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Abstract. Pulsatile blood flows in curved atherosclerotic arteries are studied by com-

puter simulations. Computations are carried out with various values of physiological

parameters to examine the effects of flow parameters on the disturbed flow patterns

downstream of a curved artery with a stenosis at the inner wall. The numerical re-

sults indicate a strong dependence of flow pattern on the blood viscosity and inlet flow

rate, while the influence of the inlet flow profile to the flow pattern in downstream is

negligible.
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1. Introduction

Atherosclerosis is a disease of large- and medium-size arteries. It preferably develops

and progresses at arterial branches, curved artery segments, and artery bifurcations, where

the curvature could cause flow irregularity, such as flow shift, flow recirculation, secondary

flow, oscillating wall shear stress and fluctuating blood pressure.

Extensive experimental and computational investigations have been made to study the

blood flows in arteries with bends or bifurcations and to establish the correlation between

the development of the disease and the local haemodynamics [1–11]. Friedman et al. [1]

and Nerem et al. [2] have performed experiments that showed an accelerated occurrence

of atherosclerosis in human subjects with a coronary geometry. Smedby [3] did an an-

giographic study in the femoral artery on the direction of growth of plaques, participated

by 237 patients with slight or moderate atherosclerosis. Myers et al. [5] investigated the

effects of flow waveform and inlet velocity profile on the flow patterns in a model based

on the images of a human right coronary artery exhibiting minimal atherosclerotic lesions.

Johnston et al. [7] compared models of Newtonian and Non-Newtonian flow in healthy
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right coronary arteries with no sign of atheroma. Gach et al. [8] presented a character-

istic relationship between the reattachment length in the downstream of a stenosis and

the stenotic Reynolds number using MRI. Talukder et al. [9] experimentally studied the

effects of the number of stenosis and the distance between consecutive stenoses on the

total pressure drop across a series of stenoses. Dash et al. [10] investigated the effect of

catheterization on flow characteristics in a curved artery with an axisymmetric stenosis

for steady flow with values of Reynolds number up to 100. Nosovitsky et al. [11] studied

the flow in a coronary artery model of several degrees of stenosis-like obstruction, where

the artery was narrowed around the bend from all surfaces with higher degree of steno-

sis. Their results showed that coronary artery curvature has an important impact on the

intraluminal flow and shear stress. As a result, much has been learned about the haemo-

dynamics in curved arteries.

Although the blood flows in curved arteries have been intensively studied in the past

decades, not much work has been reported on the blood flow in single-curved arteries

with severe stenosis at the inner wall. The author [12–15] has previously carried out

computer simulations of blood flows in curved stenotic arteries and studied the effects of

the geometry of the artery, such as the angle of the bend and the size of the stenosis, on

the flow patterns. The author also examined the effect of the boundary condition at the

artificial outlet boundary on the blood flow in [16] and investigated the difference in the

correlations of the flow shift and the blood pressure drop to the change of the Reynolds

number by varying the blood viscosity or by varying the mean inlet flow rate [17].

The aim of the present work is to investigate the dependence of the flow patterns

downstream of a curved stenotic artery on the flow parameters, such as blood viscosity,

inlet flow rate and inlet velocity profile. Emphasis is placed on finding how the wall shear

stress and the secondary flow depend on those parameters. Numerical computations are

carried out under a variety of physiological flow conditions to investigate the local flow in

curved arteries with a stenosis at the inner wall of the bend.

2. Mathematical model

This study assumes that the fluid is Laminar, Newtonian, viscous and incompressible

and the artery wall is rigid. These assumptions have been shown to be adequate for pul-

satile blood flow simulation in artery models under physiological flow conditions by many

investigators [7, 18–20]. The time dependent three dimensional Navier Stokes equations

are used as the governing equations:

ρ(∂ u)/(∂ t)−∇ · [−pI+η(∇u+ (∇u)T )] +ρ(u · ∇)u= 0, in Ω, (2.1)

∇ · u= 0, in Ω, (2.2)

where η is the viscosity of the fluid, u = (u1,u2,u3) is the flow velocity, p is the internal

pressure and ρ is the density of the fluid. The computational domain Ω is a segment of a

curved artery with a stenosis at the inner wall as shown in Fig. 1(a).
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Figure 1: (a) A 
urved artery with a 72◦ angle of bend and with a 51% stenosis. (b) Phasi
 
oronaryvelo
ity waveform for right 
oronary artery.

At the inlet boundary, a velocity profile with a pulsatile flow waveform is prescribed:

u1 = U0u(r)w(t), u2 = 0, u3 = 0, (2.3)

where u(r) is a blunt, or a flat, or a parabolic velocity profile with r as the radial distance

between a point and the center of the inlet cross section circle; w(t), as shown in Fig. 1(b),

is a phasic inflow coronary velocity waveform for the right coronary artery. It is produced

by using curve-fitting based on a phasic coronary artery flow velocity curve in Fig. 4 in

Matsuo et al. [21], which was recorded in the right coronary artery of a human. It contains

a period of reverse flow in systole and a rapid acceleration and deceleration in diastole. U0

is a scalar chosen as different values in computation such that U0u(r)w(t) yields different

mean flow rates when examining the effect of the Reynolds number.

The no-slip condition is applied to the velocity at the rigid wall boundary. The outlet

boundary is an artificial boundary. The surface traction free boundary condition is imposed

at this boundary [5,22]:

(−pI+η(∇u+ (∇u)T ))n= 0, (2.4)

where n= (n1, n2, n3) is the outward normal unit vector at the outlet boundary. The initial

conditions u0 and p0 are obtained by solving the system of steady state Navier Stokes

equations.

3. Parameter setting and numerical method

The computational geometry of the artery has circular cross sections with a 0.45cm

diameter at both inlet and outlet and with varying diameters in the region of stenosis. The

bend has an angle of 72◦ with a 0.8cm radius of curvature at the central line of the tube.

The neck of the stenosis is at the end of the bend with a reduction of 51% in cross-section

area. The straight inlet and outlet tubes are 1.0cm and 4.0cm long, respectively.
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The density of the fluid ρ is chosen as 1.05g/cm3. When examining the effect of the

blood viscosity, η is chosen as 0.0245, 0.0314, and 0.0439 dyne/cm2, respectively, while

the scalar U0 for the inlet flow rate is fixed as 1.30. It results in the Reynolds numbers

Re= 453, 353 and 253, respectively. On the other hand, when examining the effect of the

inlet flow rate, the scalar U0 is chosen as 1.30, 1.01 and 0.73, while η is fixed as 0.0245

dyne/cm2. It also results in Re = 453, 353 and 253, respectively. When examining the

effect of the inlet velocity profile, the scalar U0 is chosen as 1.22 for flat, 1.30 for blunt,

and 2.19 for parabolic inlet velocity profiles, respectively. It results in the same mean

reference Reynolds number at the inlet as 453 when η is fixed as 0.0245 dyne/cm2.

Navier-Stokes equations are solved using the finite element method with piecewise

quadratic functions for velocity and piecewise linear functions for pressure over a tetrahe-

dral mesh. GMRES method with restarting is used to solve the resulted linear system of

equations iteratively. Numerical computations are performed using Comsol Multiphysics.

Computations are repeated over different meshes to ensure that the numerical solutions

are meshing independent. Five cycles are simulated to ensure that the flow is truly peri-

odic.

4. Observations and discussion

Simulations are carried out with various values of physiological parameters to investi-

gate the influences of factors, such as Reynolds number, blood viscosity, inlet flow rate, and

inlet velocity profile, on the flow patterns downstream of curved atherosclerotic arteries,

including flow shifting, secondary flow, WSS level and pressure drop. In Fig. 2 through

Fig. 6, the horizontal axis is the normalized axial length of the artery. x = 0 and x = 1

correspond to the inlet and outlet boundary, respectively. The straight inlet tube is between

x = 0 and x = 0.16. The curved part is between x = 0.16 to x = 0.33. The throat of the

stenosis is at x = 0.33 and the end of the stenosis is at x = 0.39.

Influence of the Reynolds number

The Reynolds number is calculated by Re= Ūdρ/η, where Ū is the mean inlet velocity

at the peak time, d is the diameter of the inlet tube. It is well known that the Reynolds

number has a significant effect on the blood flow in stenotic arteries, especially on the flow

downstream of the stenosis. Both experimental and mathematical researches on haemody-

namics in stenotic arteries have been reported to investigate the influence of the Reynolds

number [8, 9, 23]. However, most of these studies were focused on the variation of the

Reynolds number due to the change of the flow rate. Not much attention has been paid

to the influence of the Reynolds number on the flow characteristics corresponding to the

variation of the blood viscosity. The kinematic viscosity of blood can vary between 0.016

and 0.096 cm2/s [24]. A decrease in the blood viscosity will result in an increase in the

Reynolds number. Therefore it is also very important to understand the influence of the

blood viscosity, in addition to the influence of the flow rate, on the stenotic blood flow

when investigating the effect of the Reynolds number.
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Figure 2: Wall shear stress of the blood �ow in 
urved 
oronary arteries with di�erent blood vis
osities(a) along the inner wall; (b) along the outer wall , at systoli
 peak (t = 0.35s) with a blunt inlet velo
itypro�le.
(a)

-5

0

5

10

15

20

25

30

0 0.2 0.4 0.6 0.8 1

Normalized Axial Length

W
S

S
 a

t 
th

e
 I
n

n
e

r 
W

a
ll
 (

d
y

n
e

/c
m

^
2

) U0=1.30

U0=1.01

U0=0.73

(b)

0

5

10

15

20

25

30

0 0.2 0.4 0.6 0.8 1

Normalized Axial Length

W
S

S
 a

t 
th

e
 O

u
te

r 
W

a
ll
 (

d
y

n
e

/c
m

^
2
) U0=1.30

U0=1.01

U0=0.73

Figure 3: Wall shear stress of the blood �ow in 
urved 
oronary arteries with di�erent �ow rates (a)along the inner wall; (b) along the outer wall , at systoli
 peak (t = 0.35s) with a blunt inlet velo
itypro�le.
The author previously [17] studied the influence of the Reynolds number on the flow

patterns in a stenotic coronary artery. Computations were carried out under physiological

flow conditions to examine how the characteristics of the flow, such as the maximum flow

shift and the pressure drop along the inner wall, change corresponding to the variation of

the blood viscosity or to the variation of the mean inlet flow rate. It was observed that some

flow characteristics, such as the maximum flow shift, area of flow separation, magnitude

of the reverse flow, and the dimensionless pressure drop, correlate to the change of the
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Figure 4: Ratio of the maximum se
ondary �ow to the maximum axial �ow of the 
ross se
tion, e�e
tof vis
osity, (a) t = 0.35s, (b) t = 0.4s, with a blunt inlet velo
ity pro�le.
Reynolds number in a similar manner. For instance, as the Reynolds number increases, the

maximum flow shifts further towards the outer wall, the dimensionless pressure drop de-

creases, and the reverse flow at the inner wall is stronger, regardless whether the increase

of the Reynolds number is due to the change of the blood viscosity or the inlet flow rate.

However, it was also observed in [17] that the response of the axial velocity on the change

of the Reynolds number is more sensitive to the variation of the inlet flow rate while that

of the dimensionless pressure drop is more sensitive to the blood viscosity.

We now examine the difference in the correlation of the wall shear stress (WSS) to the

increase of the Reynolds number caused by decreasing the blood viscosity or by increasing

the inlet flow rate. Figs. 2 and 3 are plots of the WSS (in dyne/cm2) along the inner wall

(a) and along the outer wall (b), respectively, at the systolic peak (t = 0.35s) during the

cardiac cycle in a curved artery of 51% stenosis with a blunt inlet velocity profile. Negative

wall shear stresses indicate a reverse flow. These figures show the behavior of the WSS

along a curved stenotic artery. Along the inner wall, the WSS peaks at the neck of the

stenosis and reaches the minimum in the post-stenosis region, and then recovers gradually

in downstream until it levels off. This qualitatively agrees with the observations on the

wall shear stress of stenotic blood flows in curved arteries with a phasic inflow velocity

waveform for the left coronary artery in [11] and with a phasic inflow velocity waveform

for the carotid artery in [15].

Figs. 2 and 3 also demonstrate the effects of the blood viscosity and the inlet flow rate

on the WSS, respectively. Each figure contains three WSS curves corresponding to stenotic

blood flows with three different Reynolds numbers, Re=453, 353, and 253, respectively,

resulted by either varying blood viscosity (Fig. 2), or varying inlet flow rate (Fig. 3). By

comparing Figs. 2 and 3 we can see that the WSS reacts differently as the Reynolds number

increases depending on whether the increase is caused by the change of the blood viscosity

or the change of inlet flow rate. Fig. 2 shows that at a higher Reynolds number corre-
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Figure 5: Ratio of the maximum se
ondary �ow to the maximum axial �ow of the 
ross se
tion, e�e
tof �ow rate, (a) t = 0.35s, (b) t = 0.4s, with a blunt inlet velo
ity pro�le.
sponding to a smaller viscosity, the overall WSS along both the inner wall and the outer

wall is lower. Contrarily, at a higher Reynolds number corresponding to a larger inlet flow

rate, the WSS along both the inner wall and the outer wall is higher, except right after the

stenosis at the inner wall (Fig. 3).

Secondary flows occur along the curved arteries as a result of acting centrifugal forces.

As discussed in [14], the pattern of the secondary flow in a curved stenotic artery is more

complex than that in a curved artery with no stenosis. An approach for assessing the

secondary flow is to examine the maximum magnitude of the transverse velocity on each

cross section. The transverse velocity contains the velocity components perpendicular to

the axial velocity. Figs. 4 and 5 plot the ratio of the maximum magnitude of the secondary

flow to the maximum axial velocity on each cross section from inlet to the outlet when

t = 0.35s in (a) and when t = 0.4s in (b). This ratio reaches a maximum value of around

0.3 at the second half of the curved part in each plot. It indicates that the secondary flow is

relatively stronger at the second half of the curved part which is on the order of 30% to the

axial velocity. Fig. 4 shows the effect of the blood viscosity and Fig. 5 shows the effect of the

flow rate on the secondary flow, respectively. In each case, the Reynolds number changes

from 253 to 453 as the blood viscosity decreases from 0.0439 to 0.0245 dyne/cm2, or the

scalar adjusting the flow rate increases from 0.73 to 1.30. Both figures demonstrate that

the secondary flow is strong in a curved stenotic artery and that the ratio of the maximum

secondary flow to the maximum axial velocity increases as the Reynolds number increases,

regardless of whether the flow rate increases or blood viscosity decreases. Comparing these

plots we can see that the variation of the percentage of the secondary flow to the axial

velocity corresponding to the change of the blood viscosity is less sensitive than that to the

change of the flow rate. At the systolic peak (t = 0.35s), the ratio is almost independent of

the viscosity except in the regions in the middle of the curved part and the middle of the

downstream.



172 B. Liu

(a)

-5

0

5

10

15

20

25

30

0 0.2 0.4 0.6 0.8 1

Normalized Axial Length

W
S

S
 a

t 
th

e
 I
n

n
e

r 
W

a
ll
 (
d

y
n

e
/c

m
^

2
)

blunt

parabolic

flat

(b)

-20

-10

0

10

20

30

40

0 0.2 0.4 0.6 0.8 1

Normalized Axial Length
P

re
s

s
u

re
 D

ro
p

 a
t 
th

e
 I
n

n
e
r 

W
a
ll
 (

P
a

) blunt

parabolic

flat

(c)

0

0.05

0.1

0.15

0.2

0.25

0.3

0 0.2 0.4 0.6 0.8 1

Normalized Axial Length

S
e

c
o

n
d

a
y
/A

x
ia

l

blunt

parabolic

flat

Figure 6: E�e
t of inlet velo
ity pro�le (a) WSSalong the inner wall, (b) Pressure drop along theinner wall, (
) Ratio of the maximum se
ondary�ow to the maximum axial velo
ity.
Influence of the inlet velocity profile

In [5], the effects of the inlet velocity profile and the flow waveform on the flow pat-

terns in a nearly healthy right coronary artery were studied. It was concluded that the

changes in the inlet velocity profile did not produce significant change in the arterial ve-

locity and wall shear stress patterns. As we know, the presence of a stenosis in an artery

results in major disruption of the normal flow field. The question is whether the changes

in the inlet velocity profile will have an impact on the flow patterns in a stenotic coronary

artery. Computations are carried out to study the influence of the inlet velocity profile to

the blood flow in a curved artery with a moderate stenosis at the inner wall of the artery.

Three different inlet velocity profiles are used for u(r) in the boundary condition at the

inlet. The first is a bunt velocity profile; the second is a fully developed parabolic velocity

profile; and the third is a flat velocity profile. In each case the scalar U0 is adjusted such

that all three cases will result in the same flow rate, so the Reynolds numbers are also the

same as 453 with a choice of viscosity 0.0245dyne/cm2.
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Fig. 6 shows the effect of the inlet velocity profile on the blood flow in a curved stenotic

artery. It has the plots of the WSS along the inner wall (a), pressure drop along the inner

wall (b), and the ratio of the maximum secondary flow to the maximum axial velocity of

each cross section perpendicular to the axis of the artery (c), at the systolic peak (t =

0.35s). In Fig. 6(b) the pressure drop is calculated by p − pe along the inner wall in the

plane of curvature when t = 0.35s. Here pe is a reference pressure selected as the pressure

at the outlet. From Fig. 6 we can see that the changes in the inlet velocity profile have no

notable effect on the WSS and the pressure drop along the inner wall and the secondary

flow pattern of the blood flow in the curved part and in downstream of the artery, even

with the presence of a moderate stenosis (51% of cross section area reduction). Along

the straight inlet tube of the artery, the flow patterns associated with the blunt and the flat

inlet velocity profiles are essentially the same, while that associated with the parabolic inlet

velocity profile is different. This is because either blunt or flat flow is gradually developed

into a fully developed flow as it moves along the straight inlet tube, while near the entrance

the blunt and flat flows have sharper velocity gradients near the wall than the parabolic

flow.

Computations are also carried out to compare the effect of the boundary condition at

the artificial outlet boundary downstream of curved stenotic arteries. Three commonly

used outlet boundary conditions are applied to the model. They are so-called, Neutral

condition (surface traction free), Normal Flow/Pressure condition (the normal component

of the total force on the boundary is a pressure force), and Outflow/pressure condition (the

total force on the boundary is a pressure force). The comparison shows that the impact

of the outlet boundary condition on the flow characteristics in the region of interest is

negligible as long as the artificial outlet boundary is chosen far enough downstream. This

is similar to the observations obtained in [16] for a phasic inflow carotid velocity artery.

In summary, computer simulations are performed to examine the effects of some flow

parameters on the flow patterns in a simplified model of a segment of diseased right coro-

nary arteries. Comparison of the numerical solutions demonstrates that the Reynolds num-

ber has a significant influence on the wall shear stress. However, it would be ambiguous to

simply claim that the wall shear stress changes as the Reynolds number increases since the

wall shear stress would change differently corresponding to the increase of the Reynolds

number, depending on whether the change is due to the increase of the flow rate or the

decrease of the blood viscosity. The percentage of the maximum secondary flow relative

to the maximum axial velocity in a curved stenotic artery also increases as the Reynolds

number increases, regardless of whether the change in the Reynolds number is resulted

from the increase of the flow rate or the decrease of the viscosity. On the other hand,

the influence of the different velocity profiles of the inlet boundary condition on the flow

patterns downstream of a curved artery with a stenosis at the inner wall is negligible.
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