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Abstract. Mathematical programs with complementarity constraints (MPCC) is an im-
portant subclass of MPEC. It is a natural way to solve MPCC by constructing a suit-
able approximation of the primal problem. In this paper, we propose a new smoothing
method for MPCC by using the aggregation technique. A new SQP algorithm for solving
the MPCC problem is presented. At each iteration, the master direction is computed by
solving a quadratic program, and the revised direction for avoiding the Maratos effect
is generated by an explicit formula. As the non-degeneracy condition holds and the
smoothing parameter tends to zero, the proposed SQP algorithm converges globally to
an S-stationary point of the MPEC problem, its convergence rate is superlinear. Some
preliminary numerical results are reported.
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1. Introduction

Mathematical programs with equilibrium constraints (MPEC) is an optimization prob-
lem whose constraints include variational inequalities or complementarity system. It forms
a relatively new and interesting class of optimization problems, which have found many
applications in engineering and economics, we refer to [10] for an extensive bibliography
on this topic and its applications. In this paper, we consider an important subclass of the
MPEC problem, which is called mathematical programs with complementarity constraints
(MPCQ):

min f(x,y) .1
st. 0=<F(x,y)ly=>0,
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where f : R™™ — R,F : R"™™ — R™ are continuously differentiable functions, and w_Ly
indicates orthogonality of any vectors w, y € R™. The system 0 < F(x,y)Ly > 0 is said to
be the lower-level or equilibrium constraints.

The major difficulty in solving problem (1.1) is that its constraint fails to satisfy the
standard Mangasarian-Fromovitz constraints qualification at any feasible point because
of the existence of the complementarity constraint, see [1] and [13]. So the theory for
nonlinear programming can not be directly applied to problem (1.1), hence the standard
methods are not guaranteed to solve such problem. In recent years, optimal conditions
and various stationarity concepts were deeply studied by some authors, see [10,13,15].
For example, Luo et al. [10] provided a comprehensive study on the MPEC, such as the
exact penalization theory, stationarity conditions. Scheel and Scholtes [13] made an ex-
cellent clarification on these concepts and elucidated their connections. More recently, Qi
et al. [12] investigated the differentiable properties of the aggregation function, and used
it to propose a smoothing method for nonlinear complementarity problems. Jiang and
Ralph [8] proposed two smooth SQP methods for MPEC. Global convergence of the meth-
ods depend on the lower level strict complementarity condition amongst some conditions,
such as the LICQ or MFCQ. Fukushima and Tseng [5] proposed an ¢-active set algorithm,
they used a sequence of SSNPs based on an g-active set to approach the discussed MPCC.
Under a uniform LICQ on the e-feasible set, this algorithm generates iterates whose cluster
points are B-stationary points of the problem. However, the proof has a gap and shows only
that each cluster point is an M-stationary point. Subsequently, Fukushima and Tseng [6]
discussed this gap and a modified algorithm that achieves B-stationarity under an addi-
tional error bound condition. Tao [14] proposed a class of smoothing methods for MPCC,
they used an available probability density function to obtain a corresponding approxima-
tion of the original problem. Under some conditions, the MPCC-LICQ holds for the class of
smooth methods. However, the methods of [5,6,8,12,14] do not adopt any technique to
avoid the Maratos effect, they only possess global convergence.

Motivated by the ideas of [8,12,14], we present a new smoothing SQP algorithm for
the problem (1.1). Some notable features of the new algorithm are as follows:at each
iteration, the master direction is computed by solving a quadratic program (QP) which
only includes equality constraints, the form of QP is different from in [8]. The revised
direction for avoiding the Maratos effect is obtained by an explicit formula. The proposed
algorithm possesses not only global convergence, but also super-linear convergence.

The structure of this paper is organized as follows: In Section 2, some known results
are restated. In Section 3, the algorithm is proposed. In Section 4, we show that the
algorithm is globally convergent. Super-linear convergence rate is proved in Section 5,
and finally some preliminary numerical results are reported in Section 6.

Throughout this paper, we use the following notations:

z=(x,y,w), p=(x,y), q=(y,w),
dp=(dx,dy), dg=(dy,dw), dz=(dx,dy,dw),
pk=(x5y5), =k wh), dzf=(dxk, dyk,dw").
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2. Preliminaries

In this section, we recall some concepts about the MPCC (1.1).
For the sake of simplicity, we denote the feasible set of the problem (1.1) as follows:

7 ={(xy):0<F(x,y)Ly 20},

and the tangent cone of & at a vector p* = (x*, y*) € & as follows:

k *

9(p*,9)={dzlimp pke 7, limpkzp*,rklo}.
k—o0 k—o0

Tk

For any p = (x,y), we decompose the index set L = {1,2,---,m} into three disjoint
subsets,

a(p)={1<i<m:F(p) <y},
Bp)={1<i<m:F(p)=y},
r(p)={1<i<m:F(p) >y}

And we define the decomposition index set ./ (p) at p by
IP)={(F,8): # 2a(p), X 27(p), FUKX = 1,2, ,m, g N =0}.

If p* = (x*,y*) € &, then

a(p)={1<i<m:F(p")=0<y;},
B(p)={l1<i<m:F(p*)=0=y}
y(p)={1<i<m:F(p*)>0=yt

Now, we give some main definitions about the optimal conditions of the MPCC (1.1).

Definition 2.1. (S-stationary point) A point p* = (x*,y*) € & is an S-stationary point of
the (1.1), ifeach Y( £, %) € .o/ (p*), there exist K-T multipliers n* € R™, " € R™, such that

Vf(x*,y*) = VF(x*,y")n" - ( ?”X’” ) n* =0,

mxXm
Fi(x*,y*)=0, 0<y/ln; >0, Vieg,
0<F,(x*y)lnf>0, y;=0, Viex.

2.1)

Definition 2.2. (Lower-level nondegenerate condition) A point (x,y) € R™™ is said to
be lower-level non-degenerate for the MPCC (1.1), if y; # F;(x,y),Vi=1,2,--- ,m.
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3. Equivalent reformulation of MPCC and algorithm

In this section, we first give an equivalent reformulation of the MPCC (1.1), and then
propose a new SQP algorithm for solving problem (1.1).
Let F(x,y) = w, by using the aggregation technique, we define

d)(yl: Wluu)
o(y,w,u) = : ,
O (Ym> Wi 1)

where
¢(yi,wi,u) = —uln [exp (—yi/u) +exp (—w;/u) ]’ i=1,---,m.

For u > 0, it is easy to know that ®(y,w, u) is continuously differentiable with respect to
y,w, let

lim &y, w,u) = &(y,w).
u—

As such, it is natural to define ®(y,w) = ®(y,w,0),
¢ (i w;, 0) = lim —u1n [exp (=yi/u) +exp(-wi/u) |, i=1,--,m.

Then we construct the following parametric nonlinear programming problems (P, ):

min  f(x,y)
st. F(e,y)=w, 3.1
®(y,w,u) =0.

For u > 0, (3.1) is said to be the smoothing approximation of MPCC (1.1). Obviously, as
u — 0, the solution of (P,) tends to the solution of MPCC (1.1).

In order to analyze the LICQ for the MPCC (3.1), we consider the following mapping
H :R"™ x (0, +00) — R>™

F(x,y)—w
H(z,u) = . 3.2
& 10) ( o(y,w, 1) ) 52
It is clear that the gradient of H(z,u) can be described as
VXF(Xa y) O
VH(z,u)=| V,F(x,y) V,o(y,w,u) |. (3.3)

_Im VWCI)(_')/, w, M)

Some basic assumptions are given as follows:
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Assumption 3.1. The function f(x,y),F(x,y) are two-times continuously differentiable.
Assumption 3.2. For any

z€X ={(x,y,w) ER™™™M: (x,y) € F,w=F(x,y)},
the gradient matrix VH(z, u) has full column rank.

Assumption 3.3. The feasible set of (1.1) is nonempty, i.e., F # 0.

Let z5 € X and u; > 0, we consider the following quadratic program QP (2, ux):

dx 1 dx
min Vf(xk, y)T ( ) +=(dxT,dy",dw")B; | dy
dy 2 q
w
s.t. F(xK y&) —wk + VF(xk, yT ( g; ) —dw=0, (3.4)
ko ok kok ooy [ 4y ) _
q)(.y 1W )Au’k)+vq)(.y )W )Au’k) dW _0'
where the gradient V&(y*, w¥, u;) can be computed by
Ve(yk,wk,u) = (D5 DPT, (3.5)

D} = diag (3, ¢ (v, wi', i), i =1~ m),

. . (3.6)
Dllj = dlag(awi(P(yik,Wf,Mk),l =1~ m)

In this paper, we define the ¢; penalty function 6 : R""2™ x (0, +00) x (0, +00) — R for
problem (3.1) as a merit function:

9(2565.“') :f(x,.)’) + C(”F(X,J’) - W”l + ”‘I’(}’,W,.U)Hl) (37)

Obviously, the function 0(.,c,u) is directionally differentiable. From the equality con-
straints of (3.4), we can obtain direction derivative 0’ (zk,ck,,uk;dzk) of 6(.,c,u) at z~
along dz* by
9/(Zk,ck,uk;dzk)
dxk
:vf(xk,yk)'r ( dyk ) - Ck”q)(ykiwkuu'k)lll - Ck”F(Xk5yk) - Wk”l' (38)

The SQP algorithm for solving problem (1.1) is given in Algorithm 3.1.
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Algorithm 3.1:

Step 0 Initialization:
Given a initial point 2° = (x°, y° w®) € X, scalars 6 € (0,00),c_; >0, vy € [1,2),a € (0, %),[5 IS
(0,1), and a sequence {u}p>, such that

. . Mg
>0, e <ty lim e =0, lim j =n¢€(0,1),
k

a symmetric positive definite matrix B, € RiT2mx(+2m) - Get | .= (.

Step 1 Computation of the main search direction dz*:

Solving the quadratic programming QP (2, u;)(3.4) to obtain the K-T point dz* and its corre-
sponding K-T multipliers A* = (u*,v¥) e R™™, Let dp* = (dx*,dy*), dg* = (dy*,dw").

Step 2 Termination check:
If dz¥ =0,u, <e, STOP! If dz* =0, u; > ¢, then choose a new parameter . € (Mger1, M), and

let uy = uy, go to step 1. If dz* # 0, select a new parameter Ty € (Ugy1, i), and set wy = Ty,
go to step 3.

Step 3 Penalty update:

sk= maxlgigmﬂuﬂ, |Vf|},

Ck—1> if oy =55 +6,
C, =
: max{s® + &,c,_; + 25}, otherwise.

Step 4 Computation of the revised direction dz*:
dzk = —=VH(z*, u ) (VH(zK, w) T VH (2%, u)) T H(z* + dzk, wy), (3.9)

where

(3.10)

H(z" +dz*, u) = ( F(pt +dp") = wh - dw* )

o(q" +dg*, )

If ||dz*|| > ||dz¥||, let dz* =0, go to step 5.

Step 5 Do line search:
Compute the step size t;, which is the first number t of the sequence {1, 3, 82,---} satisfying

(2" + tdz* + t2dz¥, ¢, ) < 025, ¢, i) + at 8’ (2, dz*, ¢, ). (3.11)

Step 6 Update:

Generate a new iteration point by 2"+ = g%+ t,dz*+t2dz* and a new symmetric positive definite
matrix By, € RT2mx(+2m) by BEGS formula. Set k :=k + 1 and go back to step 1.
k+1 y g




Superlinear Convergence of a Smooth Approximation Method 373

4. Global convergence of algorithm

In this section, we firstly show that Algorithm 3.1 is well-defined, then prove that the
algorithm converges globally to an S-stationary point of problem (1.1).

Proposition 4.1. Let u; > 0 be given and B;. be symmetric positive definite, then the quadratic
programming QP(z*, u;) (3.4) problem has a unique optimal solution.

Proposition 4.2. For any (y;,w;, ) € [0,+00) X [0, +00) x (0,+00), it holds that

> 0.

N =

[8y, ¢ (i, wis W™ + [B,, 0 i wi, )] * 2
Proof. Since 0 < exp (—y;/u) <1,0 <exp (—w;/u) < 1, we have that

[exp (—yi/w) 1"+ [exp (—wi/w)]* 1

[exp (—yi/u) +exp (-w;/u)]* 2
_ Lexp (=yi/p) —exp (~wi/w)]®
2 [exp (—yi/u) +exp (—w;/u)]* ~

Thereby, we conclude that
(8, i wis )] + [, b i wi )]

_[exp (=xi/w)]° + [exp (—wi/w)]? S 1

[exp (—yi/u) +exp (—wi/u)]* 2

The proof is completed. O

> 0.

Lemma 4.1. If dz* # 0, then it holds that
0'(z%,dz*, c;,, uy) < —(dz)TBidzk < 0. 4.1)

Proof. Since (dz*,u*,v¥) is a K-T point pair of the QP(zk,,uk)(BA), we have

v (xk, y5) dx’ VE(x, )
( XLy )+Bk dyk +( XLy )uk

0 k_
* ( ve(yk,wk, uk) )v =0, (4.2)
k
F(xk, y*) —wk + VF(xk, y)T ( g;k ) —dwk =0,
“4.3)

d k
q)(.yk)wk)‘u’k)+vq)(_yk)wk)‘u’k)T ( di\l/k ) = 0'
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It follows from (4.2) that

dxk
(Vf (xk, yOT, 0) | dy* |+ (dzM)TBdz* + (W)T (VF(xk, v, —1)dz*
dwk
+ M7 (0, ve(yk, wk, u)")dzk = 0. 4.4)

By combining (4.3) with (4.4), we obtain

k
VYT ( o ) + (A5 By — (W) (B, y) - wh)

— (VI ey, wh w) =0. (4.5)
In view of (3.8) and (4.5), we conclude that
0/(%, =", ci i) = — (A=) Bdz® + ()" (F(x¥, y5) = wh) + (V)T @y, wh, )
— e (IFGE, Y5 = wlly + 120y, w, ol )

m
< — (@29 Brdz* + Y (1uf] - ) [Fi(xk, y5) — wk|
i=1

m
+ 2 (H =) [k wh, ).
i=1

Taking into account ¢; > s* = max;<;<, {/uf], [v|}, we get that
9’(zk,dzk,ck,uk) < —(dz")TBidz* < 0.

The proof is completed. O

Lemma 4.2. The line search in step 5 is well defined, i.e., step 5 yields a step-size t; = [3’
for some finite jj.

Proof. For the sake of simplicity, we denote that

Ty = f(p* + tdp* + ¢2dp*) — £ (p"),

m

~ ~ k

T,=). [|Fl~(pk +tdpk + t2dp*) — wk — tdwk — 2 dw; | — |F,(p¥) - w{.ﬂ,
i=1
= ~ k

Ty= Y |16} + tdg! + g, m)l — o (gl ol |-
i=1

Then
0(z" Y, ¢, i) — 0(25, e, i) = Ty + i T + ¢ Ts. (4.6)
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Using Taylor expansion, we have
Ty =tV f(pX)Tdp* + 2f (pX) dp* + o(t) = tV £ (p¥) dp* + o(0).
Observe that
Fi(pk + tdpk + tzapk) — Wﬁ‘ — tdwf — tzawik
=F,(p") + VF,(p")T (¢dp* + t2dp*) — wk — tdwk - tzawik +o(t)
=F,(p")+ tVF(pk)pok —wk — tdwk + o(t)
=F;(p") —wf — t (F;,(p") = w) +o(t)
=(1- t)(Fi(pk) —wk) +o(t),
and
$ gk + tdgt + 2dg;", o)
= (¥, ) + V(gk, )" (edgt + 2dg;) + o)
=¢(af, 1)+ eV (af, ) daf +o()
=(1 - 6)(q, we) +o(t).

So, we conclude that

-

Ty = [ (= OIF (N —whl = IF(pH) - wh] +0(0)

I
—

i

> [COIRE - whl] + o0

i=

—_

— tIF(p*) = wlly +o(e).
Similarly, we have
Ty = —t]|®(q", w)lly + o(0).
Consequently,
T, 4+ ¢ Ty + ¢ Tq
=t [V (") dp* — lIF(p) = wHll = el 8(a, mOlh | +o(0).
This, along with (4.6), shows that
02", cie, i) — O(2", cier i) = £67(2*, dz*, i, i) + 0(0).
In view of the fact 6’(z%, dzX, ¢, uy) < 0, there exists a constant t;, > 0 such that
0(z* + tpdz* + tkdz e i) < 025, e, i) + at 0 (25, dzX, e, o).
The proof is finished. O

Before showing the algorithm is globally convergent, we make some assumptions as
follows:
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Assumption 4.1. The sequence {zX} is bounded.
Assumption 4.2. There exist constants b > a > 0,such that
allz||®* < z'Bwz < b||z|>, Vz€R"™™ Vk=0,1,2,...

Assumption 4.3. For any limit point z* = (x*, y*, w*) of {z*}, it is satisfied the lower-level
non-degeneracy: (y7,w!) = (y;, Fi(x",y)) #(0,0),i = 1 ~ m, i.e., B(p*) =0.

The following lemma summarizes several important properties of the sequence {z,k €
K}:

Lemma 4.3. ([4]) If Assumptions 3.1, 4.1, 4.2 hold and limycy 2% = 2*, then

(a) The sequence {dz* : k €K}, {5zk : k € K} and the multiplier sequences {(uk,vk) ke
K} are bounded.

(b) There exists a positive integer ko such that ¢ = ¢, = c, for all k = k.

According to Lemma 4.3, Assumption 4.2, we might as well assume that there exists a
subsequence K, such that
dzk — dz*, dzF — Ez*, B, — B,,x* — x*,
uk s uf, vF-v', o =c, kek. 4.7)
Proposition 4.3. For any u >t > 0 and (y,w) € [0,+00) X [0, +00), we have

19 (y,w, Ol < ¢y, w, )| + (In2+2M/ V) . 4.8)

Proof. Using Mean Value Theorem, we know that there exists o € [t,u] such that

<l¢(y,w, )l + ¢, (v, w,0)l(— t)
<lp(y,w, W)l +1¢,(y,w,0)lp. (4.9)

Set

o exp (—y/o) o exp(—w/o)

17 exp (-y/o) +exp(—w/o)’ 27 exp (—y/o) +exp(—w/o)
Then it can be verified that

t1+t2:1,

¢, (y,w,0)
_ Lyexp (-y/o)+wexp(—w/0)
o exp(-y/o)texp(—w/o)

=—In[exp(—y/o) +exp(—w/0o)]

1
=—In[exp (—y/0) +exp(—w/0)] = —(yt1 +wtp).
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According to Assumption 4.1, we may assume that there exists a constant M +/o > 0, such
that

I2X]| < MVo.

Thereby, we have

1
61,0, w,0)] <In [exp (/o) +exp(-w/0)] + —(yt; +wts)

1 M M
<ln2+-—-Mvo=In2+ —+ —
g

Vo o
<2+ L M M
n2+—+-—==In —.
- Vot vt
This along with (4.9) yields the desired inequality (4.8). O

Proposition 4.4. Suppose that Assumptions 3.1-4.3 hold. Then
lim 6(z%,¢c,ux) = lim 6(z"*, ¢, uy) = 6(z*,¢,0). (4.10)
k—o0 k—o0

Proof. For k large enough, from Proposition 4.3, we have

M
[ChanNT )|S|¢(q’-‘“,uk)l+(ln2+2 )uk,
Lo l Ny

which together with (3.7) shows that

m
0GH, ¢ ) = M+ llF () —wh ¢ 3 gl )|
i=1

< 0(zF e, ) + o (1n2+2 ),uk. (4.11)
Uk
In view of (3.11) and (4.1), we have
0(z", ¢, ) < 0(z", ¢, ). (4.12)

Consequently,

k+1 k M
9(2 5Cuuk+l)5 9(2 5Cuuk)+cm In2+2 W+
Mi+1

Taking into account

:775(0,1), Y € [152)5 kGK, Wi = My,
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we have ||ui|| < o. Then
T - T -
D Y (I S N (L PR}
ek VHI+1 ik VN kex V1

[0.8]
Z,uk <400, ¢, >0.
k=0

while

Hence, it holds that

diem | In2+2 U = CpIn2 Y] ug +2¢,M D’ < 4o00. (4.13)
k=0 Mi+1 k=0 k=0 v/ Mk+1

From (4.13) and Proposition 4.3 [7], we know the entire sequence {O(Zk,c,,uk)} is con-
vergent. So, we have
lim 0(*, ¢, ) = 62", 0).
—00

From (4.11) and (4.12), it holds that

0(z5, ¢, esr) — O (1n2+2 ) up < 0, ) < 62, ¢, ).

Uk+1

Passing to the limit k — oo in the above inequality, we conclude that

lim 6(z**, ¢, u) = 6(2*,c,0).
k—o00
The proof is completed. O

Lemma 4.4. Both sequences {dz* : k € K} and {gzk : k € K} converge to zero, i.e., dz* =
dz*=0.

Proof Since ||dz¥|| < ||dz]|, it holds that ||dz*|| < ||dz*||. We only prove that dz* = 0.
From (4.1), (3.11) and Assumption 4.2, we have that

0(z"*, ¢, ) < 0z, ¢, i) — aatyc[|dz"|%.
In view of Proposition 4.4 and Lemma 4.3(a), we obtain that
lim tlldz"]| =o0.
enm klldz"]l

If liminfy e k00 tx > O, then

lim ||dz¥|| =o0.
keK,k—o0

Suppose that liminfyecx x—, tx = 0. Without loss of generality, we may assume that

lim tk =0.
keK,k—o0
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Set p;. = B 1t;, k €K. Using (3.11), we have

0(z" + prdzk + p2dzk, c, up) — 0(z5, ¢, ue)

> ab’(z, ¢, ug; dz").
Pk

Passing to the limit k € K and k — o0, in view of (3.8) and Lemma 4.3 [7], we deduce
0'(z*,c,0;dz*) > ab’(z*,c,0;dz™). (4.14)
Combining (4.1) with Assumption 4.2, we conclude that
0'(z*, c, uy; dzX) < —alldz"|?.
Passing to the limit k € K and k — oo in the above equality, we have
0'(z*,c,0;dz*) < —a||dz*||?, (4.15)

which together with (4.14), we obtain that dz* = 0. O

Theorem 4.1. Suppose that Assumptions 3.1-4.3 hold. If (x*,y*) € & is a lower-level non-
degenerate point of the MPCC (1.1), and limy._,, 4y = O, then Algorithm 3.1 generates an
infinite sequence {z*} whose any accumulation point z* = (x*, y*,w*) is a KKT point of (3.1).
Furthermore, (x*,y*) is an S-stationary point of (1.1).

Proof. Firstly, we solve V. ¢ (y;,w7,0), V,, ¢(¥;,w;,0). Observe that

o exp (—yi*/.uk)
Vy, (5w, 0) _ulleO exp (—yf/.uk) +exp (_W?/‘uk)

1
= lim >
b0 1+ exp (v = wi)/ )

o exp(—Wf/Mk)
Vi # 07 wi, 0) = limy exp (=7 /i) +exp (—wi /)

1
= lim - .
m—=0 1+ exp (W) — y7)/ )

Then
s sy ] 0 i€alp),
1, i€a(p”),
* * J—
vwid)(yi )Wi 10) - { 0, l c ,}/(p*) (417)
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From (4.2), (4.3), (4.7) and Lemma 4.4, we get that
VF(x*,y*) VF(x*,y*) . 0 .
( 0 + _I ut+ va(y",w",0) v* =0, (4.18a)
F(x*,y")=w", ®(y*,w*,0)=0. (4.18b)
In view of (x*,y*) € &, B(p*) =0, (4.16) and (4.17), we conclude that

Vyi¢(Y{k,W}k, 0)=0, vwi(p(y;k: W?; 0)=1, i€ a(p*):
vyl(ﬁ(yl*)wzkao): 11 VW1¢(.yl*1W:k)O):O) le}/(p*)'

From (4.18), we have u* =V, ®(y*,w*,0)v*. Let

' =—u"=-v,e(y",w", 00", nt=-V,e(y",w",0n"

( VF(x*,y") ) ~ ( VF(x*,y") ) \
0 —I n

Then

0 0
+ 0 Vit | V,e(yH,w0) | vi=0.
qu)(y*)W*JO) O
Thereby, we have
0
Vf(x*,y*) = VF(x*, yIn* — ( P ) =0, (4.19a)
mxXm

w; =Fi(x*,y")=0, y/ >0, V,¢(y/,w;,00=0, n;=0, Vica(p®), (4.19b)
k
1

w; =Fi(x*,y")>0, y/ =0, V, ¢y ,w;,00=0, n;=0, Viey(p"). (419

From Definition 2.1, (4.19) shows that (x*, y*) is an S-stationary point of (1.1). O

5. Super-linear convergence

In this section, we first prove that the step-size t; of Algorithm 3.1 always equals 1 for
k sufficiently large. Then we show that Algorithm 3.1 is super-linearly convergent under
additional hypotheses.

In order to obtain the superlinear convergence rate, we make the following additional
assumptions:
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Assumption 5.1. Suppose that the strong second-order sufficiency conditions for (1.1)
hold, i.e.,
(dz)TViL(z*,u*,v*, 0)dz >0, VdzeQ,

where ;
0% {dz e R . dz # 0, VH(") dz = 0},
L(z,u,v,u) = f(x, )+ (F(x,y) —w)Tu+ &(y,w,u)"v.

Assumption 5.2. B, — B,,k — o0.

Assumption 5.3. The sequence of matrices {By} satisfies

(V2 LG5, uk,vE, w) = Bds || = o(lldz"|)).

Lemma 5.1. Assume that Assumptions 3.1-5.2 hold. Then
(i) The entire sequence {z*} converges to z*.

(i) limy_ . dzF =lim,_, dz* =0.

Proof. (i) From (3.11), (4.1) and Assumption 4.2, we have that
0z, ¢, ux) < 0z, ¢, ) — aaty||dz"||?,
which, together with Proposition 4.4 and Lemma 4.3(a), yield
Jim tilldz"|| = 0.
Thereby, we conclude

12571 = 25| < tlldz* || + eplldz|

< tp|ldz"|| + tlldzX|| < 2t ]|dZ¥|| — 0, k — oo.

According to Assumptions 5.1-5.2 and Proposition 4.1 in [11], we can get 25 — z*, k — 0.
(ii) From part (i) and Lemma 4.4, it holds that

lim dz¥ = lim dz* = 0.
k—o00 k—o00
The proof is completed. O

Lemma 5.2. For k sufficiently large, we have

ldz]| = o(lldz*|?). (5.1)
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Proof. By Taylor expansion, we have

F(p* +dp*) —wk — dw*
=F(p") + VF(p*)"dp* — w* — dw* + a(|ldp*||*).

From (4.3), we have
F(p* +dp") —w* —dw" = o(ldp"|I*) = o (lld="|1*).
With the same reason, we can conclude that
&(q" +dq", ) = o(lldz"|?).

Thereby, we obtain (5.1). O

Theorem 5.1. For k sufficiently large, we have 251 = 2k + dzk + dz¥, ie., t,=1.
Proof. We only prove that
A =0z +dzk + Ezk,c,,uk) —0(z, c, Ux) — ab’(zx, dz, ¢, Ux) <0.
Note that

A=f(p*+dp*+dp*) — f(PX) +cl[F(p* + dp* + dp*) — wk — dw* — dw*|,
+cll®(q* + dg* + dg*, Ol — c(IF@*) — whly + le(q", wo)lly)
— aVf (P Tdp* + ac(IIF(*) — whll; + 18(q", woll)
=f(p* +dp* +dp*) + cla = D(IF(P") — wl, + le(q", wll,)
+cll@(q" +dq* + dg*, ull, — av £ (p¥) dpk - £(pF)
+ c||F(pk + dpk + Epk) —wk —dwk — awklll.

From (3.3), (3.5), (3.9) and (3.10), we have
VF(pk)Tgpk—gwk = —[F(pk—i-dpk)—wk —dwk], (5.2)
V@(qk,uk)TEqu = —o(¢" +dg~, up). (5.3)
In view of (5.1)-(5.3) and the Taylor expansion, we obtain that
F(p* 4+ dp* + Epk) —wk — dwk — dwk
=F(pk + dpk) + VF(pk + dpk)Tapk + o(||c7pk||) —wk — dwk — dwk
=F(p* +dp") + VF(p*)"dp* — wk — dw* — dw* + o(|ldp*||) + o(|ldz"|*)
=o(|ldz"|1), (5.4)
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o(q* +dg* +dgk, mp)
=o(q* +dq", u) + Ve(g* + dg*, u) dgk + o(lldgk D)
=o(q* +dq*, u) + Ve(g*, w) " dg* + o(lldg*|) + o(lld=x )
=o(|ldz"[1?), (5.5)

F(p*+dp* +dp*) — £(pN)
= (pH)" (dp* + dpH)+ 5(dpt + AP (AP + AP+ ol ). (5.6
So, we have
A= VG (dp* +Ep) + 5 (dp* + ATV ()P + 3pH)
+c(a— DUIFER) — whlly + 119", wll) — aV £ (o) dp* + o(lldz]?).  (5.7)
We obtain from (4.2) that
V(") dp* = — (dz")" Bidz — W) (VF(M)T, —Ddzk — (v9)T (0, Ve(q*, u)")dzk
=— (", (WHHVHE, w) dz* + o([|dz*|[).
From (4.4), we conclude that
VF () dpk = —(dz*)T Bpdz* — ()T, v )VH(, w)" dz*.
Thereby, we have that
V£ (") (dpk +dph)
= — (dz")7Brdz* — ("), VO)VHE", w)T (dz" + dzF) + o(l|dz"|1?).
From (3.2), (3.3), (5.4), (5.5) and by Taylor expansion, we get that
o(lld=*[1?) =H (2", w) + VH(*, w) " (dz* + dzF)

N 1 (dzk+dz5)TV2 F(ph)(dzk + dzb),i=1~m.
2\ (dz*+dz")V2 ¢ (g, u)(dz" +dzF),i=1~m. |’

Z

So, we have that
(@7, (VY VH(, u)T (dzF + dzb)
1 - .
=— 5 (dz" +dz") T [VE LG 0 v, ) = V2, f (P))(dz" + dz")

= (@, (VHEE, w) + o(lldz 1)
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Consequently, it holds that
Vf (P (dp* +dp")
= %(dzk +dz0) T [V2 LK, uk, vk, ) — V2 £ (p9)1(dzF + dzF)
— (dz")" Brdz" + (W), 0 )DHE, w) + o(1dz"[1%). (5.8
From (4.5), we have that
VF(p)Tdp* = —(dz")" Bedz* + (W) (F(p*) — w*) + (V)T ®(q", i) (5.9
Taking into account (5.7)-(5.9), we conclude that

F(p*) - w*
@(q", uy)
1 ~ ~
+ E(dzk +dz")V2 L(z5,uf,vE, w)(dz* + dzF) + c(a — DUIF () — wh|,
+ 180", wllL) + o(lldz*11)
1 1 ~ ~
_ (a _ E) (") Bydz* + S(dz* + &) [V LG ub v, ) — B (dz* + d2)
F(p*)—w*
LICRNTY
+c(a — DIF(P) = wkl; + 1805, wll1)-

A =—(dzM)TBdz" + (1 — &) (WO, ( ) + a(dz¥)"B.dz*

+o([ldz ) + (1 = a)(@")", (v¥)") (

k

. . 1
In view of Assumptions 4.2 and 5.3, a € (O’E) and ¢ > s* = maxlsiSmﬂufl, |vl.k|}, we

further get

1
A <ala- 3 )lldz¥1? +c(1 = UIFE") —whls + 12(g" pll)
+ cla = DUIFE") = whly + 12(g" mll) + oClldz 1)

1
_ - k|2 k|2
=a(a 2)ndz 112+ o(]ldz*[|2) < 0.

Hence (3.11) holds for t; = 1 and k large enough. O

Moreover, in view of Theorem 4.1, Assumption 5.3, Theorem 5.1 and the way of The-
orem 5.2 in [3], it is easy to get the convergence theorem:

Theorem 5.2. Suppose that Assumptions 3.1-5.3 hold. If u; = o(||dz¥|]), then Algorithm 3.1
is super-linearly convergent, i.e., the sequence {z*} generated by Algorithm 3.1 satisfies that

124 — 2"l = o(llz* —=*ID.
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6. Numerical experiments

In this section, we carry out numerical experiments based on the algorithm. The code
of the proposed algorithm is written by using MATLAB 7.0.

In the implementation, we choose some parameters as follows: 6 = 10,a = 0.1,8 =
0.5,u9 = 1, g1 = 0.5us,¢c_; = 10,By = I, 19, By is updated by the BFGS formula [2].
In the implementation, the stopping criterion of step 2 is changed to

If ||d=¥|| <1076, u, <107°, STOP!

The test problems in Table 1 are selected from [9, 10]. Problems 1, 2, 4 are problem
Scholtes 3, Jr 1, gpec 2 in [9], respectively, and Problem 3 is a three dimension example
in [10]. A feasible initial point is provided for each problem. The results are summarized
in Table 1. For each test problem, the Prob column lists the problem number; p and g
are the number of variables and complementarity constraints, respectively; IP is the initial
point; NT is the number of iterations. FV is the final value of the objective function.

Table 1:
Prob | p,q IP NT (x*, y") FV Iz |
1 2,1 (0,0) 6 (0.70 x 1077, 0.99) 0.49, 0.50 1.02
(2,2) (0,0) 29 (0.50, 0.49) 0.49, 0.5 9.42 x 1077

3,2) (-1,0,1) |52 (1.2x107%6.90x107° 1.28x107>) [ 1.0x10720[ 7.51 x 1077
(30,20) | (0,0,0,0) | 44 | (1.49,1.49,1.58 x1077,1.58x10"7) | 44.99,45 [ 9.35x 1077
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