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Abstract. Several cubature formulas on the cubic domains are derived using the dis-
crete Fourier analysis associated with lattice tiling, as developed in [10]. The main
results consist of a new derivation of the Gaussian type cubature for the product Cheby-
shev weight functions and associated interpolation polynomials on [—1,1]?, as well as
new results on [—1,1]3. In particular, compact formulas for the fundamental interpo-
lation polynomials are derived, based on n®/4 + @(n?) nodes of a cubature formula on
[—1,173.
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1. Introduction

For a given weight function W supported on a set Q € R?, a cubature formula of degree
2n — 1 is a finite sum, L,f, that provides an approximation to the integral and preserves
polynomials of degree up to 2n — 1; that is,

N

Jf(X)W(X)dXZ Mf Ce) =:Lof, Vf el
Q

k=1

where Hfl denotes the space of polynomials of total degree at most n in d variables. The
points x; € R? are called nodes and the numbers A, € R\ {0} are called weights of the
cubature.

Our primary interests are Gaussian type cubature, which has minimal or nearer min-
imal number of nodes. For d = 1, it is well known that Gaussian quadrature of degree
2n—1 needs merely N = n nodes and these nodes are precisely the zeros of the orthogonal
polynomial of degree n with respect to W. The situation for d > 1, however, is much more
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complicated and not well understood in general. As in the case of d = 1 for which a cuba-
ture of degree 2n — 1 needs at least n nodes, the cubature of degree 2n — 1 for d > 1 needs
N > dim Hg_l number of nodes, but few formulas are known to attain this lower bound
(see, e.g., [1,10]). In fact, for the centrally symmetric weight function (symmetric with
respect to the origin), it is known that the number of nodes, N, of a cubature of degree
2n — 1 in two dimension satisfies the lower bound

X n
N >dimI1? | + bJ (1.1)

known as Moller’s lower bound [11]. It is also known that the nodes of a cubature that
attains the lower bound (1.1), if it exists, are necessarily the common zeros of n + 1 —
L%J orthogonal polynomials of degree n with respect to W. Similar statements on the
nodes hold for cubature formulas that have number of nodes slightly above Moéller’s lower
bound, which we shall call cubature of Gaussian type. These definitions also hold in d-
dimension, where the lower bound for the number of nodes for the centrally symmetric
weight function is given in [12].

There are, however, only a few examples of such formulas that are explicitly con-
structed and fewer still can be useful for practical computation. The best known example
is @ = [—1,1]¢ with the weight function

d 1 d
W, = ___ W. = 1-— 2 1.2
5(x) ]:! Noere or (%) g\/ X (1.2)

and only when d = 2. In this case, several families of Gaussian type cubature are explicitly
known, they were constructed ( [13,17]) by studying the common zeros of corresponding
orthogonal polynomials, which are product Chebyshev polynomials of the first kind and
the second kind, respectively. Furthermore, interpolation polynomial bases on the nodes of
these cubature formulas turn out to possess several desirable features ( [18], and also [5]).
On the other hand, studying common zeros of orthogonal polynomials of several variables
is in general notoriously difficult. In the case of (1.2), the product Chebyshev polynomials
have the simplest structure among all orthogonal polynomials, which permits us to study
their common zeros and construct cubature formulas in the case d = 2, but not yet for the
case d = 3 or higher.

The purpose of the present paper is to provide a completely different method for con-
structing cubature formulas with respect to W, and W;. It uses the discrete Fourier anal-
ysis associated with lattice tiling, developed recently in [10]. This method has been used
in [10] to establish cubature for trigonometric functions on the regular hexagon and trian-
gle in R?, a topic that has been studied in [15,16], and on the rhombic dodecahedron and
tetrahedron of R® in [9]. The cubature on the hexagon can be transformed, by symmetry,
to a cubature on the equilateral triangle that generates the hexagon by reflection, which
can in turn be further transformed, by a nontrivial change of variables, to Gaussian cuba-
ture formula for algebraic polynomials on the domain bounded by Steiner’s hypercycloid.
The theory developed in [10] uses two lattices, one determines the domain of integral and
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the points that defined the discrete inner product, the other determines the space of expo-
nentials or trigonometric functions that are integrated exactly by the cubature. In [9, 10]
the two lattices are taken to be the same. In this paper we shall choose one as Z¢ itself, so
that the integral domain is fixed as the cube, while we choose the other one differently. In
d = 2, we choose the second lattice so that its spectral set is a rhombus, which allows us
to establish cubature formulas for trigonometric functions that are equivalent to Gaussian
type cubature formulas for W, and W;. In the case of d = 3, we choose the rhombic do-
decahedron as a tiling set and obtain a cubature of degree 2n — 1 that uses n®/4 + 0(n?)
nodes, worse than the expected lower bound of n®/6 4+ @(n?) but far better than the prod-
uct Gaussian cubature of n® nodes. This cubature with n3/4 + @(n?) nodes has appeared
recently and tested numerically in [7]. We will further study the Lagrange interpolation
based on its nodes, for which the first task is to identify the subspace that the interpolation
polynomials belongs. We will not only identify the interpolation space, but also give the
compact formulas for the fundamental interpolation polynomials.

One immediate question arising from this study is if there exist cubature formulas of
degree 2n — 1 with n®/6 + @(n?) nodes on the cube. Although examples of cubature
formulas of degree 2n — 1 with

n4

— A d _
N=dimhs =gy o(nd1)

nodes are known to exist for special non-centrally symmetric regions ( [1]), we are not
aware of any examples for symmetric domains that use N = n?/d! + ¢(n?~1) nodes. From
our approach of tiling and discrete Fourier analysis, it appears that the rhombic dodecahe-
dron gives the smallest number of nodes among all other fundamental domains that tile
R3 by translation. Giving the fact that this approach yields the cubature formulas with op-
timal order for the number of nodes, it is tempting to make the conjecture that a cubature
formula of degree 2n — 1 on [—1, 1] needs at least n3/4 + @(n?) nodes.

The paper is organized as follows. In the following section we recall the result on
discrete Fourier analysis and lattice tiling in [10]. Cubature and interpolation for d = 2
are developed in Section 3 and those for d = 3 are discussed in Section 4, both the latter
two sections are divided into several subsections.

2. Discrete Fourier analysis with lattice tiling

We recall basic results in [10] on the discrete Fourier analysis associated with a lattice.
Alattice of R? is a discrete subgroup that can be written as AZ? = {Ak : k € Z4}, where A
is a d x d invertible matrix, called the generator of the lattice. A bounded set £, ¢ R? is
said to tile R? with the lattice AZ? if

Z Xa,(x +Ak)=1, for almostall x € RY,
kezd

where y_ denotes the characteristic function of the set E. Such a set is called a spectral set
of the lattice. We further request, in this paper, that the spectral set Q is chosen so that it
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tiles RY without overlapping. The simplest lattice is Z¢ itself, for which the set that tiles
RY is .

Q:=[- %, % .
We reserve the notation 2 as above throughout the rest of this paper. The set Q is chosen
as half open so that its translations by Z? tile R? without overlapping. It is well known
that the exponential functions

er(x):= e2rikx -l ezd x eRY,

form an orthonormal basis for L2(£2). These functions are periodic with respect to Z¢; that
is, they satisfy
fx+k)=f(x), Vkezl

Let B be a d x d matrix such that all entries of B are integers. Denote
Ag={kez':B"keq},
Ay ={kez?: keqy}, (2.1)

where Qj is the spectral set of the lattice BZ9. It is known that |[Ag| = IAEI = | detB|, where
|E| denotes the cardinality of the set E. We need the following theorem [10, Theorem 2.5].

Theorem 2.1. Let B be a d X d matrix with integer entries. Define the discrete inner product

1 -
= Tdet®)] Z fF(Bj)g(B™))

JEAB

<f5 g)B :
for f, g € C(Q), the space of continuous functions on . Then,

(f, &) =1(f, g :=J f()g(x)dx, (2.2)
Q

for all f, g in the finite dimensional subspace
T := span {ezmk'x ke A;} .

The dimension of Ty is IAEI =|detB|.

This result is a special case of a general result in [10], in which € is replaced by 2, for
an invertible matrix A, and the set Ay is replaced by Ay with N = BA and N is assumed
to have integer entries. Since we are interested only at the cube [ — %, %] 4 in this paper,
we have chosen A as the identity matrix.

We can also use the discrete Fourier analysis to study interpolation based on the points
in Ag. We say two points x,y € R? congruent with respect to the lattice BZ?, if x — y €

BZ!, and we write x = y mod B. We then have the following result:
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Theorem 2.2. For a generic function f defined in C(f2), the unique interpolation function
Spf in Ty that satisfies

Isf (B_trj) Zf(B_trj), VjeAg

is given by
Tf ()= Y (f.ede(x)= Y f(B™k)¥q, (x —B~"k), (2.3)
ke keAgp
where 1 e
Vo (x) = mjg 27X (2.4)

The proof of this result is based on the second one of the following two relations that
are of independent interests:

]. Z ezniktrBftrj — 1, lf k = 0 IIlOd B, (2.5)
| det(B))] : 0, otherwise,
JEAp
1 Z e_zmktrB—trj _ 1, lf] = O‘ mod Btr, 2.6)
|det(B)| ~ 0, otherwise.
keAg

For proofs and further results we refer to [9,10]. Throughout this paper we will write,
for k € 24, 2k = (2ky,-+-,2kq) and 2k + 1= (2k; +1,---,2kq + 1).

3. Cubature and interpolation on the square

In this section we consider the case d = 2. In the first subsection, the general results
in the previous section is specialized to a special case and cubature formulas are derived
for a class of trigonometric functions. These results are converted to results for algebraic
polynomials in the second subsection. Results on polynomial interpolation are derived in
the third subsection.

3.1. Discrete Fourier analysis and cubature formulas on the plane

We choose the matrix B as

_ 1 1 _1_1 1 -1
B—n[_1 1} and B _Zn[l 1}.

Since B is a rotation, by 45 degree, of a constant multiple of the diagonal matrix, we choose
the domain Qp defined by

Qp={x€R?:—n<x;+x,<n,—n<x,—x; <n},
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=1

Figure 1: Rhombus Q.
so that it tiles R? without overlapping. This domain is depicted in Fig. 1 above.
From the expression of B™"", it follows readily that Az = Ay =: A,,, where
An={j€Z?:—n<ji+j,<n,—n<j,—j; <n}.
The cardinality of A, is |A,| = 2n%. We further denote the space J by 7, which is given

by .
J, 1= span {ezm kX ke An} .

Theorem 3.1. Define the set
Xn = {ZkEZZ—%Skl,k2<§}u{2k+1€Z2—%1 Skl,k2< nT_l}

Then, for all f,g € 7,
1 — -
(fr8h =575 2, F(3)e(5) =J L f0)gl)dx.
n keXn [_%’%]

Proof. Changing variables from j to k = 2nB™""j, or k; = j; + j, and k, = j, — j;, then,

as j; and j, need to be integers and j; = kl;kz, o = kl;kz, we see that
jeN, < k=2nB"jeXx,. (3.1)

Hence, as det(B) = 2n?, we conclude that (f, g), = (f, g)5 and this theorem follows as a
special case of Theorem 2.1. O

The set A, lacks symmetry as the inequalities in its definition are half open and half
closed. We denote its symmetric counterpart by A}, which is defined by

No={jeZ?*: —n<ji+j,<n, —n<j—j, <n}
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We also denote the counterpart of 7, by 7., which is defined by

T :=span {ezmk'x c ke Afl}

n

Along the same line, we also define the counterpart of X,, as

{Zk -5 < kl,kzig}u{2k+1: ”+1<k1,k2<”21}

It is easy to see that |X,| = |A,| = 2n?%, whereas |X| = 2n* + 2n+ 1. We further partition
the set X into three parts,

X, =X UX;UX),
where X, = X" N (—n, n)? is the set of interior points of X +» X, consists of those points in
X that are on the edges of [—n, n]? but not at the 4 vertices or corners, while X » consists
of those points of X at the vertices of [—n, n]?.

Theorem 3.2. Define the inner product

1, keXx®
(f.8): WE(L)e(E).  where (V=11 kex:. @2
g 2 P Ck o g on/> wnere Ck = 59 ne .
keX; © kexy

Then, forall f,g € T,

f f()g()dx = (f,g)n = (f, 8)%
[-1.47°

Proof. Evidently we only need to show that (f, g), = (f, g);,. Since c( W =1 for k €X,,
the partial sums over interior points of the two sums agree. The set X? of boundary points
can be divided into two parts, X} =X 2’1 ux 2’2, where X fl’l consists of points in X, that are
on the edges of [—n,n)?, but not equal to (—n, —n), and X is the complementary of X!
in X;. Evidently, if x € X,‘i’l, then either x + (2n,0) or x + (0,2n) belongs to X,‘i’z. Hence,
if f is a periodic function, f(x + k) = f(x) for k € Z?, then

Dt )f(zn)— Zf(ZHJ—Zf(Zn)

kexe¢ keXe

Furthermore, for (—n,—n) € X,,, X contains all four vertices (£n,£n). Since a periodic
function takes the same value on all four points,

D)= (= 5-3)

kex)

Consequently, we have proved that (f, g),, = (f, g);, if f, g are periodic functions. O

As a consequence of the above two theorems, we deduce the following two cubature
formulas:
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Theorem 3.3. For n > 2, the cubature formulas

J

1
JOx=50 2,60 )

13 &
_1 k
f[_l l]zf(x)dx = P k;x: f(ﬂ)’ (3.3)
272 n

*
are exact for f € 7, ..

Proof. It suffices to prove that both cubature formulas in (3.3) are exact for every e;
with j € A] _,. For this purpose, we first claim that for any j € 72, there exist v € A,, and
| € 72 such that j = v + Bl. Indeed, the translations of Q5 by BZ? tile R?, thus we have
j = x + BI for certain x € Qz and [ € Z2. Since all entries of the matrix B are integers, we
further deduce that v :=x = j — Bl € Z> N Qg = A,,.

Next assume j € A3 _,. Clearly the integral of e; over Q is §; 5. On the other hand, let
us suppose j = v + Bl with v € A,, and | € Z2. Then, it is easy to see that ej(ﬁ) =e, (ﬁ)

for each k € X . Consequently, we obtain from Theorem 3.2 that

S e (£) = e, (£) = Ye ()
kex,

kex: kex:
=Y e()= J e, (x)dx =6,
kex, Q

Since v = 0 implies j = Bl € Z? which gives j = | = 0, we further obtain that 8y0=20j0-
This completes the proof of (3.3). O

We note that the second cubature in (3.3) is a so-called Chebyshev cubature; that is,
all its weights are equal.

3.2. Cubature for algebraic polynomials

The set A’ is symmetric with respect to the mappings (x1, x3) — (—x1, x5) and (x, x3) —
(xq, —x,). It follows that both the spaces

TV 1= span{ cos 27 jyxq cos 27 jyxy 1 0 < jy 4 jp, < n},

9n°dd := span{ sin 27j;x; sin 27 jy x5 : 1 < j; + jo < n},

are subspaces of 7. Recall that Chebyshev polynomials of the first kind, T,,(t), and the
second kind, U, (t), are defined, respectively, by

sin(n+1)6

T,(t)=cosnB, U,(t)= prms

, t=cos0.
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They are orthogonal with respect to 1/4/1—t2 and /1 — t? over [—1,1], respectively.
Both are algebraic polynomials of degree n in t. Recall the definition of W, and W; in
(1.2). Under the changing of variables

2
t :COSZT[X]_, tZZCOSZﬂ:XZ, (Xl,XZ)G |:— %,%J , (34)

the subspace " becomes the space Hi of polynomials of degree n in the variables
(t1,t2),
1% = span{T;(t;)Ty_;(t;) : 0 < j <k <n}

and the orthogonality of e; over € implies that Tjk(t) := T;(t1)Ti—;(ty) are orthogonal
polynomials of two variables,

1 , 1 k=K=j=j>0o0r k=k'>j=j=0,
= TEOTE (OWo(1) de = { 3 , T
[-1,1]2  k=k'>j=j">0,
0

(k,j) # (K, j").

-

We note also that the subspace 9“0“ becomes the space {y/1—t2y/1—t2p(t) : p €
Hi_l} in the variables t = (t;, t,), and the orthogonality of e; also implies that UJ’.‘(t) =
U;(t1)Ui_j(t,) are orthogonal polynomials of two variables,

1 Y 1
— U; (t)Uj, (Owi(t)dt = Z5j,j,5k,k,.
[-1,112

The symmetry allows us to translate the results in the previous subsection to algebraic
polynomials. Since cos27j;x; cos2mj,x, are even in both variables, we only need to
consider their values over X N {x : x; > 0,x, > 0}. Hence, we define

= = {(2k1,2k2) L0 <ky,ky < g} U {(2k1 $1,2ky+1):0<ky, ky < ’%1} (3.5)
and, under the change of variables (3.4),

T = {(2x,,2k,) : (k,ky) €E,}, where z; = cos an (3.6)
Furthermore, we denote by I'; :=T', N (-1, 1)? the subset of interior points of I',, by re
the set of points in I',, that are on the boundary of [—1,1]? but not at the four corners, and
by I'? the set of points in I, that are at the corners of [—1, 1]2. The sets =, B¢ and B are
defined accordingly. A simple counting shows that
n(n+1) n
——+|5]+1 (3.7)

= (131 + D)7+ (155 +1)° = — 5
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Theorem 3.4. The cubature formula

4, keZ?,

1 1 () 0 e
— fOWo(dt = o 3 AP f G m,), 40 =12 ke=, 68

[-1,1]2 ke=, 1, ke E;’

is exact for HZn 1-

Proof. We note that X is symmetric in the sense that k € X, implies that (—k;,k;) € X,
and (k;,—k;) € X. Let g(x) = f(cos2mx;,cos2mx,). Then, g is even in each of its
variables and g(ﬁ) = f(2k,,2k,). Notice that f € H%n_l implies g € 7, _,. Applying the
first cubature formula (3.3) to g(x), we see that (3.8) follows from the following identity,

Z (n)g(ZH) - Z A'(n)f (Zk17zk2)

kex* keEg,

To prove this identity, let ko denote the set of distinct elements in {(£k;,+k,)}; then
g(ﬁ) takes the same value on all points in ko. If k € X, k; # 0 and ky # O, then ko
contains 4 points;

Z Mg(L)=4g(L) ifkex:,

jeko
> lee(L) =2g(%) ifkext,
jeko
dlele(L)=g(L) ifkex
jeko

If k;, =0 and k5 # 0 or k, = 0 and k; # 0, then ko contains 2 points;

dlMe (L) =2¢(%) ifkex,

jeko

diVe(L)=g(L) ifkex;.

jeko

Finally, if k = (0, 0) then ko contains 1 point and g(0, 0) has coefficient 1. Putting these
together proves the identity. O

By (3.7), the number of nodes of the cubature formula (3.8) is just one more than the
lower bound (1.1). We can also write (3.8) into a form that is more explicit. Indeed, if
n = 2m, then (3.8) can be written as

1
— FOOWp(t) dt
T [ 1 1]2

= Z// Z//f(ZZUZZ] 32

-1
f(Zai41,%2j41)s (3.9)

5

!':MS

.
Il
(=}



Cubature and Interpolation on Cubic Domain 129

where Y.” means that the first and the last terms in the summation are halved. If n =
2m + 1, then (3.8) can be written as

—J fOW(2) dt
1,112

2 / Uy
=3 Z f(221)22])+ Z Z f(zn 2i>Zn— 2]) (3.10)

n i=0 j=0

-

where Z/ means that the first term in the sum is divided by 2. The formula (3.10) ap-
peared in [17], where it was constructed by considering the common zeros of orthogonal
polynomials of two variables.

From the cubature formula (3.3), we can also derive cubature formulas for the Cheby-
shev weight W; of the second kind.

Theorem 3.5. The cubature formula

1 2
= FOWy(Dde = = Z sin? 9% sin2 22 £ (g 2 ) (3.11)
-1 N fez:

is exact for 1'[2n s

Proof. We apply the first cubature formula in (3.3) on the functions
sin (27(ky + 1)x;) sin (27(ky + 1)x5) sin 27tx; sin 27w,

for 0 < k; + k, < 2n — 5, where t; = cos2mx; and t, = cos2mx, as in (3.4). Clearly
these functions are even in both x; and x, and they are functions in 7, ;. Furthermore,
they are zero when x; = 0 or x, = 0, or when (x;, x,) are on the boundary of X. Hence,
the change of variables (3.4) shows that the first cubature in (3.3) becomes (3.11) for

U, (£1) Uy, (t2). O

A simple counting shows that

n n—1 (n—1)(n-2)

=Gl 5= S

The number of nodes of the cubature formula (3.11) is also one more than the lower bound
(1.1). In this case, this formula appeared already in [13].

—

n

=5

3.3. Interpolation by polynomials

As shown in [10], there is a close relation between interpolation and discrete Fourier
transform. We start with a simple result on interpolation by trigonometric functions in ,.



130 H. Li, J. Sun and Y. Xu

Proposition 3.6. For n > 1 define

1
If(x):= ng: f(ﬁ)cpn(x - % , ®,(x):= e Z e, (x). (3.12)

veEN,
Then, I,f (&) = f (55) for all k € X,,.

Proof. For j € A, define k = 2nB™""j. From the relation (3.1), j € A, is equivalent to
k € X,, with k = 2nB~""j. As a result, we can write I, f (x) as

LfG)=" f(B™))@,(x —B™))
jhn
and the interpolation means I,,f (B™*j) = f(B™%j) for j € A,,. For k,j € A,,,

1
2,(B(G-K) =55 D, e (B —K) =6,

veEA,

by (2.6). O
For our main result, we need a lemma on the symmetric set X and A”. Recall that CIE")

is defined for k € X. Since the relation (3.1) clearly extends to
JEN, < k=2nB""jeX}, (3.13)

we define Eﬁ") = clE") whenever k and j are so related. Comparing to (3.12), we then define

1
* o k * _k * o ~n)
I'f(x):= kg *f (—2n)<I>n (x —Zn), where @ (x):= e VGEA* e, (x). (3.14)

We also introduce the following notation: for k € X¢, we denote by k’ the point on the
opposite edge of X*; that is, k" € X¢ and k’ = k & (2n,0) or k’ = k £ (0, 2n). Furthermore,
we denote by j’ the index corresponding to k” under (3.13).

Lemma 3.7. The function I f € J* satisfies
() keXx®
2n/? n’

Df(E) =L f(E)+f(L). kexe,
£+ 1 (S5 + £ (B +7 (50, kex).

Proof. As in the proof of the previous theorem, we can write I’ f as

LFG) =) fB™)es(x —B™))

JEA
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by using (3.13). Let Si(x) = @} (B™*j). For all k, j € A,

1
Sk (B = Py Z e, (B7(j —k)).

vEA]

Since e, (B7"j) = e, (B ~tj) for any u =v mod B, we derive by using a similar argument
as in Theorem 3.2 that

—tr; 1 —trys
Sk(B™)) = o2 Z e, (B™Y(j — k).
vEA,
By (2.6), Sx(B™"j) = &4 if k,j € A,. If j € A7 \ A, then j' € A, so that if k € A,
then Sy (B™""j) = & j. The same holds for the case of j € A, and k € A} \ A,,. If both
k,j € Aj\ Ay, then S (B™"j) = &y . Using the relation (3.13), we have shown that

i —k
<I>;“1(]2—n) =1 whenk =j mod 2nZ? and 0 otherwise,
from which the stated result follows. O

It turns out that the function ¢ satisfies a compact formula. Let us define an operator
P by

1
((@f)(X) = Z [f(xl,xz)+f(—x1,x2)+f(x1,—x2)+f(—x1, _xZ)] .

For e;(x) = g2mik-x

, it follows immediately that
(Pe;)(x) = cos(2mky x;) cos(2mkyx,), Vk € Z2. (3.15)

Lemma 3.8. For n > 0,

1
@ (x)=2[Dy(x)+D,_1(x)] — Z(COS 27tnx, + cos 21nx,), (3.16)
where
1 1 cosm(2n+ 1)x,cosmtx; —cosm(2n+ 1)x, cos mx
Dy(x):== > e, (x)=1 ( ) ! ( )Xz 2. (3.17)
4 2 COS27TX] — COS 27T X5

ven:
Proof. Using the values of E(V”) and the definition of D,, it is easy to see that

%(x) =2 [Dy(x) + Dy ()] — Y ().

veANy

Since A} contains four terms, (£n,0) and (0,+n), the sum over A} becomes the second
term in (3.16). On the other hand, using the symmetry of A";1 and (3.15),

1 /
D,(x)= y Z (Pe,)(x)= Z COS 27T j1 X7 COS 27T jo X o,

vEA 0<j1+j2<n
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where Z/ means that the terms in the sum are halved whenever either j; = 0 or j, =0,
from which the second equal sign in (3.17) follows from [18, (4.2.1) and (4.2.7)]. O

Our main result in this section is interpolation over points in {% : k € B} with E,
defined in (3.5).

Theorem 3.9. For n > 0, define

L, f ()= F(E)(x), 4x) =202 [e}(-— £)] (x),

keEg,
with AE{n) given in (3.8). Then, %, f € 7, is even in both variables and it satisfies
£f () =f(5), Vi€E,

Proof. As shown in the proof of Proposition 3.7, Ri(x) := & (x — 2—kn) satisfies Ry (2]—“) =
1 when k = j mod 2nZ? and 0 otherwise. Hence, if j € 7 then

. 1 .
(PRI = JR(35) = 176y,

If j € E¢ then the number of terms in the sum of (Q’Rk)(ﬁ) depends on whether j js is
zero; if j; jo 7 0 then

. , 1
[Rk(zj_n) +Rk(2]_n)] =50k = A7 16y 5,

. 1
(PRI(£) = y

whereas if j;j, =0 then
iN_ Lo (M1
(PRI(5:) = ERk(ﬂ) =[A1 0

For j =(n,0) or (0,n) in E], we have

) 1 . y
PRO(E) = 5 [Re(E) +Re(5) ] = 6
for j = (n,n) € E}, we have
, 1 _ _ o
(@RI(F) = 7 [Re(GD) +Re () + R (U52) + R (S5 | =81

n
finally for j = 0 € £, it is evident that (R )(0) = 6y . Putting these together, we have
verified that )
J . -
ek(ﬁ) =06y; Vj,keg,
which verifies the interpolation of £, f. O

As in the case of cubature, we can translate the above theorem to interpolation by
algebraic polynomials by applying the change of variables (3.4). Recall I',, defined in
(3.6).
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Theorem 3.10. For n > 0, let

. f(t)= Z fEIGE),  6.(6) = 6 (x),
zkel"n
with t; = cos27mtx;,i = 1,2. Then, £, f € H% and it satisfies £, f (z1.) = f (i) for all z; € T',,.
Furthermore, under the change of variables (3.4), the fundamental polynomial £ (t) satisfies

1 1
() =52 [Da(- =30) + Duca (- =5) ] 6 = 2 [(D T (01) + (-1 Ty (62)]

Proof. That %, f interpolates at z; € I',, is an immediate consequence of the change of
variables, which also shows that £, f € H%. Moreover,

k
cos 27n(x; — 2—1) = (=DM cos2mnx; = (=1)1T,(x,),
n

which verifies the formula of £7(t). O

The polynomial %, f belongs, in fact, to a subspace IT, C Hﬁ of dimension |Z,| =
dim H%_l + [%J + 1, and it is the unique interpolation polynomial in IT}. In the case of
n is odd, this interpolation polynomial was defined and studied in [19], where a slightly
different scheme with one point less was studied in the case of even n. Recently the
interpolation polynomials in [19] have been tested and studied numerically in [3,4]; the
results show that these polynomials can be evaluated efficiently and provide valuable tools
for numerical computation.

4. Cubature and interpolation on the cube

For d = 2, the choice of our spectral set 25 and lattice in the previous section ensures
that we end up with a space close to the polynomial subspace H% ; indeed, monomials in H%
are indexed by 0 < j; +j, < n, a quarter of A7. For d = 3, the same consideration indicates
that we should choose the spectral set as the octahedron {x : —n < x; £ x5, + x5 < n}.
The octahedron, however, does not tile R3 by lattice translation (see, e.g., [6, p. 452]).
As an alternative, we choose the spectral set as rhombic dodecahedron, which tiles R® by
lattice translation with face centered cubic (fcc) lattice. In [9], a discrete Fourier analysis
on the rhombic dodecahedron is developed and used to study cubature and interpolation
on the rhombic dodecahedron, which also leads to results on tetrahedron. In contrast, our
results will be established on the cube [—%, %]3, but our set Q5 is chosen to be a rhombic
dodecahedron.

4.1. Discrete Fourier analysis and cubature formula on the cube

We choose our matrix B as the generator matrix of fcc lattice,

011 -1 1 1
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(0,0,1)

(0,0, -1)
Figure 2: Rhombic dodecahedron.

The spectral set of the fcc lattice is the rhombic dodecahedron (see Fig. 2). Thus,
Qp={xeR’:—n<x,+x,<nl<v<p<3}

The strict inequality in the definition of Q5 reflects our requirement that the tiling of
the spectral set has no overlapping. From the expression of B~", it follows that Ay =: A,
is given by

Ap:={j €Z>: —n< —ji + o + j3, 1 — Jo + j3, 1 + J2 — j3 < n}.
It is known that |A,,| = det(B) = 2n°. Furthermore, AE =: Al is given by
N =2°nQy=1{kez’: —n<k, £k, <n1<v<u<3}
We denote the space I by Z,, which is given by
T, := span {ezmk'x t ke A;}

Then, dim 7, = |A:2| =det(B) = 2n°.
Theorem 4.1. Define the set

Xy o= {2k =8 < kg, ky ky < Blu{2k+1: =2 <oy ky, ky < 252

Then, for all f,g € T,

1 _— R
(frghi=55 D F(3)eG) =]  fOgldx.
kex, ik

[_5;5
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Proof. Changing variables from j to k = 2nB~j, or j = B'k/(2n), then, as ji, j,, j; are

integers and j; = kz;k3, o = kl;k3, j3 = kl;kz, we see that
jen =2mBjeX,, Y FBTH= Y. f(£), “4.1)
JEA, keX

from which we conclude that (f, g), = (f, &) 5. Consequently, this theorem is a special case
of Theorem 2.1. O

Just like the case of d = 2, we denote the symmetric counterpart of X,, by X which is
defined by

Xp = {2k =2 <ky,kp, ks < BRU{2k+1: =2 <k kp kg < 2723,

A simple counting shows that [X | = n® 4+ (n+1)3. The set X is further partitioned into
four parts,
X:=x2uxfuxeiux’,

where X, = X N (—n, n)? is the set of interior points, Xfi contains the points in X that
are on the faces of [—n,n]® but not on the edges or vertices, X ¢ contains the points in X,
that are on the edges of [—n,n]® but not on the corners or vertices, while X denotes the
points of X at the vertices of [—n, n]3.

Theorem 4.2. Define the inner product

1, keX,
—_— f
1 1 kex
(n) ¢k k (n) ) n
(f.8hy = 3 Cr f(z—)g(z—), where ¢;” =1 3% ) (4.2)
2n = n n ? keX;
3’ kEX";

Then, forall f,g € T,
J fOg(x)dx = (f, &) = (f, &),
[-3.30°

Proof. The proof follows along the same line as the proof of Theorem 3.2. We only
need to show (f, g), = (f,g) if fg is periodic. The interior points of X,, and X are the
same, so that c,E") =1fork €X;. Let &, =(1,0,0), &, = (0,1,0), and &5 = (0,0,1). Each
point k in X fi has exactly one opposite point k* in X fi under translation by *ne; and only
one of them is in X, so that

1
flx) = 5 Lf () + f ()]

if f is periodic, which is why we define c]((n) = % for k € Xfi . Evidently, only three edges of

X’ are in X, \ X,,. Each point in X¢ corresponds to exactly four points in X¢ under integer
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translations £ne; and only one among the four is in X,,, so we define c,E") = zlt fork e X;.
Finally, all eight corner points can be derived from translations ne; points, used repeatedly,
and exactly one, (—n, —n,—n), is in X, \ X, so that we define c]((n) = % forkeX). O

We also denote the symmetric counterpart of Afl by A:’l*,
Af;*::{jeZS:—nSjV:tjMSn,1SV<,uS3}, 4.3)
and the counterpart of 7, by 7", which is defined accordingly by

T* .= span {ezmk'x c ke AT’I*} )

n

Theorem 4.3. For n > 2, the cubature formulas

1 n
fll f(X)dx:FZCIE)f(ﬁ),
(=350 fex:
1
J[_l 1]3f(x)dx =55 G 4.4)

*
are exact for f € 7, ..

Proof As in the proof of Theorem 3.3, for any j € Z3, there exist v € A and | € Z3
such that j =v + BI.

Assume now j € A;:—r Clearly the integral of e; over Q is §; o. On the other hand, let
L3

us suppose j = v + Bl with v € A, and I € Z3. Then, it is easy to see that ej(ﬁ) = eV(Zn

for each k € X . Consequently, we get from Theorem 4.2 that

e (5) = 2,6 e () = D e(s)
keX? keX? kex

= Z ej(ﬁ) :J e,(x)dx =6, 0.
kex,, Q

Since v = 0 implies j = [ = 0, we further obtain that 6, o = &;. This states that the

cubature formulas (4.4) are exact for each e; with j € A which completes the proof.

2n—1°
O

4.2. Cubature formula for algebraic polynomials

We can also translate the cubature in Theorem 4.3 into one for algebraic polynomials.
For this we use the change of variables

3
t; = COS27TXy, ty=COS2TXy, t3=COS27TX3, XE[— %, %] . (4.5)
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Under (4.5), the functions cos 27k, x; cos 27k, x5 cos 2k x5 become algebraic polynomi-
als Ty, (t1)Ti,(t2) T, (t3), which are even in each of its variables. The subspace of " that
consists of functions that are even in each of its variables corresponds to the polynomial
subspace

IT;, := span{ Ty, (1) Tx,(x2) Ti, (x3) : ky, ko, kg >0, k, +k, <n,1<v <y <3}

Notice that X is symmetric in the sense that if x € X, then ox € X for all 0 € {—1, 133,
where (ox); = 0;x;. In order to evaluate functions that are even in each of its variables
on X', we only need to consider X' N {x : X1, x5, x3 > 0}. Hence, we define,

Ep = {2k :0 < ky, kg, ks < %}U{2k+1105k1,k2,k3 < HT_l} (4.6)

and under the change of variables (4.5), define

Fn = {(Zkl,Zkz,Zk?’):keEn}, Zk:%. (47)

Moreover, we denote by I'7, F{l, I'* and I'} the subsets of I', that contains interior points,

points on the faces but not on the edges, points on the edges but not on the vertices,
o =f e

and points on the vertices, of [—1,1]3, respectively, and we define B, En, E;, and 2}
accordingly. A simple counting shows that

(n+1)° | 3(n+1) ;
) 4 2P nis even
= = (| 3 n-1 3_] 4 4 7 ’
2 = (131 + 1)+ (155 +1) —{@%ﬁ, n'is odd. o

Theorem 4.4. Write z; = (2, 2,, %k, )- The cubature formula

8, kez;,
1 1 4, ke=l
(n) (n) > n»

— fFOWo(t)dt =——= > A f(z), Ay = _ (4.9)
3 [-1.1]3 2n? kGXE:n k k 2, keZ,
1, keg],

*
2n—1*

3

is exact for I1 1"

In particular, it is exact for I1

Proof. Let g(x) = f(cos2mx;,cos2mxy,cos2mx3). Then, g is even in each of its vari-
ables and g(%) = f(2). Applying the first cubature formula in (3.3) to g(x), we see that
(3.8) follows from the following identity,

DleVe(£) = A (=)
kex: kez,

This identity is proved in the same way that the corresponding identity in Theorem 3.4 is
proved. Let ko denote the set of distinct elements in {ko : o € {—1,1}%}; then g(ﬁ) takes
the same value on all points in ko. If k € X, k; # 0 for i = 1,2,3, then ko contains 8
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points; if exactly one k; is zero then ko contains 4 points; if exactly two k; are zero, then
ko contains one point; and, finally, if k = (0, 0,0), then ko contains one point. In the case
of k; #0 fori=1,2,3,

w5 k . °
2. 68 =8g(-) if kex;,

jeko n
Moy o Ky f
Z o 8(Z)=48(5) if kex],
jeko
e oo Ky e
Z o 8(z-)=2¢(;) if kex;
jeko
The other cases are treated similarly. Thus, (4.9) holds for IT; _,. O

Finally, the definition of IT; shows readily that it contains
I = span{ Ty, (1) T, (x2) T, (3) : ki, ko, k3 2 0,0 < ky +ky + k3 < n}

as a subspace. In particular, 1'["2‘“_1 contains Hgn_l as a subset.

We note that H;n_l contains Hgn_l as a subspace, but it does not contain H%n since
T, (x1)T,(x,) is in Hgn but not in Hgn_l. Hence, the cubature (4.9) is of degree 2n — 1.
A trivial cubature formula of degree 2n — 1 for W, can be derived by taking the product
of Gaussian quadrature of degree 2n — 1 in one variable, which has exactly n® nodes. In
contrast, according to (4.8), the number of nodes of our cubature (3.8) is in the order of
n%/4 + 0(n?), about a quarter of the product formula. As far as we know, this is the best
that is available at the present time. On the other hand, the lower bound for the number of
nodes states that a cubature formula of degree 2n — 1 needs at least n3/6 + @(n?) nodes.
It is, however, an open question if there exist formulas with number of nodes attaining this
theoretic lower bound.

Recall the cubature (4.9) is derived by choosing the spectral set as a rhombic dodeca-
hedron. One natural question is how to choose a spectral set that tiles R® by translation
so that the resulted cubature formula is of degree 2n — 1 and has the smallest number of
nodes possible. Among the regular lattice tiling, the rhombic dodecahedron appears to
lead to the smallest number of nodes.

Just as Theorem 3.5, we can also derive a cubature formula of degree 2n — 5 for W;
from Theorem 4.3. We omit the proof as it follows exactly as in Theorem 3.5.

Theorem 4.5. The cubature formula

1 4
— fOwW(t)dt = pc Z sin? le“ sin? szﬂ sin? ]%T“f(zk) (4.10)

[-11P3 keze

*

is exact for IT; _c. In particular; it is exact for I

2n-5*
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4.3. A compact formula for a partial sum

In order to obtain the compact formula for the interpolation function, we follow [9]
and use homogeneous coordinates and embed the rhombic dodecahedron into the plane
t1 + ty + t5 + t4, = 0 of R*. Throughout the rest of this paper, we adopt the convention of
using bold letters, such as t, to denote the points in the space

R;‘II ::{t:(tl,tz,tS,t4)€ R4:t1+t2+t3+t4:0}.

In other words, the bold letters such as t and k will always mean homogeneous coordinates.
The transformation between x € R® and t € ]R;‘j[ is defined by

ty = %(—X1 + x5+ X3),

X1 = tz + t3,
ty = %(xl — X+ x3),

x2=t1+t3, — 1 (4.11)
tz = 5(x; + x5 — X3),

X3 = t2 + tl) 1
tg=5(=x3 — x5 — x3).

In this homogenous coordinates, the spectral set 2z becomes
Qp={teRf:-1<t;—t;<1, 1<i<j<4}. (4.12)

We now use homogeneous coordinates to describe A,'f defined in (4.3). Let Zg =
Z* N R}, and
H:={je€Z},:j, =j,=j3s=j; mod4}.

In order to keep the elements as integers, we make the change of variables

j1=2(=ky +ky+ks), Jjo=2(k; —ky+ks),

. . (4.13)
J3 :2(k1+k2—k3), 1422(—k1 —k2 —kg),

for k = (ky,ky, k3) € AT'I* It then follows that Af;* in homogeneous coordinates becomes
Gp:={j€H:j;=j;=j3=j,=0 mod2, —4n<j,—j,<4n, 1<v, u<4}.

We could have changed variables without the factor 2, setting j; = —k; + ko + k3 etc. We
choose the current change of variables so that we can use some of the computations in [9].
In fact, the set

H :={jeH:—4n<j,—j,<4n, 1<v, u<4} (4.14)

is used in [9]. The main result of this subsection is a compact formula for the partial sum

Dy(x):= ) ex(x)= Y g =:Dj(t), e):=e?", (4.15)

kGA;i;* j€G,
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where x and t are related by (4.11) and the middle equality follows from the fact that
Af;* = G,, under this change of variables. In fact, by (4.11) and (4.13), we have

k X = kl(tZ + ts) + kZ(tl + t3) + k3(t1 + tz)
== (k2 + kS)tl + (kl + k3)t2 + (kl + kz)tg

1. .. .. 1
= py [(11 —Jja)ty + (o — ja)ta + (s —J4)f3] = ZJ -t

where in the last step we have used the fact that t € R;‘i. The compact formula of D, (t) is
an essential part of the compact formula for the interpolation function.

Theorem 4.6. For n > 1,
Di(1) = ©,,1(1) — ©,(t) — (©5%(t) — ©2%,(1)) ,

where

4 .

sin nt;

o0=] [ F
i

. 2
-1 sin Tfti
and forn > 1,
4

. 4 )
00dd(g) = l_[ sin(n + 2)mtt; sinnm;
n ] sin27t; = sin(n + 2)7'Ctj

, ifniseven,

4

. 4 .
ddron sin(n + 1)mtt; sin(n + 3)mt;
oc)=]] >

sin27t; sin(n+ 1)mt;

, Ifnisodd.

i=1 =1

Proof. By definition, G, is a subset of H, that contains elements with all indices being
even integers. For technical reasons, it turns out to be easier to work with Hfl \ G,,. In fact,
the sum over HI; has already been worked out in [9], which is

4 . 4 .
Z (6 = l_[ sin(n + 1)mt; 3 l—[ sinnmt; 0...(6)— 0,(t).
i=1

jGHfl =1 sin 7Tti sin 7Tti
Thus, we need to find only the sum over odd indices, that is, the sum

D)= D ei(t), HOM:=H!\G,.

s cgrodd
jEHY

Just as in [9], the index set Hgdd can be partitioned into four congruent parts, each within
a parallelepiped, defined by

Hg‘) = {jEHgddZOSjl—jk§4n, ZEN4}
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for k € N,. Furthermore, for each index set J, § C J € Ny, define
vi={kemM:k,=k;, Vi,jeJ, and 0<k;—k; <4n, YjeJ, VieN,\J}.
Then, we have
dd _ J _ j
e = | JuY,  m =Y.

JEN, jeJ

Using the inclusion-exclusion relation of subsets, we have

DXy = D7 (—1VF Y eT ke,

PCJCN, kel

Fix j € J, using the fact that t; = — 3., t;, we have

Z o Tkt _ Z o3 Dienyuki=kpo _ Z l—[ o5 =kt

kel kel kel [EN\J

Since k € Hi implies, in particular, k; = k; mod 4, we obtain

Z 7'“ kt l_[ Z e%i(kl_kj)tl — l_[ Z eZﬂ:ikltl’

kel 1eN,\J 0<k;—k;<4n leN,\J 0<k;<n

kerl |k|J odd
where |k|; := ZZEN4\ ; k. The last equation needs a few words of explanation: if 4k] =
k; — k;, then using the fact that k; = k;, Vi,j€J fork € Hfl and k; +ky + ks + ks =0, we

see that
- Z (ki — k) = —
leN4\J
which is odd by the definition of H’. On the other hand, assume that ZZEN4\ s kj is odd,
then we define k; = —Den W\ k; VjeJ and define k; = 4kl’ + k;, so that all components

of k are odd and k € H.
The condition that |k|; is an odd integer means that the last term is not a simple product
of sums. Setting

n amitq _ AAmil S
PECTEED QC Sl Gl Ml
n : 1 — edmit ’
j=0,j odd
. n —_— _ e4niL"T+2Jt
Dn(t):: Z € = 1_e4nit 4
i=0,i even

we see that, up to a permutation, only products DD?D? and DYDEDE are possible for
triple products (|J| = 3). Only DSDE is possible for double products (|J| = 2) while only
Dg is possible (|J| = 1), and there is a constant term. Thus, using the fact that

abc—(a—1)(b—-1)(c—1)=ab+ac+bc—a—b—c+1,



142 H. Li, J. Sun and Y. Xu

we conclude that

Do%(t) = Z(il,iz,i3)eN4Dg(ti1)Dg(tiz)Dg(tig)
+DY(t1) [DE(t2)D} (£3)D) () — (D () = 1) (Dh(£5) — 1) (D (t4) = 1) ]
+DE(t,) [ DE(t)DE(t3)DE(t,) — (DE(t) — 1) (DE(ts) = 1) (DE(t) — 1) ]
+DS(t3) [ DE(t)DE(t5)DE(t,) — (DE(t) — 1) (DE(tp) = 1) (DE(t) — 1) ]
+ DS (ty) [ DE(t)DE(t5)DE(t5) — (D5 () — 1) (DE(tp) = 1) (DE(t3) — 1) ]

where the first sum is over all distinct triple integers in Nj.
Assume that n is an even integer. A quick computation shows that

4

DO(t)DE(6,)DE(6)DE () = |

j=2

sint(n + 2)t; sintnt;

sin27t;  sin27ty
Furthermore, we see that

Do(tz)DO(tg)DO(t4) — DO(t1)(DE(ty) — 1)(DE(t3) — 1)(DE(t,) — 1)

—2mint : 4 o .
_l—[ sin 7tnt; |: innt, _ © Loemnt | _ _l—[ sin 7tnt; sin t(n — 2)t;

sin 27t; 1 — edrity jop Sin2mt;  sin2mt

Adding the above two terms together and then summing over the permutation of the sum,

we end up the formula for ngd(t) when n is even. The case of n odd can be handled
similarly. O

Let us write down explicitly the function D,(x) defined in (4.15) in x-variables. Using
the elementary trigonometric identity and (4.11), we see that
4
41_[ sinant; = (cosan(x, — x1) — cosanxs) (cosan(x, + x;) — cosanxsz)
i=1

= cos? ax; + cos? ax, + cos? ax; — 2COS 0LX COS 0LX COS AX3 — 1,

so that we end up with the compact formula

Dy (x) = 8,41 (x) — 8,(x) — (63%(x) — 823 (x)) , (4.16)
where
~ cos? nmx, + cos® nmx, + cos? nmx; — 2 COSNTTX] COS NTTX, COSNTTX5 — 1
On(x) = cos® 1x; + cos? mx, + cos? mx3 — 208 X COS Xy COSTTXg —1
and

4 .
~ ~ sinnmt;
0°%(x) = Oz (2x — 1 ifniseven,

n (%) %2( ); sin(n + 2)mt;

4 .
~ ~ sin(n + 3)t;
odd _ SN T . .
e (t) = @wzrl (2x) :El e 1)77:tj’ if n is odd,
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in which ¢t; is given in terms of x; in (4.11). As a result of this explicit expression, we see
that D, (x) is an even function in each x;.

4.4. Boundary of the rhombic dodecahedron

In order to develop the interpolation on the set X, we will need to understand the
structure of the points on the boundary of AT'1 = Z3NQp. As Qg is a rhombic dodecahedron,
we need to understand the boundary of this 12-face polyhedron, which has been studied
in detail in [9]. In this subsection, we state the necessary definitions and notations on the
boundary of Qp, so that the exposition is self-contained. We refer to further details and
proofs to [9].

Again we use homogeneous coordinates. For i,j € Ny := {1,2,3,4} and i # j, the
(closed) faces of Qg are

Fi={teQy:t;—t;=1}.

There are a total 2(;’) = 12 distinct F; ;, each represents one face of the rhombic dodeca-
hedron. For nonempty subsets I,J of Ny, define

QI,J:: ﬂ Fi’j:{teﬁH: t]:tl_]‘) VlEI,]EJ}.
i€l,jeJ

It is shown in [9] that Q; ; = @ if and only if INJ # @, and Q, ; NQp ;, =Q; ;if [ UL, =1
and J; UJ, = J. These sets describe the intersections of faces, which can then be used to
describe the edges, which are intersections of faces, and vertices, which are intersections
of edges. Let

A ={(,J):1,J CNy InJ =0},
Hy:={I,N)ex:i<j,V({i,jHel,J)}.

We now define, for each (I,J) € ., the boundary element B, ; of the dodecahedron,
BI,J = {te QI,J . t¢Qll,J13 V(Il,.]]_) € A with |I| + |J| < |I]_| + |J1|} .

It is called a face if |I| + |J| = 2, an edge if |I| + |J| = 3, and a vertex if |I| + |J| = 4.
By definition, the elements for faces and edges are without boundary, which implies that
B,y NBy, =0if I # 1, and J # J;. In particular, it follows that By;; 1 = Fl.‘jj and, for
example, By (i 3 = (F; ; N F;;)° for distinct integers i, j, k € Ny.

Let 9 = S4 denote the permutation group of four elements and let o;; denote the
element in ¢ that interchanges i and j; then to;; = t — (t; — t;)e; ;. For a nonempty set
I C Ny, define ¥; := {ai]- 1i,j € I}, where we take 0;; = 0j; and take o ; as the identity
element. It follows that %; forms a subgroup of ¥ of order |I|. For (I,J) € #, we then
define

[]RI,J] = U BI’JO'. (417)

OEY
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It turns out that [B; ;] consists of exactly those boundary elements that can be obtained
from B; ; by congruent modulus B, and

(B, 1N [B;, ;,]=0 if (I,J)#(;,J;) for (I,J)€A, and (I,J7) € Ap.

More importantly, we define, for 0 <i, j <i+j <4,

i . ij . i .
B = | ”[Bu] with A7 :={(I,J) €A [I|=1i, |J|=j}. 4.18)
(1,)exy’
Then, the boundary of Q5 can be decomposed as
ap\op= J By= |J BY
(I,))ex 0<i,j<i+j<4
The main complication is the case of |I| + |J| = 2, for which we have, for example,
[Bi1y,1231] = By 2.3 U B2y, 1,3 U Bgsy 1,23 (4.19)
The other cases can be written down similarly. Furthermore, we have
By, (2.4 = By1y, 12,3934 By1,23,(43 = By1,2},13) 034,
Byiy,3.4 = By1y, (2,39 24» By1,3},4p = B{1,2},1310230°34,
By} (3,41 = B11,23,(31012024,  By23}, 143 = By12},{3}0130°34, (4.20)
with
B{l}’{z’g} = {(t,t —-1,t—1,2—-3¢): % <t< %},
B{I,Z},{S} = {(1 —t,1—t,—t,3t — 2) : % <t< %} 4.21)
If |I| +|J| = 2, then B; ; =By; q;; is a face and
B! = [By1y 193] U [Byay 33 U [Byay a1 U [Byoy 331 U [Byoy g3 U [Bysp gy -
If [I| + |J| = 3, then B, ; is an edge and we have
B2 = [By1},52,35] U [Byay 12,411 U [By1y 3,41] U [Byoy 3,431 4.22)
B> = [By1,93,31] U (B .23, 41] U [Bya 33 a3 ] U [Byz 3. 143]-
If |[I| 4+ |J| = 4, then
13_[g111_3 22 _[gll _1 _1
B - [{(4) 42 4° 4)}] > IB - [{(2) 27 22 2)}] 5 (4.23)
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Recall that G, is AT'I* = 73 N Qp in homogeneous coordinates. We now consider the
decomposition of the boundary of G,, according to the boundary elements of the rhombic
dodecahedron. First we denote by G; the points inside G,

G2 :={jeC,: —4n<j, - j, <4n, 15v,u§4}={je@n:4lneﬂg}.
We further define, for 0 <i, j <i+j <4,
G ={keG,: L eni}. (4.24)

The set Gf{j describes those points j in G, such that 4];;1 are in BY of 8. It is easy to see
that G/ NGM =@if i #k,j #1 and

i,j — o
U Gi=G,\G.
0<i,j<i+j<4

4.5. Interpolation by trigonometric polynomials

We first apply the general theory from Section 2 to our set up with Qg as a rhombic
dodecahedron.

Theorem 4.7. For n > 1 define

1
If(x):= Z F(E)0,(x— %), @,(x):= — Z e, (x). (4.25)
kex, n VGAZ
Then, for each j € X, Inf(ﬁ) =f(§).
Proof By (4.1), Inf(ﬁ) = f(%) for j € X,, is equivalent to I,f (B~*1) = f(B™*1) for
[ € A,. Moreover, I,f can be rewritten as
L) =D (BT ))®,(x —B ™)),
J&€A,
Hence, this theorem is a special case of Theorem 2.2. O

Next we consider interpolation on the symmetric set of points X. For this we need
to modify the kernel function ®,. Recall that, under the change of variables (4.13), Aj;*
becomes G, in homogeneous coordinates. We define

1 1
* — ~(n) _ (n) X
(x) = o D ey (x) == > 1ei(n),
VGA::* jeG,
where x and t are related by (4.11). ﬁ(kn) is defined by u(kn) under the change of indices
(4.13), and

1 ..
uP=1if jeG;, wV=—— if jeGY.

J (lel)
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More explicitly,

jeG,,

. 1,1
J€G,,
JjEG UG,
j€GP UG,
: 2,2
jeGyr.

-

-

o

-

=
Q=B I=W =N =

-

For each k on the boundary of X, that is, - on the boundary of [—— —]3 let

) 2
S = {jeXﬁ:ﬁEﬁ mod ZS}, (4.26)

which contains the points on the boundary of X* that are congruent to k under integer
translations.

Theorem 4.8. For n > 1, define

Lf() =D F(E)R(x), Re(x):=@}(x - £). (4.27)

kex;

Then, for each j € X7,
f(L),  jexs,

Lf (GG =
c DR dexp\xy.

kes;

(4.28)

In homogeneous coordinates, the function ®,(x) = 52(0 is a real function and it satisfies

1< s1n27c[—Jtv

~ 1 |1 .
qf;(t) :ﬁ E (D:(t) + D:—l(t)) — 5 Z m ZCOS 27'C(Tlt + | Jtv)

v=1 1
v
4 .
1 1 ._.cos2mnt; ifniseven
—— Z cos2nn(t, +t,)— = 21_1 J f ] , (4.29)
1<p<v<4 210 if nis odd

from which the formula for & (x) follows from (4.11) and (4.16).

Proof. By (4.1), we need to verify the interpolation at the points B~*'l for [ € A*. By
definition, we can write

Rk(B_”l)— — Z iMe, (B(1 - k)).

veA



Cubature and Interpolation on Cubic Domain 147
It is easy to see that
1
t _t . . .
vi'BTl = 4_n(J1l1 + Jola + Jsls)

if v is related to j by (4.13). Hence, as in the proof of Theorem 3.15 in [9], we conclude
that

1
Ri(B D)= D e, (B7(1-k)),

veEA)

Now, for [,k € A7, there exist p € A, and q € 73 such that | — k = p £ B'"q. Consequently,
it follows from (2.6) that

_ 1 _
Ri(B™D)= 5= > e, (B™p)=5,0.
VEA}:
By (4.1), we have verified that
J

. 1,
Ri(3) = {O 2n

, otherwise,

=X mod 73,
2n (4.30)

which proves the interpolation part of the theorem.
In order to prove the compact formula, we start with the following formula that can be
established exactly as in the proof of Theorem 3.15 in [9]:

Tk 1 1 * * 1
B(0= 7 | 5OMOFDL@) ¢ Y au

keGiiuc?!
1 1
DI R I Gl (431)
keGLPuG! keG>?

Let us define G/ := {ke G, : 4—1‘n €B;;} forI,J C N, and also define
(G ] :={keG,: ;£ € [B;,1}.

It follows from (4.18), and (4.24) that

o= U [o], [o]= U o

ij G
Ljexy’ o€Y

In order to compute the sums in (4.31), we need to use the detail description of the bound-
ary elements of Q0 in the previous subsection. The computation is parallel to the proof of
Theorem 3.15 in [9], in which the similar computation with G,, replaced by H,, is carried
out. Thus, we shall be brief.
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Using t; + t, + t3 + t, = 0 and the explicit description of B{'H{23} we get

Z P () = Z kt+ Z ’"kt Z e7;’kt

kel 23 keg 23} kec P 1) keGP 12
n—1
— Z e 2mijts (eZnni(t1+t4)+e2nm’(t2+t4)+e2nm’(t3+t4))
j=1,jeven
: n—1
SIHZTELTJt4

. ntl - - -
‘ e—ZmLTJt4 (Gann(t1+t4) + eZmn(t2+t4) + eZmn(t3+t4)) ,
Sin 27ty

Similarly, we also have
Ty, fitd itd
I M D P
ke[GLH2H3 keG 23 keGP keGP
. -1
sin27| %= |t .
15 4 o2mil 5t |ty

Sin 27ty

(e—Znin(t1+t4) + e—2m’n(t2+t4) + e—2m’n(t3+t4)) )

From these and their permutations, we can compute the sum over G- and G>'. Putting
them together, we obtain

4 sin2m[22tt, &

2 n
Z ¢k(t) ZWZCOSZH(HIj-’- LEJtV)
keG UG 5;11/

Using (4.23), we see that, G>* = {(2n,2n,—2n,—2n)o : 0 € 9} and, if n is even, then
G1 3=1{(n,n,n,—3n)o : 0 € ¥} and G3’1 ={(8n,—n,—n,—n)o : o € ¥}, whereas if n is
odd then G}3 =G> = 0. As a result, it follows that

Z ¢k(t) — Z eZnin(tM-Hv) = Z coS Znn(tu + tv)’

keGﬁ’z 1<u<v<4 1<u<v=z4
where we have used the fact that t; + t5 +t3 +t4, =0, and
Z ¢k(t) Z (eZmntJ + e—2mnt)) - ZZCOS 277:nt],
keG UG

if n is even while it is equal to 0 if n is odd.
Putting all these into (4.31) completes the proof. O

Theorem 4.9. Let ||I*||,, denote the norm of the operator I : C([—%,% 3) - C([ == 3)
Then, there is a constant c, independent of n, such that

5]l s < c(logn)*.
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Proof. Following the standard procedure, we see that

* —
1T lloo = L >

321 kex:

k
CP;‘;(X— n

Using the formula of 7 in (4.29), it is easy to see that it suffices to prove that

max E
1 193

x€[-3:3) kex>

D; (x - %)‘ <c(logn)®, n>0.

Furthermore, using the explicit formula of ngd(t) and (3.19) in [9], we see that our main
task is to estimate the sums in the form of

. kotksy s ki+ksy - ki+k
1 sintn(t; — ==2)sintn(ty, — =)sin tn(ty — =—2
I{ y . max 1 2n 2 2n 3 2n
1,23} - 3 2 : . kodksy - ki+ksy ki+k
2n° €@ =L sinq(t; — %)sm m(ty — 1;1 2)sint(tg — %

and three other similar estimates Iy 5 43, I11 3 43 and Iy, 5 43, Tespectively, as well as similar
sums in which the denominator becomes product of sin 27 (t; — 5—;) and n in the numerator

is replace by n + 1 or n+ 2. Here Q is the image of [—1,1]® under the mapping (4.11);
that is,
Q={teR} : —3<t; 41t +1t3,t3+; <3}

Changing the summation indices and enlarging the set X, we see that

sinnm(t — 2—kn)

3
) < c(logn)?,

1 2n
1{1,2’3}S4 max ( Z

tel-11] \ 2n &= sinm(t — 2£n)

where the last step follows from the standard estimate of one variable (cf. [20, Vol. II, p.
19]). O

4.6. Interpolation by algebraic polynomials

The main outcome of Theorem 4.7 in the previous section is that we can derive a
genuine interpolation by trigonometric polynomials based on the set of points in {% 1k e
=,} defined at (4.6). The development below is similar to the case of d = 2. We define

1
Pf(x):= g Z f(&1x1,€2X5, €3x3).

ee{-1,1}13

Theorem 4.10. For n > 0 define
Lf ()= D F(E)0(x), G(x) =212 [&;(-—L£)] (x),

keEg,
with Ag{") given in (4.9). Then, %,f € J, is even in each of its variables and it satisfies

L f (&) =f(£), VjeE.
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Proof. As shown in (4.30), Ry(x) = & (x — 2%) satisfies Rk(ﬁ) =1whenk =j
mod 2nZ3 and 0 otherwise. Hence, if j € =, then

(@PRO(L) = gRe(E) = A1 5y,
If j € 27\ 2, then we need to consider several cases, depending on how many components
of j are zero, which determines how many distinct terms are in the sum (Q’Rk)(zj—n) and
how many distinct k can be obtained from j by congruent in Z3. For example, if j € E£
and none of the components of j are zero, then there are 2 elements in &}, j and the one

in the opposite face, and the sum Ry (ZJ—n) contains 8 terms, so that

, 1
(PRA() =78,0= "1 "5,

The other cases can be verified similarly, just as in the case of d = 2. We omit the details.
O

The above theorem yields immediately interpolation by algebraic polynomials upon
applying the change of variables (4.5). Recall T, defined in (4.7) and the polynomial
subspace

I = span{slflsgzsl?:3 tky, ko, kg >0,k +k; <n, 1<i, j<3}.
Theorem 4.11. For n > 0, let

L. f(s)= Z f)(s),  £(s) = Lx(x) with s = cos2mx.

zr€l,
Then, &£, f € IT;, and it satisfies £, f (z) = f(2;) for all z € T,

This theorem follows immediately from the change of variables (4.5). The explicit
compact formula of £, (x), thus £;(s), can be derived from Theorem 4.8.

The theorem states that the interpolation space for the point set I'; is exactly II},
which consists of monomials that have indices in the positive quadrant of the rhombic
dodecahedron, as depicted in Fig. 3.

The set I, consists of roughly n®/4(1 + @(n™!) points. The interpolation polynomial
%,.f €1I’ is about a total degree of 3n/2. The compact formula of the fundamental inter-
polation polynomial provides a convenient way of evaluating the interpolation polynomial.
Furthermore, the Lebesgue constant of this interpolation process remains at the order of
(logn)3, as the consequence of Theorem 4.9 and the change of variables.

Corollary 4.12. Let |%,||., denote the operator norm of £, : C([—1,1]%) — C([—1,1]°).
Then, there is a constant c, independent of n, such that

[ Znlloo < c(logn)®.
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