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Abstract. A modified polynomial preserving gradient recovery technique is proposed.
Unlike the polynomial preserving gradient recovery technique, the gradient recovered
with the modified polynomial preserving recovery (MPPR) is constructed element-wise,
and it is discontinuous across the interior edges. One advantage of the MPPR technique
is that the implementation is easier when adaptive meshes are involved. Superconver-
gence results of the gradient recovered with MPPR are proved for finite element meth-
ods for elliptic boundary problems and eigenvalue problems under adaptive meshes.
The MPPR is applied to adaptive finite element methods to construct asymptotic exact
a posteriori error estimates. Numerical tests are provided to examine the theoretical
results and the effectiveness of the adaptive finite element algorithms.
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1. Introduction

Gradient recovery has been widely used for a posteriori error estimates (see, e.g.,
[1,4,9,12,20,21,25,26,32,34-37]). Comparing with the a posteriori error estimates
of residual type (see, e.g., [1,2,7,10,16,17,22,24]), the a posteriori error estimates based
on gradient recovery have the advantages of problem-independence and asymptotic exact-
ness. Although the effectiveness of using the a posteriori error estimates based on gradient
recovery in adaptive finite element methods have been demonstrated by many practical
applications, most theoretical results assume uniform meshes and sufficiently smooth solu-
tions (see, e.g., [5,8,14,15,18,27,28,30,31,33]). Recently, Wu and Zhang [25] consider
adaptive finite element methods for elliptic problems with domain corner singularities and
prove a superconvergence result for recovered gradient by the polynomial preserving re-
covery (PPR) as well as the asymptotic exactness of the a posteriori error estimate based
on PPR under two mesh conditions. One condition is similar to but weaker than the Con-
dition (a, o) used for uniform meshes (cf. [18,27,30,31]). Another one is a mesh density
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condition. The two conditions are verified numerically by real-life adaptive meshes (see,
e.g., [25,26]). The results in [25] have been applied to enhance the eigenvalue approxi-
mations by the finite element method (see [26]).

Let Q C R? be a bounded polygonal domain with boundary 8Q. Let ., be a regular
triangulation of Q, &, be the set of all interior edges, and .44, be the set of all nodal points.
Assume that the origin O € #;, and any triangle T € .4, is considered as closed. Let th =

{vh v, € HY(Q), vy, € Pi(7), VT//th} be the conforming finite element space associated
with ;. Here P, denotes the set of polynomials with degree < k. We remark that we will
use the total degrees of freedom N (instead of the maximum mesh size h) to measure the
rate of convergence. However, for notational convenience, we are still using h as an index.

Given a continuous function ¢, the recovered gradient by PPR, Gy, is a vector function
in th X th that is defined as follows [18,19]. For a node z € A4, we select n > (k+2)(k +
3)/2 sampling points z; € A, j = 1,2,---,n, in an element patch w, containing z (z is
one of z;), and fit a polynomial of degree k + 1, in the least squares sense, with values of
¢ at those sampling points. In other words, we are looking for p;,; € %, such that

(Prs1 = 9)(z) = min > (g 9)*(z). (1)
=1 k+1 =

The recovered gradient at z is then defined as

Gro(2) = (Vpr41)(2). (1.2)

Suppose u is an unknown solution and u;, € th is an approximation of u. If Gyuy, is a better
approximation than Vu;, then we can use HGhuh - Vuh” as an a posteriori error estimate
of HVu — VuhH.

Note that the recovered gradient by PPR is constructed node-wise. In the case of adap-
tive refined meshes, the number of elements surround a node may varies for different
nodes. This makes the implementation of PPR on adaptive meshes a little complicated, in
particular dealing with the boundary nodes. Inspiring by the fact that the local a poste-
riori indicators are usually calculated element-wise, we introduce a modified polynomial
preserving gradient recovery which is construct element-wise. That is, for any element
T € My, we choose sampling points from the nodes in an element patch w, containing 7
and construct recovered gradient on 7. For interior element 7, the element patch w, can
be chosen as the union of T and the three elements that have common edges with 7. Note
that w. has the same topology structure for interior elements. We refer to Fig. 1 for some
possible choices of sampling points. For an element T whose one edge is on the boundary
of Q, a simple choice of w is w,/, where 7’ is an interior element that has a common edge
with the element 7.

In this paper, we extend the results in [25] and [26] on PPR to the case of the modi-
fied polynomial preserving recovery (MPPR). We first consider the application of recovered
gradient by MPPR to adaptive finite element methods for elliptic problems. The supercon-
vergence of the recovered gradient by MPPR and the exactness of the a posteriori error esti-
mate based on MPPR are proved for the Poisson’s equation under the two mesh conditions
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Figure 1: Possible choices of sampling points for an interior triangle 7 for the linear (left) and quadratic
(right) elements.

introduced in [25]. By shifting the error estimator in the standard residual based adap-
tive finite element method from residual based to recovery based, we have obtained the
same numerical convergence rate following the same mark-up and refinement procedure
for two model problems — the Poisson’s equation on the cracked square and a checkerboard
problem with discontinuous coefficient. We demonstrate that the meshes produced by the
standard adaptive procedure in both of our model problems indeed satisfy the two mesh
conditions. Superconvergences of the recovered gradients by MPPR are observed for both
of our model problems, although our current theoretical results do not cover the case of
discontinuous coefficients.

Secondly we consider the application of recovered gradient by MPPR to adaptive finite
element methods for finding eigenvalues of the Laplace operator. Let (4;,u;) be the j-th
eigenpair and let (A5, u;,) be its finite element approximation. Denote by @hujh the re-

is an asymptotic

covered gradient by MPPR from uj;. It is proved that H@hujh —Vu J'hHiz(ﬂ)

exact a posteriori error estimative for A;;, — A; and therefore

= Ajn = || Guatjn — V“jh”izm)

is a better approximation than Aj;,. The theoretical results are verified numerically by an
eigenvalue problem on the cracked disk. The effect of choosing different discrete eigen-
functions in the a posteriori error estimates on the errors of discrete eigenvalues is also
discussed. Upon the numerical tests, we suggest to use the a posteriori error estimates
based on the j-th discrete eigenfunctions if only the j-th eigenvalue is cared, and to use
the a posteriori error estimates based on the 1-st discrete eigenfunctions if the first £ eigen-
values are all needed, where { is a positive integer.

Throughout the paper, we use the notation A < B to represent the inequality A <
constant x B, where the constant depends only on the minimum angle of the triangles in
My, the domain 2, and the constant 6 that characterizes the singularity of the solution
(see (2.1) and (2.2)). The notation A=~ B is equivalent to A < B and B S A.
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The layout of the paper is as follows. In Section 2, we recall the two mesh conditions
introduced in [25] and a superconvergence result on the PPR operator. The MPPR op-
erator is introduced in Section 3. Superconvergence results of the recovered gradient by
MPPR are established. We discuss the applications of recovered gradient by MPPR to the a
posteriori error estimates for finite element methods for elliptic problems in Section 4 and
for eigenvalue problems in Section 5.

2. Preliminary

In this section we recall the two mesh conditions introduced in [25] and some super-
convergence results.

Suppose the origin O is a vertex of . In this paper we are interested in the function u
that has a singularity at the origin O and can be decomposed as a sum of a singular part
and a smooth part:

u=v+w, 2.1
where
omy 5— om™w ]
e e— Sr ™ and e — 51, m=1,---,k+2, 1=0,---,m. (2.2)
axlaym i axlaym i

Here r = 4/x?+ y? and 0 < 6 < k + 1 is a constant. Here k = 1 for linear finite element
and k = 2 for quadratic finite element.

We remark that the solutions of the elliptic problems and eigenfunctions of the eigen-
value problems considered in this paper do have decompositions as above (see, e.g.,
[11,25,26]).

2.1. Mesh quality

We first introduce some notation (See Fig. 2). For an edge e € &,, which is shared by
two elements T and 7/, let 2, = T U 7’ be the patch of e, h, denote the length of e, and r,
be the distance from the origin O to the midpoint of e. For any 7 € .4}, we denote by h,
its diameter and by r, the distance from the origin to the barycenter of 7.

Given an interior edge e € &,, we say that Q, is an ¢ approximate parallelogram if the
lengths of any two opposite edges differ only by &.

Figure 2: Notation in the patch ,.
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Definition 2.1. A family of triangulations {_#;} is said to satisfy Condition (a, o, u) if there
exist constants a > 0,0 < o < 1, and u > 0 such that the interior edges can be separated
into two parts &, = &1, ® & p: Q, forms an €, parallelogram with €, S h}f”‘ [re 1) for
e € &, and the number of edges in &, j, satisfies #&5, S NC.

Remark 2.1. The meaning of Condition (a,c,u) is the following. The edges can be
grouped into “good" (&; ) and “bad" (&, ), where the number of bad edges are much
smaller than that of good edges. The ratio is
g
#& _ N 1

#6,,° N NI

When r, = 0(1), i.e., an edge e is far away from the singular point O, more restrictions
are put on the triangle pair with the common edge e. The mesh condition requires that
the two triangles form an 0(h(1e+a) parallelogram, which is the same as in previous works
(see, e.g., [18-20,27]). When e is in a neighborhood of O, if h, ~ re1+“(1_a)/a, then
the condition (a, o, u) is fulfilled by those edges such that Q, is an @(h,) parallelogram,
which means no restriction at all. Roughly speaking, number of edges in & ; that have no
restriction imposed is (N'™%) if h, = r%_“ h* for any T € #),. Here h and u are positive
constants. An explanation is given in [25].

We see from the above discussion that, the closer to the singular point, the less restric-
tion is imposed on the mesh. As a matter of fact, for an adaptively refined mesh, the closer
to the singular point, the worse the mesh quality is, in the sense of forming parallelograms.

In Section 4, we demonstrate that the aforementioned mesh condition is satisfied by
actual adaptive meshes on two benchmark problems: the elliptic problem on a domain
with a crack and the checkerboard problem.

The following lemma provides an estimate for the total degrees of freedom N when
the mesh .4, satisfies h, ~ rih h*. The proof can be found in [25].

Lemma 2.1. Assume that h, = r%_“ h" for any © € _#;, where h and u are positive constants.
Then the degrees of freedom N of the finite element space th satisfies

N —. 2.3)

Remark 2.2. The condition h, = r%_“ h* can be viewed as a discrete mesh density function.
The positive number h ~ min ¢ 4 h; is the size of the minimum element. For an element
7 in the neighborhood of O, we have r, = h. and the condition h, = r%_“ h* implies
h. = h. Roughly speaking, the condition h, = r%_“ h* indicates that the triangles in ./,
are distributed according to the circles with radiuses m'/*h and common center the origin,
m=1,2,3,---.In the rest of the paper, we choose u = §/2 for linear element and u = §/3
for quadratic element.
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2.2. Superconvergence between the elliptic projection and the finite element
interpolation

Let I : C(Q2) — th be the standard Lagrange interpolation operator. Define V’g =
th ﬂHé(Q). We further introduce the elliptic projector Py, : H!(Q) — th such that P,¢ =
I on 90 and

J Vo -V, :J VP Vv, Vv, €VE (2.4)
Q Q

The following superconvergence of ||VIhu — VPhu” 12(0) is proved in [25, Theorems 3.4
and 4.5].

Theorem 2.1. Suppose k = 1,2. Assume that u satisfies (2.1)-(2.2). Assume that
satisfies Condition (a,0,6/(k + 1)) with 0 < a < 1and 0 < o < 1, and that h, ~
r%_‘s/(kﬂ)ﬁ‘g/(kﬂ)for any © € My. Then

1+ (InN)'/?
Nk/2+p

al-—c

., p=min (— —) 2.5)

HVIhu—VPhuHLZ(Q) N 2’ 9

2.3. The PPR operator G,

Recall that Gy is defined by (1.1) and (1.2). Let u satisfy (2.1)-(2.2). Under the
assumptions of Theorem 2.1, the following superconvergence of the gradient recovery of
u from its elliptic projection is proved in [25, Theorems 5.3 and 5.5]:

1+ (InN)Y/2

a l-o
— ) (2.6)

, P =min (—,

|GrPhu = Vu[ 20 S 2’ 2

3. The modified polynomial preserving recovery operator

In this section, we first introduce an abstract framework for superconvergent gradient
recovery. Then introduce the modified PPR operator Gy, that satisfies the framework.

3.1. An abstract framework

Recall that the above PPR operator is onto th X th and is defined node-wise. The
definition of the modified PPR operator G, is similar except it is defined element-wise and
is onto th X th where

th ={vy: wl. € P (1), VT € My}

is the space of discontinuous piecewise polynomials of degree < k. In this subsection, we
first provide conditions for @h under which superconvergence estimates may be derived.
The concrete definition of Gy that satisfies the conditions will be given later. For any
element T € .4}, choose an element patch w, containing 7. Assume @h :C(Q)— th X \7hk
is a linear operator that satisfies the following two conditions:
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(i) For any element 7, @hP|T = Vp|T ifp|w €Pq(wy);

(ii) |(@hqf>)(z)| < hi MaX,/e 4 e, |¢(z’)| for any node z in an element T € 4},

The following lemma gives a stability estimate and an approximation estimate of the
modified PPR operator Gy,.

Lemma 3.1. Under conditions (i) and (ii), the operator @h satisfies
A k
HGhvhHLZ(Q) S ||Vvh||L2(Q), ‘v’thVh . (3.1)
Moreover, for any element T € #), and any function ¢ € W+ (),
|Ghlnd = Vb | 20y S B[ |yisacege s (3.2)
where I, ¢ is the finite element interpolant of ¢ onto th.

Proof. From (i), it is clear that @hC = 0 for any constant C. From (ii), for any constants
c; with T € 4,

[Gwvillizey = 2 Gt =)oy S 2 D R2[GuCvn— )@

TEMy TEMp Z2EMNT
, 2 _9 2
< 'Tvar)w( |vh(z)—cT| < Z h’ HVh_CTHLZ(wT)'
TE./ﬂhz SN, TEMy,

Then (3.1) follows from the Bramble-Hilbert lemma.
Next we prove (3.2). Let [, V¢ be the interpolant of V¢. Then

|Gulnd = V9 || 20 < [|Gulid =119 o) + 110V 9 = VO [ ey B3
The standard theory of finite element interpolation estimates ( [6]) says that
11096 = Vo 2e) S HE @ raey SHE? || yrrneegey - (3.4)

For a node z € 7, let ¢ 1(x, y) be the (k + 1)-th Taylor polynomial of ¢ at the point z. It
is clear that

|60, 1) = brs1 (6 )| S HE? @iy, YY) € 0

By conditions (i) and (ii),
|(Grln¢ — 1,V $) ()| = |(Gulng — V) (2)| = | (GalInd — brs1) — (Vo — V1)) (2)]
~ 1
= |Gt — 91 @)| S 7= max (¢ = piey1)@)

< pk+1 | |
~ h,’: ¢ Wk+2,oo(wr) .

Therefore
= = k+2
|Glng = bV || o) S B _max_ |(Gulned — I,V ) (2)| S R |¢|Wk+2m(wf). (3.5)
Combining (3.3)-(3.5) gives (3.2). This completes the proof of the lemma. O

The following theorem is devoted to the estimate of H@hlhu — Vu” 12(0)°
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Theorem 3.1. Assume that u satisfies (2.1)-(2.2) and that h, ~ r%_S/(kH)hg/(kH) for any

T € My. Then, under conditions (i) and (ii),

1+ (InN)Y/2

|Guti = Vull 2oy § —semE—

Proof. Recall the decomposition u = v +w. We have

|Gutntt = Vu| 2y < [|Guluy = ¥ gy + [|Guliw = VW[ (g

(3.6)

(3.7)

We first estimate the singular part ||@h1hv — Vv” 12(0)° Introduce the set of triangles

MP ={t €M, theorigin O € w_}. For any T € 4°,
||/G\h1hv - VV”LZ(T) < ||/G\hIhVHL2(T) + ||VV||L2(,L.) .

From (i) and (ii),

@17 2oy = 1oty = 9O S e max |G (1 = v(0))2)

ZEMNT

1
She— max |v(z)—v(0)|
hT ' eNNw,

| d (z't)dt
. dtv Z

2/ | < h. It follows from the assumption (2.2) that

= maXx
2’ eMNw,

= max
' eEMNw,

Since T € #°,

1
Gl = [ 10 e
0

On the other hand,

1/2 1/2 ch 1/2
IV¥lzeeey S ( J o) s ( J r22) 5 ( J r22rdr) S B,
T T 0

Here ch is the diameter of w.. Combining (3.8), (3.9), and (3.10), we obtain
||@h1hv - VVHL%) <h®, forte.#°.

It follows from Lemma 3.1 and (2.2) that

|| Grlny — VVHLZ(T) S Yl yamg ) SHE2r2752 for v e sy \ 4°,

T

1
J z' - V(' t)dt|.
0

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)
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where r, is the distance form O to the barycenter of 7. From (3.11), (3.12), and the

assumption h, ~ r%—5/(k+1)h5/(k+1),

H@hlhv - Vv||i2(m

_ = 2 25 2k+4_.26—2k—4
= 2 Gty =Vl sH0 D0 R
TEMy, TE/ﬂh\/ﬂO

< hza + Z h%r§k+2—25h25r$5—2k—4 < h25 + Z hzah%rT—z
TG/ﬂh\/ﬂo TE-/ﬂh\-/ﬂO
1
5 h25 +h25 Z f r—2 5 h25 +h25f r—l dr 5 h25 +h25 |1nh| .
TEMNMO YT h

Therefore Lemma 2.1 implies that

_1+ (InN)Y/2

|Gty = 9|20y S h5(1 + |1nh|1/2) S — (3.13)

Next we turn to estimate the term H(A;hlhw - Vw” 12(0) in (3.7). Since w is smooth, we do
not have to divide ., into two parts as above. From Lemma 3.1 and the assumption (2.2),

610 = 9wl (3 [t = wwly) 5 (3 ree)™
TEM

TEM
< ( Z hir§k+2—25h26)1/2 < ha(f r2k+2—25)1/2
TG.//th Q
<W<—1 (3.14)
~= o~ NG/2 :

The proof of the theorem is completed by inserting the estimates (3.13) and (3.14) into
the inequality (3.7). O

We next consider the superconvergence estimate for H@hPhu — Vu” 12(0)° where the
elliptic projector P, is defined in (2.4). We have from Lemma 3.1,

|GhPrt = V| 2y = (| GhPrt = Gl |2y + (|Gt = T o
S| V@ = )| oy + [|Grlnu = V|| 2y - (3.15)

Here I,u is the finite element interpolant of u. The following superconvergence result for
the gradient recovery operator G, may be proved by combining (3.15), Theorem 2.1, and
Theorem 3.1.

Theorem 3.2. Suppose k = 1,2. Assume that u satisfies (2.1)-(2.2). Assume that
satisfies Condition (a,0,6/(k + 1)) with 0 < a < 1and 0 < o0 < 1, and that h, =~
r%_5/(k+1)h5/(k+1) for any © € M}, Then, under conditions (i) and (ii),

1+ (InN)Y/?

o ra l—-o
NFZ p:mln(— —) (3.16)

H/G\hphu - vu||L2(Q) 5 2 > 2
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We remark that the result of Theorem 3.2 is a superconvergence result since the asymp-
totically optimal convergence rate of HV(u — Pyu) H L2() is 0(1/N*/2) (see the following
lemma).

Lemma 3.2. Let u satisfy (2.1)-(2.2). Assume that h, = r1=0/(FDRS/CFD) for any ¢ € 1.
Then

1 1
[0y i andhence [0, 5

Proof Let #° = {T € My : the origin O € 97} be the set of elements with one vertex
at O. Recall that u is decomposed as u = v + w satisfying (2.2). For any 7 € .4,

177 = V|| 2y S N9V Iy + [0 | ey -

Since VC = 0, for any constant C, by a similar argument to that for (3.11) (see also [25,
Lemma3.2]), we have,

|V = V| o) S B2, VT €O (3.17)
Noticing that
HV(V — Ihv)”LZ(T) Shk [VIgkey S R0k e ey \ o,

and that
[V = Bw)|| 2oy S B Wy SHETY, V7 €ty

we have, from (3.17),

19 = Ba)|[20y S [ VO = 19120y + [V Ov = L) 2y
= > (VO = 1)y + IV 0w = )12, )

TEM,

5&254‘ Z h%k+2r$5—2k—2
TEMy\ MO

Shza_'_ Z r§k+2_25h25rf5_2k_2
TEMy\ MO

1
< § 20 < 20 <
TEM

Here we have used Lemma 2.1 to derive the last inequality. This completes the proof of
the lemma. O
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3.2. The modified PPR operator G,

Now we introduce a definition of @h that satisfies conditions (i) and (ii). Given a
continuous function ¢, for an element T € 4, we select n > (k + 2)(k + 3)/2 sampling
points z; € A, j = 1,2, ,n, in the element patch w, containing 7, and fit a polynomial
of degree k + 1, in the least squares sense, with values of ¢ at those sampling points. That
is, we are looking for p;,; € %, such that (1.1) holds. The recovered gradient on 7 is
then defined as

Gho|, = VDiia,- (3.18)
Let
Prr1(X,¥) = coo+C10X + o1y FCpox? + -+ Co,k+1yk+1-
Denote the n sampling points by (xj,y;),j = 1,2,---,n. Then the coefficients ¢; ;_; are

determined by the following system of equations in the least squares sense:

k+1 s

€0,0 +chl,s—lle'y;'_l =¢(x;y;), j=1,--,n (3.19)
s=11=0

To reduce the effect of round-off errors, we change the above system to local coordinates:

XX Y=
g_ s 'T)— h .
T

Let

. . . . . k
Pk+1 = h. (Co,o +¢108 +601n+ ‘32,052 + o+ Cokt1M H),
Xj—Xp Yi—=nh

§j= h. > M= h.

Then (3.19) becomes

k+1 s
= o o w(xy;) )
s=11=0 T
or equivalently,
k+1 s
R ey —eleny)
ZZQ,S—I&%}? l = h , J :2’... ’n‘ (320)
s=11=0 T

Here we have used the fact that £; = n; = 0. Finally, G;|. may be calculated by using
the following formula:

N k+1 s k+1s—1
Gh(P|T = (Zzlél,s—lgl_lns_li ZZ(S - l)él,s—lglns_l_l) . (321)

s=1[=1 s=11=0
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It was proved in [18,19] that the above least squares fitting procedure has a unique so-
lution under some mild geometric conditions. For the linear element (k=1), this condition
is that: n sampling points are not on the same conic curve. Fig. 1 show possible choices
of sampling points that guarantee the uniqueness of the least squares problems (3.19) (or
(3.20)) for the linear and quadratic elements. It is easy to see that the above defined @h
satisfies the condition (i), and satisfies (ii) too, if the above least squares problems are
unique solvable.

4. Application to elliptic problems

Let  C R? be a bounded polygon with boundary 2. Consider the Dirichlet boundary
problem: find u € H'(Q) such that u = g on 9Q and

Alu,v) = f Vu-Vv=f(v), Vve Hé(ﬂ), 4.1)
Q

where f € H ().
Let .#;, be a regular triangulation of the domain Q. The finite element solution u;, € th
satisfies u, = I,u on 902 and

Alup, vy) = J Vuy - Vv =f(vy), Vv, € Vlg (4.2)
Q

Noting that u;, = Pju, under the conditions of Theorem 3.2, we have

1+ (InN)'/?

o 4.3)

~ 1-—
||Ghuh_vu||L2(Q) N . 0)

s =min{ —,—— ).
P (2 2

4.1. The a posteriori error estimate

From (4.3), it is now straightforward to prove the asymptotic exactness of error esti-
mators based on the recovery operator @h. The global error estimator is naturally defined
by

N, = H@huh — VuhHLz(m . 4.4)

Theorem 4.1. Let uy € th be the finite element approximation of u. Suppose k = 1,2.
Assume that u satisfies (2.1)-(2.2). Assume that .#}, satisfies Condition (a, o, 6 /(k+1)) with
0<a<1land0<o <1, and that h, = r}=3/+Vpd/&FD for any = € ;. Furthermore,
assume that

N2 S (V=) 2y (4.5)
Then /
M 1+ (InN)¥/2 _ral-o
P uo S—, —» p=min (2,—2 ) (4.6)
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4.2. Implementation and numerical examples

In this subsection we present some numerical examples to verify the asymptotic ex-
actness of the error estimator 7, based on the recovery operator G using quadratic finite
elements.

The implementations in this paper are based on COMSOL Multiphysics and Matlab. We
define the local a posteriori error estimator on element 7 as,

Ne = ||/G\hllh — VuhHLz(T) . (47)
Then the global error estimator,

Ny = ( > ni)m-

TEMy,

Now we describe the adaptive algorithm used in this section.

Algorithm 4.1. Given tolerance TOL > O.

e Generate an initial mesh .}, over Q;

e While n;, > TOL do
— Choose a set of elements ]l; C M, such that

1/2 1/2

> >05( Y. n*|

TG/ZK; TEM

then refine the elements in .%,,. Update the mesh .#,.
— solve the discrete problem (4.2) on .,
— compute error estimators on .,

end while

We remark that the marking strategy, that is the method how to choose ]l; for re-
finements, used in our algorithm, is well-known in the adaptive finite element community.
Actually, it was used, e.g., in [7,10] to design convergent finite element algorithms.

Next we test two examples. One is the cracked domain problem and another is a
problem with discontinuous coefficient. Although our theoretic results do not cover the
case of discontinuous coefficients, we shall shows that the asymptotic exactness of the a
posteriori error estimates based on MPPR can also be observed in this case. For more
numerical examples we refer to [29].
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Figure 3: The initial mesh (left) and the adaptively refined mesh (right) of 991 elements after 10
adaptive iterations for the crack problem.

Example 4.1. Let Q = {(x,x3) : [x1], |x2] < 0.5}\{(x1,0) : 0 < x; < 0.5} be the domain
with a crack. We consider the Poisson equation

—Au=1

with Dirichlet boundary condition so chosen that the true solution is r'/2sin(6/2) — %rz
in polar coordinates.

Fig. 3 plots the initial mesh of 653 elements and the adaptively refined mesh of 991 ele-
ments after 10 adaptive iterations. Fig. 4 shows asymptotic exactness of the error estimator
N, = ||Ghuh — Vuh”LZ(Q) for the crack problem. We see that

| vuy - VuHLz(m ~ONTY), || Guuy — Vu”Lz(m ~ O(N119), (4.8)

and ~
HGhuh - vuhHLZ(Q) / ||Vu - VuhHLz(m ~1+ 0(N%3).

Notice that the decay of ||Vuh — Vu” L2() is quasi-optimal, @huh — Vu” L2(0) is supercon-

vergent at an order (N~ 1), and 7,/ ||Vu - Vuh”LZ(m approaches 1 at rate 0(N~%3)

which is better than (N ~%1°) predicted by Theorem 4.1.

Next, we provide numerical verifications of Condition (a, o, u) and the mesh density
assumption h, ~ ri_“ h* for Example 4.1. Here u = 1/6 for Example 4.1. First we verify
Condition (a, o, ). In our computations, the diameters of triangles are greater than 10™°.
For simplicity, we choose &,  to be the set of edges e € & such that the patch Q, formes
a 107> approximate parallelogram and &, , other edges in &,. By doing so, we actually
select “exact” parallelograms for e € &), i.e., we regard e as a “good" edge if Q, is a
parallelogram and a “bad" edge otherwise. Denote by Nj, the number of edges e € &, and
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Figure 4: ||Vu - Vuh”LZm), ||Vu - ahuh”LZ(n)' and ‘”@huh - Vuh”Lz(m / ||Vu - Vuh”Lz(m — 1| versus the
degrees of freedom for the crack problem. Dotted lines give reference slopes.
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Figure 5: Ny, the number of “bad" edges versus N,, the total number of edges (left) and Cj, oy and Cppmin
versus the number of adaptive iterations (right) for Example 4.1. The dotted line gives the reference
slope.

by Ny, the number of edges e € &, . Fig. 5 (left) plots Ny,, versus Ny, for Example 4.1. It
is shown that Ny, = (N, )?84. Therefore the meshes satisfy the condition (a,0.84, u) for
any a > 0.

To verify the mesh density assumption h, ~ r%_“ h* for Example 4.1, let Cp, . and
Chmin be the maximum and minimum values of the set {h./(ri “h"): T € .#,}, respec-
tively. Here h = min{h,: 7 € #}. Fig. 5 (right) depicts Cppax and Cppin versus the
number of adaptive iterations for Example 4.1. The maximum and minimum values of
Chmax/Chmin are about 14.21 and about 4.60. Therefore, the mesh density assumption is
satisfied.
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Figure 6: The initial mesh (left) and the adaptively refined mesh (right) of 334 elements after 10
adaptive iterations for Example 4.2.

Example 4.2. Let Q = {(x1,x9) : |x1],]x2] < 1} and let B = 0.3. Define a(x,y) =
(cot(Bm/4))? in the first and third quadrants; a(x, y) = 1 in second and fourth quadrants.
We consider the elliptic problem

-V - (aVu)=0

with Dirichlet boundary condition so chosen that the true solution is formulated in polar
coordinates as

—rPsin(Bn/4.0)cos(B(0 — m/4)), 0<6<m/2;
P cos(Bm/4.0)sin(B(0 —3m/4)), mw/2<60<m;
rP sin(Bm/4.0)cos(f(6 —5m/4)), nw<6<3m/2;
—rP cos(Bm/4.0)sin(B(6 — 7/4)), 3m/2<6 <2m.

Note that the coefficient a is discontinuous across the x-axis and the y-axis. It is
clear that u does not satisfies the decomposition in (2.1) and (2.2) in the whole domain
Q but u does has such a decomposition in each of the four quadrants with 6 = 0.3. We
shall use the weighted L2 norm defined by ||-|| 2 = |la-||;2. The local a posteriori error

estimator on element 7 is defined by 0, := ||@huh — VuhHLZ(T) instead of (4.7). Fig. 6

plots the initial mesh of 184 elements and the adaptively refined mesh of 334 elements
after 10 adaptive iterations. Fig. 7 shows asymptotic exactness of the error estimator
N, = ||Ghuh — Vuh”Lz(m for Example 4.2. We see that

Vit = Vul| oy ¥ 0N, [|Gratn = V| o g = ONTHE, (4.9)

and

H@huh — Vuh ~1+ 0(N_0'16).

L2(9) / |V —vu,

Notice that the decay of ||Vuh — Vu” 12(0) is quasi-optimal,

L)

Gpuy — Vu”Lg(m is supercon-

vergent at an order 0(N %), and 7,/ ||Vu - VuhHLz(m approaches 1 at rate (N ~%-16),
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Figure 7: ||Vu - vuh”Lgm)' ||Vu - ahuh”Lg(n)' and “|@huh - Vuh”Lg(m / ||Vu - Vu, 2@~ 1| versus the
degrees of freedom for Example 4.2. Dotted lines give reference slopes.
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Figure 8: Ny, the number of “bad" edges versus N,, the total number of edges (left) and Cj, oy and Cppin
versus the number of adaptive iterations (right) for Example 4.2. The dotted line gives the reference
slope.

Next, we provide numerical verifications of Condition (a, o, u) and the mesh density
assumption h, ~ r%_” h* for Example 4.2. Here u = 0.3/3 = 0.1. First we verify Condition
(a,0,u). Fig. 8 (left) plots Ny, versus Ny, for Example 4.2. It is shown that Ny, ~
(Ni,)*8*. Therefore the meshes satisfy the condition (a,0.84,u) for any a > 0. This
implies the constant p = 0.08, and hence, if Theorem 3.2 holds for this example, the
superconvergence order of ||@huh — Vu” 12(0) is expected to be at least @(N~1%8). This
order is exactly the one that has just been C(l)bserved numerically (cf. (4.9)).

On the other hand, Fig. 8 (right) depicts Cj, ax and Cy, i, Versus the number of adaptive
iterations for Example 4.2. The maximum and minimum values of Cj, ;. /Cpmin are about
9.16 and about 4.37. Therefore, the mesh density assumption is satisfied.
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5. Application to eigenvalue problems

The PPR technique has been used in finite element computations of eigenvalue prob-
lems on uniform meshes [20] or adaptive meshes [26] to enhance eigenvalue approxima-
tions. In this section, we shall state the corresponding results for the MPPR technique that
are parallel to those from [26]. The proofs will be omitted since they are similar to those
in [26].

5.1. Enhancing eigenvalue approximation by the MPPR recovered gradient

We consider a model eigenvalue problem: Find (u,A) € Hcl)(ﬂ) X R with [[ull2q) =1
such that

a(u,v) :=J Vu-VVZAJ uv = AMu,v) ‘v’veHé(Q), (5.1)
Q Q

where Q € R? is a bounded polygonal domain with boundary 2. Suppose the origin O is
a vertex of Q.
It is well known that (5.1) has a spectrum of countable infinitely many positive eigen-
values (see [13]),
O<A <Ay <---

with no finite accumulation point. Furthermore, associated eigenfunctions u;,u,, - - -, form
a complete orthonormal basis for L,(2), i.e., (u;,u;) = 6;;, where 6;; is the Kronecker’s
delta.

We want to approximate the j-th eigenvalue A;. Although it is possible that the eigen-
function u; may have singularities at more than one vertices, in this paper, we consider
only the case of one singular point. Suppose u; has a singularity at the origin O and u;
satisfies (2.1)-(2.2), that is, u; can be decomposed as a sum of a singular part and a smooth

part (cf. [11]):

i) = Oijs

UJ:VJ+W] ]:1,2,,6, (52)
where
o™v; 5 o™Mw;
W Sr ~™ and W 51, m:1,---,k+2, i=0,---,m, (53)
X oy X oy

and 6 < k + 1 is a positive constant that depends on the interior angle of the corner. Here
k =1 for the linear finite element and k = 2 for the quadratic finite element.

Given a regular triangulation ., of €2, recall that Vllj C Hé(Q), k =1,2, is the conform-
ing finite element space associated with .#};. The finite element method for (5.1) reads:

Find (up, Ay) € V’g x R with Huh”LZ(ﬂ) =1 such that

a(uh, Vh) = Ahf UpVy ‘v’vh S ‘o/}li (5.9
Q
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The eigenvalues and eigenfunctions of the finite element approximations (5.4) are
A S Agn <o < Anps UrpsUgp, - 5Ungs (Win, Ujp) = Gjj.
The following identity is crucial for our method, see [23, Lemma 6.3] and [3, Lemma 9.1]:
2 2
Ajp— A= HV(u]- - uih)”LZ(Q) — 4 ||uj - uJ'h||L2(Q)' (5.5)
We have the following error estimates for A;; — A; and u; — u;; and the superconver-
gence between Vu; and @hujh.

Theorem 5.1. Assume that #;, satisfies Condition (a,0,6/(k + 1)) with 0 < a < 1 and
0<o0 <1, andthat h, = r%_‘S/(kH)h‘s/(kH)for any T € My, k =1,2. Then, there exists Ny
such that, for all N > N,

<
0<Ajp—4; S NE’ (5.6)
1
||Vu]- - vuJ'h”LZ(Q) N N2 (5.7)
1+ (InN)Y/2
||u]- - uJ'h||L2(Q) ~ T NKzie (5.8)
. 1+ (InN)Y/? . (al-o
|Gt = Vsl ) S —7arp—> P =min (5—=) (5.9)
Next, we define the error estimator for the j-th eigenfunction:

”Ijh = HGhu]'h —VuthLz(m. (510)

Then, from (5.5) and Theorem 5.1, we have the following asymptotic exactness of the
error estimator.

Theorem 5.2. Assume that ., satisfies Condition (a,0,6/(k + 1)) with 0 < a < 1 and
0<o<1,and thath, = r%‘g/(kﬂ)ﬁ‘s/(kﬂ)for any v € My, k =1,2. Suppose

NK/2 S [[vu - Vujh||Lz(m- (5.11)
Then, there exists Ny such that, for all N > Ny, j=1,2,--- 4,
My _ 1+(nN)
B 2 ~ NP , (5.12)
||V(uj - ujh)||L2(Q)
Ajp = A 1+InN sal-o
1-— N , P =min (—,—). (5.13)
U NP 27 2

The inequality (5.13) says that nJZ.h is an asymptotically exact error estimator for A;,—A4;
and that )
— 2 _ =
l}‘h = Ajn — Nip = Ajh — HGhujh - VuthLz(m (5.14)

is a better approximation of A; than A4;, under our mesh condition.
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5.2. Implementation and numerical example

We define a local a posteriori error estimator on element 7 as,

Njz = Héh”ih - v”jh“LZ(r)’

and a global error estimator for A,
2 _ 2
Mjn = Z Mjz-
TEM,

Now we describe the adaptive algorithm used in this section.

H. Wu

Algorithm 5.1. Given tolerance TOL > O.
e Generate an initial mesh .}, over Q;

e While 77]2-h > TOL do

— Choose a set of elements ]l; C M, such that

1/2 1/2
(Za) sor( X))
A TEM,

TEMy

a2
A‘jh 'l’]]h . .
— compute error estimators on .//lh

end while

then refine the elements in .#},. Denote the new mesh by ., also.
— solve the discrete problem (5.4) on ., for Ajh(l < j <{) and let A}?h =

Note that we have suggested in the above algorithm to use 7;., the a posteriori error
estimates based on the j-th discrete eigenfunction, for mesh refinements. In the case that
the first £ eigenvalues are all needed, we suggest to use 7., the a posteriori error esti-
mates based on the 1-st discrete eigenfunction, for mesh refinements just as the algorithm

proposed in [26], because the singularity of u; usually dominates the others.

In the following example, quadratic finite elements are used in the computation. In
order to access exact eigenvalues for convergence tests, we use circular domains instead
of square domains. Note that our theory covers only polygonal domains. Nevertheless,
the theory can be extended to curved domains with some more involved analysis taking

account the effect of curved boundaries.

Example 5.1. The eigenvalue problem (5.1) on the domain with a crack

Q={(n0)€R?: 0<r<1,0<6<2m}.
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Figure 9: The initial mesh (left) and the adaptively refined mesh (right) of 1908 elements after 10
adaptive iterations for Example 5.1.
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Figure 10: |A}h - )Lj| (left) and |25, — Aj| (right), j =1,10,20, versus the degrees of freedom for Exam-

ple 5.1.

The eigenvalues and eigenfunctions for this example are

A= aJZ., uj = vj/ val’Lz(ﬂ)’ vj =ij/2(ajr)sin(mj9/2),

where m; is some integer depending on j, and «; is a zero of the Bessel function Jim;j2-

Note that v; = ij/z(ajr) sin(m;6/2) has the same singularity as rmi/2 sin(m;6/2), where
m; = 1,2,3,4,5,1,6,7,2,8,3,9,4,10,5,11,1,6,12,2, for j =1,2,---, 20, respectively.

It is clear that the adaptive algorithm depends on the eigenfunction used in the a
posteriori error estimates. Denote by A;‘h and Aj‘}]f the j-th discrete eigenvalue and the j-th
recovered eigenvalue obtained by using the a posteriori error estimates based on the k-th
discrete eigenfunction, respectively. In the following, we will discuss the effect of choosing
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Table 1: 2;,1 < j <20, the errors |A]1.h - Aj|, and

A}X}l - Aj| for Example 5.1 after 25 adaptive iterations.

j A =2 A = 2]
1 9.869604401089 3.16e-008 1.53e-010
2 14.681970642124 4.23e-008 2.87e-009
3 20.190728556427 9.83e-008 2.19e-009
4 26.374616427163 2.30e-007 1.50e-009
5 33.217461914268 4.71e-007 1.18e-008
6 39.478417604357 7.47e-007 3.02e-008
7 40.706465818200 9.39e-007 3.61e-008
8 48.831193643619 1.63e-006 7.54e-008
9 49.218456321695 1.54e-006 5.84e-008
10 57.582940903291 2.70e-006 1.26e-007
11 59.679515944109 2.54e-006 1.02e-007
12 66.954311925105 4.33e-006 2.44e-007
13 70.849998919096 4.17e-006 1.84e-007
14 76.938928333647 6.58e-006 3.67e-007
15 82.719231101493 7.06e-006 3.13e-007
16 87.531220257134 9.75e-006 5.48e-007
17 88.826439609804 6.90e-006 3.08e-007
18 95.277572544037 1.09e-005 5.08e-007
19 98.726272477249 1.44e-005 7.94e-007
20 103.499453895137 1.41e-005 6.35e-007

different discrete eigenfunctions in the a posteriori error estimates on the convergence
rates of discrete eigenvalues.

First, we test our adaptive algorithm by choosing the first discrete eigenfunction for the
a posteriori error estimates. Fig. 9 plots the initial mesh of 548 and the adaptively refined
mesh of 1908 elements after 10 adaptive iterations. Fig. 10 shows the error between the
exact eigenvalue A; and the eigenvalue approximation 7L]1. , and the error between the

exact eigenvalue A; and the enhanced eigenvalue approximation A}% for Example 5.1 with
j=1,10,20, respectively. We observe that

A}.h — Aj‘ ~0(N7%), j=1,10,20,

A*l

*1
10h A

20h

A - 7L1| ~ O(N™29),

- A10| A 0(N_2’2),

- 7L20| ~ O(N™22).

Note that the decays of |AJ1.h -2 ]-| (j =1,10,20) are quasi-optimal, the decays of A}% -2 ]-|
(j = 1,10, 20) are faster with orders of @(N ), 0(N~22), 0(N~22), respectively.

Table 1 demonstrates the first 20 exact eigenvalues A;,1 < j < 20, obtained by the
secant method, the error between the exact eigenvalue A; and the eigenvalue approxi-
mation AJl.h, and the error between the exact eigenvalue A; and the enhanced eigenvalue

approximation )Lj‘; for Example 5.1 after 25 adaptive iterations. We see that the enhanced
eigenvalue approximations are accurate to 1 or 2 more decimal places than the original
eigenvalue approximations.
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Figure 11: |7L]1.}?—Aj| (left) and A]*.;O—Aj| (right), j = 1,10,20, versus the degrees of freedom for
Example 5.1.
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Figure 12: |7L]?}?—Aj| (left) and
Example 5.1.

A]*.flo—kj| (right), j = 1,10,20, versus the degrees of freedom for

Next we test the cases when the 10-th and 20-th eigenfunctions are used in the a pos-
teriori error estimates, respectively. Figs. 11 and 12 plot the error |7Lj.‘h - Aj| and |A’J“}’f -2 j|
for j =1,10,20, and k = 10, 20, respectively. It is shown that

‘Aj.‘h — Aj’ ~O0(N7?), k=10,20, j=10,20,

10 10 ~ —0.4 20 20 ~ -0.5
|AL) = [, A0 = A~ OONTO), A0 — AL |A0 = 4|~ O(NTO),
|7V{(1)2 — 10/ 13(1)2 — A20|> AT%?I - 110| ~ O(N722), |A;%)2 - Azo| ~ O(N~2).
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Figure 13: A’;Oh—lw| (left) and Ai’gh—lw| (right), k = 1,10,20, versus the degrees of freedom for
Example 5.1.
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Figure 14: A’;Oh—120| (left) and |23

Example 5.1.

—AZO| (right), k = 1,10,20, versus the degrees of freedom for

Note that the decays of |A§‘h — Aj| (k = 10,20, j = 10,20) are quasi-optimal, while the
decays of |7L’1‘h — All (k = 10, 20) are not, and that the errors |7Lj‘}’l‘ — Aj| (k =10,20, j =
10, 20) are superconvergent, while the errors |7C’1"fl — A1| (k =10, 20) are not.

On the other hand, it is obvious that the decay of |7L%h - A1| is much faster than the
decays of |A]1‘h — 7Ll| (k = 10,20), respectively. So is the decay of |A’{,11 — 7Ll|. To com-
pare the approximations to the 10-th and 20-th eigenvalues, we illustrate |7L§.‘h — Aj| and
|7L;k;l< — Aj| (k =1,10,20) versus the degrees of freedom for j = 10 and j = 20 in Figs. 13
and 14, respectively. We observe that |A§h — Aj| converges faster than |A§‘h — Aj| (k #7j),



A Modified PPR and Its Applications 77

so is |A}71 — Ajl. We suggest to use the a posteriori error estimates based on the j-th dis-
crete eigenfunctions if only the j-th eigenvalue is cared, and to use the a posteriori error
estimates based on the 1-st discrete eigenfunctions if the first £ eigenvalues are all needed.
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