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Abstract Let 2 be a bounded domain in B'(s=>4) with amooth boundary 3Q. We
discuss the existence of nontrivial solutions of the Dirichlet problem

e Au =) || Pt A glaw), zEL
u=10, =& a0

where a(z) is a smooth function which is nonnegative on £ and positive somewhere, A>
0 and A& o(— /). We weaken the conditions on a(z) that are generally assumed in oth-
et papers dealing with this problem.
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1. Introduction

Let @CR"(r==4) be a bounded domain with smooth boundary Q. In this paper,
we are concerned with the problem of finding u satisfying the following semilinear ellip-
tic problem

513 — Nu=0a(@) ||V Put du+glzw), z€Q

U = ﬂ, - 'E EQ
where A is a positive constant, a(z) is a smooth function on & which is nonnegative
and positive somewhere, g(z,u) is a lower—order perturbation of |u|®#/*~® in the
sence that

lim f,:_(f;f:i_ﬂ = 0 and g(z,0) = 0

u—-—:n-l‘u-'
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The important results concerning the problem (P1). have been obtained by H.
Brezis and L. Nirenberg [1],they showed that (P1) possesses a positive solution for
a(x)=1,0<A<7A and g(x,u)=0. There has been some progress in this direction due
to D. Fortunato, A. Capozzi and G. Palmieri [2], J. F. Escobar[3], C. F. Wang
and R. Y. Xue [4], W. D. Lu and C. J. He [5]. In [3] the author showed that,
for 0<ZA<ZA;,g(z,u)=0 and alz) satisfying some technical restriction, (P1) pOSSES5-
es a positive solution. For a(z)=d">0 (J is a positive constant) and g(x,u) satisfying
other conditions, W. D. Lu and C. J. He [5] have proved that there is a constant 4}
such that (P1) has at least one nontrivial solution for any AC (A7 ,A)(i=1,2,--).
In this paper, we follow the method developed by H. Brezis and L. Nirenberg [1],
weaken the conditions on a(z) that are generally assumed in other papers dealing with
these problems with critical Sobolev exponents, extend the results in 115 [2) and

L3 ]
2. Some Preliminaries
Define
I =%j| Vulde — %Juzdx
o o

_*‘;Ejam:uJ?-“-—ﬂm—jm,u;mx, v € HIQ) (2.1)

Glx,u) =J:g{:r,u)du

It is well known that the solutions af (P1) correspond to critical points of the functional
I(u). ;

Let || « |l | = |, denote respectively the norms in H}(2) and L7 (Q) (1<7
<_+oo) and let :

S =inf{ [lull?,

H|§-.-"{H—?} — ].j' u E }IA(Q}}

denote the best constant for the embedding Hj (@) C . L™ "2 (2), We denote by <"
Ar=TAe=_As=_ -+ the sequence of eigenvalues of the eigenvalue problem

‘lu=0,0n 22

and Ay=0.

We are now in a position to collect the various hypotheses to be placed on the non-
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linearity g{x,u) and nonnegative function a{z) in this paper.
(G1). g(z,u) EC(QXR,R);

G2) lim—IE¥) o uniformly in € Q

el | 3 I =2} (m=2)

(G3) 1img—(-m—ﬂil=ﬂ, uniformly in z& Q.

e 'H

(G4) There are positive constants M and 6& (ﬂ,%) such that, for |u|=M,

Gx,u) é(ﬂ i ;: E)a(ﬂ || /2

+ gz, u)u + (§ — %) (A — Bo)vd

where f; is some constant such that S € [0,4:).

(GH) lim = ﬁ:ff:’:ﬂ —5 =0, uniformly in z€ Q.

wco |

(A1) There is an interior maximum point z, of a(z) at which all partial deriva-
tives of a(z) of order less than or equal to o vanish, where a=1 if n=4; a=2 if n=
0.

(A2) There is a maximum point z, € 32 of a(x) at which all partial derivatives of
a(z) of order less than or equal to @ vanish, where a=1 if n=4; a=6 if n=5; a=~
4if r=0; a=3 if a=7T or B;0=2 if n=28.

Remark 1 It is obvious that (G2) is implied by (G5).

In this paper we need the following

Theorem 2. 1 Let E be a Banach space, E=VPX, where V is a finile dimensional sub-
space of E. I(u) € C' (E,R') salisfies the following

(1;) There are two positive constanis p,o>0 such that

”xnaajgﬂ:} 0;

ve X, |of =1

and a positive constant R>>p such that
Ig=0

where Q= (Bp V)P {tv | 0"t=—R};

(1) E’u=£g§fﬂ£ﬂ;ﬂ I(Ch(w)), F={hEC (Q,E) :h(u) =u,u€ Q};

Then there exists a sequence {u;} CE such that
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f(ﬂ,—) e U?I{Hj} —Lias 1=+~ oo

We shall give a proof of it in the Appendix.

In the sequel, C' denotes various positive constants and € (2) denotes various posi-
live constants which depend on &. ¥;(i=1,2,--+) denotes the eigenspace corresponding
to A,

o(— A) ={A € R';)is an eigenvalue of the eigenvalue problem
= Aw= Auin £, u= 0 on 332}

3. Existence of Nontrivial Solutions

Our first result is the following
Theorem 3.1 Assume that

A e'-; o(— &}:IQ{I&H}H;—- 0 for all x & £2,u & R

and assume that a(z) satisfies (A1) Cor (A2)), and g(z,u) satisfies (G1), (G2, (G3)
and (G4) (or (G5)). Ther (P1) possesses at least one nondriaal solution.

Without loss of generality, we may assume Ay<_A-_ Ay, for some nonnegative inte-
ger k. Let 9(2) be a piecewise nonincreasing function of |#| which satisfies

@)= 1, for |z| << py
¥lz) =0, for |z| = 2p,

| V¥|<< pi' for po < |2| << 25
and

e (n—23,2
R R e e
“@ = (73"
We now construct a test function ® on & as follows.

ez —x) for |z — x| = M
20(G(x — 1) — ale — 2)P(z — 2,))

plr) = fr s S [ i ifn=4 (3.1
0G(@ —x) forz € QN {2:]z — 2] = 2pg)
pa) =gl = asdu(z —z,) ifa>=5 (3. 2)

where r; is a point in £ such t_hat x =y if al(x) satisfies (A1), pﬂ=j1;—|z_;—mu s
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By, (2, )CQ if a(x) satisfies (A2), G(z—ux;) is the positive solution of

A+DE=0onQ— (), i= min(i,lfzﬁ.,)

satisfying G(z—z;) =0 on 3Q. When n=4, G(x—z,) behaves like |z—z,|° near z,
and has an expansion for |z—z, | small,

Gz — 1) = qule'ﬂ-l-—ﬂlﬂiﬂ?—xxl Lok ol — 20)

Here a(z—z,;) is a function on 2 which behaves like |#—z; |*ln|2—#, | near ;. In or-
der to have the function @(z) in (3. 1) to be continucus across E.'Epi{rl) , We require
that &; should satisfy

= AR ey o £

Through the proof of Theorem 3. 1 we set pg=2¢""* if n=4 (In this case, by (3. 3) we
have %ie.ﬁi{ﬂa for £ small) ; pu_-—-a””lf n=5; po=""if n=6; po=¢""if a=7T or

8; po=2¢"" if =9,
Lemma 3. 2 If &, poond o(z) are defined as before, Pmamj@amm@m, then
L=

for & small, we have

l@|1 << 022 | (T — Pl < Ce® P2, || Po || 2 << Ce™P

(mt 23/ (n—12) (a—=13/2
|| (a2} (n—2) = Ce

|1 — P)p|{IR/G=E < a7
|Po|G=h < ¢

: 1 {ﬂ—l'.'l
ﬂ{.t') |¢:' | 20/ =20 g0 ~> ﬂ(;ﬂ}m‘. J-
o

o (1 + r5)" }
N 2/ {a—2) ﬂ(in-} ; [ P
d:(r)lif Fiop| dr = 5 mn—l_L a T+ _{_rg},-if*

The proof is essentially the same as Lemma 1.1 in [1] or Lemma 2 in [4], we
shall omit it.
Arguing as Lemma 2. 2 in [ 2] (using Lemma 3. 2) we obtain the following
Lemma 3.3 I
s e M-, tER, u=u+t(I— Py
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Then we have

Jﬂ‘(.t:l Ja| == == a(z) |¢] — P)o|®*Dir

o -

+ % n(:.-') 1;|hf{n—=}ﬂ: X Kﬂﬂ-ﬁ--i}aﬂn—ﬂf{n+3}
=]
for ¢ small, where M_z@ﬁ(ff k=0 we st M_= &), K, is a posilive constant independ-
ingmﬁalmia. | ‘
Lemma 3.4 If a(x) satisfies (A1) (or (A2)), po, e and @(x) are defined as be-
fore, then we have, for e smal,

| Vol — i |ples
= e < (mﬁaxu{ﬂ)“"”"ﬂ — Cid, ifnZ=5
( alz) |m|2:l.-"{l—23d£)
©

|Voliar — i g%
2 s < (maxe(@))?V8 — Chelne™, ifn=4.
( aCz) |1F|:-ua"{i-2}it)

0

The proof of Lemma 3. 4 is contained in [3].

Lemma 3.5 If a(z) satisfies (ALl) (ar (A2)), 2 ond py and @{(z) are defined as be-
fore, then we have, for e small,

[ Iva— Pyl — 3 |a - Pyl
e

o

(Iﬂ(r} [T =B ™ N Kls'f’—iﬁf{-+3})l:l_zm
XD

=7 {mnaxn(ﬂ}{‘_ﬂ”ﬂ'” — 0, ifn=5 (3. 4)

"‘.l'lz

le(.f— Pl*ml’dx-—ljl(!—ﬂml’d:
Q 4]

(;I-ﬂ(‘r) | (I — P)gp|®*="ds — K,d'(-—znf{-+z}]':'_”‘“
Vo

< (mnaxa(z})“*‘?*ﬂs'f'z — Celne™!, if n = 4 (3.5)

where P and ] — P denote respectively the projections of Hi(Q) onto M_ and M.
Proof From Lemma 3.2, Lemma 3. 3 and Lemma 3. 4 we deduce that, for n==
82



5 and e small,

J|?{I— P)p|%dz — J|(f— Pop|*dx

(n=2)/n
[Jﬂ(m) | (I — P)wlznﬁ-—zjdz S Kﬁ.{-—:‘;;{._pz:.)

o

(19912 — 3] 191722 — [1VPpltaz + 3] o)z
o ] o Q

=
(J-ﬂ{:':} |4;:i]=.j{._2}i:ﬂ = ﬂ(;‘::ﬂ |¢"|{.+2}“'_zj |P'|P|li¢ s, Eﬂ.{._z”(._i_l}

) (=23 n
o o

JI Vellds — “J‘leziz— J‘I V Pp|*dz + AI1P¢|fdx
{ i =) o o
—

' (a—2)/ 8
(J-ﬂ(E:' |¢" | E‘H.l‘ll:'l—z:."ix e {;!l EP!P |-=“J- 1 g:.l {E+E}.|"|:l—2:|i; Bty Gﬂ’{'_”-’r':""ﬂ)

o o

(1901t — 3 lp1te + ce?
L% o

= : |
T (m—2) /4
Ja(:) || ®/ =24y — C&"~2 — GE'EH-'E}!{t+E})
I"ﬂ
[199ltz - [1p]% ),
(7] e] |
f g, LR a), + e 1(--::.;.
(Jﬂ(ﬁj |'§|5'| ﬂf::] [J-ﬂ(r} I'gr"l /(a2 g
L\ ; | J |

=

[a@ g1

o

jﬂ{m) |qﬂi2'f{'_i}dx " _E-E:—E | N CE":'_.E}I{--‘FE}
[+

GE'_I il G-E!;{m—' 237/ (n4-2) ] Cr=23n

[a@> 1pl#as

&

= [mg}:ﬂ{x}}“"”’ﬂ - GEIII 3 [1 =1 GE.(.—;},-';.H;]
=

= [(mnaxﬂ{:r})“_‘”‘g — Cist + e 2] [1 +

{mgxa (2))YF—"/g — g

Hence
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Ii?(f — P)op|%dzr — J.j|{f—— P)g|tdz

(JE{E) | (I — P)p| ™" Pix — K, ;:-—z}f{-ﬂ:}{'_z”'

o2

= [(mgxﬂ(ﬂ){z—-w-g — 0 P (mgxi:(x}]““'mﬂ'” =i}y %
Similarly , we have

/e

_[Jv(s iy _[[u — PYg|’t
o o

(J-a{':c} | (I — P)??P'H'_ﬂdx s Kle'{"ﬂf{'+i})h_ﬂh :
L\ _

= {mg.xu(z))ﬂ'“”ﬂ'” — Celne™, if n =4

Lemma 3.6 Assume that there are some constand Oy € ([}!‘i“(maﬂxﬂfi}}m_’ﬂzﬂ'ﬂ)
and some sequence {u;} CHy(Q) such that, as j—+—+oco, |

I'(u;) =0, I'Cu;) = €,

We also assume that (G1),(G2),(G3) and (G4) hold. Then (P1) possesses a nontrivial solu-
tion.

Proof

I' Cuj)o =J?uj?ud.=: — J.:J.umiz - jﬂ(z:) |y | Py ude
ﬂ .

o o)

— gz udvdz = o(1) || v || , for any v € HI(L) (3. 6)

o
1
ICuy) =EJ!T}'2:}-|2:£$ g %ﬂu‘;]?nﬂx
v o

=02
2n
Q

s
=Cy + 0(1) (3.7)

alz) |u; | ™ Pdz — Jﬂ(r,uj)dx

Choosing v=u; in (3. 6) and combining it with (3. 7) we deduce

(*Ll,— — 3)_[| Vg |*de <<Co + o) || 5 || + -J‘G(Ipﬂj)dﬂ
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e ﬂjg(z,uf}u,d:r 4 (& ;; izt E]J-u(ﬂ [y |22
Q

fr]

= G %):ij,-l’dz + 0(1)

Q

<o+ o) + o) [l 35 | + (5 — 0)fo stz

e

L 1[ [ S yiet = €0 — %m— o) | |2
(v T}

— (2 ;ﬂ 2 _ 0)aCz) |us] 2P Jaa
Set
C; =max {|G(z,u) | + 0|g(z,u)u]
W
2 4 2 Ri— e bufta—13
-+ HE (A — o) |e* + | o 8lalz) |u] b
Then

(5= 00 = I[|vu ' < 0+ o) + oD s [l + 1121 (3.8)

It follows from (3. 8) that {u;} is a bounded sequence in Hy ().
Since H§(&) is a Hilbert space, there is an element € H(£) and a subsequence
(still denote by {u;}) such that

u;~—u weakly in H(D),

u; = u  strongly in Lf(Q) for 1 = ¢ < :_—ﬂgs
;=% a.e. on &,
H(I} |uj14f':i—ﬂ}uj_.__ﬂ':z) |HIJ,-'I:|—2]H WE&RIF in (L?nf{n—ﬂ](ﬂ}] 4- A

g(z,u;)—g(z,u) weakly in (L™""2(@2))"

Let j—>-o0o in (3. 6), then we obtain

I?u?m - H.jwd‘x — laCz) |u| Y Pupdr — Jy(x,u)vdx =0
o o o i)

for any v& Hy(2). This implies that u is a solution of (P1). Now we prove «3=(. In-
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deed suppose that =0, we have, as j—>—+co,

&

_[g(;r,u,-}ufdiv-- 0, |G(z,u;)dz— 0, J’lu,-|*¢im-—=- 0
o o

Then

Fu;) =%J‘| V| e — - ;1 Eju(ﬂ |u; |~ Pdz 4+ o(1)
& o

= 0y + o(1) BN G
I (u_,-}njz"‘i Vu; | dz — ju{z) Ju; | 2/ 4 0(1) = o(1) (3.10)
o o

Without loss of generality, we may assume that lim | Vu;|*dz = r for some nonnega-
Jiul-

o
tive constant ». It follows from (2. 9) and (3. 10) that

lﬁﬂuirj lu; |/ Dy = ¢ and €; = —Lr (3. 11>
Feoal. n
On the other hand, we have
(a—2)/a
J-I ?ﬂj izl:i;t:; S[Jlﬂj |hf':-_2‘r{£_r)
) Q
(n—2} =
== (maxn(z})“""j‘f'(-"ﬂ(ﬂ |u; |32 gy 5
e e
Then we obtain that
r =8 {mﬁaxu(:})"“""”‘r"‘”f" (3.12)

(3.11) and (3. 12) imply that
Co=0 o = %(mﬁaxﬂ{r)}”“”ﬂﬂ”{z

which is a contradiction to ¢y € {U,%Emﬁaxa (2)) 2 Dgy  Thus uzz= (),
Lemma 3. 7 As&zmwﬁx#thzf*em-ammnm
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Os € (0,2-(max a(e)) /28"

and some sequence {u;} CH(Q) such that, as j—=-oo,
I’{HJ)_‘{], I(H_I:}—"'ﬂq
We also assume that (G1),(G3) ad (G5) held, A& a(— /). Then (P1) mconsses @ non-

Proof Set

M_=@V, (Ifk= TSI R |
@i ( 0 we set ;IE}'} M, I}@_llﬂ

By I' (u;)—0 and I(u;)—C;, we know that

1 A — 2
ICuy) =EJ-[ Vu;|tde — EJ-JHJEIEEQ:' e on a(z) |u; | 2Py

v o v

— |Gyu)dz = Gy + o(1) (3.13)
o

I' Cujdo =j?ujvﬁt — Alupdr — J-a(.r) lu; | Py dy

e o o

— [sunzs = o 1011, v € YO 3. 14)
Q

Tﬂklﬂg I(HJ’}_'%I' {Hj)ﬂ_li we obtain

% a(@) |ug | ™" Pde <Oy + o(1) || 3 || + JG(I‘,Hdei
=

Q

o %J‘yf:,uj)dr +e(l)E8 (3.15)
=)

Since
M_@® My = H)Q), M- My= {0)
there are two sequences {u; } and {u;} such that
w=u +u, uy € M-, u} € M*
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Choosing v=u; or v=u; in (3.14), we have

(% - 1}J.| Vuj |de <— | a(z) |ug | Y~ Puu; de
o o

— | gz udujdz + oC1) || w5 || (3.16)
Wi5 m)p Vi | dx ":J-ﬂ(ﬂ s | Y Pusut da
j @wafde + oD [ uf | (317

(3. 17) and (3. 16) imply
[1vutiae= [1var 1z + [ 1907 a2
& & o

1o GIu(:c?] iu,—|2"“’{'_2:':ix - {?—"g{:r,uj}ujdz

o o

o

4 20 {I(E:} |Hj |li:+2]‘.-"tn—2] |Hﬁ_ |i_'t{1-'
o

+ 20| Pete uus e + 6013 [ 4 | (3.18)

L

o

On the other hand, by (G5) there is a constant (&) depending on & such that

|GG, u) | << el |0 4+ 0 ()
lgCa u)u; | < elu; |™? 4 0(e) (3.19)
lgCa,u;) | << ey | 7202 4 0(e)

Combining (3. 15) with (3. 19) we get

jm:m:: |2y | Pz <C + CCe) + o(1) || w4 |

o

+ Ce |uj|1n.-’{:+2}t£x (3, ED)

o

Making use of (3. 18),(3. 19}, (3. 20) and Hblder inequality , we have

J| Vu;|®de <€ + C(e) + o(1) || w; || + Ce| |u;| > " Pds
o

o
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(24237 (2x)

_|_ ﬂ(maxa{z})“””””'} . (J-ﬂ(ﬂl |n;|2'“r{’_'ﬂci.'r ” ﬂ;‘_ ”
o

f=]

+ell a2+ 0| gt e

o
O+ ) 4 o(1) || % ]| 2
+ CLC 4+ Ce) + o(1) || uy || <+ Ce |l u; || 2EEDJOHDIE || 4 |

+ o) 1|2 + 0G| Lol | /42 + €0 Tt

=CH+CC) o) [lu | * 4+ Cellus || = || ur |
+ e || ]l S Q] u; ] FasPrer
<C+CC) +olL) |l us || 2 + Ce || w || 2 4+ €Ce) || u; || 22/ 0FD

Let & be small enough such that 1 —Ce=1/2. Then

l '
7wl <a—cof vyl
Q
O+ 00 + o (1) [l + 0D || wg] 2o=2ET2 (3.2
(3. 21) implies that {u;} is bounded in H{(Q). Argued as Lemma 3. 6, the proof can
be completed easily.

Proof of Theorem 3.1 We make & small enough such that (3. 4),¢3. 5) and
(3. 22) hold.

a(x) | (I — P)o|™ODgz — g fo-D/0+D

o]
1
= EJ-EI{::I} | (I — P)op|®/ P4z (3.22)
o
Let
E=H{{@),X=@BV,V =%]F.-
(= | =k
and
v =d(] — P)pwithd™' = | (I — P)g]||

in Theorem 2. 1. By Theorem 2, 1, Lemma 3. 6 and Lemma 3. 7 we know that it is on-
ly needed to prove that J(u) defined by (2. 1) satisfies the conditions in Theorem 2. 1
and that )y defined in Theorem 2. 1 satisfies
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Cs < —i—(mgxu(z})“"mﬂ‘”

It is obvious that g(z,u)u =0 implies G(z,u) =0 for all € Q,uE B,
First, we prove that [(u) satisfies condition ([,) in Theorem 2. 1. From (G2)
and (G3) we deduce that

| G(z,u) | %%(%ﬂ — A %] 40 |u] =D

for some positive constant ;. Hence, for any a€ X

W= 5(1 — f‘:)ﬂ Vul'ts — 2 2[at) |u| i — [0z ,0)0
[ #] =3

2n
=2 20/ (n—127

—-(1 — —-H} | =] ? En alz) |u] dx
fe )

e 2 | ¥ 2af (a1

TA = lul?—clz]
> -2y ult=cu) e
4 Ant ;

5o there are positive constants p and a such that
I | a8, X =a>10
Secondly, we shall prove that there is a constant R>>p such that

Iag=<0
where

Q=G NV)D{w|l0<t<R)

It is obvious that there are two constants R, and R,R=R,>p, such that

z
£J|?” |2 — 52 |v|*dz D 2 ﬂ{:)|£v|2'”’_ﬂt£m 0, for t = R,
=]
(3.23)
L AVR 4+ L R2 : 2z | <
51— DR + SR || Voldz + 4 |o] d;x:]-q,,hl[] (3. 24)
o ¥ :

(i) If u€ (B[ V)P {Rv}, then u=u-+ By for u€ BV,
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n_

RE 2 _i 2 E AT 4 = | 2=f(a—20
I(u)ﬁz-ﬁ- | Vv | dz ER || “dx o a(x) |u + Rv| dx

o o o

But
; _[ﬂ(z] lu 4+ Ro|®™ P4y
o
; J.ﬂ (:I.'} IR!J IE-.-"{H— Ehiz . KERE.”‘_EJEFHHI_2}5'{'_2”{""”
ofi
+ +faG) ||/ 2dz
o
; _é_HEn.-"I:I—I:IJ.a ":I} | ¥ i Euf{l—ﬂd_m
o
Hence

R e B :
() gﬂﬂwﬂ Tor ER*D«L:] %

niedere Bu— 2 In/(n—12)
5 o in{r]lﬂﬂl dz <. 0

(i) If u=u—-fr with

lul]l =Ru€V,Bi<t<R

arguing as (i) we havf: I{u)=0.
(iii) If u€ Be[]V, then

= §gbhmibeide 2 _ﬂ_EJ- M{u—;} _J :
I(u)= EJ_|?H| dz 2_I<1*.!.L| dz o ﬂu(r"}lul dx D{}‘(r,u}dsc

Q o

é%m = A)Jlulzdrg 0
o
(iv) If u=u-tv with a€ 3Be[|V,0="t="R,, then

i x: 1 A
I(u)=Z %(1 - -J:},Ll Vul|lde + E.I’;I Viv|%dzr + E-J‘; |to | *dx — J;G(m,u)dx
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1 A 1

<30 —DF + La[[1voe + F-J;Ivlzdr]i ﬂ
<]

From (i), (i) , (ifi} and (iv) we deduce that I | <.

Finally, we prove ﬂu{—irfmgm(:))"_‘}f 25" In fact,

Cy = inf maxJ(k(y)) < max I(u)

MET 3EQ sEQ

On the other hand, for y=u+#wE Q,uEV and 0<Ii{=<_R, by Lemma 3. 3 and
Lemma 3. 5 we get (for n=5),

Itw)= %ﬂ Vul|’de — -;‘—Jlu]*dz it a(z) |u| > gy — Jﬂfm,u)dx
=) o [

2R
r?

“_1.‘_ 3 L i R— 2 0 (n—
= zﬁ(i[?z}] dz J.E[Ivlzriz) o ‘:[n(ﬂl.ﬁv[z =iy

4 KD a2/ tat ) g2afa—2) “__'_E
2n

J| VI — Po|ld — :A.J| (I — P)g|dz
7] 7] '

=u 2

|
=%

.o

% %(mgxa(m)}”_‘mﬁ”ﬂ Y g P

J (a—20,2

|

Hence ﬂ{r{%—{mﬂaxa (2))P7"/28"2, Similarly, we have {I’ﬂ{% (mgxa{:})““mﬂ‘”

(for a=4). Then the functional I(x) defined by (2. 1) has a nontrivial critical point,
the problem (P1) possesses at least one naontrivial solution. The proof of Theorem 3. 1
is completed.

Theorem 3. 8 Assume that o~ ' (2) € L™ 22 () ,9(x,u)u=0 and gz, u) salisfies
(G1),(G2),(G3) and (G4) (or (G5)). Then there is a constant Aiprs (B=0,1,2,+)
such that (P1) possesses at least one nonlrivial solution for any A€ (A1 Matr) s where

Ay = max(l”,l,,,_l.u (mna:m(m))”_'”‘lﬂ"(z}“é::;;ﬁ;ﬂ)

Proof From the proof of Theorem 3. 1 we know that it is only needed to prove
I'(u) defined by (2. 1) satisfies the conditions in Theorem 2. 1. We set

I =E':I-}F;(H k= (QwesetV = _ﬁ:}r}: — @ ["’-i:-i-:I = T4y
L b1
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where g, ,"ls the eigenfunction corresponding to 4.

It is obvious that there are two positive constants p and a such that J(u) satisfies
the condition (I;) in Theorem 2. 1.

Now, we prove that there is a constant R(>>p) such that 7(x) satisfies the condi-
tion (Iz) in Theorem i

By Hélder inequality, it is easy to prove that

'. " : "y
J-I"Hi# = Ulﬂ_'{z} |{'_r"ﬂdx)1 (Jﬂ(i’) |uia-;{-—f.-d=]{ =
o [ 5 .
for any ¥ € Hi(2). Hence
Jﬂ{i’} !“ I Ei;l"f#'-'-i}ir _..}-"' [-[Iu—l {x} F{hﬂ;}#) _?I{'"l:' (j ! - I !dz) af{a—12)
©

o : ; o

for any u€ H}(Q). Since w@ Vi is a finite dimensional subspace of H3(Q), there is a
k=1
positive constant K, such that

jmpa;;ﬁf’wﬁ,, fnralluE—@F.
o k41 ]

Then there is a positive constant R such that, for any € @ Viwith ||« ] =R,
! i 1

A — 2

| 32 |u | =Dy

<]

I{u}%%- | Va|dz — %J'[uﬁﬁ .
o o b

Asgi

n — 2( S P TR S AL g\l
— la™ (x) |~/ :i.-:] ( || d:)

= RPLEL s -%_[I?ul’dz
o

A TR S NN = e
U= 7D lull? = 22k |0 @) |G | w | 2D

]
<7
=0 (3. 25)
(i) If u& B:[V, then

1
2

g — 2

Iu) < o

(s R)J-rz:]*:iz - a (@) |u| ™D gy ~fa-fa:,u);fz <0
) o o '

(i) If u€d(BeNVID{tr| 0<t< R}, or uE (BxNVY@P{Rv}, then. | u || =
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R, uc l:—':_l-J}r Vi By (3.25) we get T(u)<Z0.
it 1

(i) and (ii) imply that 7 |x=C0.
Last, we prove Uu{—i—v(mgxn(_ﬂ}“_’” 8% for A€ (Ay1sMs1). In fact we have

== L5 o b~ e
f 2/n (h=2)/n
im %(AH_I — 1) J- |ﬂ.—1(#} [E-—E}.-"Eit) X (J-ﬂ{:lf} i“ | z.ft-_—zjiﬂ)
3 . -
I E—ﬁ 2 a(z) |u| ™o gy
o

%-’ "?1;_{3&4-1 = jrj-.-"ﬂu. | :I_l (::}I '{-—E}Jﬂix}
(v}

i

=

{ -—{maga{#})u_‘”t?”, for u E '@

Hence Co=—max I(u) t:i-rl? {mg:a:a (2))¥"™28%2 The proof of Theorem 3. 8 is complet-
nE Qg ;
ed.
Remark 2 If 0<<A<3,,li 9 u) =0 (uniformly i @), th
mar 1,:&1&&) | FOTOD uniformly in z € £2), then
g(x,u) satisfies (G2) and (G4).

"Remark 3 If there are e {ﬁ,%) and M~>(0 such that

0<"CG@,w) <d@,wu for |u|=M,z€ Q
then g(x,u) satisfies (G4).

Corollary  Suppose a (2 ﬁammmcmmwmmmm ST
where, If a(z) satisfies (A1) (or (42)), and AGo(— ), then the problem

— Du = alz) |[u|Y" Py 4 du, zE 0
(52 {u'-:ﬂ, z & 0

possesses ol least one nondrivial solution.
If a7 (z)E L™ P2(Q), then there exists a constant A1 (k=0,1,2,), suck that
(P2) possesses al least one nontrivial solution for any A€ (Af 1, Aasy), where

MWt = maxChay dups — (maxa(@) @ |a™ () | 27208)
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4. Appendix

" Proof of Theorem 2.1 It is obvious that C=a>>0 since §=38,NX,Q=(B:NV) U {utt|
W€ 9Ba NV, 0<t<R} U {u+Re|u€ Ba NV } (R=>p) link (see [61). .

Mow we prove that there exists a sequence {u;} CF such that I' (ug)—0 and [(u;)—=Co. If
there exists no sequence {u;}F such that I' (x,)—0 and I(u;}—+Co, then there are constants b and
¢ satisfying

M@ | =b for u € (Ao — do-i) (4.1)

where A;={uE E|I{(u)=C},b>0 and e=>0.

Let € (0,3) and e<min(b/2,1/8,Co/2) A= {4 € B|I(w) =Co+e or I(u)<Co—e} and B
— (W€ E|Cs—e<I(u)<Co+e}. Then AN B=. Define ()= [|u—A| - (]l v—4 | +
le—EBl ) ,h(s)=1if sE [0,1],kC(s)=s""if s==1. Consider the ordinary differential equation

% =— g(p)hC | v() Deln), M) =3u for v € E (4.2)

where v is a pseudo-gradient vector field for I (). It iz obvious that the solution i (u) of (4.2) is
a homeomorphism of E onto B, n(u) =u for ué I [Co— e, Cot 2], and m (Ao, 4.3 T Ag, -, (seov
[97]). In fact, the semigtoup property for solutions of ordinary differential equation (4. 23} implies
that n,(x) is a homeomorphism of F onto E and (%) =u for u&!“‘[ﬂn—'e,ﬂ;+e]. We are going
to prove that 7 (Ao, +.) CAs,—o :

Since

%I{m{u}) = — g(nu))BC | pCnC)) || ) + {7 () o)) < O
I(p(w) < Co— e for s € Ao,

we need only to prove that Itm{u)}éﬂn—e for € ¥ =Ag 4s— Ao =u
Suppose m(u) €Y for all t€[0,1],4€Y. Then

ﬂ{ﬂ:lﬂ?ﬂ_ <— B[ o)) || )+ | Fin@d) || 2 (4.3)

If for some ¢ we have | oCp(uw)) || <1 and &C || #(x(u)) || )=1, then by (4.1),04,2),

dBW) < | 1@ |I*<—¥ ok

If we have || vC(p@a)) || >>1 and & || vl || )= || #(mcud) || ', then by (4. 1) and
(4.3), '

a@) . I rae)lt o el 1 (4. 5)
4

aa = [le@G)] T 4
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Combining (4. 5) with (4. 4) we deduce

Im@W) — 1) <— minG,+)

that is

O — e & ICn () < I(n) — minGa’, ) < @, + ¢ — minifb’_%}

2
which violates e'f:.mm( ; E“} So we have proved that m(Ag+.) Cde -
For 0<Ze<“min(e,1/ Eﬁ } (I3} implies that there exists &, € I" such that maxf (ke () )<

=L g

s+e. Hence ky = p €1 and mg;;tff!?: Cha(u))<Cy—e, that is

+

Cy = Pgmgé-{!{k(u}} = mﬂHI{m{ﬁn{u}}} Oy —e¢

which is a contradiction. Theorem 2. 1 is completely proved.
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