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Abstract. The numerical solution of large scale multi-dimensional convection diffusion
equations often requires efficient parallel algorithms. In this work, we consider the ex-
tension of a recently proposed non-overlapping domain decomposition method for two
dimensional time dependent convection diffusion equations with variable coefficients.
By combining predictor-corrector technique, modified upwind differences with explicit-
implicit coupling, the method under consideration provides intrinsic parallelism while
maintaining good stability and accuracy. Moreover, for multi-dimensional problems,
the method can be readily implemented on a multi-processor system and does not have
the limitation on the choice of subdomains required by some other similar predictor-
corrector or stabilized schemes. These properties of the method are demonstrated in
this work through both rigorous mathematical analysis and numerical experiments.
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1. Introduction

Large scale time dependent multi-dimensional convection-diffusion partial differential
equations are often used to model many important physical problems. Numerical solu-
tions of these equations are computationally demanding due to the needs to achieve high
accuracy and overcome numerical instabilities and stiffness [3, 4, 8]. Solutions on multi-
processor computer systems are sometimes the only viable approach for conducting real-
istic simulation in practice. There are thus considerable interests in developing efficient
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parallel schemes for convection-diffusion problems which share nice stability and accuracy
properties.

To help parallelize large scale simulations, domain decomposition can be one pow-
erful tool which has been successfully applied not only to solve many time-independent
equations but also to simulate transient phenomena and evolution equations. For time-
dependent parabolic problems, there are naturally built decomposition schemes to utilize
the time history. For example, the explicit-implicit domain decomposition (EIDD) meth-
ods [1,2,7] have been studied for many years. In the EIDD algorithm proposed in [1], the
values at inter-boundaries may be calculated by explicit schemes with coarser spatial grid
size, while those in subdomains are obtained by implicit computation with the finer grid.
Such EIDD methods are globally non-iterative, non-overlapping and are computationally
and communicationally efficient for each simulation time step. Due to high parallelism and
good stability, the studies on EIDD type algorithms have attracted the interests of many re-
searchers. In [28], by adding a stabilization step to EIDD, some stabilized explicit-implicit
domain decomposition (SEIDD) methods for the numerical solution of parabolic equations
are proposed. The SEIDD methods retain the time-stepwise efficiency in computation and
communication of the EIDD methods while maintaining numerical stability. However, flex-
ibility in domain partitioning has to be sacrificed to some extent due to the non-crossover
assumption of interior boundaries. In addition, there is no mathematical proof of the
improved stability associated with the SEIDD methods so far, though there have been con-
vincing numerical experiments conducted for a wide range of multidimensional parabolic
problems. As a further improvement, in [13], a new class of corrected explicit-implicit do-
main decomposition (CEIDD) methods is presented. Based on non-crossover and crossover
types of zigzag interfaces, the resulting CEIDD-ZI algorithms are shown to be convergent
in the discrete H' semi-norm and L? norm. While the CEIDD-ZI scheme allows crossover
interior boundaries, the assumption on zigzag interfaces adds complication to the practical
implementation and limits the flexibility of domain partitioning. Later on, some new cor-
rected explicit-implicit algorithms have been considered in [11,12,17, 18] which, instead
of predicting the values at inter-boundary with explicit schemes like that in [13,28], em-
ploy some linear combination of the values on previous two time levels as the predicted
values at interior boundary. Some theoretical analysis has also been given in [12].

Recently, we have extended the ideas of [11,12,17,18] to time dependent convection-
diffusion equations [27]. In the past, upwind schemes have been widely used in the nu-
merical simulations of such equations. A standard upwind scheme can often avoid nu-
merical oscillations, but it can only get the first-order accuracy. Among many possible
improvements, modified upwind difference methods have been used, for example, in the
context of explicit-implicit schemes, some works can be found in [19,20] where methods
with relaxed CFL stability conditions were considered. In our recent work, combining the
new corrected explicit-implicit domain decomposition method proposed in [11] with the
modified upwind differences proposed in [9], a new Explicit-Implicit Predictor-Corrector
Modified-Upwind (EIPCMU) scheme has been developed. Yet the true advantage of such
an algorithm lies in its multidimensional implementation, especially in terms of allowing
very flexible domain decompositions. We therefore present in this paper the extension or
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the analog of such an algorithm for multidimensional convection-diffusion equations with
variable coefficients. The algorithm has intrinsic parallelism, nice stability and accuracy
features, just like some other stabilized or corrected explicit-implicit schemes with the ad-
dition of modified-upwind differencing for convection-diffusion problems. Moreover, the
new algorithm is simple and can be readily implemented on multiprocessor computers with
flexible domain partitioning. The latter feature is a significant improvement over other ex-
isting modifications to the standard explicit-implicit schemes. This is also a very important
aspect in practical applications which motivated our current study. For the completeness in
theory, we also provide rigorous analysis on the stability and sharp error estimates for the
new algorithm in a special but generic two dimensional setting. Numerical experiments
illustrating the accuracy, efficiency and parallelism are also given.

The rest of this paper is organized as follows. In Section 2, the algorithms and detailed
presentations are given. The stability and error analysis of the modified upwind scheme
proposed are given in Sections 3 and 4, respectively, using energy methods. In Section 5,
we present some numerical experiments which confirm the theoretical results obtained. In
the last section, we conclude the paper and present some future work needed to be further
studied.

2. Algorithm presentation

We now present the model equation and the domain decomposition algorithm.

2.1. The model equation and notation

For simplicity, as an illustration, here we only consider the two dimensional case. Let
u(x,t) be the solution of the following convection-diffusion problem

%U_Tu+f(xt), x€Q, te(0,T],

at
u(x,0) = ug(x), XeN, 2.1
u(x,t)=0, xed, te(0,T],

where
Lu=V - ((Ax)Vu)+b(x) - Vu — c(x)u,

and 9 is the boundary of an open domain Q € %2. The diffusion coefficients matrix
A(x) is a diagonal matrix with diagonal entries {a("(x),a®(x)}. And the coefficients
b(x) = (bW (x), b@(x)T represent components of the convective velocity. Assume that
0<ay< aD(x) < a; and b(x) are all continuously differentiable on § for i = 1,2, with
c(x) and f(x, t) all being uniformly bounded.

Again, without loss of generality, we take Q = (0,1) x (0, 1) which is discretized uni-
formly by €2, with grid points x; ; = (x;, y;) = (ih, jh) and a spatial grid size h = 1/J for
some integer J. Note that the algorithm and its analysis for general domains and high
dimensional cases can be constructed and analyzed by complete analogy. In addition, one



304 L. Zhu, G. W. Yuan and Q. Du

can also work with the case of different mesh sizes in different axis directions in a similar
fashion.

We now decompose €2 into p subdomains. In general, p is related to the problem size
and the number of processors in the computer platform. And the subdomains may be
of different sizes. Again for illustration, let us decompose Q into only four subdomains
(that is, p = 4 see Fig. 1, left picture): ©Q; = (0,x;) X (0,¥;); Qs = (xx,1) % (0, y);
Q3 = (0,x3) x (y1,1); Q4 = (x4, 1) X (¥1,1),(2 < k,l <J —2). We note that this type
of configuration allows cross-point in the interfaces, though the method works as well for
decompositions without cross-points like that shown in the Fig. 1 (right picture).

Q3 Q4

Q1 Q2
951 Q Gy Qpy 1

k

Figure 1: A decomposition used in the analysis with four subdomains having a cross-point (left) and an
example of other possible decompositions with p subdomains (right).

Given a final time T of interests, let the time step be T = T/N for some integer N,
and {t" = nt} be the discrete time level. We introduce the parameter A = 7/h? In
the remainder of the presentation, C means some generic positive constant, which varies
independently of h and 7 (and thus J and N).

For any grid function ¢ (x, y, t), let ¢2 ;= ¢(x;,yj,t") and we introduce the following
notations

1
5x¢?+% (¢1+1] Zj)’ 52 fi= h( (1) ¢:1+2’]_ i )1 O, 1 .);

i+5. * 5:] i=5.J

5 ¢n — l(¢n —¢M) 52 no_ 1( (2) ¢n ¢n )

yPijrt T P T Pij) ay¥ij T p Tl Tl i,' XTij-3

1 1
_ +1 2 _ +1
Begly= @i = et alel= (a0 —mzj)-
We note that for any (i, j), a ~and ¢, 1 j denote respectively the values of grid functions
1 3

+3,]
a™ and ¢ at (xl+ ,¥j) with Xpp1 = (x; + x;;1)/2. A similar convention is applied to the

function a® and the index j as well. A couple of discrete norms are defined by

loplls = Z Z lof;12R%, ligpll, = max |of .

i=0 j=0 0=i,j=J
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To apply the modified upwind difference, we let

(m) Cl(m) a(m)

|b I\t i- i+21.j
am — (m) (m) 2’] z(m) _ o (m) T2 _
a;; = (1—!—2 m )h) s b b’J (m) s bl.,]. —bi’j (m) , (m=1,2). (2.2)
i,j 4, 4,

Then, we define L;, as the following discrete approximation of the continuous operator L
in the subdomains:

n+l _ ~(1) 2 g+l 5(2) g2 pntl +1 _ n+1
U = 5axULJ +a; 5ayULJ 5b(1)x lJ 5b(2)yU11 C’]U .

Here,

Sy UIH = qu) ol blq)) 5xU71_+f S+ (1—o( bl(’lj)))f,l(}j%x Ui"+l1

E:

5b(2)yUn+l _ b(Z)O.(b(Z))5 Un—H1 +(1— U(bfi)))Bfi) Un++1 ,
2

with the sign function ¢ = o(x) given by o(x) = 1 for x > 0 while o(x) = 0 for x < 0.
Such choices of using either forward or backward first order differences in space are con-
sistent with the upwind finite difference schemes commonly used for convection terms
while the choices of the coefficients &' ]) b(T) and b’ J) are consistent with the modified
upwind differencing [9,27]. While the stanaard upwind difference provides a stable ap-
proximation to convection-dominated problems, it is general of only first order accuracy.
The modified upwind differencing, on the other hand, takes a suitable linear combination
of the upwind difference for the convection term and the standard second order difference
for the diffusion term so that one can ensure the unconditional stability while maintaining
the second order accuracy in the truncation error [8,10]. The coefficients of L, are then
determined accordingly.

To make the notation simpler, without loss of generality, we assume that
bDx)>0, Vxe, i=1,2.
In such a case, the operator L; can be rewritten as

Ly Un+1 _ ~(1)52 Untl 4 ~(2)52 yrtl Mg pntl _(@g Un+11 —Ci,le-rjl-

a,xi,j ay " ij N LI 7Y -3

2.2. The EIPCMU2D algorithm

The numerical algorithm to be studied in this paper is referred as the EIPCMU2D algo-
rithm. Its main steps are given as follows.

To initialize the procedure, we first set the values at boundary points and the initial
time level:

Uj=u);, (0<i,j<J);  U};=0, (i,j=0,J;n>0). 2.3)
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Since the discrete scheme to be presented involves a three-level time discretization, we
need another initialization to get the solution at the first time level. Here we adopt the
following fully implicit scheme
1 1 _ 1+
AUY - LUl =fL, =120 -1, (2.4)

where the operator L;, is defined as in the above.

For the main discretization step of the EIPCMU2D algorithm, our objective is to com-
pute the solution at the n+1 level for any n > 1. In reference to the domain decomposition
of the form in Fig. 1 (left), the solution is computed via the following steps:

1). Predict the values at interior boundary with the values on previous two time levels:

g+l _ -1. i+l _ -1, (i
Optt =20y —ulh Ut =208 U (=120, = 1) (2.5)

2). Calculate the values at points inside subdomains {Qm}fnzl with fully implicit
schemes. Firstly, by replacing Ul.”;rl with Ul.”fl in the fully implicit schemes at the points
with i =k or j =, we have the following schemes at the points near the cross-over point,

AU = LU = Aeal, @Dy AZUR 4 L G ALLEL
Ar Ul?iij = LhU;:Ll,j - AT(&1(<1+)1,ja;(ir%,j + hBI(<1+)1,j)A12: Ui
+fk"j1{j, IEINESE
AU = LUr, - Mafﬁ)_lafj)_lAiugl + I Ak k£
AU = LaUf = M(df,zz)ﬂafii% + hEg,ZI)H)A%U;}l
+ i’jljll, i#kk*1;
ATUl?jll,l—l = LhUl?:l,za - Afdzil—)1,l—1a,(<1_)1,l_1A%Ul?,z—l
{ - AT&IEZ—)LIAC’;({Z_)U_%A%Ul?—j,l +fknj11,l—1’ (2.6)
ATUI?j—ll,l—l = LhUl?ill,l—l - AT&IE?I,I—la](i)Ll_%A%Ul?,l—l
- AT(dl(igl,l—la](cl_:%,l_l + hBI&?l,l—l)A% Ugrr + flel,l—l’
ATUI?jll,lH = LhUl:ljll,l-H +fknj11,l+1 - Afdlil—)l,lﬂa;((l_)%’lHA% UI’:,Z—H
- AT(dl(cz—)l,Hla]((Z_)l’H% + hi’l(cz—)1,l+1)A% Ui_1p
ATUl?ill,Hl = LhUl?ill,Hl - Af(dl£1+)1,l+1a;(<£%’l+1 + hBl(cl—Bl,l+1)A72:U£,l+l
- 17(51@1,1+1a,(<2+)1,1+% + hi’l(izl,ZH)A% Uy + fkrfll,lﬂ'

Then the rest of {U l.”]ﬂ} inside the subdomains {Qm}fnzl can be computed by the following
fully implicit schemes in parallel,

ATUi’jrl:LhUi’jrl+ ij}“, iAk—1,kk+1, jAI-1,1,1+1. 2.7)
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3). Correct the values at interior boundary in between the subdomains:

{ A U”+1—LhU”+1+fk”J+1, jAEI-1,1,1+1; 28
AUNT = LU+ AT, A k=L k+ 1 '
AUR = LRt + £ - Arg el ALY
ATU£T+11 LhUI?TJh +fknl++11 - lT(alizl)Ha;((Zl)zl "‘hbl(czl)ﬂ)Az k,l 2
U1’<1+111 = LhUn+1lz +fkn+1lz - AT&SH za;il)l ZAZ Ugr> @2
A Ulgilll = LhUl?illl +fkn:111 - Ar(alil—gll ;(3%1 ' b1(<1731 WAZUY kL
AU = LU + £ (2.10)

To clarify further, after computing U”]+1 inside each subdomain by Egs. (2.6)-(2.7), the
values on interior boundary can be computed by (2.8)-(2.9). As the values at the time step
n + 1 inside the subdomains have been already computed, only some tridiagonal linear
systems need to be solved in order to obtain the values on interior boundary. Finally, the
solution Uy ; at the cross point gets corrected, in an explicit manner, by the fully implicit
scheme (2.10) based on the already computed solutions at the other interface and interior
points.

For easy reference and to distinguish from the name of its one-dimensional version
studied in [27], as indicated in the start of this subsection, we name the above algorithm
as the EIPCMU2D algorithm in short. In comparison with other parallel explicit-implicit
difference schemes [9, 13, 28], the EIPCMU2D scheme is very simple in structure and al-
lows flexible domain partitioning. It can thus be easily implemented on massively parallel
computer systems. Furthermore, the new algorithm is unconditionally stable and has sec-
ond order accuracy with respect to the discretization in spatial variables, as shown in the
later sections.

3. Stability analysis by energy method

In this section, we perform the stability analysis for the EIPCMU2D schemes (2.3)-
(2.10) by energy method.

3.1. Some technical lemmas

First, we give a couple of preliminary lemmas which will be used in the later proof of
the stability theorem.
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Lemma 3.1. Let W”+1 A, U”+1 (0<i,j <J), we have

h3 ht
+1 o n+132 +1 2 2 +1 +1 12
5.U1) with _2—(|5XU,“_l P-lsur, | )+ it —wi )
+h?*(8, U"+1 )wf+11 g (3.1)
n+l ontlp2 _ n n+l |2 A LA n+1 |2
5, U wih (18,07 L =18,07 )+ Wit —wih)
> > 2
+h2(5 U"+1 ) fjll (3.2)
Proof On one hand, by inserting the term Ul”“Lllj,
S Un+1 n+1h2 _ B(U”'H Un+1 )(Un—H _ Un+1 4 Un+1 _ Un ) (3 3)
x i_%,jwi,j = L \ij i—1,j i—1,j i—1,j .
and on the other hand, by inserting the term U;" gE
5 Un+1 n+1h2 _ B Un+1 Un+1 Un+1 un un un 3.4
%J Wi _T( i,j ll])( 111"' i-1,j i,j)' (3.4)

Adding (3.3) to (3.4), we have

n+1 n+13,2
25in_%’jwi’j h
h3
(|5 Un+1 |2 Uin—+llj5inn )+h2(5 Un+1 )(Wn+1+wz1+11]
3
Then, we can get that

h3
5 Un-:l] Z}—thI ?(|5xUl-n__Tj|2_ Un+1 5 Un 1 )+h2(5 Un+1 )Wn+1
22 22

i—1,j
h3
— n+1 2 n+l 12 _ — n 2
=2 (Beu - 51800 P - 2B, |
1
— n+1 _ n 2 n+1 n+1
+2|5in_%,j 5. | )+h (6:U7% it (3.5)
Notice that the following equivalence relation holds,
n+l _ n
5in+§,]‘ 5in+§,]‘
1 T
— +1 +1 _ +1 +1
- E((U;;l] — U = (Uf, - U)) = (Wi =i, (3.6)

By (3.5) and (3.6), we have (3.1). Similar derivation gives (3.2). O
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Define the following energy norm,

J—-1J-1

1) (1 ~(2) (2
U2 = 20120:[ aal, U P+ % (J) I3, ur
i=0 j
+b)115, U [Ph+ 1518, U, |2h+|cl]||Ul.'}j+1|2} h2. (3.7)

Then, we have

Lemma 3.2. Let Ui”;”l be the solution of the EIPCMU2D scheme (2.3)-(2.10). Then,

”Un+1||2 ”Un”Z J—-1J-1

[ (1+—cl])|w”+1|2h2+f”+1 ”+1h2]+1 +1,, (3.8)
i=1 j=1

i+1,7177 41, i+1 j

yj)) n+1h2:|
o

—1J-1
7 (D), n+1 +1 |2 (1) +1 +1
DY [ e 3 WA Lowi

i=1,i£k+1 j=1 i=1 j=1

J-1J-1 - o
_ 1 ~(1 n+l _ n+1 2 n+1
I, = 2. ai+%,j [Za (Wi “+6,U (

~(1) (1) +1 ~(1) (1) +1 +1 2
+Zk(k11k 1WZ 1]+ak+1] k+ Z—i—l])(wkj n )h]

ht -
€)) +1 2 +1)2 2
= DB (Wi — wi P = e )]

SN @ @ 9a®
— = n+1 n+1|2 n+1 n+1p2
I, = _'21:' Oai,j+% [ ;7 lwijm —wij | +5in,j+%( (XUWJ)) h }
1= ]:
helol -1 —1J-
= (2 2
) Z bg,ﬁ'“’ﬁjﬂ wiih - ZZ ()( ;VUHH wih
i=1 j=1,j#l+1 i=1 j= 2
S0 @ 62, %
2 2 n+1 2 2 n+1 n+1 2
+Z |:7L(al,l—1ai’l Wil +all+1 ll+1)(W )h }
i=1
ht 1)
7,2 +1 2 +112 2
g Db [ — Wi P (i P = )

IX
—

i

where &;,m; are some points in the intervals (x;, x;11) and (y;, yj41), respectively.

Proof For 0 <i,j <J, multiplying W”Hh2 2N U l”]H to both sides of equations in
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(2.3)-(2.10) and adding the results together, we have

J—1 J—1

+1127,2 _ ~(1) <2 +1 , =(2) <2 +1 _ 31 +1 ) +1
_leng I*h _.Zl (ai,f Sanliy +a;00, Un = by /68U = b /sUNT,
l’]: l’]:

_ . qrntl n+1 n+1y2
i Ul + ) wih

J-1
O RRPAC) +1 (1) (1) +1 +14,2
+4 1 A( k 1] k— 1 WZ 1]+ak+1,jak+ Z+1])(Wk]_wn )h)
J:
J-1
1
3 (AR, ot — i)
j=1
J-1
2) (2 2) (@
+ (Mal( l) 14 1) IW?Tll +a1( l)+1a ?;:Lll)(w HH)hZ)
i=1
J-1
2
+ 3 (AmBE, wiI wr, — wihR?) (3.9)
i=1

We analyze each term on the right hand of (3.9). First, by the discrete Green formula, the
boundary condition

n+l _  n+l1 _ . n+1 _ . n+l
Wi =Wy =wi =wi g =0,

and the equivalence relation (3.6), we have

J—-1J-1
6(1)52 Un+1 n+1h2
i=1j=1 v
J—-1J-1
= dg’lj) (a%_) ; xUln+ g — agi)l’jﬁx Uin—l,j) W?’}Hh
=1 j=1 2 2 2 2
J—-1J-1
= . _agi)%’j5xUln_:-l](~Ei)1] ?:11] dflj) n+1)h
j=11i=0
J—-1J-1

Il
—
-
=

+1 | (D) +1 +1 1 =(1) +1
—al, 8,0, [ o —wih+ @ - aowria]

L
I
Il

S o=
|
—
~ ©
|
—
1 ~
=y
1]
—
—
N

2
- (€)) n+l 12 _ n 2
o 2Tai+1,jai+%,j (|5in+§,j| |5"Ui+%,j| )
5(1)
T.a 1 1 da
+— €)) (@Y | n+l _ n+1|2+a( )1 5 Un+1

i’ .a witl
2 LT L i+3.) X i+3.J 0

({l,yl)w”+1h2i| , (3.10)

where &; is some point in the interval (x;, x;;;) due to the mean value theorem. Similar
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calculation gives

J-1J-1
ZZ (2)52 Un+1 n+1h2
i=1 j=1
J-1J-1 [h - (2)
=- a; (lo U”Jrl >—15, 1)
,]+1 1 y 1 1
=i L2 l]+
+I~(2) (2) n+l _ontli2 4 (2 5 Un+1 aN(Z)( ) n+1h2 (3.11)
5 G Wi —wiy a0 U, o= (e mw '

where 7; is some point in the interval (y;, y;41) by the mean value theorem.
Now, simple calculation gives

-1 h -1J-1
. Un+1 n+1 2 _ E E n+1(Un+1 U.n_)
L] i,j T LJ

<
-
.

—_
i’
—_
||
—_

S
—

J—1
— n+12 n |2 n+1 n |2
= Ci,j (|Ul,] | _|Ul,]| +|Ul,] _Ui,jl )

A
ﬁ
L

27 i=1 j=1
h2 J-1J-1 ThZJ 1J-1
+1,2 n n+1 2
_ i (|U“ 12— U ) - Z IR, (3.12)
27 = =1 2 i=1 j=1 i

Finally, it is easy to see that

F1y, ntl ] +112 +1 2 +112 2
2(Wkl —w” )WZ_H]. = |WZ+1J. —wl';"j — |WZ+1] —WkJ| |W” +|Wkl| (3.13)
20w, — Wn+1)W?;r+11 |W?l++11 - W&“ 2 |W?l++11 - i,l|2 |Wn+1 2 + |Wi,l|2' (3.14)
By (3.1)-(3.2) and (3.9)-(3.14), we get the conclusion in Lemma 3.2 O

Lemma 3.3. Let U1 be obtained by the fully implicit scheme (2.4). Then, for T small enough,
there exists a pOSltlve constant C such that, V 7 > 0,

1013 < € (IO + 1A, - (3.15)

Note that the energy norm ||U}'||; is defined by (3.7). Here and hereafter, the restriction
on the time step T being small enough is only dependent on the coefficients of the PDEs, but
not on the spatial mesh size. The above result is for the standard fully-implicit scheme, and
the proof in the two dimensional setting is nearly identical to that in the one dimensional
case which can be found in textbooks and also [27]. We thus omit the detailed proof.

3.2. The stability theorem

Now we give the stability theorem for the EIPCMU2D scheme (2.3)-(2.10).
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Theorem 3.1. Assume that U ; is the solution of the EIPCMU2D scheme (2.3)-(2.10). Then
when 7 is small enough, there exists a positive constant C such that,

n—1
10712 < ¢ (IUBIE + =20, 021%,+ 3 <1113 ) (3.16)
1=0

Proof. Let w}' = Ar U” We now estimate the right hand of (3.8). First we consider
the following terms in the expressmn of I.:

—1J-1
v PICO R n+1 n+12
L —_EZZ i+1,j4 (|W1+1,J_Wi,' |)
j=1 i=
J-1
~(1) (1) n+1 n n+1 2
+ ( aplakﬂ, WpJ (WkJ )Ah
j=1 “|p—k|=1
|
_ ~(1) (1) n+l _ . on+1)2
) Z ai+1,jai+lj|wi+1,j Wij
j=1 i=0 27
i#k,k—1
)

_ (1) (@Y n+l n+12 ~(1) (1) n+1 nt+1 |2
221:( kL et Ll e T |W ~ Wil
_os1) (D) witl n+1 ~(1) (1) whtl n+1

24, 1,jak_ wily wi s —wii ) =28, a K+ k+1](wk] Wi /)
We use the mean value theorem on the term da N( ) to get
-1 | J-1
_ ~(1) (1) ntl ., nt112 ~(1) (1) n+l . nt+1)2
= 22 Z ai+1,jai+%’jlwi+1,j wii P+, ;a K+ |Wk+1,j Wi
j=1 i=0
i#k,k—1

~(1) gat a®, [t — w2
+( a_ 1]+hW(€k—1)J’j)) |W Wk—l,j|

i a(l) Wn+1 (Wl - n+1) 0g® oM Wn+1 (ij_wnﬂ)}

k 1,j k- k-1,j k+1] k+ k+1,j
__ ~(1) (1) n+l _ . ontl|2
-5 3 g e -
l#kk 1
e8]
+h (& ) () | n+1 n+1 |2
a k— 11y] a W Wk—l,j
S ~(1) (1 1 2 12 2
—52, 2, dya E,Ek A(|W”+ —wi 2w = w | ) (3.17)

2 4
j=1|p—k|=1
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where &;._; is some point in the interval (xj_1, x;). Similarly, for the corresponding terms

inr, of Eq. (3.8), we have

._l

—1J
T § : (2) (2) whtl _Wn+1|2
,]+1 1]+ i,j+1 Lj

N

i=1 j=0

J-1
+ Z ( dl(?a(zp)ﬂ ngl) (WZZ thl)Ah2
lp—1=1

i=1
Izl I
- __ Z 72 @ yntl —whtl2
2 ,]+1 1]+ 1]+1 i,j
i=1 =0
JALI-1
3&(2)
(2) n+1 n+1 |2
+ (Xum l)a |W Wi,l—ll )
2 112 2
1l| +|W”+ |WZZ| ). (3.18)

TJ_l
~(2) (2) n+l _
IS e,
j=1|p-1=1
g

Note that a'™(x, y) and b™(x, y) (m =
aaﬁ “ and aW, @ are all uniformly bounded. By the definition (2.2) of @™ (m = 1,2),

we have
plm)

8a(m)
(gk 1)y])__h(a(m))2(€k 1ay])a (2 (m))(gk 1;}/])

which lead to,

T, 9av +1 +1 )2
n n
- th 5 Gen ey Wit —wit
J-1
<Crt (IWZJ:}]. 24 |Wn+1 )hz (3.19)
=1 ’
for some generic positive constant C independent of 7 and h. Similarly, we have
J=1 552
T da 9
- Ezh ay (XU - 1)a( ) |Wn+1 :l?-ll|2
i=1
J-1
(3.20)

<Cr (|Wlnl+11|2+| n+1 )hz.

By the positivity assumptions on the coefficients A(x,y) and b(x,y), using Young’s inequality
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together with (3.8) and (3.17)-(3.18), we have

1
o= (I3 = U313
J—-1J-1 T —-1J-1
+1 21,2 +1 +1 2
<550 Su o S5
i=1 j=1 i=1 j=
J=1J-1 0 PYe) J-1J-1 )

_ 1 n+1 ntlp2 _ 32 1 n+1 n+1
G4 ai+§,j5"Ui+§,j( (Sl,y])) o =h ;; CR )Wl Lj
J=1J-1 ~(2) J=1J-1

_ a52.)+15inn'++11( (xl’,n])) n+1h2 h2 b(Z)(5 Un+1) 11]+11
i=1 j=0 ar T2 i=1 j=1
T ® ®

1 ~(1 1 ~(1 1 +1,2 2

_E - (hbk+1,1 ak+1] k+ + k 1] k— 1 )OWZ,J' _|WZ,]'| )

J:
NIRE i@ @ L@ @
2 2 2 ~(2 2) +12 2

+ (hbll-i-l D419 4 1+ i1-19; )lwn —wil
i=1
J—1 ~(1)

dd

+2 (G @y )hal, Wit —wi P
=1
J—-1 ~(2)

oa'
25 (5 Gomen) Jhaly) (wit = wih )
i—1 y
1 J—-1J-1 1
<—(Z-cr)lwgllo+ (G P+ U8,z 416, U7 k)
4 Laila\>
i=1 j=1
T (D) ® ® M
1 ~(1 1 ~(1 1 +12 2
_EZ(hbkﬂJ Dt jBepr j + Do, )(lWZJ — Iwgl )
j=1
T @) e () 2@ @
2 2 2 2 2 +112 2
2 (hbll+1 a;1+14 +a11 14 il— %)Own |W21| ), (3.21)

i=1

for some generic constant C > 0, dependent only on the coefficients but independent of
the mesh size and time step. Taking 7 to be small enough, such that

——C1t2>0.
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Thus, we get from (3.21) the following recurrent inequality

J-1

IO + 52 3 (R + 8yl + a0 0l i
J-1 =

+723 (hb7, a0+l
- J-1

S”Ui’:”%_'_CT”U;H”%_"TzZ(hbl(:jl] dl(:-glj 1(3_ +d;(<1)11 1(:)1 )lWZ,j|2

J-1 =

+7 3 (b, +aay +al ) i + el
i=1

Summing up with respect to n, we get that

-1
71+ 223 (a0, o, R, Y
J—1 =
#1573 (000, a0, B, Y
= J—1
SHU}}”%_'_TZZ( ’(<17311 1(: J+a](<1)171 1(<1)1 +hbi(<17311)|wk1|2
J—1 =
+00 3 (aaa,, +al e, +RbE, Jiwl P
n = n
+ > 2eClluf R + D el R (3.22)
=1 =1

By the discrete Gronwall inequality, we have

J—-1
+12 12 2 1 1 ~(1) (1) (1) 2
W < ¢ | o+ 3 (@l 0y +al o, +hbl, )|
=1
< () (1) @ -
9 2 2 n @ 2 12 1+1)2
+22y (6%, el 1+hbll+1)|wi’l| +> ||O). (3.23)
i=1 =1

Since the discrete operator L is linear, we have
1 0

i
W1 =1L,

L +LhU° = TLyw}; + LUy,

Because the first level is fully implicit scheme, by the discrete maximum principle, it is easy
to show that
IWalloo < ILAUR lloo- (3.24)
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By (3.15) and (3.23)-(3.24), we have Theorem 3.1. O

Remark 3.1. The above results can be established by complete analogy for more general
cases where the coefficients may be time dependent as long as they are differentiable with
respect to time.

Remark 3.2. Note that the restrictions on the time step T and mesh size h being small are
only related to the coefficients of the PDEs and not on each other nor the solutions, thus
they should not be viewed as stability conditions. In this sense, the EIPCMU2D scheme
remains unconditionally stable.

4. Error estimate

In this section, we deduce the error estimate for the EIPCMU2D scheme (2.3)-(2.10)
via the energy method.

4.1. Local truncation error analysis
We first give one lemma on the local truncation error.

Lemma 4.1. Assume that GFJJFl is the local truncation error of the approximation U l”]H gen-

erated by the numerical scheme (2.3)-(2.10) at point (x;, y;, t"™1). Then, for T and h small,
we have

|GE;F1|SC(T+}12), li—k|#1 and |j—1#1, 4.1)
2
T
G Cle R+ ), i—kl=1 or lj-1=1, 42)
2
T
G — Gl <Cr+h*+-3)w,  limkI=1 or |j=l=1, 4.3)

where C is a positive constant which is independent of T and h.

Proof. The calculation of the truncation error for GZJ.H with |i — k| #1and |j —1| #1,
is standard. So, we firstly focus on the case i =k —1 and j # [,l £ 1. By (2.6), we can
know that the only difference of this case with the standard case is the appearance of an
extra term
M W A2pn

_Afak_l’j ko1, 87Uk

By Taylor expansion, the truncation error on this term is

S E) %u n
—dy_1,ja jAT ﬁ(xk,y]',t )+0(7)

1
k=1,

which is on the order of @(A7) = @(72/h?). By analogy, we have the same results of other
cases, so we have (4.2). Similar calculation gives (4.3). O
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4.2. Discretization errors

The truncation error terms given in the above are similar to those associated to the
well-known DuFort-Frankel scheme for diffusion equations which typically has an error
order O(t + h? + t2/h?). The term 72/h? is largely due to the use of predictor-corrector
or the replacement of time extrapolated values. It would severely limit the time step size
of the DuFort-Frankel scheme even though unconditionally stability is assured. Yet, due to
the limited use in the EIPCMU2D scheme of the predictor-corrector steps at the interface
boundary points only, as in the one-dimensional case, the contribution from such a term to
the overall scheme is multiplied by a factor of h which thus has much less impact on the
accuracy of EIPCMU2D scheme.

Theorem 4.1. Assume that u = u(x, y,t) is the solution of the PDE (2.1) and {Ul.”j} is the

solution of the EIPCMU2D scheme (2.3)-(2.10) respectively. Let elflj = u?]. — Ul.”].. Thén, when
T is small enough, there exists a positive constant C independent of T and h, such that

2

T
leplly < € (7 +h2+—), (4.4)

where the energy norm |ley||; is defined by (3.7).

Proof. Let e?’j = u?’j — Ul.’}].. Then, by (2.6)-(2.10), it is easy to see that {e?jl} satisfies

the following error equations,

Aceltl =Lyettl 4Gt - Aa](j_)l,jaf_)%’ine;, P EONESE (4.5)
ATel’:t}’j :LheZE,J‘ + GZE,J'
_ A(dgl’jaf{lj%,j +hBY, )AZep s, jALLED; (4.6)
Al =Lyl + G - Aaﬁ)_lag)_%Aiegl, iZkk£1l; (47
ATe?fjl =Lhe?f+11 + GZIJF+11
_2 (afﬂlal@ll; + thle) AZel, iZkk£1; (4.8
Arei‘f},z_l =Lh€Zﬂ,z_1 + G}lfiz_l - Afdl(cl—)l,lqa;((l_)%,l_1A%EZ,1—1
- AT&IEZ—)l,l—la;((Z_)U_%A%eZ—l,l’ (4.9)
Afelilﬁ,z-1 :LheZIi,lq + Giilﬁ,za - Afdgl,lqagu_% A?BZ,H
— AT (5121731,1—1";2%,1_1 + hi)l(igl,l—l) A%ez+1,l’ (4.10)
Arezji,zﬂ :Lhezt},lﬂ + Gl?ﬂ,zﬂ - AT&JEI—)LIHC‘;({I_)%JHA%eZ,ZH
—AT (dl(cz—)1,l+1a;(<2_)1,l+% + hi’l(cz—)1,l+1) A%ez—l,l’ (4.11)
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n+1 _ n+1 n+1 ~(1) (€Y 7(1) 2,n
Aceiiiie =Lneii e T Ok — AT (ak+1,l+1ak+%,l+1 + hbk+1,l+1) ATe 111
~(2) ) 7(2) 2.n

— AT (ak+1,l+1ak+1,l+% + hbk+1,l+1) Arek+1,l’ (4.12)
ATeZ;”l =Lheg]+1 + G;j].“, i#Ak—1,kk+1, jAI-1,1,1+1; (4.13)
At =Lyt + G, jAL-LLI+ (4.14)
Acelft =Lpel T+ G, i#k -1k k+1; (4.15)

+1 _ +1 +1 ~(2)  (2) 2
ATeI’;,l_1 —Lhe,’;’l_1 + G,’;,l_l — Arak’l_lak’l_%ATeZ’l, (4.16)

n+1 _ n+1 n+1 ~(2) (2) 7(2) 2,n

Aceprin =Lnegiin T G — AT (ak,l+1ak,l+% + hbk,l+1) ATk (4.17)

+1 _ +1 +1 (D (1 2
ATeZ_Ll —Lhe,’;_l’l + G,’;_Ll — Arak_l’lak_%’lATeZ’l, (4.18)

+1 _ +1 +1 =1 (1 7(1) 2
Azeiiry =Laein T Gy — AT (ak+1,lak_%’1 - bk+1,lh) AZer s (4.19)
and
e, =0, 1,j=0,1,---,J;
’ . (4.20)
et =et =g = et =0, ij=0,1,,J, n20,
where G?}Ll is the local truncation error at point (x;, y;, t"*1).

Let wlf"jl = ATe?;rl. Similar to the derivation of inequality (3.23), by multiplying

wlf"jlhz (1 <j <J—1) to both sides of (4.5)-(4.19) and summing the results up, for
h small enough, we get

J-1

~(1 1 (1 1 = (1
||eZ+1||§ <C ||e;11||%+722 (a,(cjl’ja( ) g W j+hb( ) )Iwi’

2
1. —1.7 1 +1,j |
k+§’l k 1:] k_E’ k 1;]

J
=1
o @ (@ @) SN N
2 ~(2 2 ~(1 2 7.(2 1 2 2 2
T Z(ai,l+1ai,l+l+ai,l—1ai,l—1+hbi,l+1)|wi’l+1| +Z Z Z TG
2 2 m=1|i—k|#1 |j—1|#1

i=1

+2n: >, iZThZGTJWTJ‘zn:i D, ThGw | 4.21)

m=1|i—k|=1 j=1 m=1i=1 |j—I|=1
where C is a positive constant independent of 7 and h. By the discrete Green formula and
the boundary condition (4.20), we have
J n J n
2om+1 o om+1l _ 932 m+l _ ~m m+1 m+1 _m+1

222G Wt = =22 ) | D (G = Gy et + GErel |

j=1m=0 j=1 \m=1
Notice that, by a discrete trace theorem, there exists a generic constant C independent of
7 and h, such that

J
D lertl Ph< Cllert2.
j=1
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Then, by (4.3), the above two inequalities, and the Young inequality, we have

J n
+1 32, m+1
PIPITLC LT
j=1m=0
J 2
< ZThIemH |2+Z ((T+h2+l)h)2h+E(Gm+1 h)2h + < |en+1 2R
= k—-1,j h2 c k—1,j k—1,j
j=1 “Sm=0
n Tz 9
<cC Z Tlle}’lnﬂllf + C((T +h%+ ﬁ)h) + Celle}:‘HHZ, (4.22)
m=0

where € is any positive real number due to the Young inequality. Similarly, we may deal
with the terms

J n
+1 p2, m+1 +1p2, m+l +1p2, mt1
Z Z 271G ]h lr<n+1] Z Z ZTGlml 1 1ml 1 Z Z ZTGlml-i-lh 1ml+1
j=1m i=1 m= i=1 m=
respectively. Then, by (4.21) and (4.22), we have
2

T
llef 1% < ClleM I+ c(— + 12

- )llw}llllgo-i-C('c+h2)2

n ) 9
+C D wlle I +C (v k2 4 —5)h) 4 Cellef 2 (4.23)
m=0

Taking e to be small enough such that Ce < 1, then, we have
2

T
lef 112 < Cllef I3 + ¢ (=

2 2
+CZT|Iel+1l|2+C((T+h2+ %)h) . (4.24)

2) IwhlZ, + C(x + h2)?

By the discrete Gronwall inequality and (4.24), we have for 7 small enough that,
n+12 12 ™ iz 242 7%\ 2
lef 15 < Cliefll2 + € (== + 72) Iwpl2, + €z + 122 + ¢ (—) (4.25)

Since the first level is computed by full-implicit scheme, from (2.4), we have
wi;—Lyel; =G}, (4.26)
Note that e? =0and ei = tw!., we have

l]’

wi;=tLyw; +Gl,. (4.27)
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After multiplying wi1 jh2 to the above equation and summing up, similarly to the derivation
of (3.8), we get

T”W ”2 J=1J-1 —-1J-1
7 =22 (1+3 u)lwlﬂh“ZZG w2
i=1 j=1 i=1 j=
J=1J-1 (1)

_ W [T 0 2 0a (%, ¥) o\ 112
) e .
j=li=
J=1J-1 ~(2)

_ @ [T 1 12 1 9d7(x,y) 142
- ]:oai’H% |:2ai,j+1|wi,j+1 wi il +T5Wi’j+% 3y (njw; ;h
pp =11 o —1J-1 w

71 2 2 1 wl
~ g by kP = e ZZb Sl Wi,
i=1 j= i=1 j=
pp =11 —1J-1
(2 2
-5 b wi —wl,_ 1|2—rh222b( Jow! Wi
i=1 j=1 i=1 j=
It follows from the above equation that
J=1J-1
Tlwill} < ce?liwy I + cZZ 1%
i=1 j=

for some constant C > 0. So for 7 small enough (depending only on the coefficients), we

have
-1

—1J
lleflI? < ZZ |G ,|2h? < Co(r + R (4.28)

i=1 j=

Moreover, by (4.27) and the discrete extreme value principle, it is easy to show that
[willoo < NIGylloo < C(T +h?). (4.29)

By (4.25) and (4.28)-(4.29), we have

T2y 2
n+12 2, v
e e+ +—), (4.30)

which is the desired estimate (4.4). O

5. Numerical examples

In this section, we present some numerical examples which confirm the theoretical
results in the above sections and demonstrate that the EIPCMU2D scheme enjoys good
stability, accuracy and efficiency.
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5.1. A model equation

For the test problem, we consider the transport of a rotating Gaussian pulse in a two-
dimensional square domain, which has been widely used for convection diffusion problems
to test for numerical artifacts of different schemes such as the numerical instability spurious
dispersion, undershoot or overshoot (see, e.g., [5,6,14,15]). The related equations are as
following,

%zV(A-Vu—bu), (x,y)eQ, te(0,T],
u(x).y)o):u()(xa.y)a (X;}’)EQ; (51)
ulx,y,t)=g(x,y,t), (x,y)€dQ, t€(0,T],

where the velocity field is given by b; = —4y, b, = 4x, and the diffusion tensor is taken

as A = DI with D being a positive constant. The source f = 0 and the analytical solution
for this problem is given by

2 * 2 * 2
u(x,y, t) _ 20 p(_ (X xc) +(y yc) ),

— X
202+ 4Dt 202+ 4Dt

where
{ x* = (cos4t)x + (sin4t)y,

y* = —(sin4t)x + (cos4t)y,

(x.,y.) and o are the center and standard deviation, respectively. Here we take Q =
[—0.5,0.5] X [-0.5,—0.5],T = /2,D = 0.005,(x,,y.) = (—0.25,0),0 = 0.0447. The
initial value uy(x, y), and boundary condition g(x,y,t) are decided by the above exact
solution.

The experiments are carried out on the LSSC II at the Lab for Scientific and Engineering
Computation, Chinese Academy of Sciences. The system was the first terascale cluster built
in China for research and educational use, see [22] for system specifications and bench-
mark performances.

5.2. Summary of numerical results

To examine the accuracy of the spatial discretization of the EIPCMU2D scheme, we
first take a small enough time step T = 1.0E-6. Four processors are used to calculate the
numerical solutions on meshes of different sizes. At this moment, we adopt the domain
decomposition in Fig. 3. For illustration, both the initial analytic solution for T = 0 and
the analytic solution for T = 7t/2 on meshes with a 128 x 128 spatial mesh are given in
Fig. 2. We note that the pulse is initially situated at (—0.25,0), and by the time T = 7/2,
the center of the pulse gets moved round and arrives at (—0.25,0), but the peak of the
pulse decreases due to the diffusion.

In Table 1, the errors between the numerical solution and the exact solution in the
energy norm are given for different spatial meshes. By comparing errors on different
spatial meshes, the convergence order r is also computed. It is easy to see that for small
enough time step, the convergence order of the proposed parallel schemes tends to two
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Figure 2: (a) The initial conditions at T =0; and (b) the exact solution at T = 7/2.
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Figure 3: The domain decomposition with (a) four subdomains, and (b) nine subdomains.

as the mesh sizes increases, which is consistent with the theoretical results obtained in
Section 4.

In Table 2, we illustrate the numerical results when both the spatial mesh sizes and the
time step are varied. Here again, we take T = 1/2 and four processors are employed. It
can be seen, from Table 2, that the error in energy norm begins increasing when spatial
mesh size becomes sufficiently small with respect to the time step, which is a reflection
that the term 72/h starts to affect the error when h is small enough. This observation is
again consistent with the theoretical results in Theorem 4.1.

The data in Table 2 also illustrate the unconditional stability of our EIPCMU2D scheme.
It is evident from the table that on a given spatial mesh, even with significant increase in
T, the numerical solutions still show good convergence. These numerical results verify the
theoretical results on the stability given in Section 3.

In addition, in Table 3, the high parallel efficiency of the EIPCMU2D scheme is pre-
sented. In these runs, the spatial mesh is taken as 240 x 240 together with T = /2 and
7=1.5625E-5. The CPUs in the table denote the number of the processors, T,;; is the total
computation time, S, is the relative speedup, E, is the parallel efficiency. The domain
decompositions with CPUs=4 and CPUs=9 are illustrated in Fig. 3. The domain decompo-
sitions with CPUs=16 and CPUs=25 are obtained by analogy. The solution for a single CPU
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Table 1: The errors of the EIPCMU2D scheme for meshes with different mesh sizes.

mesh 32 x 32 64 x 64 | 128 x 128 | 256 x 256 | 512 x 512
lu—"Ull; | 1.966E-2 | 9.371E-3 | 3.568E-3 1.126E-3 3.175E-4
r - 1.07 1.39 1.66 1.83

Table 2: The errors of the EIPCMU2D scheme for different meshes and time steps.

mesh\ 7 6.25E-5 2.5E-4 1.0E-3 4.0E-3 1.6E-2
120 x 120 | 3.991E-3 | 4.146E-3 | 4.729E-3 | 6.598E-3 | 8.101E-3
240 x 240 | 1.321E-3 | 1.503E-3 | 2.188E-3 | 4.279E-3 | 4.279E-3
480 % 480 | 4.209E-4 | 6.107E-4 | 1.318E-3 | 3.359E-3 | 6.661E-3

Table 3: The parallelism of the EIPCMU2D scheme with 240 x 240 mesh and T=1.5625E-5.

CPUs 1 4 9 16 25
lu—Ull, | 1.275E-3 | 1.275E-3 | 1.275E-3 | 1.275E-3 | 1.275E-3
Ty (sec.) | 6596.46 | 1701.29 | 690.32 | 334.49 | 180.92

S, 1.00 3.88 9.56 19.72 36.46
E; (%) 100 97 106 123 146
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corresponds to the fully implicit scheme. From Table 3, we can see that the EIPCMU2D
scheme studied here has a super-linear speedup and enjoys high efficiency.

6. Conclusion

In this paper, the multi-dimensional extension of an explicit-implicit predictor-corrector
modified upwind (EIPCMU2D) difference scheme with intrinsic parallelism for time de-
pendent convection diffusion equations is studied. The unconditional stability and second-
order (in space) convergence are established by the energy method. Extensions to higher
dimensional cases and nonuniform grids can be made in the same spirit. The advantage
of the EIPCMU2D algorithm over other similar type of schemes can be best illustrated in
the two and higher dimensional settings due to the simplicity in the implementation and
the flexibility in the subdomain partitions. Our analysis and computational results demon-
strate the good performance of the EIPCMU2D algorithm and its potential. The current
study is limited to model equations with continuous coefficients, further investigation on
the performance of the EIPCMU2D type methods to linear convection-diffusion equations
involving discontinuous coefficients can be of significant interests. Applications to concrete
problems in real world applications and complex nonlinear time dependent systems will
be studied further in the future.
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