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Abstract. A boundary value problem is considered for a singularly perturbed parabolic
convection-diffusion equation; we construct a finite difference scheme on a priori (se-
quentially) adapted meshes and study its convergence. The scheme on a priori adapted
meshes is constructed using a majorant function for the singular component of the
discrete solution, which allows us to find a priori a subdomain where the computed
solution requires a further improvement. This subdomain is defined by the perturbation
parameter ¢, the step-size of a uniform mesh in x, and also by the required accuracy
of the discrete solution and the prescribed number of refinement iterations K for im-
proving the solution. To solve the discrete problems aimed at the improvement of the
solution, we use uniform meshes on the subdomains. The error of the numerical so-
lution depends weakly on the parameter £. The scheme converges almost ¢-uniformly,
precisely, under the condition N™! = o0 (¢"), where N denotes the number of nodes in
the spatial mesh, and the value v = v(K) can be chosen arbitrarily small for suitable K.
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1. Introduction

At present, there are fairly well-developed methods for constructing e-uniformly con-
vergent schemes on meshes that are a priori adapted in a boundary layer region and not
changing in the computational process, or, in short, schemes on meshes condensing in
boundary layers a priori (see, e.g., [1-5] for partial differential equations and [6] for ordi-
nary differential equations). The methods based on piecewise-uniform meshes condensing
in boundary layers received fairly widespread use due to their simplicity and convenience
in application (see, e.g., [2-5] and the references therein). The disadvantageous property
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of these numerical methods on a priori adapted meshes is the necessity to solve the dif-
ference equations on meshes whose step-size changes sharply in a neighbourhood of the
boundary layer.

Another alternative approach to the construction of numerical methods for singularly
perturbed boundary value problems developed, for example, in [7-10] leads to methods
on sequentially a posteriori adapted meshes that are fitted (refined) in the computational
process depending on the computed solution, or briefly, methods on a posteriori adapted
meshes. In this approach, classical finite difference approximations of the boundary value
problem are used; the discrete solution is corrected on a finer mesh in that subdomain
where errors in the solution turn to be intolerably large. The subdomain in which the
solution should be locally improved is determined using an indicator that is a functional of
the solution (for example, the solution gradient) of the discrete problem. In these methods,
the discrete problems on the subdomains where the solution is a posteriori improved are
solved on uniform meshes.

In this respect, it would be of interest to consider such numerical methods on a priori
adapted meshes in which the discrete problems in the subdomains where the computed
solution is a priori corrected are solved on uniform meshes. Methods of this kind are
unknown in the literature.

In the present paper, we consider the Dirichlet problem for a parabolic convection-
diffusion equation with a small parameter & multiplying the highest-order derivative. For
the boundary value problem, we construct finite difference schemes on locally uniform
meshes (namely, uniform meshes on the subdomains where the solution should be im-
proved) that are adapted a priori, and study their convergence. To construct the schemes,
a standard finite difference approximation of the differential equation is used. Note that
the scheme on a priori condensing (in the layer) piecewise-uniform meshes converges &-
uniformly. The “standard” scheme on uniform meshes converges only under the condition
N~ <« ¢, where the value N defines the number of mesh points in x.

For the scheme on a priori adapted meshes, boundaries of the subdomains where it
requires to improve the solution are determined by a majorant for the singular component
of the discrete solution, which is specified in its turn by the perturbation parameter ¢, the
step-size of a mesh used in x, and also by the required accuracy of the discrete solution.
On the meshes adapted with respect to the majorant function of the discrete solution, we
construct a sufficiently simple finite difference scheme for which the error in the solution
is weakly depending on the parameter ¢. The scheme constructed on a priori adapted
meshes converges “almost g-uniformly”, precisely, under the condition N~! < &V, where
the value v defining the scheme (the number of refinement iterations required for the
discrete solution to be improved) can be chosen arbitrary in (0, 1].

2. Problem formulation and aim of research

2.1. Problem formulation

On the set G .
G=GUS, G=Dx(0,T], 2.
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where D = (0,d), we consider the Dirichlet problem for the singularly perturbed parabolic
convection-diffusion equation

Lu(x,t) = f(x,t), (x,t)€aG,

u(x,0) = p(x,t), (x,0)€S. (2.2)

Here
2

0 0 0
L=c¢a(x, t)ﬁ + b(x, t)a —c(x,t) —p(x, t)a, (x,t) €G,

the functions a(x,t_), b(x,t), c(x,t), p(x,t), f(x,t) and ¢(x,t) are assumed to be suffi-
ciently smooth on G and on smooth parts of S respectively, and satisfy*

ap <a(x,t)<a’ by <b(x,t)<b’, 0=<c(x,t)<c",
po<p(x,t)<p° (x,t)€G; (2.3)
IF O, Ol <M, (x,6)€G; |o(x, )| <M, (x,t)€S;

ay, by, pp > 0. The parameter ¢ takes arbitrary values in the half-open interval (0, 1].

For small values of the parameter ¢, a regular boundary layer appears in a neighbour-
hood of the set Sf ={(x,t): x=0, 0<t<T}. Here Sf and Sé are the left and right
parts of the lateral boundary S'; § =St US,, St = Sf U Sé, and Sy = S, is the lower part
of the boundary.

2.2. Some definitions

In the case of the boundary value problem (2.2), (2.1), we are interested in numerical
methods whose solutions converge uniformly with respect to the parametere (or, briefly,
e-uniformly) in the maximum discrete norm. However, in the case of singularly perturbed
problems, the g-uniform convergence of the numerical solution z(x, t) at the points of the
mesh Eh is, in general, not adequate to give a representation about e-uniform convergence
of an approximation constructed on the whole set G. For example, the solution of a differ-
ence scheme obtained by the classical approximation of problem (2.2), (2.1) on a uniform
mesh like Gh(g 3) = Gh converges on the mesh G, when e ' h — oo for h — 0, i.e., when
the typical width of the boundary layer defined by ¢ is much less than the mesh size in x.
However, even the simplest interpolant

z2(x,t) =% (x,t; 2(-), Gy), (x,t)€G (2.4)

does not converge on G, where z(x, t) is a linear interpolant on triangular elements (trian-
gulation of elementary rectangles from G generated by the points of the mesh G},) that is
constructed using the discrete function z(x, t), (x,t) € G,,. Under the given requirements
on the mesh Eh(&g), the interpolant

W(x, 6) =F4 (x, t; W'(), Gy), (x,)€G,

* By M (by m) we denote sufficiently large (small) positive constants that are independent of ¢ and the scheme
parameters.
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constructed using the discrete function
uh(x: t) = U(X, t): (X, t) € Eh;

where u(x, t) is the solution of problem (2.2), (2.1), does not converge on G as well.

Let us give some definitions. In that case when the interpolant 2, 4y(x, t), (x,t) € G,
converges on G, we say that the difference scheme solves the boundary value problem (con-
verges on G); otherwise, we say that the difference scheme does not solve the boundary
value problem. In that case when the interpolant z(x,t), (x,t) € G, converges on G &-
uniformly, we say that the difference scheme converges (solves the boundary value problem)
g-uniformly.

But if the interpolant ﬂh(x, t), (x,t) € G, converges (converges e-uniformly) on G, we
say that the mesh G, is informative (e-uniformly informative) for the solution of the boundary
value problem; if not, we say that the mesh G, is not informative for the solution.

We are interested in difference schemes that converge on G e-uniformly or schemes
close to e-uniformly convergent schemes on G.

2.3. Aim of the paper

Let us formulate the aim of this research.

The error bound (3.4) for the discrete solution in Section 3 implies that the solution of
the classical difference scheme (3.2) on the uniform mesh (3.3) converges under the rather
restrictive condition (h < €) £ ! = o(N), where N + 1 is the number of mesh points in
x. If this condition is violated, for example, for e ! = @(N), then, in general, the solution
of the difference scheme (3.2), (3.3) does not converge to the solution of problem (2.2),
(2.1) as N,Ny— o0; Ny + 1 is the number of mesh points in t.

Let us give some definitions [7]. Suppose that z(x,t), (x,t) € G, is a solution of some
difference scheme, and let the function z(x, t) satisfy the estimate

luCx, t) —2(x, )] < MA (e "N"1,Ng 1), (x,t) € Gy, (2.5)

where A(&4,&,) — 0 as &, &, — 0, uniformly in the parameter ¢; and v > 0. By
definition, the solution of this scheme converges on the set G, uniformly with respect to
the parameter ¢ (or, briefly, e-uniformly) if v = 0 in estimate (2.5). Otherwise, we say
that the scheme does not converge e-uniformly on G,. But if the scheme converges for
N~! =o0(g"), where the constant M in estimate (2.5), generally speaking, depends on v,
however in general, there is no convergence for N~! = @ (¢¥), we say that the scheme
converges with defect (of e-uniform convergence) v. In that case when the value v can be
chosen arbitrarily small, and also the solution of the difference scheme controlled by the
value v satisfies estimate (2.5), we say that the scheme converges on Gy, almost e-uniformly
with defect v (or, briefly, almost e-uniformly).

In a similar way, the convergence defect of the scheme on the set G can be defined.

The defect of scheme (3.2), (3.3) is equal to 1.

For problem (2.2), (2.1), the difference scheme from [2] in the case n = 1 (that is,
the scheme on a priori adapted piecewise-uniform mesh with a single transition point at
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which the mesh changes its step-size) converges ¢-uniformly. Note that, in schemes on
piecewise-uniform meshes (see, e.g., [2-5] and the references therein), the mesh size
changes sharply at the transition points where the mesh switches from coarse to fine (the
ratio of the mesh sizes is not e-uniformly bounded; see Remark 3.1 in Section 3), which,
in general, can lead to restrictions in using efficient numerical approaches to the compu-
tation of discrete solutions and improvement of their accuracy (see, e.g., [11-15] and the
references therein).

Schemes on a a posteriori adapted meshes that converge almost e-uniformly were con-
sidered in [7-9]. An adapted mesh is constructed using meshes that are uniform on the
subdomains in which the computed solution is corrected. The advantage of this scheme
is that its solution is “synthesized” using the components of solutions of auxiliary interme-
diate problems that are solved on the corresponding subdomains having uniform meshes
with the same numbers of mesh point in x, t on each subdomain.

It should be noted that in order to solve discrete problems on uniform meshes, highly
efficient numerical methods have been developed, which require the number of operations
for computing the solution of the same order as the number of mesh points (see, e.g.,
[11-13] and the references therein). Due to this, it would be of interest to construct and
examine almost e-uniformly convergent schemes on a priori adapted meshes based on
locally uniform meshes, that is, uniform meshes on each of the subdomains.

Our aim for the boundary value problem (2.2), (2.1) is to construct an almost &-
uniformly converging scheme on a priori adapted locally uniform meshes.

3. Schemes on uniform and piecewise-uniform meshes

In this section, we give a finite difference scheme on a piecewise-uniform mesh that
converges e-uniformly.

3.1. A finite difference scheme on an arbitrary grid
On the set G, we introduce the rectangular grid
G, =@ X Wy, (3.1)

where w and @, are, in general, arbitrary nonuniform meshes on the closed intervals [0, d ]
and [0, T], respectively. Let h' = x'*1 — x, xi, x'™! € &, h = max; k', and k¥ = kT — ¢k,
tk, tk*1 € @, h, = max; h¥. Assume that h < MN~! and h, < M N; ', where N + 1 and
Ny + 1 are the numbers of points in the meshes in w and w, respectively.

Problem (2.2), (2.1) is approximated by the finite difference scheme [11]

Az(x,t) = f(x,t), (x,t)€Gy,

2(x,0) = p(x,0), (x,t) €Sy, (3.2)

where G, =GNGy, S, =SNGy, and

A=cea(x,t)do5z+b(x,t)0, —c(x,t) —p(x,t) 07, (x,t) €Gy.
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Here 655 2(x, t) is the central difference derivative on the nonuniform mesh,
Szpz(x,t) =2(h' + R[5, 2(x, 1) — 6z2(x, )], (x,0)=(x',t) € Gy;

0, z(x,t) and 652(x,t) are the first-order (forward and backward) difference derivatives.
Scheme (3.2), (3.1) is monotone e-uniformly. A definition of monotonicity for regular
problems can be found in [11].

3.2. An error bound on a uniform grid
In the case of uniform meshes in both variables
G =G, = x &, (3.3)
using the maximum principle, we obtain the error bound
lu(x, t) —z(x,t)| <M [(s +N_1)_1 N7t +N0_1:| , (x,t) €Gp; (3.4)

bound (3.4) is unimprovable with respect to N, N, €.
The interpolant z(x, t) = Z(2.4)(x, t; Z3.2.3.3)(*), G,lll ) satisfies the error bound

juCx, ) 2, Ol <M[(e+N ) N +N;Y], (D) €G. (3.5)
Scheme (3.2), (3.3) converges under the condition (N ™! < ¢):
e t=0(N), N—-oo, e€(0,1]. (3.6)

3.3. An ¢-uniform convergent scheme

Let us give a scheme that converges e-uniformly (see, for example, [2,3]). On the set
G, we introduce the grid
Gr=G, =" x (3.7)
where @g = wq(33), @° is a piecewise uniform mesh that is constructed as follows. The
interval [0,d] is divided into two parts [0,c] and [o,d]. The mesh sizes on the intervals
[0,0] and [o,d] are constant and equal to

MY =20N"1 and hW® =2(d-0o)N7I,
respectively. The parameter o is chosen so as to satisfy the condition
o =o0(g, N)=min [2_1 d,m'e lnN] s

where m is an arbitrary number in the interval (0,m,), and my = mg4 2).
For the solution of the difference scheme (3.2), (3.7), we obtain the g-uniform bound

u(x, ) —2(x, )| <M [N"'InN +Ng '], (x,t) € Gys (3.8)

the bound is unimprovable with respect to N, Nj,.
The interpolant Z(x, t) = Z(5.4y (X, t; 2(3.2,3.7 ("), G;) satisfies the error bound

lu(x,t) —2(x,0)] <M [N"'InN +N; '], (x,0)€G. (3.9)
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Theorem 3.1. Let the components of the solution u(x, t) of the boundary value problem (2.2),
(2.1) in representation (A.1) satisfy the estimates of Theorem A.1. Then the difference scheme
(3.2), (3.7) (scheme (3.2), (3.3)) converges e-uniformly (under condition (3.6)). The discrete
solutions and their interpolants satisfy bounds (3.4), (3.8) and (3.5), (3.9), respectively.

Remark 3.1. For the mesh Eh(3.7)’ the ratio of h® and h™V, i.e., the mesh sizes in x on the
mesh intervals with constant step-size, is of the order @(¢~'In"! N).

4. Grid approximations on locally refined meshes that are uniform in
subdomains

In this section, we present an algorithm for constructing a locally refined mesh (adapted
in the boundary layer) and a grid solution on it. In each of subdomains subjected to mesh
refinement, this algorithm uses uniform meshes with respect to space and time (the tem-
poral mesh is not refined).

4.1. A formal iterative algorithm

First, we describe a formal iterative algorithm for constructing approximate solutions
for the boundary value problem (2.2), (2.1) [7].
On the set G, we introduce the coarsened (initial) mesh

Elh == 61 X 60, (413)

where w; and w, are uniform meshes, w, = w3 3); the mesh size of w; ish; =d N 1. We
denote the solution of problem (3.2), (4.1a) by z;(x, t), (x,t) € G5, where Gy, = Gyp4.1)-
Note that 61]1(4.1) = Eh(S.B)'

Let the value d; € w; be found in such a way that for x > d;, the discrete solution
z,(x,t), (x,t) € Gyp, is a good approximation of the solution of problem (2.2), (2.1),
moreover,

lu(x,t) —z,(x,t)| <MS, (x,t)€Gq, x>di, (4.2a)

where & > 0 is an arbitrary sufficiently small number specifying the required accuracy of
the discrete solution, and M is a constant independent of &, and d; € [0,d).
If it turns out that d; > 0, then we define the subdomain
G2y =GyUS2), G2 =Go)(dy), Gezy=Dz) x (0,T], Dy =(0,dy),
where we shall refine the grid. On the subdomain 5(2), we introduce the grid
Gyyn = ©(a) X Dy,

where w(,) is a uniform mesh with N + 1 points and the mesh size hy;.
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On the set E(Z)h) we find the solution z(,)(x, t) of the discrete problem

Az.2)22)(x, t) = f(x,t), (x,t) € Geayp,
5 (x t): Zl(xa t)) (x) t)ES(Z)h\Sa
@ e(x, 1),  (x,)€SmS,

where _ _
G =G [ |Gam  Sem=Sa [ |Gan
The grid set G, on G and the function z,(x, t), (x,t) € Gy, are defined by

Z(Z)(x) t)a (x) t) € E(Z)ha

Gop = Goy, U {G 1\ G}, 20(x,0) = 2@k _
@R {M\ (2)} 26 t) {21(X,t), (x,t) € Gip \ G(g)-

For k > 3 at the (k—1)th iteration, suppose that the grid set Ek_l’h and the grid
function z;_;(x,t) on this set have already been constructed. Furthermore, let the value
di_1 € wy_; be found in such a way that for x > d;_; the discrete solution z;_;(x,t),
(x,t) e Ek—l,h5 is a good approximation of the solution of the problem (2.2), (2.1). To be
precise, we require

|u(X5 t) - Zk—l(x: t)l <M 5: (X, t) € Ek—l,h: x = dk—l' (42b)
The constant M depends on k, M4 sb) = M4 2)(k — 1), where M (k) = M* k. T Here
Gro1p = @1 X Dy,

Wj_1 is a mesh generating the mesh Ek_l’h ; Ni.+1 is the number of nodes in the mesh w;,
k>2;and N; =N.
If it happens that d;_; > 0, then we define the subdomain

Gy =G YUSuy Gy =G(dr-1), Gy =Dgy % (0,T], Dgy=(0,dg_;). (4.1b)
On the set E(k), we introduce the grid
Gion = (k) X Do, (4.1¢)

where @) is the uniform mesh with N + 1 points and h, is the step-size in the mesh
Wx); and hgy = d_1N71, dy_;=d for k =1. Let Zgo(x, t), (x,t) € E(k)h, be the solution
of the grid problem

Az 200(x, t) = f(x,t), (x,t) € Ggops
s, 0 = | F10t (6D ESun S, (4.1d)
(A o(x,t), (x,t) € Sty ﬂ S.

T Here and in what follows, M* denote constants independent of k.
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We set

Grn=Gaon U {Ek—l,h \E(k)} ,
() = { 200(x,t),  (x,t) € Gy,
k\A> - — —
ze—1(x,t), (%, t) € Gy_1p \ Gpo)-

If for some value k = Kj, it turns out that dg, = 0, then we set d; = 0 for k > K. For
k > Ky + 1, the sets Gy are assumed to be empty, and we do not compute the functions
Z((x, t). For example, for k > K, we have z;(x, t) = z¢ (x, t), Ggp = Ggp-

For k = K, where K is a given fixed number (the number of iterations for improving
the grid solution), K > 1, we assume

Gy =Ggn=Gp  25(x,t) = 2 (x, £) = 2(x, 1), (4.1e)

The grid G, and the function z(x, t) in (4.1e) are constructed using the grid sets E(k)h and
the functions z((x, t), (x,t) € E(k)h, k=1,---,K.

We call the function 2(4.1)()(, t), (x,t) € Eh(“), the solution of scheme (3.2), (4.1) (of
the scheme on refined meshes being uniform on local subdomains). The functions z;(x, t),
(x,t) € Ekh, k = 1,--- ,K are called the components of the solution of the difference
scheme.

Let the value d¥ € wy, dX = di, be found so that for x > dy the solution zx(x,t)
approximates the solution of problem (2.2), (2.1); in this case we have

[u(x,t) —z(x,t)| <MS, (x,t)€G, x>dX, (4.2¢)

where z(x,t) = 2(4.1)(3(', t), G, = Gh(4.1)'

The difference scheme (3.2), (4.1) is the scheme on locally refined meshes that are
uniform on the subdomains E(k)h in which the computed solution is corrected. In that
case when the values d; are determined in the process of the numerical solution of prob-
lem (3.2), (4.1) depending on the results of computations, the scheme (3.2), (4.1) is the
scheme on a posteriori adapted meshes (we say, the a posteriori adapted scheme). But if
the values d; are given before the start of computations regardless of the computational
results obtained, scheme (3.2), (4.1) is the scheme on a priori adapted meshes (we say,
the a priori adapted scheme).

4.2. Maximum principle for the algorithm A, ;,

The given algorithm (we call it A, ;1)) allows us to construct the solution of problem
(3.2), (4.1) on the basis of the sequence of values di, k =1,--- ,K. The value N +1 is the
number of nodes in the mesh @* = wy used for the construction of the function z*(x, t).
For the value Ng, we have the estimate

Ny <K(N-1)+1<KN.
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The ratio of h(y and h(i4), i.e., the mesh step-sizes with respect to x in neighbouring
subregions of the adaptive mesh, does not exceed the value N.

In schemes (3.2), (4.1) when solving the intermediate problems (4.1d), an interpola-
tion is not required to find values of the functions z()(x, t) on the boundary S .

For the scheme (3.2), (4.1), the maximum principle holds. The following comparison
theorem is valid.

Theorem 4.1. Let the functions z;(x, t) and zi(x, t), (x,t) € Ggpy Gpp = Ekh(4.1): k=
1,2,--- K, satisfy the conditions

Az (x,t) SAz2(x,t), (x,t) € Gy,

Z%(X, t) = Z%(X, t): (X5 t) € S(l)h)

Azl (x,t) S Az2(x,t), (x,t) € Gy,

7 (x,t) > 22(x, 1), (x,t) €SgpNS,

2 (x,0) =z (x,t), 22 (x,t) = z2(x, 1),
(x,t) € G \ {G U{Sy NS}, k=2,--- K.

Then z}<(x, t) > 212((3(, t), (x,t) € Ggp

The theorem can be proved by the induction with respect to k, where k is the number
of the current iteration in the iterative process.

The meshes Ekh, k =1,---,K, obtained by the algorithm A, ;), are defined by the
choice of the values dy, k =1,2,---,K, and also by the values K and N, N,. In the meshes
obtained by the algorithm A, 1), the values d; will be determined regardless of the results
obtained in the computational process, i.e., the meshes G, belong to a priori condensing
meshes.

Note that there exist no schemes in this class of difference schemes whose solutions
converge e-uniformly to the solution of the boundary value problem (2.2), (2.1).

5. Difference scheme on a priori adapted mesh

In this section, we consider a difference scheme on a priori adapted meshes constructed
using a majorant function for the singular component of the grid solution.

5.1. Auxiliary constructions

We present a number of auxiliary constructions. For the differential and the difference
problems, we introduce the width of the boundary layer specified by majorant functions
for the singular components of their solutions.

The function

We(x)=W(x; e) =exp(-m’e1x), x¢€ D%, (5.1a)
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is a majorant function (up to a constant factor) for the singular component V(x,t) in
representation (A.1) of the solution of the boundary value problem (2.2), (2.1). Here
m® = min[a~(x, t)b(x,t)], and

G

D =10, 0). (5.1b)

Based on the function W¢(x), we introduce the width of the boundary layer for problem
(2.2), (2.1). We say that the value

n° =n°(5; ), (5.2a)

where 6 > 0 is a sufficiently small number, is the width of the boundary layer (defined
by the majorant function for the singular component V(x, t)) with the threshold of order &
(or, briefly, the width of the boundary layer defined by the majorant function), if n° is the
minimum value of n° for which the following estimate is fulfilled:

W(x;e)<5, xeD°, r(x, r)>n° (5.2b)

where I'; is the boundary of the set D7, D =Dp®UTI, T = I';. The value n° may
take magnitudes exceeding d(5 1) (for sufficiently small values 6 such that 5 < 6(¢)); n° is
defined by the formula

n°=(m% " lelns L. (5.20)

Let us introduce the width of the discrete boundary layer defined on the basis of the
majorant function for the discrete singular component. By z,(x,t), (x,t) € G, we denote
the solution of the difference scheme

A(S.Z) Z(X, t) = L(Z.Z) V(X, t)5 (X, t) € Gh: Z(X, t) = V(X, t)5 (X, t) € Sh;

where v(x,t) is an arbitrary sufficiently smooth function, and v € C>}(G) N C(G). The
solution of problem (3.2), (3.1) can be represented in the form of the sum of functions

Z(X, t) :ZU(X: t)+Zv(X, t)5 (X5 t) Gah: (53)

where z;(x,t) and zy(x,t) are the grid functions approximating the components U(x, t)
and V(x,t) in representation (A.1), and zy(x, t) is the function of the discrete boundary
layer.

The function

W) =W(x; e,h)=1+mleth)™, x=x"e 5;0, x"=nh, (5.4)

[ee)

where 5;0 is the uniform mesh on the semi-axis 5(5'1) with the step-size h, m® = m?

(5.1)°
is a majorant function (up to a constant factor) for the singular component zy(x,t) in

representation (5.3) of the solution of the difference scheme (3.2) on the mesh (3.3),
where h(3 3) = h(s 4). We say that the value

n=mn(d; &,h), (5.5a)
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where 6 > 0 is a sufficiently small number, is the width of the discrete boundary layer (de-
fined by the majorant function W (x) for the singular component zy(x, t)) with the threshold
of the order of 6 (or, briefly, the width of the discrete boundary layer defined by the majorant
function) if 1) is the minimum value of 1, for which the estimate

W(x;e,h)<d6, xe€ 5;0, r(x,T1) =g (5.5b)
holds. The quantity n may take values exceeding d(, 1y; 7 is determined by the formula

hlnd 'In~*(1 +mC~'h) for

(6~ In (1 4+ m%e " h)|" =In5 ' In~ (1 + mOe~1h),
h{ [In6~ 111 +m%e'h)] " + 1} for

(N6~ "' (1+m% ') ]" <&~ In~' (1 + me~1h),

n=mn(6; e,h) = (5.50)

with 6 € (0,1), € € (0, 1], where h = h(s 4), and [ a ] © is the integer part of a number a.
It is convenient to use the following notation. We associate the value a > 0, on the
uniform mesh D;:;s. 2 with the step-size h, with the value {a; h}° defined by the relation

a for h[h‘la]eza,

{a; h}* = h{h [h—laJ ‘4 1} for h [h_laJ ‘< a,

where [a]¢=[a ](es.s)' So, the value 7 is representable in the form
n =n(8; e,h) = {a; h}*, (5.5d)

where
a=hlns ' In (1 +m%h).

On the set E(k), k > 1, the mesh E(k)h with its step-size h(y in x is defined. Let us
define the values d; in (4.1) by the relation

di = di(8; &,N) =min [n(5; &,hp), d|, k=1,---,K, (5.6a)

where h;y =dN~!, hgy =di_1N~1, k > 2. Assume
6=6(N)—>0 for N — oo. (5.6b)
The difference scheme (3.2), (4.1), (5.6) is the scheme on a priori adapted meshes. The

values d;. are computed using an indicator based on the majorant function of the discrete
boundary layer controlled by the parameters 6, €, and h.
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5.2. A nonconstructive error bound

For the solution of the difference scheme (3.2), (4.1), (5.6), using the maximum prin-
ciple we establish the error bound
M[S(N)+N"'+N; ], (x, ) € Gy, r(x,T1) > dg;
lu(x,t) —z(x, )| <{ M [(s +dg N e NI+ 6(N)+ N+ No—l] , (5.7)
(x,t)E€Gy,.
Thus, the difference scheme (3.2), (4.1), (5.6) converges s-uni_formly outside the dg-neigh-
bourhood of the boundary Sf, and also on the whole set G; under the condition that

higy < e:
e l=o(dN),

which is essentially weaker in comparison with the convergence condition (3.6).

Bound (5.7) is nonconstructive since the values dg_;(s¢) and dg(s¢) depend on ¢,N,
and K implicitly, which complicates the investigation of scheme (3.2), (4.1), (5.6) depend-
ing on the values of N, ¢, and K.

Theorem 5.1. Let the solution of problem (2.2),(2.1) satisfy the hypothesis of Theorem 3.1.
Then the solution of the difference scheme (3.2), (4.1), (5.6) satisfies the bound (5.7).

5.3. A difference scheme on a priori adapted meshes

We now consider a version of the difference scheme on a priori adapted meshes that
allows us to write out efficient estimates for 1(5; €, h()). These estimates make it possible
to study convergence properties of the scheme on a priori adapted meshes.

Let us note some properties of the value 75 5) implied by its explicit form. The function
1n(6; €, h) for fixed values of & and h is a piecewise-constant nondecreasing function with
respect to the variable ¢.

We assume that the following condition is fulfilled:

6=N"% aec(0,1]. (5.8)
For the value 7, we have the estimate
n(6; &,h1) > n°(5; &),
where hy = hy(4.14). However,
n(6; €,h1) <Min°(6; €) (5.92)
under the condition

hy <my(m®)~le; My =M;(my), m°= m?s'l), (5.9b)
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where M;(m,) is evaluated by the inequality
a, ln_l(]. + al) < Ml for a, < my, e.g., Ml(ml = 1) =2. (5.9C)

In the case of the condition
€= 8(0),

1n(6; €,h) satisfies the lower bound
n(8; &,hy) = hy;

moreover, under the condition
1
g < ¢l ),

for n(6; €,h) we have the upper bound
n(6; &,hy) < h;.
Here the values ¢/ are defined by the relations

eV =e0(5,N)=eV(5,N; d), j>-1;
e =MymldIn1671, £ =MmPdNTI, (5.10)
D =mlds(1-6)"'N, j>1,

where d = d(31), N = Ni4.1a), m® = m?5.1)’ M; = Mj(s9), and M, is an arbitrary constant
satisfying the inequality
M, <M,

j = —1 is an integer. By this choice of the constants M;, M,, we have 1n(5;¢,h;) < d for
§ =555 and e < eV

We describe the rule for determining the values dy4 1) in the grid construction (3.2),
(4.1) for the given values of K and ¢, considering that the parameter ¢ belongs to the
prescribed fixed intervals defined by the values €. To construct the scheme on adapted
meshes for given K, it is necessary to prescribe the values d for k < K — 1. However, when
studying the schemes, we will need the values d; for k <K.

We suppose that the parameter ¢ belongs to one of the following intervals defined by
the value j

e[V, 1] for j=-1, or ec[eW, eUD) for j>o0, (5.11a)

()
(51007
it is chosen in the set Gy, so that the value of n(5; &, h), i.e., the width of the discrete

boundary layer, satisfies the estimate

where ¢ = ¢ (6,N), j = —1. The value d; depends on K, j and also on 9, ¢,k, and

n(8; &,hgy)) < dy for 1<k <K

in that case when the parameter ¢ belongs to one of the intervals in (5.11a).
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Consider the case when the following relation is fulfilled:
K=Ksun()=j+2, j=-1, (5.11b)

where j = js11,) defines the interval of varying the parameter €. Let ¢ € [eD)) 1] for
j=—1. In this case K = 1; we set

d; = min [{Ml(mo)_ls In6~%; hepy ), d] . (5.11¢)
Lete € [s(j), s(j_l)), j > 0. Assume

dy =dy={M;(m") e 5715 hyy}*, if j=0; (5.11d)
dl = {h(l) ln5_1 ln_l(l + mos_lh(l)); h(l)}e 5

dy=dy={M;(m*") e 5715 hpy}*, if j=1;
dl :h(l)a"' s dkzh(k), ij—l,

dk = {h(k) In 5_1 11'1_1(1 + mOE_lh(k)); h(k)}e , k= j,

dp = disr = {M;(m*) e 65 ey}, k=j+1, if j>2.

Here h(l) == di—l N_l, 1 S l S ]+1, do == d(Z.l)) h(l) == h1(4.1), mo == m?sll), and Ml == M1(5.9)'
The relations (5.11b, ¢, d) prescribe the values d; depending on the values 9, ¢, h
and on the ratio between j and k for k <K, K =j + 2.
In that case when

K>j+2, j>-1,5 (5.11e)

we set
dk = dk(S.lld) for k S ] =+ 2, dk = dj+2(5.11d) for ]+ 2< k S K, ] Z —1, (511[')

here K > K5 111)(j). But if
K<j+1l], K=>1, j=>0, (5.11g)

then we assume that
dk = dk(5.11d) for 1 <k <K; (5.11h)

here K < K5 111)(J)-

Thus, for the parameter ¢ chosen in one of the intervals in (5.11a) and for given K,
formulas (5.11) depending on the relation between K and j = js5 114) give us the set of the
values dk = dk(5a g, h(k))

As follows from the formulas (5.11b—h), the values dy, by virtue of the relation h() =
d,_1N ~1 are defined only by the parameters j,k and &, ¢, N; we have

dy = dis.11)(8; &,N)=d](5;e,N), 1<k<K, j>-L1. (5.110)

The difference scheme (3.2), (4.1), (5.11) is the scheme on a priori adapted meshes
refined sequentially in a neighbourhood of the boundary layer. With the choice of the
values d;, as the indicator we use the majorant function of the discrete boundary layer
controlled by the parameters 9, ¢, h, taking into account that the parameter ¢ belongs to
the prescribed intervals from (5.11a); € € (0,1].
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5.4. Some estimates for the width 7

Under the above choice of the values djs 11), taking into account the explicit form of
the width of the discrete boundary layer 1(6; ¢,h), we find the estimates

n(8;e,h)) =m for e [V, 17]; 5.12)
n(8;e,hq) <dy, 1<k<K,
n(0;&,hgy) =Zmdy, j+1<k<K for g€ [8(1‘), 5(1‘1)), i>o,

where h(y = dj_1N ~!. The smallest mesh size attained in this process is not less than
dNK.

Lemma 5.1. In the case of the difference scheme (3.2), (4.1), (5.11), the estimates (5.12)
hold for the values 1(0; &, h(xy) and di(s 11i).

Lemma 5.2. In the case of the difference scheme (3.2), (4.1), (5.6), the values dk(5.6a) and

d satisfy the estimate

J

k(5.11i)
J

dk(3-2,4.1,5-6a) < dk(3.2,4.1,5.11i) , 1=k=K, (5.13)

where j = jis114) defines the interval in (5.11a) to which the parameter ¢ belongs.

6. The convergence of the scheme on a priori adapted mesh

We consider the difference scheme (3.2), (4.1), (5.11) assuming the following condi-
tion to be fulfilled:

§=N""1 6.1)

6.1. Estimates of solutions on subdomains

Let z7(x, t), (x,t) € E(k)h, be a solution of the difference scheme (3.2), (4.1c) ap-
proximating the boundary value problem

L U(X, t) = f(X, t): (X5 t) € G(k)5 U(X, t) = ()O(X3 t): (X, t) € S(k): (62)

where E(k) = E(k)(4.1b)5 E(k)h = E(k)h(4.1c)’ k > 1. For the solution Z[k](X, t), we have the
error bound

|U(X, t) _Z[k](x: t)l
{ M [hay(e+hay) '+ N NG, k=1, j=-1,05
<

L . _ 6.3)
M [h(k)(8 + h(k)) +N +N0 :| , k, j=1; (.X', t) € G(k)h)
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where the parameter ¢ belongs to one of the intervals in (5.11a), and

MN™! for j=-1,0, k>1;
hao = hao() =hgo(; N) < { MN77'InN, j<k-1,
MN~K k<j for j>1, k>1.

For k > j + 2, the function z[;;(x, t) satisfies the estimate
|U(X, t) —z[k](x, t)l <M [N_l InN +N0_1:| , (x,t)e E(k)h: k=j+2, j=z-1. (6.4

Outside the ai-neighbourhood of the boundary Sf, the following estimate holds for
Z[k](X, t):

[u(x, t) =z (e, )| < M [N_l +N0_1J , (x,t)e E(k)h, r(x,I'))>0), k>1, j>0,
(6.5)
where . _ . . - ;
oL=d}, 1Sk<j+1; ol=dl, k2j+2; di=d/ .

Lemma 6.1. Let the hypothesis of Theorem 3.1 be fulfilled. Then the function zpj(x,t),
(x,t) e E(k)h(4.1c)) i.e., the solution of the difference scheme (3.2), (4.1c) approximating the
boundary value problem (6.2), satisfies the estimates (6.3)-(6.5).

Remark 6.1. The interpolant z;j(x, t) constructed on E(k) using the function zp(x, t),
under the assumption of Theorem 3.1, satisfies the estimates (6.3)-(6.5), where z;;(x, t)
and E(k)h are zp)(x, t) and E(k) respectively.

6.2. Main convergence results

We now consider the difference scheme (3.2), (4.1), (5.11), (6.1).
Taking into account estimates (6.3)-(6.5), for the solution of the difference scheme
(3.2), (4.1), (5.11), (6.1) for £ € (0,1], we obtain the estimate

lu(x, t) —2(x, )|

5{ M {min [ ¢7'N"1, 1] +N; '}, K=1 }

M {min [ ¢'N"¥InN, 1]+ N"'InN +N; '}, K=>2
(x,0)eG,, K=>1, e€(0,1]. (6.6)

Thus, the difference scheme converges on G, under the condition (N XInN <« s):
el =0(N“In"'N) for K>2, £€(0,1].
Let the parameter ¢ satisfies the condition

ee(0,e9], j=2, eD=¢l . (6.7)
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For the error of the solution of the boundary value problem (2.2), (2.1) outside the og-
neighbourhood of the set Sf, we obtain the estimate

lu(x,t) —z(x,t)| <M [N‘l +N0_1] , (x,t)€G, r(x,I'])> o0y, (6.8a)
where . . .
ox=dy, dg =dys1yy 1SK<j—1, j=jer) (6.8b)

The value o satisfies the relation
ox =dN7K, (6.8¢)

Thus, in the case of the condition (6.7), the solution of the difference scheme converges
e-uniformly with the first order of accuracy in x and t outside the ok-neighbourhood of
the boundary S, where o shrinks to zero at the rate @(N ).
Let the parameter € belongs to one of the intervals in (5.11a). In this case, depending
on the relation between K and j, we obtain the estimate
lu(x, t) —z(x, t)|

M {min [e'N71, 1] +N; '}, K=1
, K=j+1
<{ M{min[¢'N"¥InN,1]+N'InN +N;'}, K=>2 ,

M [N7'InN +Ng ], K>zj+2
(x,t)eG,, K>j+1, j>-1. (6.9)

Outside the a}.(-neighbourhood of the set Sf, we have the estimate
luCx, ) = 2(x, )] <M [N 4+ N; '], (x,0)€Gy, r(x,I)= 0%, K>1, j>0; (6.10a)
the value a}.(, where

op=dy, 1SK<j+1; op=d,, K>j+2; j>0, (6.10D)

satisfies the estimate

i MelInN, K>j+1, j=0,
oy < _x o (6.10¢)
MN™InN, K=j, j=>1,
and the relation .
o =dN* K<j-1, j=2. (6.10d)

Thus, in that case when the parameter ¢ belongs to one of the intervals in (5.11a), the
convergence rate of the scheme on the set G, as well as the size of that neighbourhood
of the set Sf outside which the scheme converges at the rate 0(N 14 Ny 1), depend
essentially on the parameters K and j.
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According to the estimate (6.9), it requires K iterations, where K = j + 2, in order
to obtain the solution of the difference scheme (3.2), (4.1), (5.11), (6.1) with the error
bound

lu(x,t) —z(x,t)| <M [N_llnN +NO_1J , (x,t)€Gy,

provided that the parameter ¢ belongs to one of the intervals in (5.11a).
l3y virtue of estimate (6.6), the difference scheme (3.2), (4.1), (5.11), (6.1) converges
on G under the condition (N"! < ¢ for K=1 and N ¥InN < ¢ for K >2):

e '=0(N) forK=1 and s‘lzo(NKln_lN) for K > 2, (6.11)
N — o0, £¢€(0,1].

In order that the difference scheme be convergent almost ¢-uniformly with the convergence
defect no greater than the value v(y 5), it is sufficient to choose the value K satisfying the
condition

K>K({), K»)=vl. (6.12)

Thus, the difference scheme (3.2), (4.1), (5.11), (6.1), (6.12) converges almost &-
uniformly, with the convergence defect v.

Theorem 6.1. Let the solution of the boundary value problem (2.2), (2.1) satisfy the hy-
pothesis of Theorem 3.1. Then the difference scheme (3.2), (4.1), (5.11), (6.1) converges on
G}, under condition (6.11); under condition (6.12), the scheme converges almost e-uniformly
with defect v. The discrete solution satisfies the estimate (6.6) and, in the case of conditions
(6.7) and (5.11a), it satisfies the estimates (6.8) and (6.9), (6.10), respectively.

In the case of the difference scheme (3.2), (4.1), (5.6), (6.1), the following theorem
established taking account of estimate (5.13) holds.

Theorem 6.2. Let the solution of the boundary value problem (2.2), (2.1) satisfy the hy-
pothesis of Theorem 3.1. Then the difference scheme (3.2), (4.1), (5.6), (6.1) converges on
G}, under condition (6.11); under condition (6.12), the scheme converges almost e-uniformly
with defect v. The discrete solution satisfies the estimate (6.6) and, in the case of conditions
(6.7) and (5.11a), it satisfies, respectively, the estimates (6.8) and (6.9), (6.10), where in
(6.8)

og =dg;.6)(0;6,N), 6=0@,1) €=¢Ees7)
provided that s_lh(K) > (m®)"IN; and in (6.10),

U}< = dK(5.6)(5§ e,N), o= 5(6.1); € = €(5.11a)> j= j(5.11a)'

Remark 6.2. Let the hypothesis of Theorem 6.1 (Theorem 6.2) be fulfilled. Then for the
interpolants z(x, t) constructed on G using the functions z(x, t), (x,t) € G, the estimates
of Theorem 6.1 (Theorem 6.2) remain valid, where z(x, t) and G, are z(x,t) and G, re-
spectively.
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A. Appendix

In this section, we present estimates for the solution of the boundary value problem
and its derivatives (the estimates can be derived analogously to the derivation of similar
estimates in [16-18]). The solution of problem (2.2) is represented in the form of decom-
position into the sum of functions

u(x,t)=U(x,t)+V(x,t), (x,t)€q, (A.1)

where U(x, t) and V(x, t) are the regular and singular components of the solution.
The functions U(x, t), V(x, t) satisfy the estimates

3k+k0
0xka tko

3k+k0
0xka tko

(x,t)€G, k+2ky<4, k<3,

U(x,t)| < M[1+e27F],

V(x,t)| < Me *exp (—me lr(x,T1)), (A.2)

where m is an arbitrary number in the interval (0, m,), my = ming [a™1(x,t)b(x,t)]; and
r(x, ') is the distance between the point x and the left boundary I'; of the set D.

Theorem A.1. Let the data of the boundary value problem (2.2), (2.1) satisfy condition (2.3),
the condition a, b, c, p, f € C®T%(G), p € C®T%(S), a > 0, and also the condition

3k° ak+k0

x,t)=0, (x,t)eSy; —— p(x,t) =0, ——— f(x,t)=0, (x,t)e€S°,
P(x,)=0, (x,0) €S0 S p(r,0)=0, —o—pf(x,)=0, (x,1)
where k, kg < 6, S = s'n Sy. Then the components in representation (A.1) of the solution of
the boundary value problem satisfy estimates (A.2).
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