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Abstract. In this paper, the Fourier collocation method for solving the generalized
Benjamin-Ono equation with periodic boundary conditions is analyzed. Stability of the
semi-discrete scheme is proved and error estimate in H/?-norm is obtained.
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1. Introduction

In this paper, we analyze the Fourier collocation (FC) approximation to the generalized
Benjamin—-Ono (BO) equation with periodic boundary conditions:

3, U(x,t)+ 8, F(U)(x,t)+ #02U(x,t) =0, x€R,0<t<T,
U(x+2m,t)=U(x,t), xeR0<t<T, (1.1)
U(Xa 0) = UO(X)J X € R;

where U, is 27-periodic in space, F(z) € C}(R), and .# is the periodic Hilbert transform

[1]
1 " -
Fu(x) = —ﬁPVJ_TC cot (n(xz—n_y))u(y)dy.

The problem (1.1) arises in the propagation of internal waves in a stratified fluid of great
depth. The special case F(U) = U? is the BO equation. Fourier methods for the BO
equation have been studied by many authors [4,9-12]. In recent work [11], it is proved
that error of the Fourier Galerkin (FG) method for the BO equation is of the order @(N1™")
in L2-norm for the analytic solution in H". An optimal error bound @(N/27") of the
method in HY/2-norm is obtained in [4].
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As suggested in [6,9, 10], the FC methods for the BO equation are efficient, but no
error analysis has been provided. The aim of this work is to give rigorous proof of error
estimate of the FC method for (1.1). In particular, it will be shown that the error is of the
order @(N3/27) in HY/?-norm.

In Section 2, the FC method for (1.1) is presented. In Section 3, some lemmas needed
in error analysis are given. In Section 4, the stability and convergence of the semi-discrete
FC method are analyzed. This paper does not give the analysis for the fully discrete scheme,
but the accuracy of the fully discrete scheme will be demonstrated by using an example for
the BO equation in Section 5.

2. The Fourier collocation method

Let I = (—m, ). The inner product of L2(I) is denoted by (-, -). For a positive integer N,
the approximation space Vy of the real trigonometric polynomials of degree N is defined
by

N

’ 5 J—

Vy = {u(x)= D ae™ @ =ay, [l <N; aN=a_N},
[=—N

where the notation Z” denotes halving the terms a_y and ay in the series. Let h = 27t/2N,
xj=jh—m (j=0,---,2N — 1) be the collocation points so that the base 2 Fast Fourier
Transform (FFT) can be directly adopted. Let Iy : C(I) — Vy be the Fourier interpolation
operator defined by

Iyu(xj) =u(x;), j=0,---,2N —1.

We define the discrete product and norm as follows:

2N-1
Wiy =h Y uGcvix),  llully = @)y
j=0

Let Py : L?(I) — Vy be the L2-orthogonal projection operator, i.e.,
(Pyu—u,v)=0, veVy.

The semi-discrete FC method for (1.1) is to find u.(t) € Vi such that for 0 < j <2N —1,
(Bpuc + O InF(uo) + #07u )(x;,t) =0, 0<t<T, 2.1
uc(x;,0) = PyUp(x;). '

For the time advance, we use the second-order leapfrog-Crank-Nicolson scheme. Let T
be the step size in time and ¢t =kt (k=0,1,---,n_; T =n_t). Denote uk(x) == ulx, t;)

by u* and
k _ i(uk-i-l _ uk—l) ﬁk — %(uk-i-l +uk—l)‘

u
t 27 ’
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The fully discrete FC method for (1.1) is to find u’c‘ € Vy such that for0 < j <2N —1,

(ulc(f + axINF(ulé) +%ax2ﬁ]é)(xj) =0, 1<k<n —1,
ul(x;) = Py[Uy +78,U(0) + 37202U(0)] (x), (2.2)
ug(x;) = PyUp(x;)).

3. Some lemmas

In this section, some lemmas needed in error analysis are given. Throughout this paper
C will denote a generic positive constant. For any real number r > 0, H"(I) := W"2(I)
is the Sobolev space with the norm | - ||, and semi-norm |- |., where the subscript r will
be dropped whenever r = 0. Let H;(I ) be the subspace of H"(I) consisting of all periodic
functions of the period 27 equipped with the following equivalent norm and semi-norm:

0 1/2 00 1/2
e ={ 3 aeriaf) L ={ 30 ek}

[=—00 [=—00

where
o0

. 1 .
u(x) = Z aell, a = o J u(x)e ™ dx.
I

[=—00

For 0 < r < 1, the equivalent semi-norm | - |, on H"(I) is defined by [2]

_ 2 1/2
([ )
For r > 1, the equivalent norm || - ||, on H"(I) is defined by
Jul, = (el +ap2)
where m=[r]and u=r — [r].
Lemma 3.1 ([5,7]). IfO<u<randue H;(I), then
IPyu—ull, < CN*""[ul,; (3.1)
andif r > 1/2, v e H (I) and C(r) denotes a constant depending on r, then

IIyu—ull, < CN*""ul,, (3.2)
luvll, < C@llulllIvI- (3.3)

Lemma 3.2 ([2,4,7]). If u € H(I), then

l[ull poogry < CllullY2[[ully/; (3.4)
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and if u € Vy, then

llull ooy < CAnNYY?lully 2, (3.5)
lul, <N""Hlul,, O<u<r (3.6)

Lemma 3.3 ([4,7]). Let € > 0. We have

luvly/o < CEllully 211l 24 Vue HY2(I), veHY*" (1), (3.7)
|(w, VI < fuly2lvli/2, Vue H;/Z(I), 4 GH;(I), (3.8)
(u,v)y = Uyu, Iyv)y = Uyu, Iyv), Yu,v € C(I), (3.9)
(O, v)y = (Py_10,u,v) = (0, Py_1u, Py_1v), Vu,veVy. (3.10)

Lemma 3.4 ([8]). Suppose that

(i) E;(t), pi(t), i = 1,2, are non-negative functions continuous on [0,T], p;(t) is
increasing with respect to t, and M, C are positive constants;

(i) forany t €[0,T], if max{Ey(s),Ex(s)} <M,
t

Ei(t) <p;i(t)+ CJ E;(s)ds;
0

(iii) E;(0) < p;(0) and p;(T)eT < M.

Then for any t € [0, T], E;(t) < p;(t)e‘T.

4. Error estimates of the semi-discrete scheme

By the definition of the discrete product, (2.1) is equivalent to, for any v € Vy,

{ (B () + Oy F(u () + #3 u (1), v)y =0, 0<t<T, 4.1

UC(O) = PNUO'

We first consider the stability. Assume that u.(t) and the term on the right-hand side in
(4.1) have errors #i(t) and f(t), respectively. By (4.1), we have for any v € Vy that

{ (3,1i(t) + O InE(t) + #32i(t) — f(£),v)y =0, 0<t<T, 4.2

a(o) = aOa
where

1
F=F(u,+1)—F(u.) :=Gil, sz F'(u, + 0i1)do.
0
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In what follows, for given 0 < t < T, assume

3 < N-1/2 - < N-1/2
(}ggtllu(S)lll/z_N , Olggtllasu(S)lll/z_N : (4.3)

Thus, we have by (3.6) that for any 0 <s <'t,

()N Loy < My (In N2 (1)1l 2 < My, (4.4)
1 G5ti($)[ ooy < M1(1T1N)1/2||3sa(5)||1/2 <M, (4.5)

where M, is the constant in (3.6). We note that

[0°] [&°]

Hv(x)=1 Z sign(l)aleilx, for v(x) = Z aleil",

[=—00 [=—c0
where isign(l) is the symbol of 5#. Then we have

[e8)

|V|§/z = Z sign(Dl|a;|* = =(3,v, #V). (4.6)

[=—00

It is easy to check the three properties of #: (i) is skew-symmetric on L?; (ii)# is
bounded; (iii)## commutes with differentiation.
First, taking v = Iy F(t) + 50,ii(t) in (4.2) and integrating it in time lead to

@(0)2, < (@02, +2 f (@I F (), ) + (@als) — I f(5) I F(s) }ds,  (47)
0

where we have used (3.9), (3.10), (4.6) and the properties (i), (iii) of #. By the Cauchy-
Schwarz inequality;

2/(Inf (), InF () < Ny f S)II? + 1Ty F ()11 (4.8)

Using (3.9), (4.4) and the notation

Colar ) = (il + o) max  (10FGLIZF@LIZFG),  (49)

|z]<lz1[+]z2

we obtain
2N-1

INFSIP = IFSIZ =h Y (G x;,s))
j=0

2N—-1

< max (G(xj,s))zh Z (ﬁ(xj,s))z
=0

T 0<j<2N

< Cr(lluc®lleq, MOIIEE)I.
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By (3.8) and the property (ii) of 5 , we have
21(8Inf (s), #1U(s)| < ClIyf ()2 5 + ()13 - (4.10)

By integration by parts in time, we get

2 J (8.ii(s), IyF(s))ds
0

=2

J (8,ii(s), G(s)ii(s))y ds
0

(ﬂ(S),G(S)ﬁ(S))N’;— J (@(s), 9,G(s)als))y dS’
0

= max [G(x;,s)llla(s)|I?
<j<2N

t
t ~
+J max_|3,G(x;,s)l|d(s)||* ds
0 0 o 0Si<2N

t
< Crlllucllero oy MO + 1a(0)] + f lalPds}. @11
0

Now we have by (4.5) that

1
max |8sé(xj,s)| < max J |F"(uc + 0@)0,(u, + 0i)(x;,s)| dO
0<j<2N 0<j<2N 0

< Cr(llucllero, ;00> M1)-

Putting (4.8), (4.10) and (4.11) in (4.7), we obtain

|ﬂ(f)|§/2 =< |ﬂ(0)|f/2 + Crlluclleico, sy M1)
t
. {||ﬁ(f)||2 + lla(o)|? +J (||INJZ(8)||%/2 + |ﬁ(8)|f/2)d8}- (4.12)
0

Second, taking v =i(t) in (4.2) and integrating the resulting equation in time yield
t

la(oI? = 1a(0)|? +2 f {UnF©, 86D + Py lyF (), 8Py i) f b 413)

0
By (3.6), (4.3) and (4.4), we have

1
Gl = ‘ f (F"(ug + 00)3, (u, + 0@) + F(u. + 60)) dGH
0

< Cp(lluclly, My). 414
Then by (3.8) and (3.7) we have
2|(Py_1F(s), 0, Py _11i(s))]
< CIEG) ), + 1), < CIGEIRNE)I2 , + a1,
< Cr(lluclly, MDNa)I - (4.15)
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It follows from (4.3), (4.4) and (3.6) that
|Fly = ll0,Gti + Goal

=

1
<| f F (e + ), (uc + ) d0l| + 116 =17
0

< C(”uc||cl(1),M1)Nl/2||ﬂ||1/2-
Thus, we have by (3.3) and (3.6) that

2|(Py_1(IyF(s) — F(5)), Py _1ii(s))|
< ClINF(s) = F(s)lyjolti(s)]1 /2 < CNTY2E(s)|[(s)]y 2
= CF(”uc||c1(1):M1)||ﬁ(5)||§/2-

By (4.15) and the above inequality, we have

2|(Py_1INF(s), 8, Py _1i(s))|
< 2|(Py_1(INF(s) — E(s) + F(s)), 8, Py _11i(s))|

= CF(”uc||cl(1),M1)||ﬁ(3)||%/2-
Therefore, by (4.13) we have

t
I < 1201 + Cr(lluclleqo riczays Mi) J (I F @I+ 1aIE , ) ds. (416)
0
Combining (4.12) with (4.16) yields
t ~
la(0)I2,, < c{lIacoli , + L (I, +1a6I3,) dsh. @17)

It remains to estimate [/3,{i(t)||;/, for completing the stability analysis. For this, assume
that 8,f (t) exists. Differentiating (4.2) with respect to t yields

(821(t) + O, Iy 8, F (t) + 7#328,i(t) — 0,f (£),v)y =O. (4.18)
Third, taking v = Iy 8,F(t) + 3, ,i(t) in (4.18) and integrating in time yield

2:(0)2 , < 18,(0) 2, +2 f {(a:Ivaf(s), #2,u(s))
0

+(82a(s) — Iya,f (s), Iya,F () } ds, (4.19)

which can pass into

t
18,G(0 5 < 18,(0)12 5 + Crlluclleago rscryy M) f (a2 + 13a)I2,, ) ds
0

T f (I af OB, +(82(s), InaF(s)) ds.
0
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. 1
Denote 0,F = Go,ii+G,1i, where G = F'(u.+1),G;, = fo F"(u,+6i)d6d,u,. By integration
by parts in time, we have

2

J (afa(s),INasﬁ(s))ds\
0

- J (02ii(s), G(s)0,1i(s) + Gy (s)ii(s))y d.s’
0

= ’(8511(5), G(s)asﬂ(s))N’; - f (asﬂ(s)a asG(s)asﬂ(s))N ds
0

+2(85(s), G1(s)i(s))n ‘; - ZJ (G5ta(s), &G (s)ii(s) + G1(s)Osti(s))y ds
0
= CF(”uc”CZ(O,T;C(I)):Ml){”ﬂ(t)llz +1.a(e)lI* + la(o)lI* + llo.ao)|*

+ f (la)I? + 12a)I) ds},
0

where the terms G, 9,G,G; and J,G; can be bounded in the maximal norm by the same
argument as in [4]. Note that if u € H'(0, T; L?(I)), then

t
lu(OI? < 2/|u(0)]I* + 2TJ [13u(s)II*ds. (4.20)
0

It follows that

|0,8(8)IF ), <18,8(0)f3, + CF(”uc“CZ(O,T;C(I)))Ml){”atﬁ(t)nz + [la(o)|?
t

+16, (0|12 + f (Ixaf ©IR 5 + 18R, ) ds}. “.21)

0
Forth, taking v = &,ii(t) in (4.18) and integrating in time yield
l19.a()]I?

t

= [|3.a(0)I* + 2J ((naf (s), 8ti(s)) + (Py_1Iy BF (s), 8, Py—18,ii(s)) ) dis
0

< llo.a(o)I* + 2J (Il 8o f I + 112,851 + (Py_1 Iy 8F (s), 0 Py—1 8,(s)) ) d.
0

By (3.8) and (3.7), we have
2/(Py-18F (5), 8, Py 1 8,(5))
< ¢ (I6()36)E , +1G1()a)E , + 136 , )
< ¢ (IGIRIEGIE , + 1GNNS ,)

= CF(||uc||c1(o,T;Hl}(1)),M1) (Hﬁ(s)”%p + ||33ﬁ(3)||%/2) , (4.22)
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where the terms G,G; can be bounded in H'-norm by the same argument as in [4]. It
follows from (4.3), (4.4) and (3.6) that

|85ﬁ'|1 = |Gasasﬂ+Gla|1
= |10, Gé,ii + GO, 8,01 + 8, Gyl + G0,
< Crllluellorrxo,r» MON Y2 (Il 2 + 1858l 2) -

Then by (3.3) and (3.6) we have

2|(PN—1(INasﬁ(S) - asﬁ'(s)): axPN—lasﬁ(S)N
< C|Iy3,F(s) = 0 (5)|1/218:11(s)]1 2
< CN"Y2(3,F(s)]118,1(s)l 2

< Crlluclleraxgorp- M) (11l , + 18:al2),)
Similar to (4.20), we have that

18:a(OI* < Crlllucllerixgo,r1) M1)
t

{ a1 + 12,a(0)I? + J (Iyaf GNP +12a)IE , ) s} @23)

0

Combining (4.21) with (4.23) yields

I.a(O12 , < C{ a0 + 12,0, + J (I af ©IE, +18aIE , ) ds}. 4.24)

Define
Ei(0) =IOl p2(6) = C (a2, + f Iy F I3 ds),
Ey(0) = 18,802, pa(6) = C (IO + 12,a(0)|2 , + J Iy f (I, ds).

By (4.17), (4.24) and Lemma 3.4, we obtain the following stability result.

Theorem 4.1. Suppose that F(z) € C3(R). Then there exists a constant C depending on
||uc||c1(1'><[0,T]) and ”uc”CZ(O,T;C(I)); such that if

pit) <MZe TN+, i=1,2,

then
E;(t) < p;(t)e’t, 0<t<T.



350 Z. G. Deng and H. P Ma

Next we consider the convergence of scheme (4.1). Let e(t) = u.(t) — u*(t), where
u*(t) = PyU(t). From (1.1), (4.1) and (3.10), we have

{ (Bre(t) + O INE(8) + #02e(t) — f(£),v)y =0, O0<t<T,

e(0) = u.(0) — u*(0), (4.25)

where

F=Fu)-F), f=0aI[PyF(U)—IyF(u")].
In terms of the stability analysis, we need to bound the terms ||I f (s)]I; /2 and || Iy o, Fll; /2-
By (3.1), we have

IF(U) - F(uh)] < \

1
f F(OU + (1 — 0)u™)(U — u*)d@”
0

1
< mgle |F’'(6U + (1 — 0)u™)|dO||U — PyU||
X

< max |J,F(z)|[CN~"|U|,. (4.26)
2[<[IU)Ily

It follows from (3.10) that
(FovIn = Py [Py F(U) — IyF(u)],v).
Thus, by (3.6), (3.1) and (3.3), we obtain
Iy f ($)llj2 < CN*2||PyF(U) = IyF(u)
< CN*2{|IPyF(U) = FQ)I| + IF(U) = F(w)| + [F(u*) — Iy F(u)] |
< CN¥%T, (4.27)
Letr = r = 2. A derivation analogous to the above analysis leads to

16:F(U) — &, F(u™)|

S ‘

1
J F"(0U + (1 — 0)u")3,(0U + (1 — 0)u*)(U — u*)dQH
0

+ ‘ lef(eu +(1-0)W)dos,(U —PNU)H

<|8,U 82F(z)ICN~"|U 9,F(2)|CN~"1|3,U], ,
Il (s)llcu)|| “U( " |0°F(2)] U, + o “U( )||1| ()] 18:Ul,.

and
||INatf(5)||1/2
< CN3/2||Py8,F(U) — I3, F (u"))
< CN*2(|IPy3,F(U) = BF || +118,F(U) = 3P ()| + 18, F (u*) — Iy, F ("))
S CNS/Z—T'I .
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For the initial errors, we have by (4.25) that e(0) = 0, and by (4.27),

18e(0)ll1/2 = Iy £ (O)ll1/2 < CN3/>7".

Theorem 4.2. Suppose r > r > 2, F(z) € C*(R)NC"*!(R), U € C(0,T;Hy(I)), .U €

c(o, T;HJZl (I)), and 8t2U € C(I x [0, T]). Then there exists a constant C depending on the
regularities of U and F such that forany 0 <t < T,

lluc(£) = U()ll1 /o < CN3/27T,
18cue(£) = 3U(Olly /5 < CNP271.

5. A numerical example

We simulate the periodic soliton solution of the BO equation by the FC method (2.2).
Consider the periodic BO equation:

OU+UBU+#32U=0, —L<x<L, t>0,
with a soliton solution of period 2L [3]:

2¢62 T
6=—.

1—+/1—62cos(c(x —ct)) cL

The problem is computed by the FC method (2.2) with the parameters ¢ = 0.25 and L = 40.
The results are given in Table 1 with various T and N, where L%-error and H'/?-error are
computed approximately by using I,U instead of U. The results show that the method
is of spectral accuracy in space and of second order convergence in time. Note that with
N suitably large, the FC method gets the results of almost the same accuracy as the FG
method [4].

U(x,t) =

Table 1: Errors at t = 100 of the FC method.

T 2N L%-error L®-error | HY?-error | L2%-order | L®-order | H'/?-order
le-1 9.1938e-5 | 2.9987e-4 | 7.0887e-4
le-2 | 128 | 9.1873e-7 | 3.0025e-6 | 7.0842e-6 2.00 2.00 2.00
le-3 9.1863e-9 | 2.9874e-8 | 7.0830e-8 7200 7200 7200
32 1.0566e-2 | 2.2714e-2 | 3.0962e-2
le-3 | 64 | 2.9173e-5 | 5.5836e-5 | 9.0323e-5 | N8> N—867 N—842
128 | 9.1863e-9 | 2.9874e-8 | 7.0830e-8 | N~1163 N—1087 NT1032
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