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Abstract. We present generalized and unified families of (2n)-point and (2n — 1)-
point p-ary interpolating subdivision schemes originated from Lagrange polynomial
for any integers n > 2 and p > 3. Almost all existing even-point and odd-point
interpolating schemes of lower and higher arity belong to this family of schemes. We
also present tensor product version of generalized and unified families of schemes.
Moreover error bounds between limit curves and control polygons of schemes are
also calculated. It has been observed that error bounds decrease when complexity
of the scheme decrease and vice versa. Furthermore, error bounds decrease with
the increase of arity of the schemes. We also observe that in general the continuity
of interpolating scheme do not increase by increasing complexity and arity of the
scheme.
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1. Introduction

Computer Aided Geometric Design (CAGD) is a branch of applied mathematics con-
cerned with algorithms for the design of smooth curves and surfaces and for their
competent mathematical demonstration. Subdivision schemes have become a very cel-
ebrated research area in CAGD and become a very famous modeling tool of curves
and surfaces because of its potential to handle arbitrary topology. To save a smooth
object which is created by means of subdivision, one only requires storing a coarse
approximation and the subdivision scheme constructing the object. This reality makes
subdivision a useful tool in computer aided geometric design. In fact a subdivision
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scheme describes a curve from a primary arbitrary given control polygon by continu-
ously subdividing them according to particular designed refining rules, such that the
limiting curve can attain certain smoothness and continuity to meet the requirements
of applications. In short one can develop complex smooth curves in a sensibly expected
way from quite simple control polygons. Before giving the literature survey we first
explain some basic terminologies:

e The number of points inserted at level £ + 1 between two consecutive points from
level k is called arity of the scheme. If the number of points inserted are even
then scheme is called even-ary scheme and if number of points inserted are odd
then scheme is called odd-ary scheme.

e The number of points involved in the convex combination to insert a new point at
next subdivision level is called complexity of the scheme. If the number of points
involved are even then scheme is called even-point scheme otherwise it is called
odd-point scheme.

The concept of subdivision has been first initiated by de Rham [17]. Later on, Deslau-
riers and Dubuc [2] presented b-ary 2N point schemes derived from polynomial inter-
polation. Dyn et al. [3] presented 4-point binary interpolating scheme with param-
eter. Brief review of higher arity schemes having even-point complexity is presented
below. Ko et al. [11] introduced even point binary and ternary interpolating symmet-
ric subdivision schemes. Mustafa and Khan [13] introduced a new 4-point C® qua-
ternary approximating subdivision scheme. Lian [8] introduced 4-point and 6-point
a-ary schemes. Lian [10] offered 2m-point non-parametric interpolating even and odd-
ary schemes for curve design. Zheng et al. [20] offered ternary even symmetric 2n-
point subdivision scheme. Zheng et al. [18] presented p-ary subdivision generalizing
B-splines. Mustafa and Najma [14] unified all existing even-point interpolating and
approximating schemes by offering general formula for the mask of (2b + 4)-point
even-ary subdivision scheme.

Now we present brief review of higher arity schemes having odd-point complex-
ity. Hassan and Dodgson [5] offered ternary and three-point univariate subdivision
schemes. Hassan et al. [6] also presented 4-point ternary interpolating subdivision
scheme. Lian [9] introduced 3-point and 5-point a-ary schemes. Lian [10] offered
(2m + 1)-point non-parametric interpolating odd-ary schemes for curve design. Zheng
et al. [19] constructed (2n — 1)-point ternary interpolatory subdivision schemes by
using variation of constants. Aslam et al. [1] presented an explicit formula which
unifies the mask of (2n — 1)-point interpolating as well as approximating schemes.
Mustafa et al. [16] presented an explicit formula for the mask of odd-points n-ary (for
any odd n > 3) interpolating subdivision schemes. This formula unifies the schemes
of [9,10,19] and many other schemes.

Zorin and Schroder [21] presented a unified framework for construction of an in-
creasing sequence of alternating primal and dual quadrilateral subdivision schemes
based on averaging approach. Starting with vertex split, they constructed variants
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of Doo-Sabin and Catmull-Clark schemes followed by novel schemes generalizing B-
splines of bi-degree up to nine. Zhang and Wang [7] proposed a framework of uniform
semi-stationary subdivision schemes for curve and surfaces. First they presented frame-
work for curve scheme and then used tensor product approach to extend the curve case
to surface as it is done in this paper.

The idea behind using Lagrange interpolants to construct subdivision schemes was
initiated by Deslauriers and Dubuc [2]. Assuming for simplicity, that the initial input
data are represented by a function f(r), r € Z, the first step of the (n, p) Deslauriers and
Dubuc scheme extends f to all integer multiple of 1/p. In particular, between any two
consecutive parameter values r and r + 1, f is extended at parameter values r + %, r+
I%, N p—;l taking the values L(r + %),L(r + %), o L(r+ pp%l) respectively, where
L is the Lagrange polynomial of degree 2n — 1, interpolating f at parametric values
r—n+1,r—n+2,--- ,r-+n. By applying this process iteratively, f is defined at all p-adic
rationals and eventually, by continuity, at all real numbers. The schemes constructed by
Lagrange interpolants, are well defined, symmetric and hold polynomial reproducing
properties. Here question arises, is it possible the schemes constructed by Lagrange
framework include schemes constructed by polynomials or by other frameworks? To
answer this question, we choose Lagrange polynomial as base of our framework and
primal parametrization for refinement of coarse polygon to refine polygon. Eventually,
we have reached at the positive answer of above question. That is we have succeeded
to develop the mechanism that generalize and unify all existing even-point, odd-point,
even-ary and odd-ary parametric interpolating subdivision schemes.

The paper is structured as follows: In Section 2, basic results are presented which
are helpful in construction of schemes in next sections. In Section 3, general odd-point
odd-ary scheme is presented. Comparison with existing odd-point odd-ary schemes is
also given. In Section 4, general even-point even-ary and odd-ary schemes are pre-
sented. Comparison with existing even-point even-ary and odd-ary schemes is also
given. In Section 5, error bounds and continuities of the different schemes are dis-
cussed. Visual performance of the schemes is also given in this section. In the end
of the paper, Section 6 is added which illustrate brief summary and conclusion of the

paper.

2. Basic results

A general form of univariate p-ary subdivision scheme S which maps a polygon
f* = {fFlicz to a refined polygon f**1 = {f¥+1}, 7 is defined by

L= apaafly, a=0,1,--,p—1, (2.1)

JEL
where Z be the set of integers and p = 2,3,--- , stands for binary, ternary and so on.
The set of coefficients {apjta, o = 0,1,---,p — 1} is called subdivision mask. This

scheme is formally denoted by f*+! = Sf*. Tensor product of the scheme (2.1) is
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defined as follows.

}I)Cz—:-%x,pj-‘rﬁ Z Z aPT+aapS+sz+r,]+sv a,f=0,1,---,p—1 (2.2)
T€ZL sEZ

Schemes are different due to the mask and arity.

Now we discuss some important identities related to the Lagrange interpolant. We
may refer to [1,16] for more detail about the proofs of these identities. For the given n,
we deﬁne Lagrange fundamental polynomials of degree 2n — 1, corresponding to nodes

(Y=L, b

n—1
powe T B ey as
by U )

Lagrange fundamental polynomials of degree 2n—2, corresponding to nodes {j }" ! (n-1)?
by

j=—(m-1),—-(n—2),--- ,(n—1), (2.4)

pw= ]

k:_(n_1)7k7é]

and Lagrange fundamental polynomials of degree 2n — 3, corresponding to nodes
{72t o) bY

2n—3 _ = (‘T — k) - _ _ _ — . —
L33 (x) 11 T (n—2),—(n—3),---,(n—1) (2.5)
k=—(n—2),k#j

By using algebraic operations, we get following expressions:

n—1

I[I G-®m=E0""7"n+ji-Din-j-1), (2.6)
=—(n-1), j#k

where j = —(n—1),--- ,(n—1),
[T G-k0=C0=nrj—2n—j-1), @7)

where j = —(n—2),...,(n—1),

n—1

[I G-h=c07"ntien—j-1L @8
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where j = —n, -+ ,(n—1),

(ot [T (- (@t —1)+@2t—1)k)
n—2)

n q \ _ =—(
L§ 2<2t—1> S (2t — 1) 2(q+(2t—1) Nn+j—1ln—j7—1

where j=—(n—1),--- ,(n—1),¢=1,2,3,--- ,t — 1 and ¢t > 2 (any integer),

(2.9)

(c)™92 [T (q— (2t — 1) + (2t — D)

2n s —9 '\ _ k=-(n-3)
Pai = <2t — 1) 2t -1 3(g+ (2t - 1)) (n+i -2l (n—j— 1) (210)

where j=—-(n—2),---,n—1,¢=1,2,3,--- ;,t — 1 and ¢t > 2 (any integer),
n

(=) T (q— 2t + 2tk)

on—1( —4\ _ k=—(n—-1)
Lj <§> - (2t)2n—2(q + 2tj)(n +j)'(n —j — 1)!7 (211)

where j=-n,--- ,n—1,¢=1,2,3,--- ,2t — 1,t = £ and p > 3 (any integer),

(_1)n+j—1 H
9 _LG 2 ( —4 k=—(n-2)
2 2t |~ 207 2(q+2t)(n+j— Dn—j—1)

)!
where j=—(n—-1),--- ,n—1,¢=1,2,3,--- ,2t —1,t = £ and p > 3 (any integer),

2 () -0 (7)) cyriiea—2)

(g — 2t + 2tk)

(2.12)

o = k . , (2.13)
i 2, (%> (n+j—Dln—j—1)
where j = —(n —2),---,(n—1) and
é“. — LG ' ( 2t ) L2n_2 (;_1?) _ (_1)n+y(2n — 1)' (2 14)
7 — — 3 3 3 .

L 1(2t) n+)Hln—7-—1)!
where j = —(n—1),--- ,(n—1).

Remark 2.1. Justification for the evaluation of Lagrange polynomial at particular
values of z: In the setting of primal parametrization, each p-ary reﬁnement of coarse

polygon of scheme (2.1) replaces the old data f* by new data ka and f; +1 by f klill

The sequence of control points {fF} is related, in a natural way, with the diadic mesh
points d¥ = plk, i € Z. In other words, p-ary refinement (2.1) defines a scheme whereby

f"“rl replaces fF at the diadic mesh point d’“rl = d¥ and fk(jil replaces fF | at the

k+1 e Rl
p(i41) = = d¥_,, while fpito 1s inserted at the new mesh point d;',, =

%(( —a)df +adf, ) fora=1,2,--- ,p—1.

diadic mesh point d*!
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Therefore, we can select the value of z at — 525 (¢ =1,2,--- ,t—1landt = %(p—k 1))
and —5f (¢=1,2,--- ,2t — 1 and ¢t = %) to establish the identities (2.9)-(2.14). In this
paper, © = —527 and # = —3; have been selected. One can also select v = 545 and

x = 4 to proof the above identities. The results of the above lemmas at + = 525 and
x = 4 are same but the final mask of the scheme is obtained in reverse order. Negative
values of z give a proper order of the mask, due to this reason negative values have

been selected to prove the above identities.

3. (2n — 1)-point p-ary interpolating scheme and comparison with existing
schemes

In this section, we present (2n — 1)-point p-ary interpolating subdivision scheme for
any integer n > 2 and any odd integer p > 3. We will see that most of the existing
odd-point interpolating schemes are special cases of our proposed scheme.

3.1. Odd-point odd-ary scheme

If an odd integer p > 3 stands for arity, n > 2 (any integer), ¢t = %(p + 1) and
qg = 1,2,3,--- ,t — 1, then the mask of following (2n — 1)-point p-ary interpolating
scheme

n—1

k+1 __ k
fpi—q - Z af]vjfi+j’
j=—(n-1)
k+1
fitt= 1k (3.1)
k+1 = k
pitq — Z Aq,—j 470
\ j=—(n-1)

can be generated by

famnm) = S 3.2)
{ aq7j:5q7j+’l’}jwq, j:_(n_2)>"' ,(’I’L—l),

where wj is a free parameter, 3, ; and 7); are defined by (2.10) and (2.13) respectively.

Remark 3.1. From the property of Lagrange fundamental polynomials and the con-
struction of scheme, it is clear that the sum of mask coefficients of proposed (2n — 1)-
point p-ary interpolating scheme is one. It can also be proved by induction on n i.e. by
substituting n = 2 in (3.2), we get

Qq,—1 = Wq,
q(g+2t—1)
= - — 2
“0= -1
+2t—1
Gg1 = — q(q ) g,

(g+2t—1)(2t —1)
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This implies 25;1_(2_1) aq,; = 1. For n = 3, we have

Qg,—2 = Wq;,
(g — 2t +1)q(q+ 2t — 1)(q + 4t — 2)

— = _ 4
e 6(q —2t+1)(2t — 1) Y
(g — 2t +1)q(q +2t — 1)(q + 4t — 2)

- 6
hal 2q(2t — 1) + 6eg,
_(g—=2t+Dglg+2t—1(g+4t—-2)
a1 = 3 — alg,

2(q+2t —1)(2t — 1)
oo lg=2t+Dglg+2t—1)(g+4t-2)
" 6(q + 4t — 2)(2t — 1)3 g

Again implies Z?;l_(g_l) aq,; = 1. Similarly for other values of n, Z;L:_i(n_l) aq; = 1.

3.2. Comparison with existing interpolating schemes

Here we see that existing odd-point interpolating schemes are special cases of our
schemes generated by (3.1) and (3.2).

e By letting p = 3 and a; _(,,_1) = u, we get (2n — 1)-point ternary interpolating
scheme of Aslam et al. [1].

e Forp=3,n=2 w =band a = w; — £, we get Hassan and Dodgson’s 3-point

3>
ternary interpolating scheme [5].

e If {p=a,n =2} and { p = a, n = 3}, we get 3-point and 5-point a-ary interpo-
lating scheme of Lian [9] respectively.

e Let p = aand n = m + 1, we get (2m + 1)-point a-ary interpolating scheme of
Lian [10].

e By letting {p = 3, n = 2, w; = v9, v1 = —% +wh {p=3n=3 w = vy

1)1:%+w1},{p:5,n:2,w1:%,w2:%}and{p:7,n:2,w1:4%,
Wy = %, w3 = %}, we get 3-point ternary, 5-point ternary, 3-point quinary and 3-
point septenary interpolating scheme of Mustafa et al. [16] respectively. Similarly
we can easily derive the mask of other odd-point n-ary interpolating schemes

of [16].
e For p = 3 and w1 = u, we get (2n — 1)-point ternary interpolating scheme of
Zheng et al. [19].
3.3. Some new odd-point odd-ary schemes

Here we present some new 3-point ternary, quinary and septenary interpolating
schemes generated by (3.1) and (3.2).
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e By setting p = 3 and n = 2, we get following 3-point ternary scheme

k1 _ ek 4 k 1 k

gy =wiffy + (5 = 2w1) £+ (-5 +wi) fEa

kel gk

5= (3.3)

/AR

k
f3:i-11 = (_% + wl) z'k—l + (% B 20‘)1) fzk + w1 ilz-l'
e By taking p =5 and n = 2, we get following 3-point quinary scheme

S = wafl (- 2w0) fF 4 (<3 +we) fR,

k1l gk 6 k 1 k

sin = Wi+ (5 = 2w1) fF+ (=5 +wi) fi

k1 ok

50— Jio (3.4)

fégz——il_—ll = (_% + wl) z'k—l + (g - 20‘)1) fzk +W1fﬁ+1=

\ 512112 = (_% +w2) fik—l + (% - 2w2) fzk +w2filii-1'

e By putting p = 7 and n = 2, we get 3-point septenary scheme

Tty = wafly 4 (= 2ws) fF+ (=3 +ws) fl,
%tlz = woff, + (% — 2wz) ff+ (_% +w2) fz']ilv
;cl—tll = wlfik_l + (% - 20.)1) flk + (—% +w1) ilil—lv
%ﬂ _ fik’ (3.5)

= (o) + (B —20) fF+afh,
f;gz——il_}? = (_% + wQ) z'k—l + ( - 20.)2) fzk +W2filz_17
Friks = (=% +ws) fly + (7 — 2ws) fF +ws sl

3.4. Tensor product odd-point odd-ary schemes

If an odd integer p > 3 stands for arity, n > 2 (any integer), t = %(p—i—l), A=t+qg—1,
—(pn—t)<a,B<(pn—t)and g =1,2,3,--- ,¢t—1, then tensor product (2n — 1)-point
p-ary interpolating scheme can be written as

{ lefiila,pjw = ”Zl “21 Upltalpm+8J, z'k+l,j+mv (3.6)
I=—(n—1) m=—(n—1)

where
ap =1,
apj = 0, j=-Mm=1),--,(n=1), j#0,
Ax—pn = Wg, 3.7)
Artp(j-1) = Bp—qj T Mjwg, J=—(n—=2),--,(n—1),
aj = a—j, j=—(n—t),-  (pn—1t).

Also wy is a free parameter, 3,_, ; is defined by (2.10) and 7; is defined by (2.13).
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4. 2n-point p-ary interpolating scheme and comparison with existing
schemes

In this section, we present 2n-point p-ary interpolating subdivision scheme for any
integers n > 2 and p > 4. We will see that most of the existing even-point interpolating
schemes are special cases of our proposed scheme.

4.1. Even-point even-ary scheme

If an even integer p > 4 stands for arity, n > 2 (any integer) and ¢ = g, then the
mask of following 2n-point p-ary interpolating scheme

fk—i—l
n

k+1
fpi—-ii_-s = j_—z(;L—l) ap—s,—(l—j)fik+j7 s = 17 27 37 st — 17

k “4.1)
pzilt Z bi(fF it f+y+1)

k41 <
fmu:’ >, ]fﬂ, u=t+1,t+2,---,2t — 1,

j=—(n-1)

can be generated by

Ap—s,—n = Ws,

Ap—s,j = HP—37j+£ij7 s = 172737"' 7t_ 17 (42)
j:_(n_1)7 7(n_1)7

Ay, —n = Wp—u;

Quj =0y +&wpy, u=t+1,t+2--- 2t -1, 4.3)
j:_(n_1)77(n_1)7
bn—l:’}la
. 4.4)
{bjzet,]—i_gj/y) jZO,"',’I’L—2,

where ws, wy—, and v are free parameters, ,_,,;, 0, ; and 6, ; are defined by (2.12)
and ¢; is defined by (2.14).

Remark 4.1. The sum of mask coefficients defined in (4.2) is one. For example by
substituting n = 2 in (4.2), we have

ap—s5,—2 = Ws,
(p—s—2t)(p—s)(p—s+2t)
8t2(p — s — 2t)
(p—s—2t)(p—s)(p—s+2t)
4t2(p — s)

Qp—s,—1 = — 3w,

ap—s,0 = — + 3wy,
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p—s—-2)p—s)p—s+2t)
8t2(p — s+ 2t) ¥

ap_871 =

This implies that Z ‘!, a,_s; = 1. By substituting n = 3 in (4.2), we get

ap—s5,—3 = Ws,
(p—s—4t)(p—s—2t)(p—s)(p—s+2t)(p—s+4t)

—-s5,—2 — -9 ES)
p=s =2 384t (p — s — 4t) “
(p—s—4)(p—s—2t)(p—s)(p—s+2t)(p — s +4)

—s,—1 = — 10 S
p=s—1 96t4(p — s — 2t) L
(p—s—4)(p—s—2t)(p—s)(p—s+2t)(p — s +4)

—s,0 = — 10 E)
p=s0 64t4(p — s) “
(p—s—4t)(p—s—2t)(p—s)lp—s+2t)(p—s+4)

—-s,1 = — 5 S
p=sil 96t (p — 5 + 2t) ow
(p—s—4)(p—s—2t)(p—s)(p—s+2t)(p — s +4)

ap—s,2 = — Wg.

384t1(p — s + 4t)

Again implies 25;1_3 ap—s,; = 1. Similarly for other values of n, Z;L_in ap—sj = 1.

In the same way, we can easily show that the sum of mask coefficients defined in
(4.3) and (4.4) is also one, i.e. >.7" " a,j=1and ) _j = 0”_1bj =1.

j——n

4.2. Some new even-point even-ary schemes

Here we present some new even-point even-arity interpolating schemes generated
by (4.1)-(4.4).

e By setting p = 4 and n = 2, we get following 4-point quaternary scheme

Zﬂ _ z'k7

Py = (B = 30n) £+ (G +300) (=) fhar o
Firks = v+ fha) + (3 +37) (FF + ), '
ity = (—g5 —w1) fEa + (35 +3w1) fF+ (5 — 3w1) fhy + .

e By setting p = 4 and n = 3, we get following 6-point quaternary scheme

k+1 _ ok

4 = Ji>
Fiky = w1ff g + (— 505 — 5W1) fia+ (G + 10m) ff

+ (o1 — 10w1) fF z+1 + (=515 +5w1) flio + (z005 — wi) fs,

fzﬁilz =(ff g+ fi+3) +(—3 w +5) (s f2+2) (4.6)

+ (ﬁ - 10’}’) (fk + z+1)
it = (g —w) flo+ (=25 + 5W1) FEy 4 (35ar — 10w1) fF
+ (gﬁg + 10“)1) fz—i—l + ( 2048 5“)1) fi+2 + Wlfz‘+3-
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e By setting p = 6 and n = 2, we get following 4-point senary scheme

k—i—l f

felfzill =wiff+ (% - 3w1) fi+ ( + 3“)1) i1t ( 752 - wl) ff+27
Forvy = wafloy + (5 = 3w2) fF + (5 + 3wa) £y + (=5 —wa) flia,
Tors =7y + fha) + (14 39) (FF + 7R,
Fores = (=5 —wa) fly + (§ + 3wa) £+ (§ — 3wa) fliy +wafli,

\ foits = (=7 —wn) fEg + (5§ +3w1) fF 4+ (3 = 3w1) fhy +oiflis

4.7)

4.3. Comparison with existing interpolating schemes

Here we see that existing even-point interpolating schemes are special cases of our
schemes generated by (4.1)-(4.4).

e By putting {w; = —1L, v = ——} in (4.5), {w1 = 555, ¥ = 525} in (4.6) and
{w1 = —%, wo = —85—1, v = 16} in (4.7), we get 4-point quaternary, 6-point
quaternary and 4-point senary interpolating scheme of Lian [8] respectively.

o If {p =a,n=2}and {p = a, n = 3}, then from (4.1)-(4.4), we get 4-point and
6-point a-ary interpolating scheme of Lian [8] respectively.

e Let p = a and n = m, then from (4.1)-(4.4) we get 2m-point a-ary interpolating
scheme of Lian [10].
4.4. Tensor product even-point even-ary schemes

If an even integer p > 4 stands for arity, n > 2 (any integer), t = g and 0 < o, 8 <
p — 1, then tensor product (2n)-point p-ary interpolating scheme can be written as

n n
{ f;ila,pj_w = > apl'i‘aapm‘f‘ﬁfik—:i-l,j—i-m? (4.8)
I=—(n—1) m=—(n-1)
where
ag =1,
ap; =0, j=—-(n-=1),....n, j #0,
Up(1—n)+s = Ws» (4.9)
Up(14j)4s = Op—sj + &§iws, s=1,2,3,--- ,t —1,
{ j=—(n=1),-,(n—-1),
Apntu = Wp—u,
Ap(1—j)tu = Ouj +§j—1Wp—u, w=1t+1,t+2,--- 2t — 1, (4.10)

j:_(n_2)7 > 1,
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anp-i-t =7
Ap(i4j)4t = Oty +&—1v, j=0,--- ,n—2, (4.11)
Ap(1+5)+t = A—pj+t, J=0,---,n—1

Also w,, wy—,, and + are free parameters, 0,_s,;, 6, ; and 6, ; are defined by (2.12). &;
and ¢;_; are defined by (2.14).

4.5. Even-point odd-ary scheme

If an odd integer p > 3 stands for arity, n > 2 (any integer) and ¢ = g, then the
mask of following 2n-point p-ary interpolating scheme

f}lyfz—i_l :fik7
n
fk'—‘rlz Z a—,—l—'f'k i 92172737"'1’-_17
pi+g =) p—9,—(1—34)Ji+j 2 (4.12)
n
f]]fz—:-lh: z ahv_jfi]?i-ﬁ h:t+%7t+%72t_17
j=—(n-1)

can be generated by

Ap—g,—n = Wy,
Ap—g,j = Hp—g,j + fnga J= —(n - 1)7 T 7(n - 1)7 (4.13)

— 1
9_172737"' 7t_§7

ap,—n = Wp—h,
QAh,j = HhJ +§jwp—h; j = —(TL - 1)7 e ,(Tl - 1)7 (414)
h=t+3t+3... 2t—1,

where w, and w,,_, are free parameters, 0, ; and 0, ; are defined by (2.12) and ¢; is
defined by (2.14).

4.6. Some new even-point odd-ary schemes

Here we present some new even-point odd-ary interpolating schemes generated by
(4.12)-(4.14).

e By setting p = 3 and n = 2, we get following 4-point ternary scheme

k+1 _ rk
3¢ T Jio

FER = iR+ (3 = 8wr) fF+ (3 +8w1) fE + (=3 —wi) fR,, (415)
Fyie = (=g —wi) fly + (5 +3w1) fF + (§ = 3w1) fl + ol
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e By taking p = 3 and n = 3, we get following 6-point ternary scheme
k—i—l f
k—i—l _ k k 160 k
faihr = wifity + (=g — 5w) fiy + (558 + 10(“’1) fi
5 k
+ ( —10wr1) fE + (—2 243 +5wi) flig + (535 —wi) flis,  (4.16)

fif:%—é_ ( 243 wl) fk ( 243+5w1) fk ( 1 —1Ow1)ff
+ (%gg +10wr) fz—i—l ( 243 — 5w1) fi+2 + Wlfz‘k+3-

e By putting p =5 and n = 2, we get 4-point quinary scheme

f- gt

fEﬁill =wiff,+ (% — 3uwy) fF+ (25 + 3"‘}1) z+1 ( —wi) fik+2’

faih = waffy + (3 — Bw2) 4+ (32 4 3w2) fh + (=55 —w2) fhy, (417)
féﬁ% = (=55 —w2) flLy + (g5 +3w2) £+ (35 - 3“’2) f1 w2 fl,

fé:i-{l = ( % _wl) fik—l (23 +3w1) fk (% _30‘)1) 2+1+w1f2+2

4.7. Comparison with existing interpolating schemes

Here we see that existing even-point odd-ary interpolating schemes are special cases
of our schemes generated by (4.8)-(4.10).

e For {w; = 8% in (4.15)}, {w1 = —5 — #p in (4.15)}, {w; = 55 in (4.16)},
{w1 = 223 win (4.16)} and {w; = %, Wy = —% in (4.17)}, we get 4-point
ternary [2,8], 4-point ternary [6], 6-point ternary [2,8], 6-point ternary [12] and
4-point quinary [10] interpolating schemes respectively.

o If {p =a,n =2} and {p = a and n = 3}, then by (4.12)-(4.14), we get 4-point
and 6-point a-ary interpolating scheme [8] respectively.

e Let p = a and n = m, then by (4.12)-(4.14), we get 2m-point a-ary interpolating
scheme [10].

4.8. Tensor product even-point odd-ary scheme
If an odd integer p > 3 stands for arity, n > 2 (any integer), t = g and 0 < o, 8 <

p — 1, then tensor product (2n)-point p-ary interpolating scheme can be written as

ol n n
{ fpz——il_—a,pj—i-ﬁ = Z Z apl+aapm+ﬁfilz_l,j+ma (418)
I=—(n—1) m=—(n—1)
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where
(a0 =1,
ap; =0, j=—-(n-=1),---,n, j#0,
Ap(1—n)+g = Wg; (4.19)
Ap(14j)tg = Op—gj T &wg, 9=1,2,3,--- ;1 — %,
j=—(Mn=1),--,(n—-1),

Gpn+h = Wp—h,
Qp(1—j)+h = Hh,j +&j—1wp—p, h=t+1,t+2,--- 2t -1, (4.20)
j=—(n-=2),--- ,n.

Also wy and wy,_, are free parameters, 6,_,,; and 6}, ; are defined by (2.12). {; and &;_4
are defined by (2.14).

5. Continuity analysis, applications and error analysis of the schemes

5.1. Continuity analysis
Here we present a brief continuity analysis of one of the proposed scheme.

Theorem 5.1. The 3-point ternary scheme defined by (3.3) is C*! continuous for % <wi <
1

3

Proof. The symbol a(z) of the scheme (3.3) can be written as

1 4 4
a(z) = <—§ +w1> A w12_2 + <§ — 2w1> 1+ <§ — 2w1> z

1
+ w1z2 + <—§ —|—w1> 2t

This implies

a(z) = (”Z—M)Qbu),

322

where

b(z) = (=3 +9w;) + (6 — 18wy) z + (=3 + 18wy) 2% + (6 — 18wy ) 23
+ (—3 + 9&)1) 24.

Let S, be the scheme corresponding to the symbol b(z). Since

:(%)max Z\bgj\,Z‘bsj—H‘?Z‘bi%j—kZ’ ,

JEZ. JEZ. JEZ

s

o
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then for 2 < w; < 1, we have

1 1
Hng = <§> max{| — 3+ 9wy | + |6 — 18w |,| — 3 + 18w |} < 1.
Therefore by [4, Corollary 4.11], the scheme S, is C'. O

Similarly we can easily make continuity analysis of rest of the proposed schemes
by using Laurent polynomial formalism. Tables 1-3 show the parametric ranges of
continuities of (2n — 1)-point and (2n)-point p-ary interpolating schemes for n = 2, 3,4
and 5. From these tables, we observe that continuity, in general, do not increase by
increasing the complexity and arity of the schemes.

Table 1: The ranges of parameter for continuity of (2n — 1)-point ternary scheme for n = 2,3,4 and 5.

Scheme Parameters Continuity

: 2 1 1
3-point ternary | § <wi < 3 C

: 5 7 2
5-point ternary | —13s < w1 < — 163 C

. 49 43 2
7-point ternary | 55 < w1 < 557 C

: 116 125 2
9-point ternary | —zz=g7 < w1 < —3367 | C

Table 2: The ranges of parametric continuity of (2n)-point ternary scheme for n = 2,3,4 and 5.

Scheme Parameters Continuity
4-point ternary | —% < w; < — 1= C?
6-point ternary | w31z < w1 < g C?
8-point ternary | — ;2L <w; < —g2k | C?
10-point ternary | 52l < wy < 222l | C?

Table 3: The ranges of parameter for continuity of (2n)-point quaternary scheme for n = 2,3,4 and 5.

Scheme Parameters Continuity
: 5 1 _ 1 2
4-point quaternary | —g7 <wi1 < —5, 7= —1g C
: 43 59 _ 3 2
6-point quaternary | 555 < w1 < 15955 Y = 355 C
: 395 267 _ __5 2
8-point quaternary | —4355 < W1 < — 1310730 ¥ = — 3015 | C
: 7059 11155 _ _35 2
10-point quaternary | {grsrs < Wi < Terrmis> Y = w536 | C

In Fig. 1(a), the effect of parameters of 3-point ternary interpolating scheme on
limit curve is shown. This figure is exposed to show the role of parameter when 3-point
ternary interpolating scheme is applied on discrete data points. From this figure, we
see that the behavior of the limiting curve acts as tightness/looseness when the value
of parameter vary. There is very slight difference between error bounds of 4-point
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Effect of parameter on limit curve Effect of parameter on limit curve
of 3-point ternary scheme of 4-point quaternary scheme

Initial polygon
9

17128

-3
10
21
320

4
{ |

(a) (b)

Figure 1: (a) Presents comparison among limiting curves generated by 3-point ternary scheme (3.3) and
initial polygon, (b) Presents comparison among limiting curves generated by 4-point quaternary scheme
(4.5) and initial polygon.

quaternary interpolating scheme at different values of parameter. So small effect of
parameter on limiting curve generated by 4-point quaternary interpolating scheme is
observed i.e. the limiting curve overlap for different values of parameter as shown in
Fig. 1(b).

5.2. Applications

Here we give comparison among different schemes (w.r.t. arity and complexity)
with the same set of initial control polygons to show their visual performances. We
consider both close and open polygons cases to give comparison of visual behaviour of
proposed schemes. In Fig. 2, initial close polygons are taken and represented by dashed
lines while the solid curves are obtained by proposed schemes at first subdivision level.
In Fig. 3, initial open polygons are taken and represented by dashed lines while the solid
curves are obtained by proposed schemes at first subdivision level. From theses figures,
we conclude that the higher arity schemes need less subdivision levels/iterations to
produce smoother curves and converge to limit curve faster as compared to the lower
arity schemes. The main purpose to give comparison at first level is to provide the clear
visual differences among the refined polygons produced by different schemes. Fig. 6
shows the visual performance of 3-point tensor product ternary interpolating scheme
with parametric value wy = %. In this figure 6(a), 6(e) and 6(i) show the initial
polygons whereas 6(b), 6(f) and 6(j) are obtained at first iteration level, 6(c), 6(g) and
6(k) are obtained at second iteration level and 6(d), 6(h) and 6(1) show the smooth
shading results produced by 3-point tensor product ternary interpolating scheme.
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(d) 4-point ternary (4.15) (e) 4-point quaternary (4.5)  (f) 4-point quinary (4.17)

Figure 2: Comparison among different subdivision schemes with same set of initial close control polygons:
Dashed lines represent initial close control polygons while solid curves are generated by 3-point ternary (3.3),
3-point quinary (3.4), 3-point septenary (3.5), 4-point ternary (4.15), 4-point quaternary (4.5) and 4-point
quinary (4.17) subdivision schemes at first subdivision level.

(a) 4-point ternary (4.15) (b) 4-point quaternary (4.5) (c) 4-point quinary (4.17)

Figure 3: Comparison among different subdivision schemes with same set of initial open control polygons:
Dashed lines represent initial open control polygons while solid curves are generated by 4-point ternary
(4.15), 4-point quaternary (4.5) and 4-point quinary (4.17) subdivision schemes at first subdivision level.

5.3. Error analysis

We have computed error bounds between limit curve and their control polygon af-
ter k-fold subdivision of (2n — 1)-point and (2n)-point p-ary interpolating schemes for
different values of n and p by using [15] (Eq. (18), with x = 0.1). The effect of param-
eters on error bounds between k-th level control polygon (i.e. £k =1,2,--- ,7) and limit
curves are shown graphically in Fig. 4. It is clear from Fig. 4 that as we increase value
of parameter from left to right in the specified range (given in Tables 1-3) of paramet-
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Effect of different values of parameter on Effect of different values of parameter
error bounds of 3-point ternary scheme on error bounds of 4-point quaternary
. scheme for y =-1/16
0.184" .
0164 . 11 0'06'\:‘-.
N S, = — v
0144 145 0_05-\\". 21
SR SR C e =50
0.121 ® =73 004 \ 1 3320
E 0.10- ol 14 E \ @ =
A ®1 =55 0031\ 40
0.08 \ - § e -9
006 '\ " 0.02- % 1 128
00e N\ R 0.01 \
0021 U “w it
S —_ T 1 2 3 4 5 6 7
1 2 3 4 5 6 7 K
K
(@) (b)

Figure 4: Significant effects of parameters on error bounds. K presents level of scheme and E presents the
error bound.

0.309

0.254

0.20

0.154

0104,

0.05

(b)

Figure 5: (a) Presents comparison among error bounds of odd-point ternary interpolating scheme, i.e.,
for T=3,5,7,9, (b) Presents comparison among error bounds of even-point ternary interpolating scheme,
i.e., for T=4,6,8,10, (c) Presents comparison among error bounds of even-point quaternary interpolating
scheme, i.e., for T= 4,6,8,10. Here K presents subdivision level, E presents error bound and T presents
complexity of subdivision scheme.

ric continuity of the scheme the error bounds decrease. Similar results can be obtained
for (2n — 1)-point and 2n-point interpolating scheme for n > 3. In Fig. 5 graphical
representation of error bounds of odd-point ternary, even-point ternary and even-point
quaternary schemes is shown. We take mid-points of the parametric intervals given in
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SN\
711

§4
&

(d)

(h)

1 (€9] ()

Figure 6: (a), (e) and (i) are initial polygons while (b), (f) and (j) are obtained at first subdivision level,
(c), (g) and (k) are obtained at second subdivision level and (d), (h) and (1) are final shaded smooth results
of 3-point tensor product ternary scheme.

Tables 1-3 for the continuity of schemes and then calculate error bounds at different
subdivision levels. From Fig. 5 and in general, we have the following conclusions: Er-
ror bounds decrease with the increase of subdivision levels. Error bounds are directly
proportional to the complexity of the schemes and decrease with the increase of arity
of the schemes.

6. Conclusion

In this article, we offered (2n)-point and (2n — 1)-point p-ary interpolating scheme
for any integers n > 2 and p > 3. Moreover, 3-point and 4-point ternary interpolating
scheme of Hassan et al. [5, 6], Jian-ao Lian’s 3-point, 5-point, 4-point, 6-point, (2m)-
point and (2m + 1)-point a-ary interpolating schemes [8-10], (2n — 1)-point ternary
interpolating schemes of Zheng et al. [19], (2n — 1)-point ternary interpolating scheme
of Aslam et al. [1] and odd points n-ary interpolating scheme of Mustafa et al. [16]
are also special cases of our family of scheme. We also have presented tensor prod-
uct version of the proposed generalized and unified family of interpolating schemes.
Furthermore, we have concluded that error bounds between limit curve and control
polygon of subdivision scheme at k-th level decrease with the increase of arity of the
scheme. We also observed that error bound is directly proportional to the complexity
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of the schemes. In general, we determine that continuity of interpolating schemes do
not increase by increasing the complexity and arity of the schemes.
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