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Abstract. The uniaxial perfectly matched layer (PML) method uses rectangular domain
to define the PML problem and thus provides greater flexibility and efficiency in deal-
ing with problems involving anisotropic scatterers. In this paper an adaptive uniaxial
PML technique for solving the time harmonic Helmholtz scattering problem is devel-
oped. The PML parameters such as the thickness of the layer and the fictitious medium
property are determined through sharp a posteriori error estimates. The adaptive finite
element method based on a posteriori error estimate is proposed to solve the PML equa-
tion which produces automatically a coarse mesh size away from the fixed domain and
thus makes the total computational costs insensitive to the thickness of the PML absorb-
ing layer. Numerical experiments are included to illustrate the competitive behavior of
the proposed adaptive method. In particular, it is demonstrated that the PML layer can
be chosen as close to one wave-length from the scatterer and still yields good accuracy
and efficiency in approximating the far fields.
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1. Introduction

We propose and study a uniaxial perfectly matched layer (PML) technique for solving
Helmholtz-type scattering problems with perfectly conducting boundary:

Au+k?*u=0 inR?\D, (1.1a)
du
——=-g onlp, (1.1b)
onp
du |
JT a——lku —0 asr=|x|— 0. (1.10)
r
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Here D C R? is a bounded domain with Lipschitz boundary ', g € H~/2(T'p) is deter-
mined by the incoming wave, and nj, is the unit outer normal to I';,. We assume the wave
number k € R is a constant. We remark that the results in this paper can be extended to the
case when k?(x) is a variable wave number inside some bounded domain, or to solve the
scattering problems with other boundary conditions, such as Dirichlet or the impedance
boundary condition on I'j.

Since the work of Bérénger [3] which proposed a PML technique for solving the time
dependent Maxwell equations, various constructions of PML absorbing layers have been
proposed and studied in the literature (cf., e.g., Turkel and Yefet [19], Teixeira and Chew
[18] for the reviews). The basic idea of the PML technique is to surround the computa-
tional domain by a layer of finite thickness with specially designed model medium that
would either slow down or attenuate all the waves that propagate from inside the compu-
tational domain.

The convergence of the PML method is studied in Lassas and Somersalo [13], Hohage
et al. [12] for the acoustic scattering problems for circular PML layers and in Lassas and
Somersalo [14] for general smooth convex geometry. It is proved in [12-14] that the
PML solution converges exponentially to the solution of the original scattering problem as
the thickness of the PML layer tends to infinite. We remark that in practical applications
involving PML techniques, one cannot afford to use a very thick PML layer if uniform
meshes are used because it requires excessive grid points and hence more computer time
and more storage. On the other hand, a thin PML layer requires a rapid variation of the
artificial material property which deteriorates the accuracy if too coarse mesh is used in
the PML layer.

The adaptive PML technique was proposed in Chen and Wu [8] for a scattering problem
by periodic structures (the grating problem), in Chen and Liu [6] for the acoustic scattering
problem, and in Chen and Chen [5] for Maxwell scattering problems. The main idea of
the adaptive PML technique is to use the a posteriori error estimate to determine the PML
parameters and to use the adaptive finite element method to solve the PML equations. The
adaptive PML technique provides a complete numerical strategy to solve the scattering
problems in the framework of finite element which produces automatically a coarse mesh
size away from the fixed domain and thus makes the total computational costs insensitive
to the thickness of the PML absorbing layer.

The purpose of this paper is to extend the adaptive PML technique developed for cir-
cular PML layer in [5, 6, 8] to deal with the uniaxial PML methods which are widely used
in the engineering literature. The main advantage of the uniaxial PML method as oppos-
ing to the circular PML method is that it provides greater flexibility and efficiency to solve
problems involving anisotropic scatterers. Our technique to prove the PML convergence
is different from the techniques developed in [5, 6, 8] for circular PML layers. It is based
on the integral representation of the exterior Dirichlet problem for the Helmholtz equation
and the idea of the complex coordinate stretching. To the authors’ best knowledge, this is
the first convergence proof of the uniaxial PML method in the literature. We remark that
the boundary of the uniaxial PML layer is only Lipschitz and so the results in [14] cannot
be applied.
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The layout of the paper is as follows. In Section 2 we recall the uniaxial PML formula-
tion for (1.1a)-(1.1c) by following the method of complex coordinate stretching in Chew
and Weedon [4]. In Section 3 we prove the convergence of the uniaxial PML method.
In Section 4 we introduce the finite element approximation. In Section 5 we derive the
a posteriori error estimate which includes both the PML error and the finite element dis-
cretization error. Finally in Section 6 we describe our adaptive algorithm and present two
examples to show the competitive behavior of the adaptive method.

2. The PML equation

Let D be contained in the interior of the rectangle B; = {x € R? : |x;| < L1/2,|x,5| <
L,/2}. Let I'y = 9B, and n; the unit outer normal to I';. We start by introducing the
Dirichlet-to-Neumann operator T : H/2(I';) — H~Y/2(T';). Given f € H/2(T';), we define

_ 9%
- om

Tf

on I'y,

where £ is the solution of the exterior Dirichlet problem of the Helmholtz equation

AE+K*E=0 inR?\B, (2.1a)

E=f onTly, (2.1b)
o8 .

\/F(E—lki) —0 asr=|x|— oo. (2.10)

It is well-known that (2.1a)-(2.1c) has a unique solution £ € H }OC(RZ\Bl) (cf., e.g., Colten-

Kress [11]). Thus T : HY2(T';) — H'/3(I;) is well-defined and is a continuous linear
operator.
Let a : HY(Q;) x HY(Q;) — C, where Q; = B;\D, be the sesquilinear form

a(p, ) = f (Vo -V —kPp) dx — (T, 9)r,, (2.2)
o

where (-, )r, stands for the inner product on L?(T"; ) or the duality pairing between H~1/2(T";)

and HY/ 2(Fl). The scattering problem (1.1a)-(1.1c) is equivalent to the following weak
formulation (cf,, e.g., [11]): Given g € H"/2(T'p), find u € H'(£2,) such that

a(u5 I:b) = <g3 w)FD: v 1,[’ € Hl(Ql) (23)

The existence of a unique solution of the scattering problem (2.3) is known (cf., e.g.,
[11], McLean [15]). Then the general theory in Babuska and Aziz [1, Chap. 5] implies
that there exists a constant y > 0 such that the following inf-sup condition is satisfied

la(p, )|

> ullellmg,y Ve eH(Q). (2.4)
operia) 1Y ey
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Figure 1: Setting of the scattering problem with the PML layer.

Now we turn to the introduction of the absorbing PML layer. Let B, = {x € R? :
|x;] < L;/2+dy,|xy] < Ly/2 + dy} be the rectangle which contains B;. Let a;(x;) =
1+4+i01(x1),as(xy) =1+ 1i0,(x,) be the model medium property which satisfy

o;€C(R), 0;=20, o;(t)=0j(—t), and o;=0 for |t|<L;/2, j=1,2.

Denote by X; the complex coordinate defined by

SE D aode if 1l = L/ (2-2)

To derive the PML equation, we first notice that by the third Green formula, the solution &
of the exterior Dirichlet problem (2.1a)-(2.1c) satisfies

E=—0E V) +9E (f) inR?\By, (2.6)

where A = Tf € H"Y/2(I';) is the Neumann trace of £ on I'y, and \IJéL, \IJEL are respectively
the single and double layer potentials

g (M) = f G, YA ds(y), VAEH VAT, 2.7)
I
oG
W ()0 = f DD sy, veerEm).  @s)
r nl(y)

Here G is the fundamental solution of the Helmholtz equation satisfying the Sommerfeld
radiation condition

I e)

where H(()l)(z) is the first Hankel function of order zero.
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We follow the method of complex coordinate stretching [4] to introduce the PML equa-
tion. For any z € C, denote by z/2 the analytic branch of +/z such that Im (z'/2) > 0 for
any z € C\[0,+00). Let p(%,y) = [(¥; — ¥1)?® + (%, — ¥5)*]"/? be the complex distance
and define

~ i (1) -
Gr(x,y) = ZHO (kp(x, ¥)).

It is easy to see that G is smooth for x € R?\B; and y € B;. Now we can define the
modified single and double layer potentials [14]

‘IjéL()’)(x) = J Gk(x: J’VL(}’) dS(y), VAe H_l/z(rl): (29)
I

. 3G (x,

Who00= | LD e, vremtry. @)
r, nl(.y)

It is clear that ¥f (1), ¥¥ (f) are smooth in R?\B,, and
rEEE () =viek (), YAeH VAT,
roUs () =71k (f), VfeHYA(T),

where v}, : H. (R?\B,) — H'*(I';) is the trace operator. For any f € HY2(I')), let
E(f)(x) be the PML extension given by

E(f)(x)=—VE(Tf)+TE (f) for x e R*\B,. (2.12)
By (2.11) and (2.6) we know that
YHE(F) == U (TH+y Ui () =y E=f on Ty

for any f € Hl/Z(Fl). For the solution u of the scattering problem (2.3), let @i = E(ulr,)

(2.11)

be the PML extension of u|r, which satisfies y;ﬁ = u|r, on T'y. Since H(()D(z) decays expo-
nentially on the upper half complex plane [6], heuristically ii(x) will decay exponentially
when x is away from I';. It is obvious that i satisfies

% 9% 9. o=
—~2+—~2+k =0 in R*\By,
oxy 90X
which yields the desired PML equation by the chain rule
V- (AVi) + aja,k?ii =0 in R%\B,
where A = diag(a,(xy)/a;(x1), a;(x1)/ay(xs)) is a diagonal matrix.
The PML solution i in Q, = B, \D is defined as the solution of the following system

V- (AVQ) + ayayk® =0 in Qy, (2.13a)
ou

——=—gonlp, @=0 onTl,. (2.13b)
ony

The well-posedness of the PML problem (2.13a)-(2.13b) and the convergence of its solu-
tion to the solution of the original scattering problem will be studied in the next section.
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3. Convergence analysis

We start by considering the Dirichlet problem of the PML equation in the layer

V- (AVW) + ajayk*w =0 in Q"M = B,\B;, (3.1a)
w=0 onl;, w=q onTl,, (3.1b)

where g € H/2(T,). Introduce the sesquilinear form ¢ : H!(Q"MY) x H}(Q™M) — C as
c(p, ) = f AV - Vi — agazk? o)) dx.
QPML

Then the weak formulation for (3.1a)-(3.1b) is: Given q € Hl/Z(FZ), find w € H'(QPML)
suchthatw=0onT;,w=qonT,, and

cw,yp)=0, Ve Hé(QPML). (3.2)

Notice that, for any ¢ € H!(Q"™L),

2

1+0,05| 00 1+0,05| 00 2
Re[c(op, = + (0,04 — DK?|@)? | dx.
[c(p, ¥)] JQPML( 1502 |ox 170? |o%; (0102 = k%ol
Since
1 1 1 1
+O']_O'2 > +O'10'2 >

1+02 ~ 1402 1+0% ~ 1402’

where 0, = max,¢z,(01(x1),02(x2)) > 0, we know by using the spectral theory of com-
pact operators that (3.2) has a unique solution for every real k except possibly for a discrete
set of values of k (see Collino and Monk [10, Theorem 2] for a similar discussion on the
PML equation in the polar coordinates). In this paper we will not elaborate on this issue
and simply make the following assumption

(H1) There exists a unique solution to the Dirichlet PML problem (3.2) in the layer.

We remark that for the circular PML method, the unique existence of the PML equation
in the layer can be proved under certain conditions on the PML medium property in [6,13].
The proof of the unique existence of the Dirichlet problem for the uniaxial PML equation
is an interesting open problem.

Throughout the paper we will use the weighted H'-norm

_ 1/2
e iy = (199 1Py + 121N @ 122 )

for any bounded domain Q C R2, where || is the Lebesgue measure of Q. For any ¢ €
H'(Q™ML), we define

1
Il geve =
10 QPML 1+0 %

2 1 2

1+O§

dp
3x2

dp
axl

1/2
+(1+0102)k2|¢|2) dx:| .
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It is easy to see that || - ||, oew. is an equivalent norm on H L(QPML), Again by using the
general theory in [1, Chap. 5] we know that there exists a constant C > 0 such that
lc(eo, Il _ .
——— = Cll ¢ |, gom. (3.3)

OyéweHé(QpML) ” 1/) ”*,QPML

The constant € depends in general on the domain Q"™ and the wave number k.

Before we state the main result of this section, we make the following assumptions
on the fictitious medium property, which is rather mild in the practical applications of the
uniaxial PML method

Htd, 214,
(H2) J o.(t)dt = J o,(t)dt =0, o > 0is a constant;
0 0

el —L;/2

d:

m
) , m=1integer, &;>0isa constant, j=1,2.
j

The following theorem is the main result of this section.

Theorem 3.1. Let (H1)-(H3) be satisfied. Then for sufficiently large o > 0, the PML problem
(2.13a)-(2.13b) has a unique solution Gt € Hl(QZ). Moreover, we have the following error
estimate

lu—1lla,) < CC Mo P+ kL) e TR Dl i ||, (3.4a)

where
min(d,, d,)

Y= ,
V(L1 +dy)?+ (L + dy)?

L =max(Lq,L,). (3.4b)

The proof of this theorem will be given in Section 3.3 which depends on the exponential
decay estimates of the PML extension in Section 3.1 and the stability estimates of the
Dirichelt problem of the PML equation in the layer in Section 3.2.

3.1. Estimates for the PML extension

We start with the following elementary lemma.

Lemma 3.1. For any z; = a; +iby,2, = a, +1ib, with aq, b, a,, by € R such that a;b; +
a,b, > 0 and af + a% > 0, we have

a;b; +a,b,

/) 2
a1+a2

Im (zf + zg)l/2 >
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Proof. For any a, b € R we know that

Im(a+ib)"/? =

—a+ v/ a?+b?
—

Here we used the convention that z/2 is the analytic branch of 4/z such that Im (2'/2) > 0
for any z € C\[0,+00). It is easy to check that Im(a + ib)!/? is a decreasing function in
acR. Letzf +z§ =a+1ib. Then

2
a;b; +ayb (ayb; —ayby)?
o 5 5 .a107 205 201 1D2
a+1b—(,/a1+a2+1 \/m) - Zrd .
1 2 1 2

Let a’ = a+ (ayby — a1 by)?/(a? + a2). Since a; by + ayby > 0, we have

a1b1 +a2b2
Vai+as

On the other hand, since @’ > a, we know that Im (a + ib)¥/? > Im(da’ + ib)'/2. This
completes the proof. O

Im (a’ +ib)"/* =

Now let

Xj

0

For any x €T,y € Q,, it is easy to see that
Xj
(x; —yj)J o;(t)dt = 0.
0

Thus, by Lemma 3.1, p(&,y) = (22 +22)'/2 satisfies

ey =yl [ o (0 el + |xy — yol | [ 05(6) de|
Imp(%,y) > 2 0 .
|x — ¥

Now by (H2) we have, for any x € 'y, y € Q;,

Imp(%,y) = min(dy, dy) o=yo, (3.5)
V(L1 +d )2+ (Ly + dy)?

where y is defined in (3.4b).
We need the modified Bessel function K, (z) of order v, v € C, which is the solution of
the differential equation

d’w  dw 5 9
@_'_ZE_(Z +vI)w =0

22
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satisfying the asymptotic behavior

s

T
K,(2) ~i(=—)"2e*"41  as |z| — o0.
2z
K, (2) is connected with H 51)(2) through the relation
_ 1 s Lymip (D)
K,(z)= Emez H, " (iz).
Thus we know that

Gi(x, y) = ng”(kp(fc,y)) = %Ko(—ikp(i,}d)- (3.6)
We refer to the treatise Watson [20] for extensive studies on the special function K, (z).
Lemma 3.2. Forany v €R, 8, > 0; > 0, we have
K, (6,) < e @70k (0)).
Proof. We first recall the Schléfli integral representation formula [20, P 181], forz € C
such that |argz | < /2,

K,(2)= J e 2Nt coshy e dt. (3.7)
0

The lemma is a direct consequence of (3.7). O

The following lemma on the estimates of the fundamental solution G, of the PML
equation will play an important role in the analysis in this paper.

Lemma 3.3. Let (H1)-(H3) be satisfied. Let v, be so chosen that
rko > 1. (3.8)

Then there exists a constant C > O depending only on y but independent of k,o,Lj,d;,
j=1,2, such that for any x €T,y € Q,
@ |Ge(x,y)l < Ce koD

Fle
() |57| < Chlagle 0770, j=1,2;
J
oG
(iii) |—=| < Cke (rko=1), i=1,2;
2%G
) | 535 |  CFlanle 770, i j=1,2
ivJj

Here a;, = max(|a; (x1)l, [ay(x)]).
x€lly
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Proof. By the Schlifli integral representation formula (3.7), it is easy to see that
|Ko(2)| < Ky(Re(z)) for any z € C such that Re(z) > 0. Thus, by (3.6) and Lemma
3.2,if kImp(%,y)> 1,

" 1 oo 1 i 1 —(KImp(%,y)~1)
|Gkl < —IKo(—ikp (X, y))| £ —Ko(kImp(%,y)) < —Ky(1)e ’ -
27 27 21

This proves (i) by (3.5) and (3.8). To show (ii) we first notice that

3Gy ik op(x,y) ik (X; — yja;(x;)
— = —— K/ (—ikp(% — = __K,(—ikp(X - -
7%, o o(—ikp(X,¥)) 7%, o 1(=ikp(%,¥)) oGy

where we have used the identity K;(z) = —K;(2). Note that when |x — y| > 20, we have
1
lp(%,y)| = [Re (27 +22)|"2 > (Ix — y|* —202)/* > —|x - y|,
V2
where z; = (X; — y;). Thus for any x € T,y € Q,

|%: =yl x — y|2 + g2)1/2 o2 1/2 10
L el Gint a1 5] <=—. (3.9)
lp(X, y)I lx =yl lx =yl 2

On the other hand, when |x — y| < 20, by (3.5) we know that Im p(X, y) > yo. Thus
forany x € Ty, y € Q,
% =yl _(x=yP+od _ _ (x=ylP+o?
" < > <r
lp(x, y)l Imp(%,y) o

This proves (ii) again by using (3.8) and Lemma 3.2. Similarly, we can prove (iii).
To prove (iv) we note that

< V5y7L (3.10)

k — —K{(—lkp(f(',y)) ( i .yl)(N] ;’1) 1( 1)
ox;0y; 21 o(%,y)
ik o —p?8;0(x) + (% — y)(&; — yi)ai(x;)
+§K1(—1kp(x,y)) P .

By using the identity K} (z) = —%(Ko(z) + K,(2)), we have

1
K;(—ikp(%, y))| < 5( |Ko(—ikp (%, Y| + |Ky(—ikp (X, ¥))I)
1
< eI ~(o(1) + Ky(1)) = I (1)),
Therefore, by using (3.9)-(3.10) we obtain

092Gy

Ck?|a,,|e koD 4 ck|a,,|o~t e~ (rko—D)
9x;0y;

IA

Ck2|am| e—(yka—l)’
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where in the last inequality we have used the assumption (3.8) to conclude that o~! < ky.
This completes the proof. O

Now we are in the position to estimate the modified single and double layer potentials

\IJéL, \Ifk Throughout the paper we shall use the weighted H/2(T" ;) norm, j=1,2,

1/2
||V||H1/2(1—]_) = (lrjl_lllvlliz(rj)-’_|v|2%’rj) ’

where
_ |12
J J [v(x) ”Sl’;)' ds(x) ds(x”).

Lemma 3.4. For any f € HY?(T'y), let

- aG
v(x) =Tk, (f) = f "(’(“ Ty df(ast)
r, 1

be the double layer potential. Then
1V lg/2r,y < Clat (1 + kL) e KD £l ),
where L = max(L, L,).
Proof. For any x € I'y, by Lemma 3.3, we know that
V(O < 1180, ()Gi G, e If i,y < Cke™ T DI [l ry).
Hence
|1"2|_1/2|| v ||L2(1"2) <Ck e_(yka_l)”f ||L1(1"1)~
It is easy to see that, for any x,x’ € T'y,
[v(x) = v(x)| < ClIVvllpooqr,lx = x'I.

Thus

A

VIzr, < CINlIVavllieqr,) < CIF2| | _max [V, V G0 VI ey

IA

Ck2|am||F2|e (rko= 1)||f||L1(1“1)~
Since [|f 1) < CIT1HLf g,y < CLIS g, ), we conclude that
1V 72,y < Clotm (1 +kL)? e TR D £l gz .

This completes the proof. O
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Lemma 3.5. For any A € H~Y2(Ty), let
v(x) =05 (2) = J Gi(x, y)M(y) ds(y)
I
be the single layer potential. Then
1Vl < Clagl(1+ KL e~ DIl s,
where L = max(Lq, L,).

Proof. For any x € 'y, we know that

|V(X)| < C”A”H*I/Z(rl)”Gk(x;')”Hl/Z(rl)

< CliMlg-1r2r 1 G, I lincay)
< CllAlg-vaer,y Ul Grlx, ) gy + 1911211V, Gi(x, ) g, )
<

ClIA Nl g-1r2r,y(1 + kL) e~ (ko =D,
where we have used Lemma 3.3. Hence
T2l 211 llp2ry) < CQA+ KLY e TR DA oy
On the other hand, similar argument as in Lemma 3.4 yields
Wi, = CILlIVivli=r,)

< CL||X||H—1/2(1—1) Ecré%)zi ||V, Gi(x,) ||H1/2(1—1)

IA

CLIIAllg-12¢r,) 1)231132( IV Gre (s ) ey

IA

CLIA g1,y max (V2 GeCe, llzscay) + 9012119, Vi Grlox, ) )
Again by using Lemma 3.3 we obtain

[VI1 r, < Clagl(1+ kL)? e TR DY Al vz, .
This completes the proof. O

The following theorem is the main result of this subsection.

Theorem 3.2. Let (H1)-(H3) and (3.8) be satisfied. For any f € H1/2(F1), let E(f) be the
PML extension defined in (2.12). Then there exists a constant C depending only on y but
independent of k, o, Lj,d;, j = 1,2, such that

HEC) yovzqr,) < Clatgl(1+KLY TR D £ o,
where L = max(Lq, L,).

Proof. This theorem is a direct consequence of Lemmas 3.4-3.5 and the continuity of
the Dirichlet-to-Neumann operator T : H/2(I';) — H™V/2(T';). O
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3.2. The PML equation in the layer

In this subsection we derive the stability estimates for the Dirichlet problem of the PML
equation in the layer.

Theorem 3.3. Let (H1) be satisfied. For ¢ € H 1 2(1,), let w be the solution of the PML
equation in the layer (3.1a)-(3.1b). Then there exists a constant C > 0 independent of k, o
such that

19w g2y < CC w21+ KL oy

Proof For any ¢ € H'(Q™L) such that { = q on T, and { = 0 on I'y. By the inf-sup
condition in (3.3) and using (3.2), we know that

lecw =&, 9)l sup |c(Z, )

0751/)€Hé(QPML) ” w ”*,QPML 0¢¢eHé(QPML) || 1,[’ ”*’QPML ’

—W <ccC 1 a 2 1+ kL 2
= | m| ( ) ”q”Hl/z(Fz)'
H’l/z(ll)

on,

Cllw = ¢l gew. <

By Cauchy-Schwarz inequality

klai|la,]
< PML|1/2 1112
<(¢, )l < € max. (|a2|,|a1|,|sz M reoy ) 1@l llgm
< COL+KL)lan! 1€ gy |4 Il o (3.11)

Notice that
11l e < Clag (1 + kL) 1l ey,
by the triangle inequality and the trace inequality, we conclude that
|| w ”*’QPML < CC‘1|am|(1 + kL)” q ||H1/2(F2)' (3.12)

This shows the first estimate in the theorem by using the definition of || - ||, grw..
Next, since A(x) reduces to the identity matrix on I';, we know that, for any v €
HY(QP™MY) such that ) = 0 on Iy,

w - - _
_J _W¢: AVw - -ny = (AVw - VY + V- (AVw))dx
r, 3111 5 QPML QPML

= J (AVw - Vi — k2aja,w))dx,
QPML

where we have used (3.1a) and the formula of integration by parts. Again by Cauchy-
Schwarz inequality and the argument in (3.11) we get

J 8W1/;
r, an]_

This completes the proof by using (3.12) and the trace inequality. O

< CAA+kL)ap| |w el 9 [l grm.
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3.3. Convergence of the PML problem

The purpose of this section is to prove Theorem 3.1. We start by introducing the
approximate Dirichlet-to-Neumann operator T : HY/2(I';) — H™Y/2(T';) associated with
the PML problem. Given f € HY2(I'y), let Tf = 9¢/omny|r , where £ € H'(Q"™) be the
solution of the PML problem in the layer

V-(AVO) +ajak?¢ =0 in QPME, (3.13a)
{=f only, {=0 onT,. (3.13b)

By assumption (H1), T is well-defined.
Lemma 3.6. Let (H1)-(H3) and (3.8) be satisfied. We have, for any f € HY/?(T';),
ITf = Tfllg-1a,y < CCHapm P+ kL) e TR D £l g1z .-

Proof For any f € H'/?(I';), let E(f) be the PML extension defined in (2.12). Denote
by y};v = 9v/dn|r be the Neumann trace on T'; for any function v defined on R*\B,. It
is easy to see that

RO =T D), s () =1Heg ()
for any A € H"Y2(I';) and f € HY2(I';). Thus, by (2.6),
YRE() = —vh s (T + 1y (F)=rHE=Tf.

By (3.13a)-(3.13b), we know that Tf —Tf = dw/dn |y, where w =E(f)—¢ € H'(Q"M")
satisfies

V- (AVW) + ajark*w =0 in Q"M
w=0 onl;, w=E(f) onTl,.

By Theorem 3.3 and Theorem 3.2,

ow .
‘ — < CC7 Moy P+ KLY N B ) ll2ry
Omy |l-1r)
< CCMap P+ kL) e TR D) £l .
This completes the proof. O

Proof of Theorem 3.1: We first prove the estimate (3.4a). Let @ be the solution of the
PML problem (2.13a)-(2.13b). Simple integration by parts implies that

a(@, )+ (Ta—Ta,P)r, = (g, YP)r,, Y eH'(Q).

Subtracting with (2.3) we get

a(u—a,¢)=(Ta—Ta,y)r, Yy eH ().
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Thus, by the inf-sup condition (2.4) and Lemma 3.6,
lu—1llga,) < CCHamP(L+ kL) e TR Dl at || . (3.14)

This is the desired estimate (3.4a).

Now we turn to the well-posedness of the PML problem. By the Fredholm alternative
theorem we only need to show the uniqueness of the PML problem (2.13a)-(2.13b). For
that purpose we let g =0 in (2.13a)-(2.13b). By the uniqueness of the scattering problem
we know that the corresponding scattering solution u = 0 in Q4. Thus (3.14) implies

IA

CC M anP(L+kL)* e T Dl || 1
CC N amP(X+ kLY e V][ a |1 1q,).

gy

A

Thus for sufficiently large o we conclude that & = 0 on ;. That @ also vanishes in
Q, is a direct consequence of the unique continuation theorem (cf., e.g., [16, P 92]). This
completes the proof of Theorem 3.1. O

4. Finite element approximation

In this section we introduce the finite element approximations of the PML problems
(2.13a)-(2.13b). From now on we assume g € L2(I'p). Let b : H}(£,) x H}(£,) — C be
the sesquilinear form given by

b(p, ) = f (AV(,O SV — alazkznplﬁ) dx. 4.1)
2

Denote by H(lo)(ﬂz) ={v e HY(Q,): v =0o0nT,}. Then the weak formulation of (2.13a)-

(2.13b) is: Given g € L*(T'p), find i1 € H(lo)(QZ) such that

b(a,y) = J gds, V4 €Hy () (4.2)
I'p

Let %} be a regular triangulation of the domain £,. We assume the elements K € .,
may have one curved edge align with 'y, so that Q, = Uge 4, K. Let V C H(Q,) be the
conforming linear finite element space over £2,, and

Vh:{VhGVhZVhZOOHFZ}.

The finite element approximation to the PML problem (2.13a)-(2.13b) reads as follows:
Find u;, € V, such that

b(up,Yp) = f gnds, V€ ‘c}h- (4.3)

Ip



128 Z. Chen and X. M. Wu

Following the general theory in [1, Chap. 5], the existence of unique solution of the dis-
crete problem (4.3) and the finite element convergence analysis depend on the following
discrete inf-sup condition

|b(pp, Yp)l

Ok ln e,y

=z 0 lenllmg,), Y en€Vh (4.4)

where the constant g > 0 is independent of the finite element mesh size. Since the
continuous problem (4.2) has a unique solution by Theorem 3.1, the sesquilinear form
b: H(lo)(ﬂz) X H (10)(92) — C satisfies the continuous inf-sup condition. Then a general ar-
gument of Schatz [17] implies (4.4) is valid for sufficiently small mesh size h < h*. In this
paper we are interested in a posteriori error estimates and the associated adaptive method.
Thus in the following, we simply assume the discrete problem (4.3) has a unique solution.

For any K € #;, we denote by hy its diameter. Let 98; denote the set of all sides that
do not lie on I' and I'y. For any e € %y, h, stands for its length. For any K € .}, we

introduce the residual:
Ry, := V- (AVup|) + agask’up|k. (4.5)

For any interior side e € 9, which is the common side of K; and K, € 4}, we define the
jump residual across e:

Jo = (AVuplg, —AViylg,) - ve, (4.6)

using the convention that the unit normal vector v, to e points from K, to K;. Ife =T',NdK
for some element K € .}, then we define the jump residual

Je :=2(Vuylg -np + g). 4.7)

For any K € .}, we define the local error estimator 7, as

1/2
1
eCdK

The following theorem is the main result of this paper, whose proof will be given in the
next section.

Theorem 4.1. Let (H1)-(H3) and (3.8) be satisfied. Then there exists a constant C > 0
depending only on y and the minimum angle of the mesh _#,; such that the following a
posterior error estimate is valid

1/2
lu—up g, < CC M an*(1+kL) ( Z "712<)

Ke ity
+CC oy P14+ kL) e TR Dy [| sz .
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5. A posteriori error analysis

For any ¢ € H'(Q;), let $ be its extension in Q"™ such that
V- (AV@)+ajak?@¢ =0 in QPME, (5.1a)
g=¢ onl';, ¢=0 onTl,. (5.1b)

Lemma 5.1. Let (H1) be satisfied. For any ¢, € H (™), we have
(TLP: ¢>Fl = <T11Z’5 (75>F1 .
Proof. By definition, T = 9&/dn; on I';, where & satisfies

V- (AVE) + a;ark?E =0  in QPML)
E=¢p onTy, &£=0 onT,.

Similarly, T+ = 8¢/dn; on I';, where { satisfies the same equation but { = 1) on Iy,
{ =0 onT,. Integrating by parts we know that

2 9¢
Oz—f (AVE -V —ajazrk 5‘5)_J 0 e
QPML ry n

: 2
OZ—J (AV{-VE — ayazk C'E)—f 5 - &.
QPML r, ny

Since A is a diagonal matrix, the first integrals on the right-hand side of the above two
equations are equal. Thus (T, )r, = (T Y, &)r,. This completes the proof since & =

¢, { =1 onT}.

Lemma 5.2 (Error representation formula). For any ¢ € H'(Q;), which is extended to be a

function ¢ € H*(£,) according to (5.1a)-(5.1b), and p;, € V,, we have
a(u—up, ) = J g(p = n) = bup, ¢ — $n) + (Tup — Tup, ), - (5.2)
I'p

Proof. By (2.3) and the definitions (2.2) and (4.1),

a(u — Up, (10)

ZJ g@—f (AVuy, - V§ — oy ask®un, @) + (Tup, @)r,
rp o,

= f g¥ — b(up, §) +J (AVuy, - VG — ayask®up @) + (Tup, ©)r,- (5.3)
rp

QPML
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On the other hand, by multiplying (5.1a) by i, integrating by parts, and recalling that n;
is the unit outer normal to I'; which points outside 2, we deduce that

o, ap
- (AVQ - Vi, —ayakgup) — ( z—.up ) =0,
QPML n
which is equivalent to
= 2 ] a(15 -
(AVuy, - V@ — ajask“up@) = — ( =, Uy . (5.4)
QPML Fl

Since by the definition of T : HY/3(I';) — HY2(T",),

2¢

=Tg,
on, v

I

we obtain by substituting (5.4) into (5.3) that
a(u_uh)('p):f g(ﬁ_b(Uh,(,a)'i‘(TUh, (P)—<T(,5,l_lh>
I'p

This completes the proof upon using Lemma 5.1 and (4.3). O

Proof of Theorem 4.1: First, we construct a Clément type interpolation operator ITj, :
H(lo)(ﬂz) — V;,, where

H(lo)(ﬂz) ={veH(Q,):v=0 onT,}.

Let A}, = {al-}?’: , be the set of the nodes of ./, which is interior to 2, or on the boundary
I'p, and {¢l~}f’: 1 be the corresponding nodal basis of V},. Define A; = supp¢; N Q. Then
the interpolation operator IT;, : H (10)(92) — V}, is defined by

N1
Mv(x) = Z (|A'| f v(x)dx) ¢, (x).
i=1 thJA;

Since the nodes on I'y are not included in the definition of IT;, we know that II;v € V;,.
Moreover, by slightly modifying the argument in Chen and Nochetto [7, Lemmas 3.1-3.2],
one can show that the operator IT; enjoys the following interpolation estimates, for any

Ve H(lo)(QZ)3

v =Ty 2y < Chiell Vv gy 1V = Ty llpagey < CHY2 IV L2, (5.5)

where K and é are the union of all elements in .#), having non-empty intersection with
K € #,;, and the side e, respectively.
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[e]
Now we take ¢, = I1;,p € V}, in the error representation formula (5.2) to get
a(u—up,p) = J g — ) — bup, ¢ — @) + (Tuy — Tuy, @)y,
Tp

= 11, + 11, 4 1I;. (5.6)

We observe that, by integration by parts and using (4.5)-(4.7),

S 1 S
I+ = ) U Ry(§ — T @)dx + ) | EJJe(¢_Hh¢)d5>-
K

Ke sty eCIK e

By using standard argument in the a posteriori error analysis and (5.5) we get

1/2
1
L +1,) < C Y (||hKRh||§2(K)+5 >, ||h:/2Je||§2(e)) IV & 2k

Ke sty eCdK
1/2
<C ( > ﬂi) V& llL2(q,)-
Ke.#ty

By the argument in Theorem 3.3, we deduce that

VG llp2gomy < CCHa* (1 + kL) @ gz,
< CCNamP A+ kD¢ llgqy)-

Thus

1/2
Iy + 11| < CC (1 + kL) ( > nﬁ) 1 Ny
Ke. #,

By Lemma 3.6, we obtain
3] < CC7 M ayP(1 + kL) e T D) wy |yl @ llgrrzr, -

Therefore, by the inf-sup condition (2.4), we finally get

|a(u — Up, (10)|
lu—upllgroy) <C  sup ———
otperi) 1P @)

1/2
< CCYa,, |A(1+kL) ( > n;)

Ke ity
+CC 7 apP(L + kL) e T D)y || o .

This completes the proof. O
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6. Implementation and numerical examples

In this section, we present several numerical examples to illustrate the performance of
the adaptive uniaxial PML method. The computations are carried out by using the PDE
toolbox of MATLAB. The PML parameters are determined through the a posteriori error
estimate in Theorem 4.1. Note that in Theorem 4.1 that the a posteriori error estimate
consists of two parts: the PML error and the finite element discretization error. First we
choose L, L, such that D C B; and choose d;,d, such that

dp _dy

— ===y, (6.1)

Ly I
where y is a constant. Then we choose y and o such that the exponentially decaying
factor:

X min(Ly,Lp) kO'—l)

w= e_(YkO'—l) — e_(x"'l ,/L%JrL% < 10—8’ (62)

which makes the PML error negligible compared with the finite element discretization
errors. By (H3),

_ (el =12\
oj(t)=05; d—J , J=1L2, (6.3)
where 6,5, are determined from o as follows
(m+1)o )
6= g j=1,2. (6.4)

J

Once the PML region and the medium property are fixed, we use the standard finite el-
ement adaptive strategy to modify the mesh according to the a posteriori error estimate.
Now we describe the adaptive uniaxial PML method used in the paper.

Algorithm 6.1. Given tolerance TOL > 0. Let m = 2.

e Choose L, L, such that D C By;

e Choose y and o such that the exponentially decaying factor w < 1078;

e Set d,,d, and 6,5, according to (6.1),(6.4);

e Set the computational domain Q, = B,\D and generate an initial mesh ./, over
23

1/2
L] Whlle gFEM = (ZKe/ﬂh n12<) > TOL dO
- refine the mesh .}, according to the strategy:

if ng > %maxKE ., Mk refine the element K € 4,
- solve the discrete problem (4.3) on .,

- compute error estimators on ./},
end while
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Table 1: The PML parameters for Examples 6.1 and 6.2.

Example 6.1 Example 6.2
dist | y o || dist | y o
0.12 | 1.0 | 94 || 1.0A | 0.5 | 204
1.0A | 1.0 | 94 || 1.0A | 1.0 | 144
5041 [ 1.0 | 9A || 1.04 | 2.0 | 104
0.1A2 | 1.0 | 194

Table 2: The number of nodes required to achieve the given relative error of the far field for different
choices of dist for Example 6.1. The exact far field is 0.22507908-0.22507908i.

Error | dist =0.1A4 | dist =1.0A | dist =5.0A
10% 295 557 5111

1% 997 5556 16845
0.1% 2989 16006 >114848

Now we report two numerical examples to demonstrate the efficiency of the proposed
algorithm. We scale the error estimator for determining finite element meshes by a default
factor 0.15 as in the PDE toolbox of MATLAB.

Example 6.1. Let D = [—A/2,A/2] X [—A/2,A/2]. We consider the scattering problem
whose exact solution is known: u = H(()l)(klxl), where k = 27t/A and so A is the wave-
length. Define

dist =min{|x — x|, x €T'p, x’ €T}

as the minimum distance between the scatterer to the inner boundary of the PML layer. We
want to test the influence of the different choices of the size of B;. Fix y = 1.0 and take
different dist, that is, in the first step we choose different L; and L,. Table 1 shows the
different choices of the PML parameters dist, y and o determined by the relation (6.2).
In the following we simply take A = 1.0 to fix the exact solution.

Fig. 2 shows the log Ni-log ||u — uy |1 (q,) curves, where Ny is the number of nodes of
the mesh .#; and v is the finite element solution of (4.3) over the mesh ;. It indicates
that for different choices of dist, the meshes and the associated numerical complexity are
quasi-optimal: [|u — uy [[g1(q,) & CN; 12 is valid asymptotically.

One of the important quantities in the scattering problems is the far field pattern:

oy el ge ™ du(y) —ik»‘c'y) e = X
ue()= T | (“(y Yoy Tant B0 =

We compute the far field u, (%), £ = (cos(0),sin(0))T in the observation direction § =
1t/4. Table 2 shows the number of nodes required to achieve the given relative error of
the far field for different choices of PML parameter dist. It demonstrates clearly that for
given relative error, a smaller dist is preferred in terms of number of nodes used. Thus
for the same accuracy of the far fields, we can choose small dist which will largely save
the computational costs.
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—+— dist=0.1A
—&— dist=1.0A 2f
—6— dist=5.0A E
— — — aline with slope -1/2| 15F

-15}F

-2k

~ - L = 25k " " " " " "
10 10 10 -3 -2 -1 0 1 2 3
Number of nodal points

Figure 2: The quasi-optimality of the adaptive Figure 3: The geometry of the scatterer for Ex-
mesh refinements of [lu—uy|ly1(q,) for Example 6.1.  ample 6.2.

—+—x=0.5

—o—x=1.0 o ——x=05
2 —e—x=2.0 . —0—x=1.0
10 — — — aline with slope -1/2| 04 —O6—x=2.0 ]
g —0.5

A Posteriori Error Estimate
The far-field pattern u

1

o

~

> 3 " . . . . . .
10 10 Number of nodal 10 . 10 2 4 6 8 10 12
umber of nodal points Number of nodal points

x 10"
Figure 4: The quasi-optimality of the adaptive
mesh refinements of the a posteriori error estima-
tor for Example 6.2.

Figure 5: The real part of the far-field patterns in
the incident direction for Example 6.2.

Example 6.2. This example is taken from [10] which concerns the scattering of the plane
wave u; = %1 from a perfectly conducting metal. The scatter D is contained in the box
fx eR?: —2 < x; <2.2,-0.7 < x, < 0.7} as plotted in Fig. 3. We take k = 27, that
is the wave length A = 1.0. Let dist = 1.0 and thus the scatterer is contained in the
box B; = [-3.2,3.2] x [—1.7,1.7]. The different choices of PML parameters y and o
determined by the relation (6.2) are shown in Table 1.

Fig. 4 shows the log Ni.-log &, curves, where Ny, is the number of nodes of the mesh ..

and the o
5k=( Z 7)[2<) /

Ke

is the associated a posteriori error estimate. It indicates that the meshes and the associated
numerical complexity are quasi-optimal: & ~ CN, 172 is valid asymptotically.
Figs. 5 and 6 show the far fields in the incident direction 6 = 0 and the reflective
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——x=05
14 —0—x=1.0]]

o

The farfield pattern u

L L L L L L
2 4 6 8 10 12
Number of nodal points x 10*

Figure 6: The real part of the far-field patterns in the reflective direction for Example 6.2.

-8 -6 -4 -2 o 2 4 6 8

Figure 7: The mesh of 3754 nodes after 16 adaptive iterations when dist = 1.0 and y = 1.0 for Example
6.2.

10

R -5
10 "o

Figure 8: The real part of the solution of the PML problem for Example 6.2.

direction 6 = . We observe that the far fields are insensitive to the thickness of the PML
layers.

Then we take y = 1.0 and test the influence of different choices of dist as in Example
6.1. Table 3 shows the number of nodes required to achieve the given relative error of the
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Table 3: The number of nodes required to achieve the given relative error of the far fields in both
incident and reflective directions for different choices of dist for Example 6.2. The far fields in the last

adaptive step when dist =1.04 and y = 1.0 are chosen as the exact far fields.

Z. Chen and X. M. Wu

Error_inc | dist =0.1A | dist =1.0A || Error ref | dist =0.1A | dist =1.0A
10% 568 1032 10% 549 492

1% 7315 12614 1% 2871 5183

0.1% 29882 62605 0.1% 9812 23156

far fields in both incident and reflective directions for different choices of PML parameter
dist. It again shows that for the same accuracy of the far fields, a smaller dist is a better
choice.

In Fig. 7 we show the mesh after 16 adaptive iterations when dist = 1.0 and y = 1.0.
We observe that the mesh near the boundary I', is rather coarse, because the solution is
rather small there due to the exponential damping of the PML layer. Fig. 8 shows the real
part of the PML solution when dist =1.0 and y = 1.0.
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