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Abstract. A new numerical method based on locally modified Cartesian meshes is
proposed for solving a coupled system of a fluid flow and a porous media flow. The
fluid flow is modeled by the Stokes equations while the porous media flow is mod-
eled by Darcy’s law. The method is based on a Robin-Robin domain decomposition
method with a Cartesian mesh with local modifications near the interface. Some
computational examples are presented and discussed.
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1. Introduction

The coupled Stokes-Darcy system has recently attracted much attention among re-
searchers. Its applications include flows across interfaces between soil and surface,
in areas from oil extraction to bio-medicine. Although individually, the equations for
the Stokes-Darcy flows are straightforward and well established, when these two PDE
systems are coupled across an interface, there are challenges. The interface condi-
tions between these two systems are the key part. Several conditions have been pro-
posed [2,8,14]. In this paper, we consider the well accepted Beavers-Joseph-Saffman
(BJS) [8,9,14] interface condition. The existence and uniqueness of weak solutions for
the Stokes-Darcy system with BJS interface condition have been proven [10]. Consider

*Corresponding author. Email addresses: zwang24@ncsu.edu (Z. Wang), zhilin@ncsu.edu (Z. Li),
lubkin@ncsu.edu (S. Lubkin)

http://www.global-sci.org/nmtma 435 (©2014 Global-Science Press



436 Z. Wang, Z. Li and S. Lubkin

the coupled Stokes-Darcy system on a bounded domain 2, U Q; € R?. The motion of
the fluid in Q is modeled by the Stokes equations

—V'T(Uf,pf) :f, (1.1)
V-uy = 0, (1.2)

where uy is the fluid velocity, p; is the kinematic pressure, and f is the body force.
T(uy,py) = 2vD(uy)—pyILis the stress tensor and D(uy) = 3(Vuy+v7uy) is the strain
rate tensor. V and V- represent gradient operator and divergence operator respectively.
The parameter v > 0 in the stress tensor is the kinematic viscosity of the fluid.

In the porous media region (2,, the fluid motion is modeled by Darcy’s law

u, = —Kv¢,, (1.3)
vV-u, =0, (1.9

where u, is the fluid velocity, K is the hydraulic conductivity tensor, and ¢, is the
hydraulic head.

OnT = Q; N, let n; denote the unit outward normal vector from €2, at I" and
n, denote outward normal vector from 2, at I'. 7; (j = 1,--- ,d — 1) represents unit
tangential vectors on I' following right hand rule. See Fig. 1 as an example of the
domain. Along the interface I, if we assume the nondimensional porosity of the Darcy
region is 1, we have the mass conservation condition across I'":

Uy -ny = —u,-n, (1.5
The second interface condition is the balance of normal stress across I':
—ny - (T(us,py) -ng) = gop, (1.6)

where g is the acceleration parameter. As the fluid is viscous, a condition for tangential
fluid velocity is needed [10]. A simple assumption is free slippage along I, 7; - uy = 0.

Figure 1: Sketch of a free flow region Qf, a porous media region ,, and the interface I', the normal
direction ny and tangential direction 7;, as well as boundary 9€.
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But in [2], it is shown that boundary condition agrees with experimental evidence
when slip of velocity is proportional to shear stress along I'. This leads to the full
Beavers-Joseph interface condition:

Vi

7 (uy —up) = T (=7, - (T(uy, py) - ny)), (1.7)
1
where k; = 7; - vK - 7}, and a; is some constant. It turns out that the term 7, - u,
is much smaller compared with other terms [2]. In this way we can get the simplified
BJS interface condition [9,14] which is derived from a statistical approach:

—7j - (T(uy,py) -n5) = at; - uy. (1.8)

These interface conditions ensure the continuity of velocity and stress in the normal
direction across the interface, but the pressure can be discontinuous [6].

The domain decomposition method has been studied by other researchers. The
domain decomposition method based on Dirichlet-Neumann type boundary condition
is discussed in [5], but it is shown that the method is sensitive to the choice of the
kinematic viscosity v and the hydraulic conductivity tensor K [6]. The Robin-Robin
type domain decomposition method is proposed in [3,4,6]. In [6], the Robin-Robin
domain decomposition method has been applied to a simplified BJS interface condi-
tion. In [4], the parallel Robin-Robin domain decomposition method is carried out for
the BJS interface condition and convergence analysis is presented. In [3], the system
with BJ interface condition is analyzed, and both parallel and serial domain decom-
position methods are constructed. For some complicated domain structures, the mesh
generation process might be expensive. In this paper, we consider the locally modified
Cartesian mesh method [1,15]. The main idea of this method is to modify the points
at the interface and make them nodal points. Only the points around the interface will
be altered and the corresponding mesh will become body fitted. More importantly, the
mesh generation cost is negligible as the mesh is transformed from a Cartesian mesh.
This method has several applications such as conforming and non-conforming finite el-
ement method for elasticity interface problems [7,11-13]. The objective of this paper
is to discuss the feasibility of the Robin-Robin domain decomposition method based on
a locally modified mesh and compare the efficiency of unstructured mesh with locally
modified mesh.

The paper is organized as follows. In Section 2, we introduce the Robin-Robin
domain decomposition method. In Section 3, we discuss the method of locally modified
mesh. Finally, in Section 4, some computational examples are presented.

2. Weak formulation and Robin-Robin domain decomposition method

We assume ¢, and u; are 0 on the boundary 02 and define the following functional
spaces
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Hf :{Vf c (Hl(Qf))d|Vf =0on an\F}, (2.1)
Q = L*(Qy), (2.2)
H, = {4, € H'(Q,) | ¥, = 0 on 9Q,\T'}. (2.3)

The following bilinear forms are defined as

CLf(llf,Vf) = 2V(D(Uf),D(Vf)) on Qf, (24)
ap(¢l’v¢p) = (Kqup, W/)p) on Q;lh (25)
bf(Vf,pf) = —(V : Vf,pf) on Qf. (2.6)

From [3,4, 6], the weak formulation of the coupled system becomes: finding (uy,py)
€ Hy x Q, ¢, € Hy, such that

agp(ur,ve) +bp(ve,pf) + gap(dp, ¥p) + (9bp, vy - 1p)
—(guy -np,Y,) + (Prup, Prvy) = (f,vy) Vvye Hy, o, € Hy, (2.7)
bf(llf,Qf) =0 qu €Q, (2.8)

where (-, -) denotes L? inner product, (-, ) denotes L? inner product along the interface

I', and
d—1

P,us = Z(uf S Tj)Tjs (2.9)
j=1

where P, denotes projection onto tangential space following right hand rule. vy, qf
and 1, are the corresponding test functions.

Next, we will introduce the Robin-Robin domain decomposition method which is
constructed by imposing Robin boundary conditions for the coupled Stokes-Darcy sys-
tem on the interface. We put tildes above some variables to distinguish them from
previous notations.

First, let’s consider the Robin boundary condition for the Stokes system

nf-(T(ﬁf,j)’f)-nf)—i-’yfﬁf'nf:nf on I, (2.10)

where vy > 0 is a constant, 7y is a function evaluated on I'. With the boundary con-
dition on I', the weak formulation of the Stokes equations becomes: finding (s, py) €
H; x @, ny € L*(T) such that

ap(Uy,vy) +0p(Vi,pp) + (05 -myp, vy -np)
+a<PTﬁf,Pva> :(f,vf)—l—(nf,vf-nf> VVf EHf, (2.11)
bf(ﬁf,qf) =0 qu €Q. (2.12)

Next consider the Robin boundary condition for Darcy’s law

7KV, - n, +gd,=mn, onT, (2.13)
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where 7, > 0 is a constant and 7, is a function defined similar to 7, unless on €2,,. The
weak formulation of Darcy’s law becomes: finding ¢, € H,, n, € L?(T') such that

’Ypap((gmibp) + <9‘Z~5p7¢p> = (np,¥p) Vi, € Hp. (2.149)

We combine these weak formulations together. If 7y and 7, are given, there exists a
unique solution (ay,ps) € Hy x Q, ¢, € H), such that

ag(Uy,vy) +bp(vy,pf) +vp(Uy-np, vy -ng)
+ 7pap(¢ilh ¢p) + <g¢p7 T;Z);D> + a<PTﬁf7 PTVf>
= (f,Vf) + <77f,Vf . Ilf> + <77p,7[)p> Vvye Hy, VY, € Hp, (2.15)
bf(ﬁf,qf) =0 qu €Q. (2.16)
Finally, to determine appropriate values of functions 7, and 7,, we refer back to
Egs. (2.7), (2.8), which are the weak formulations of the Stokes-Darcy system with BJS
interface condition.~Eqs. (2.7), (2.8) and (2.15), (2.16) are consistent, i.e., uy = uy,

pr = py and ¢, = ¢,. By subtracting (2.7), (2.8) and (2.15), (2.16), we can get the
following equation

7f<uf ‘g, vy nf> + ’Ypap((lspal/}p) + <g¢pa¢p> - gap((bpywp) - <g¢p7vf : nf>

:<T]f,Vf . nf> + <T]p,1/1p> VVf e Hf, V¢p € Hp. (217)
We obtain
(ng —yfus -ng+gpp, vy -ng) =0 Vvye Hy, (2.18)
<77p - 9¢p77/):n> - (719 - g)ap(ﬁbp,wp) =0 Vi, € Hy. (2.19)
Note that 7, and 7y satisfy
nf ="puf-ng— gop, (2.20)
p = YUy - D5 + gy, (2.21)

where v, = v, — g. We can simply evaluate v, as v, without loss of generality and we
deduce

N =Yfus-ng — gop, (2.22)

p = YpUs - 0f + gPp. (2.23)

Therefore, we have the following algorithm of Robin-Robin domain decomposition

method [3,4,6]:
1: For k=1,2,--, solve the Stokes system (2.11), (2.12) and the Darcy system (2.14) sepa-
rately, i.e., finding (u},p}) € Hy x Q, ¢} € H,, such that

ay(uf, vy) +be(ve,pf) +yp(uf -nyp, vy -ng) + a(Pruf, Prvy)

=(f,vy) + (n}?,vf ‘ny) Vvye Hy, (2.29)

b(uf,qp) =0 Vs €Q, (2.25)

ap(Dp, Vp) + (g5, Vo) = (M5, 1p) Vb € Hp. (2.26)
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71y and 7, are updated at each loop as

771;+1 _ ﬁns i (_ 1— ﬁ)g ’;7 (2.27)
Tp Yp
my Tt = =0+ (vp +p)uf - ny. (2.28)

Initial values of 7, and 7y are chosen arbitrarily. Conditions (2.27), (2.28) are necessary
for the convergence of this algorithm. Convergence analysis of this algorithm can be found
in [3,4,6]. We refer readers to that elegant proof.

3. Local modified Cartesian meshes

In this section, we explain how to get a locally modified Cartesian mesh from a
uniform Cartesian mesh. The idea of this method is to perturb the triangulations while
keeping the number of nodal points unchanged. The procedure is easy to follow and is
shown below:

1:

Generate a Cartesian grid. For simplicity, in this paper, we consider a rectangular grid and
take the step size the same in both x and y direction.

. Locate the intersection of the interface and the grid line. Fig. 2 shows the grid lines and the

location of the interface. If the intersection lies between [x; — h/2,2; 4+ h/2] X [y;i — h/2, y; +
h/2], we call the point [x;,y;] an irregular point. Otherwise, we call it a regular point.

For each irregular point, replace it with an intersection point as a new nodal point. If there
is more than one intersection point, the one with smallest distance to the irregular point will
be taken. In Fig. 3, the grid point P is an irregular point because the intersection point is
within the small dashed rectangle. P1 and P2 are the intersection points. As the distance
d(P, P1) < d(P, P2), we take P1 as a new nodal point as demonstrated in Fig. 4.

Use the modified nodal points to build triangulations and form a body fitted mesh.

Figure 2: Sketch of the grid lines and the interface without mesh modifications.
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Figure 3: An example of an irregular point and the interface. P1 and P2 are the two points of the intersection
between interface I and grid lines within the small dashed square [z; — h/2,z; + h/2] X [ys — h/2,y; + h/2]
of irregular point P. The area on the left of I is Q2f, on the right is €2,.
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Figure 4: An example of a modified point. Point P is replaced by point P1 and the total number of nodal
points remains unchanged.

It has been proven in [1] that if the interface I' € C?, the accuracy of the approximation
of the interface I' is O(h?). Fig. 5 is an example of the locally modified mesh in which
the interface is a circle. We can see that only the points around the circular interface
are altered and the total number of nodal points remain unchanged.

4. Numerical examples

In this section we present two numerical examples of the coupled nondimensional
Stokes-Darcy system with a circular interface. Consider a case in R2. Let 2; be a unit
circle centered at (0,0) with radius 1. €2, is the square of [-2,2] x [-2,2] outside the
unit circle. See Fig. 6 as an illustration. The unstructured mesh is shown in Fig. 7 while
the locally modified mesh is constructed and is shown is Fig. 5. For simplicity, choose
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Figure 5: A locally modified mesh example where step number n = 32 (32 points on each side of the square)
in both x and y direction. The triangulations are built using the modified nodal points.

Figure 6: A computational example with circular interface I'.

v=1,¢9g=1, K =1, a = 1. An analytic solution of (2.7), (2.8) is given by

up =y(a® +y? =3), wp= -2 +y’=3), pr=2+y’,
fl=-8y+2x, fr=8:+2, ¢=1L (4.1)

The boundary conditions on 0f2 are determined accordingly. These analytic solutions
satisfy the Stokes-Darcy system with circular interface as well as the BJS interface con-
dition. For the finite element approximation, the Taylor-Hood element pair is used for
the Stokes equations which is quadratic in velocity and linear in pressure. A linear
finite element space is used for Darcy’s law. The dimension of finite element space of
the coupled Stokes-Darcy system is consistent on the interface. As discussed in [3,4,6],
we choose v; = 3, for convergence of the algorithm. In Table 1, the H! norm error
of velocity uy, and the L? norm error of uy, py and ¢, are reported. Table 2 shows
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Figure 7: An unstructured mesh example where step number n = 32 in both x and y direction.
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Table 1: An error report of unstructured mesh method with various step numbers.
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Step number n | L* error of uy | H' error of uy | L? error of p; | L? error of ¢,
16 7.83e-2 2.02e-1 5.34e-2 1.61e-2
20 5.11e-2 1.45e-1 4.31e-2 1.26e-2
32 2.02e-2 8.2%e-2 2.09e-2 8.02e-3
40 1.29e-2 6.80e-2 1.31e-2 6.20e-3
64 5.01e-3 5.02e-2 4.11e-3 3.84e-3
80 3.25e-3 4.34e-2 3.08e-3 3.11e-3
128 1.28e-3 3.53e-2 2.41e-3 2.02e-3

Table 2: An error report of locally modified mesh method with various step numbers.

Step number n | L? error of uy | H' error of uy | L? error of py | L? error of ¢,
16 3.74e-2 1.14e-1 4.21e-2 1.07e-2
20 2.73e-2 9.71e-2 2.71e-2 1.06e-2
32 1.18e-2 6.36e-2 1.20e-2 6.36e-3
40 6.90e-3 5.40e-2 7.61e-3 5.26e-3
64 2.50e-3 4.11e-2 3.40e-3 2.94e-3
80 1.75e-3 3.74e-2 2.91e-3 2.57e-3
128 6.70e-4 2.90e-2 2.01e-3 1.71e-3

the error report based on locally modified mesh method. We compare the two methods
(Table 3) for a locally modified mesh of 2048 elements and an unstructured mesh of
2100 elements (260 Stokes, 1840 Darcy). The two methods have comparable error.
Therefore the method of locally modified mesh is not only free of mesh generation, but
also provides comparable accuracy. Table 4 compares convergence order as the slope
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Table 3: A comparison of the two methods based on a similar number of triangulations.

Method Elements | L? error of u; | H' error of us | L? error of p; | L? error of ¢,
unstructured mesh 2100 1.43e-2 7.11e-2 5.74e-3 6.70e-3
locally modified mesh 2048 1.18e-2 6.36e-2 1.20e-3 6.36e-3

Table 4: A comparison of the convergence order of unstructured mesh and locally modified mesh.

Unstructured mesh | Locally modified mesh
Quantity | Norm | Slope R? Slope R?
uy > | 1.98 0.99 1.97 0.99
u; H' | 0.83 0.96 0.67 0.98
s L* | 1.67 0.97 1.44 0.96
bp L* | 101 0.99 0.94 0.99

of the log-log plots of error against grid fineness n. As usual, the H' norm error of uy
is approximately one order less than the L? norm error of uy. Fig. 8 shows the velocity
computed using the locally modified mesh for the example (4.1).
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Figure 8: A plot of the fluid velocity in the coupled Stokes-Darcy system for the example (4.1). As ®,=1,
the fluid velocity in porous media region €2, in this case, outside the unit circle, is 0.

We now provide a more realistic example. In Fig. 9, a simulation of the Stokes-
Darcy interaction is shown by assuming the fluid velocity on the boundary is (0, —1).
The parameter values v, g, K and « are set the same as in the previous example. The
overall flow is downwards with faster flow in the Stokes region due to the coupling at
the interface, corresponding to flow in a void in a porous medium such as soil.
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Figure 9: A simulation of the Stokes-Darcy interaction with parameters v =1, g =1, K=T1and a = 1.
The fluid of Darcy's law moves downwards and interacts with the fluid of Stokes equations.

5. Conclusions

In this paper we discussed the Stokes-Darcy system. A set of analytic solutions is
constructed for the coupled system with a circular interface. The methods of locally
modified mesh and unstructured mesh are compared and the Robin-Robin domain de-
composition with locally modified mesh provides comparable accuracy and conver-
gence order to that with an unstructured mesh. For the Stokes-Darcy system with
complex domain structures, the Robin-Robin domain decomposition method based on
a locally modified mesh might be more efficient then a potentially costly unstructured
mesh. For future research, the full Navier-Stokes equations coupled with Darcy’s law
shall be an interesting topic.
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