. When { is sufficiently small, we
have 1/2< |ju+#pl|,<2.
By (iv) we have the following estimate,

F( U T e Du-+if )_ D
T + 2ol v + o | « + tll,
_ (x u + t&p nu+a:ﬂ¢)ﬂ.-u+r~:ﬂ.w; D
"Tu+&oll, Tu + €oll, ) Tu + ¢, * D + Dg ||'u+t¢-||
|Du + &Do|"  |Du+ t2Dp|™
<o olu+ o) [t ol T T+ 2ol \1+;.;1
=Clo(|u|) | Du|™ + |Du|™]

Consequently, by (10) and the Dominated convergence theorem we have

i 7 j F.(z,u, Du) Dl
et o

— j F.(z,u,Du)Dudz -I || * *ugpdz (12)
a @

By (v) we have the estimate.

F’ u + tp ﬂu+ﬁéﬂ¢') 99__
M+ 2ell,’ Tu + &9
F( u + tlp ﬂu+#§ﬂ¢-) u+t§w ® .
"o+ 2oll, Tu + 2oll,) " Tu+ 2¢ll, "5+ o~ Tu + to],
|Du + Dp|™ | |Du—+ t2Dp|™ | |u+ tipl*
ol Fuelr Tt 2ol +||u+a:quu;]
Clo(lu|) |Du|™ + |Du|™ + |u|*]

%
=

Similarly, by (10) and the Dominated convergence theorem we have
lim I,(t) = j F.(z,u,Du)pds — j P (ELi DV J' |l C13)
0" o a o

Applying {13):(12}_ to (11), we derive,

[ [rGesu, DD + FuCeyn, gl = A [l gz (14
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where

@ = sign u » max( |u| — k,0)
and

E - P
A ="J3[F¢{I,H,DH)D,-H + F (z,u,Du)u]dz

By (7),(8) and (10), we know that | 4| <<+ oo,
c) Now we will prove the boundedness of x,
Putting @(z) =signu~max( |u| —%,0) into (14), we have

J [F.Cayu, D) Du + sign u + (|u| — E)F. (2, Du) Ji

£

=i |u|""(lu| — B)dr
A

-

Hence,

J { ] T’“T e EF (z,u,Du)Du + -Lu|r—l—F {I,u,ﬂu)u]

-

= Al Ju"'(|u] — E)dz
By means of (v),
rul = - k
(1.— ﬂ.)J- F (2 yu, Du) Daudz - mﬂ{:r,u,ﬂu}ﬂ,-mir

HH'"AJ‘J ]u!’_'l{]uf — k)dx

According to (iv) andj |u|*dz <{ 1, we have
A

m/p
[ a4z <c 1u|r¢¢gcu Iu|":i:¢)
A 3 Ag A

'y
offfoinm T i
A}
Then using Theorem 5. 1 in Chapter 2 of [2], we know that u(z) is bounded, since

i et __ mr + mp — np
: 1 ﬂ-{—a, g = ¥ =0

d) By »€L.(Q), and [3], we know that (14) holds for all PE W™ ().
Example Put

F{Efﬂ}q} - %‘{ﬂ”(fau}q;qj)ﬁz + ﬂ{ﬂ-’} [HJH
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where m==2,¢(2) =0, moreover, a,;(z,u) satisfy.a,;(x,u) € C'(R) and C(Q) for u

and z.

ClEIE < oo([u]) [&]* Sayow s, < Cog([u]) |22, € > 0,0 =1
o %ﬂnﬁij{miﬂjéig_f = m;;(-'hﬂ)r;;;” 0ca<l

|uday (2, u) | < oy(|u]), for a4, (7') is hold.
Then F{x,u,q) satisfies (i)— (v).
3. Dirichlet Problem

We consider .,
By Dl s s s D i
{i:t.‘ (LT, Taldy
¥ — 0 € WH(Q) | (15)
Then we have

Theorem 2 If F(z,u,q) satisfies conditions (i) — (v), then the weak solutions fo b=
lem (15) exist. Furthermore u satisfies the mazinum principle , 1. e.

HHHL @ == ”WHL (aa)

Proof All proof is similar to Theorem 1, except the second step, i.e. b), seems
more simple here, since we only consider the differentiability of I (ut-tp) at =0, A-
part from it, step ¢) is also different. In fact we have

(]— o F-l)j F;(I}H;ﬂﬂjﬂiﬂ dz % 0
Ag
Thus we have
8 e EJL Fi(x,u,Dp)Dipdz << 0
!

here @(z)=sign u-max(|u|—k).By (iv), we have
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[ 15p17ex < 0.
For
k= ”ullefaﬂj y P E W)

we use Poincaré inequality
J' lp| e < {:j | Do | iz
o o

Hence g=(). Then we have
"“”LWW} =k YVi> ”“":.ﬂqan} = ”m”I.h(mj
thus we detive |[ufl;, ) < [|o _cagy-
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