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Abstract. In this paper, we construct semi-discrete two-grid finite element schemes
and full-discrete two-grid finite element schemes for the two-dimensional time-
dependent Schrédinger equation. The semi-discrete schemes are proved to be con-
vergent with an optimal convergence order and the full-discrete schemes, verified by a
numerical example, work well and are more efficient than the standard finite element
method.
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1 Introduction

In physics, especially quantum mechanics, the Schrodinger equation is used to describe
how the quantum state of a physical system changes in time [1]. Currently, this equation
is widely applied in many areas, for example in optics [2], seismic wave propagation [3]
and Bose-Einstein condensation [4]. For simplification, we consider the following initial-
boundary value problem of Schrédinger equation:

iuf(x,t):—%Au(x,t)+V(x,t)u(x,t)—|—f(x,t), WxeQ, 0<t<T, (11a)
u(x,t) =0, on dQ), 0<t<T, (1.1b)
u(x,0) =up(x), VxeqQ, (1.1c)
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where Q € R? is a convex polygonal domain, uo(x), f(x,t) and unknown function u(x,t)
are complex-valued functions, the potential function V(x,t) is a non-negative function
and V(x,t), Vi(x,t), Vit(x,t) are bounded for x € ), 0 <t < T. For any complex-valued
function w, we denote its real part by wq, the imaginary part by w,. Then problem (1.1a)-
(1.1b) is equivalent to the following coupled equations:

1
ult(x,t):—EAuz(x,t)+V(x,t)u2(x,t)+f2(x,t), Vxe, 0<t<T,
oy () = %Aul(x,t)—V(x,t)ul(x,t)— flol),  ¥xeQ,  0<t<T,
uj(x,t)=0, j=1,2, Vxon 0Q), 0<t<T.

Numerically solving the time-dependent Schrodinger equation has been studied in
many literature, e.g., in [5-7], where the approaches were designed for solving the origi-
nal problem directly. However, as we know, the Schrédinger equation is actually a cou-
pled system of partial differential equations, so it may be costly to solve the original prob-
lem directly. In this paper, we apply the two-grid discretization method to numerically
solve the time-dependent Schrodinger equation.

The idea of the two-grid discretization method was originally proposed by Xu in [8-
10] for discretizing nonsymmetric and indefinite partial differential equations and then
was used for linearization for nonlinear problems [9-11], for localization and paralleliza-
tion for solving a large class of partial differential equations [12-14], for decoupling the
coupled system of partial differential equations [15]. The application areas of this method
include nonlinear elasticity problems [16], Navier-Stokes problems [17], stationary MHD
equations [18], reaction diffusion equations [19] and so on. As to solving the coupled sys-
tem of partial differential equations by two-grid method, the first work was done by Jin et
al. [15] in 2006. They extended the idea of two-grid finite element method to solving the
steady-state Schrodinger equation by first discretizing the original problem on the coarse
grid and then discretizing a decoupled system on the fine grid, so that the computational
complexity of solving the Schrédinger equation is comparable to solving two decoupled
Poisson equations on the same fine grid. Also, the convergence was analyzed. Later,
Chien et al. [20] proposed two-grid discretization schemes with two-loop continuation
algorithms for computing wave functions of two coupled nonlinear Schrédinger equa-
tions defined on the unit square and the unit disk, where the centered difference approxi-
mations, the six-node triangular elements and the Adini elements were employed for the
spatial discretization, but did not give error estimates for the discrete solutions. Recently,
Wu [21, 22] developed two-grid mixed finite element schemes for solving both steady
state and unsteady state nonlinear Schrodinger equations, where the schemes were based
on a mixed finite-element method and their error estimates were not given. In this paper,
basing on a finite-element discretization, we extend the idea proposed in [15] to the case
of the time-dependent Schrédinger equation (1.1a)-(1.1¢c) and construct the semi-discrete
two-grid schemes and the full-discrete two-grid schemes. The semi-discrete schemes are
proved to be convergent with a optimal convergence order and the full-discrete schemes,
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verified by a numerical example, work well and are more efficient than the standard finite
element method.

The rest of the paper is organized as follows: in Section 2, we propose the semi-
discrete finite element method for the Schrédinger equation and then analyse the semi-
discrete finite element approximation. In Section 3, we construct semi-discrete two-grid
finite element schemes and full-discrete two-grid finite element schemes and estimate the
error of the semi-discrete schemes. In Section 4, we demonstrate a numerical example to
verify the effectiveness of the full-discrete schemes.

2 The semi-discrete finite element approximation

Let Qr=Qx[0,T]. For any complex-valued function w(x) and v(x), let (w,v) denote the
inner product

(w,v) :/ wodx,
Q

and ||w|| denote the corresponding norm

[wll= 1/ (w,w),

where 7 denotes the complex conjugate of v. We introduce the complex-valued function
spaces

H'(Qr) = {w(xt) |[w,wi,wy,,wy, € L*(Q1) },
S={w(xt)|lweH (Qr), wlan=0},

and the standard Sobolev space H" ((Q)) with a norm given by
%
I9ln=( X ID¢|?)
la|<m

for any ¢ € H"(Q)). Then u(x,t), the weak solution of problem (1.1a)-(1.1c) is defined as
follows: find u(x,t) € S such that for any v € S and nearly all t € (0,T]

i(up,v)=a(u,0)+(f,v), u(x0)=up(x), x€Q, (2.1)

where a(u,v) = (Vu,Vov) /24 (Vu,v).

Let T}, be a quasi-uniform quadrilateral or trilateral partition of () with meshsize 1>0,
Si C S be the corresponding piecewise linear finite element space, T=T/N be the time
step size, N be a positive integer and t,=n7 (n=0,1,---,N) be the time discrete point. For
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any function w(x,t), v(x,t) and function series {w" (x) }\\_,, we introduce the notations:

N 1
wy=w(x,ty), wn:§<wn+wn71)/
1 1
w“:i(wuwn*), dtw”:;(w”—w”’l),

an(w,v) = %(Vw,Vv) +(Vyw,v).

Notice that a(w,v) is bounded and coercive on S x S, so for any fixed t € [0,T] and given
w € S, we can define its elliptic projection P,w € Sy, such that

a(Pyw,vp) =a(w,vy), Vo, E€Sy. (2.2)

Now, we can define the semi-discrete finite element solution uj(x,t) of problem (1.1a)-
(1.1c) as follows: find uy, € S, such that for any v, € S, and nearly all t € (0,T]

i((up)t,on) =a(up,on) + (f,on), (2.3a)
Mh<X,O) :Phuo (23b)

or
up(x,0) =uq,1, (2.30)

where ug; € S, is the interpolating function of uy. Also, we can define the full-
discrete finite element solution series {u/!(x) }}\_, of problem (1.1a)-(1.1c) as follows: find
{ul’(x) }N_, C Sy, such that

i(dtu?l,vh):an(ﬁ;},vh)—i-(fn,vh), Yv,€S,, n=1,2,---,N, (2.4a)
ul) = Pyug (2.4b)

or
M?l =1Up,I- (24C)

For simplicity, let the notation ” <" be equivalent to ”< C” for some positive constant
C. We introduce the following lemmas:

Lemma 2.1. If for any t € [0,T], w(x,t), wi(x,t) € H*(Q), then Pyw(x,t) has the estimates:

lw—Pywlls SH*[|lw], s=0,1, (2.52)
[(w—Pyw)lls S (lwll2+lwill2),  s=0,1. (2.5b)

Proof. Similar to the proof of Lemma 3 in [6]. O



184 H. M. Zhang, J. C. Jin and J. Y. Wang / Adv. Appl. Math. Mech., 5 (2013), pp. 180-193

Lemma 2.2. If for any t €[0,T], w(x,t),w;(x,t),ws(x,t) € H>(Q), then

[(w—Pyao)sels SH > ([[wll2+ [[wel|2 4 wull2),  s=0,1. (2.6)
Proof. Let
p=w-—P,w, pr=E11+E,
where )
En=wu—Pwy,  Exn=Pyn—o7Pw.

For any t€[0,T] and x € Sj,, from (2.2), we get

a(Ex,x)=a(pu—E11,x) =a(pu,Xx)
2

d
=7 4(0:x) = Vi, X) =2(Vipr,x)
=— Vo, x) =2(Vip1, x)-
Taking x = E2p, we have
|E22|I7 Sa(Ex, Ex) S (ol + lloe D) | Ez|l,

which implies that
1E22([1 Slpll+ [l

From (2.5a) and (2.5b), we get
1 E22lly SH ([[wll2+ [t l2).- (2.7)
Therefore, (2.6) follows from (2.5a) and (2.7). O

Lemma 2.3. If for any t€[0,T], u,us,upy € H2(Q), then uy, the finite element solution defined in
(2.3a) and (2.3b) has the estimates:

[Pyt — || SH?, (2.8a)
(P —uy )| SH2. (2.8b)

Also, if ug € H*(Q), then uy, the finite element solution defined in (2.3a) and (2.3c) has the
estimate:
[Pyt — | SHP. (29)

Proof. From (2.1) and (2.3a), we can get
i((u—up)e,op) =a(u—upvp), Vo, €Sy (2.10)

Let
u—up=p+06
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with
p=u—Pyu, 0=Pu—uy,

then
i(pr+06:,0)=alp+0,vy).
From (2.2), it is easy to obtain
i(0,0n) —a(6,0,) =—i(pt,vp)-
Taking v;, =0 in (2.11) and noticing that
L1012 = (0,0) +(6,0) =2Re{(6,,0)),
we have

%HGH2 =Re{(60:,0)} =Im{a(6,0)} —Re{(po:,0)}
= —Re{(p1,0)} S llp:ll-[16]],

N~

which implies that
d
—|I0ll < .
611 < e
By integral and (2.12), we see that
o (T
10CH) [ =[16C,0) [ <h /0 (uell2+ [luee2)dt.
If u;,(x,0) satisfies (2.3b), then
6(-,0)=0.
If uy,(x,0) satisfies (2.3c), then

16, 0) 1] < lltt0 = Pyael| + [l — o1 || S 12| o |-

185

.11)

(2.12)

(2.13)

(2.14)

(2.15)

Therefore, (2.8a) and (2.9) follow from (2.13), (2.14) and (2.15). Next we show the validity

of (2.8b).
Taking v, =6;(+,0) in (2.11) with t =0 and using (2.14), we have

16 (-, 0)[[ < lloe (-, 0)1]-

In addition, by the partial derivative of (2.11) with v, =6, we get

i(gttlet) —ﬂ(9t19t) - (Vt9,9t) = _i<Ptt/9t)-

(2.16)
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Noticing that
o2 =2Re{(01,0)},
we obtain
61 =21m{a(6,,00) +(Vi6,0,)} ~2Re{ (o1 01)}
=2Im{(V10,6:) } —2Re{(ps,0:) }
SUOIIBe 1+ lloee 1611,
thus

d
—16:]| < || .
1615 61+l
From (2.13) and (2.6), it is easy to obtain
d
— 16| $H?
Slel<i?,

thus
16:(-,6) || S 1166 (-, 0) || +h2.

Therefore, (2.8b) follows from (2.17), (2.16) and (2.5b).

(2.17)
O

Lemma 2.4. If for any t € [0,T], u,u; € H*(Q), uy € H3(Q), then uy, the bilinear finite element

solution defined in (2.3a) and (2.3c) has the estimates:

g —uy || SH?,
| (ug—up)e|| SH?,

where uj is the corresponding interpolating function of u.

Proof. Let
U—Up= <u—l/l[)—|—7’],

with 7 =uj—uy, then from (2.10), we get
i01,00) =5 (Y, Vo) + (Vg o) =i (4= 1)1, 03)
+%(V(u—ul),Vvh)+(V(u—u1),vh).
Taking vj, =7 in (2.19), then
i(172,17) :%(V’?/VW)JF(Vﬂz’?)—i((u—ul)tﬂ?)

3 (V (wr), Vi) + (V (i —ur) ).

(2.18a)
(2.18b)

(2.19)
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Noticing that
ld, 2_
5 g == Re{(e,17) 3,

we obtain

%%Hq”z:—Re{((u—uI)t,n)}-l-Im{%(V(u—MI),VW)'i'(V(”—“I)r’?)}~

Now, we introduce the following estimates given in [23].

((u=up)eo)| S [udls]lo,  Voesy, (2.20a)
(V(u—ur), Vo) Sch?ullallo],  Yoes. (2.20b)

Then from the above inequalities, we can get

d
7 IS E (e la+ [lulla).

which implies that

T
||77H§||77('/0)||+h2/0 (e lls+llulla)dt.

Noticing that 7(-,0) =0, therefore, (2.18a) holds. Next we show the validity of (2.18b).
Taking v, =1;(+,0) in (2.19) with t =0, then from (2.20a) and (2.20b), we get

76 0) 12 S 12 ([l (-, 0) |3+ [[u -, 0) 1) 776 -, ) |,

thus
17:(-,0) || SH. (2.21)

In addition, by the partial derivative of (2.19) with v, =#;, we can obtain

. 1 .
i(1st,771) =5 (Ve )+ (Vi ) + (Ve ) —i((u—g)se,11)

+%(V((u—uI)f),Vm)-l-(Vt(u—ul),m)+(V(u—u1)t,17t).

Noticing that d||7;||?/dt =2Re{(n1,1;) }, we have

%%||17tH2:Im{(VtU,Ut)}—Re{((”—ul)ttzﬂt)}+%1m{(V((”_”I)t)f’ﬁ)}

+Im{ (Ve(u—r) i)+ (V (=)o) }-
From (2.18a), (2.20a) and (2.20b), we get
L (2.22)
a1~ :

Therefore, (2.18b) follows from (2.21) and (2.22). O
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Theorem 2.1. If for any t € [0,T), u,u; € H*(Q), then uy, the finite element solution defined in
(2.3a) and (2.3b) has the estimate:

[u—uplls SH°, s=0,1. (2.23)

Proof. Noticing that
[0 = ls Sl = Puals =+ || Pt =i [,

therefore, (2.23) follows from (2.5a), (2.8a) and the well-known inverse inequality. O
Similar to the Theorem 2.1, we have the following theorem:

Theorem 2.2. If for any t€[0,T], u,u; € H*(Q), uy € H*(QY), then uy, the bilinear finite element
solution defined in (2.3a) and (2.3c) has the estimate:

[ —uplls SH*5, s=0,1. (2.24)
Proof. Noticing that
=g lls S Mot =+ [loar —unls,

therefore, (2.24) follows from (2.18a), (2.20b) and the well-known inverse inequality. O

3 The two-grid finite element schemes

In order to reduce the computational cost, following Jin et al. [15], we construct the fol-
lowing two-grid finite element schemes for problem (1.1a)-(1.1c). The basic ingredient in
our approach is another finite element space Sy (C S; C S) defined on a coarser quasi-
uniform quadrilateral or trilateral partition of () with mesh size H >h>0.

By the different initial value (2.3b) and (2.3c), we first construct and analyse the fol-
lowing semi-discrete two-grid finite element algorithms:

Algorithm 3.1: Semi-discrete two-grid finite element scheme with projection initial value

Step 1: Find uy € Sy such that

i((un)e,on)=%(Vup, Vou)+(Vug,on)+(f,on), You €Sy, +>0,
MH(X,O) = PHM()(X) €Sy.

Step 2: Find uj €Sy, such that

{ L(Vus, Vo) =i((un)t,on) — (Vig,o) — (f,01), You €S, £>0, 31)

uft (X,O) = Phuo(x) €Sy.
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Algorithm 3.2: Semi-discrete two-grid finite element scheme with interpolating initial value

Step 1: Find uy € Sy such that

i((un)t,on)=%(Vup, Vou)+(Vup,on)+(f,on), Yo €Sy, t>0,
MH(X,O):M()/[(X)ESH.

Step 2: Find uj €S), such that

%(VuZ,Vvh) =i((ug)e,on) — (Vug, o) —(f,on), Yo, €Sy, t>0,
uj, (x,0) =ug,1(x) €Sp,.

Theorem 3.1. If for any t € [0,T), u,us,uy € H*(Q), then uj,, the two-grid solution defined in
Algorithm 3.1 has the estimates:

o — 5,1 SH?, (3.2a)
lu—uj |y Sh+H?, (3.2b)
where uy, is the finite element solution defined in (2.3a) and (2.3b).
Proof. From (2.3a) and (3.1), we get

2 (¥ (= 165), Vo) =iy — s, 04) — (V (s~ ) 1), Yoy €5,
which, by taking v, =uj, —uj, gives
i — 1, < (Ul ot — v |+ Nl — v [, — 5]
From Friechriechs inequality |u, —u; ||1,0 S |uy —uj 1,0, we obtain
feen =g lly SN =) el +[Jen —um)- (33)
In addition, from (2.5b) and (2.8b), we see that
1 =10 ell S 1 Q= P [ (Poe = p ) el | S 12,
which implies that
(= up)e || SH. (34)
So, (3.2a) follows from (2.23), (3.3), (3.4). And (3.2b) follows from (2.23), (3.2a). O
Theorem 3.2. If for any t € [0,T], u,u; € H*(Q), uy € H>(Q), then us, the two-grid bilinear
finite element solution defined in Algorithm 3.2 has the estimates:
=151 SH?, (3.5a)
|u—us |1 Sh+H?, (3.5b)

where uy, is the bilinear finite element solution defined in (2.3a) and (2.3c).
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Proof. Following the idea in proof of Theorem 3.1, inequality (3.3) also holds in this case.
In addition, from (2.18b) and (2.20a), we have

=g )ell < 1 e =) el (ot — )| S 12, (3.6)

which implies that
| (u—up)e|| < H? (3.7)
Therefore, (3.5a) follows from (2.24), (3.3), (3.6) and (3.7). And (3.5b) follows from (2.24)
and (3.5a). O

Finally, by applying the Crank-Nicolson scheme for the time discretization, we pro-
pose the full-discrete two-grid finite element algorithms as follows:

Algorithm 3.3: Full-discrete two-grid finite element scheme with projection initial value

Step 1: Find {uf}}N_, C Sy such that

i(det o) =1 (Vat, Vo) + (Vuitl,og) + (fa,on), VYog€Sy, t>0, n=12,---,N,
M%ZPHMQGSH.
Step 2: Find {u;" N_,CSy, such that

3 (Vo) =i(dely,op) — (Vuidfy,on) — (faon), Yog €Sy, t>0, n=1,2,---,N,
u,’;O:PhuOGSh.

Algorithm 3.4: Full-discrete two-grid finite element scheme with interpolating initial value

Step 1: Find {uf}}N_, C Sy such that

i(dtu?{,vH):%(Vﬁ?{,VvH)+(Vnﬁ1”_1,vH)+(fn,vH), Yoy€eSy, t>0, n=1,2,---,N,
u?{:uOJGSH.

Step 2: Find {u;" N_,CSy, such that

1 . L .
{ E(Vﬁzn,Vvh):z(dtu”H,vh)—(Vnﬁ”H,vh)—(fn,vh), Yo, €8, t>0, n=1,2,---,N,
w0=yy,€8;.
h 0,1 h

We note that the linear system in Step 2 both in Algorithms 3.3 and 3.4 is a decou-
pled system which involves only two separate Poisson equations and only on the coarser
space a coupled system needs to be solved in Step 1. As a result, the computational com-
plexity of solving problem (1.1a)-(1.1c) is comparable to solving two decoupled Poisson
equations on the same fine grid.
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4 Numerical example

In this section, we carry out a numerical example to demonstrate the efficiency of Algo-
rithms 3.3 and 3.4.

For problem (1.1a)-(1.1¢), let V(x,t) =1, Q=[0,1] x[0,1], T =20 second and f be so
chosen that

u=2e>(1—x1)(1—x2)sin(xyx2) +i(1—x7 ) xatsin(x; (1—x7))

is the exact solution.

() is uniformly divided into families Ty and Tj, of quadrilaterals and Sy,S;, C S are bi-
linear finite element spaces defined on Ty, Ty, respectively. For the full-discrete two-grid
methods, we solve the original problem by the conjugate gradient method on the coarse
grid and solve the modified fine grid equation by multigrid method on the fine grid. For
h=H? t=H,N=T/tand H=1/4,1/8, 1/16, {u;‘l” nN:O are computed by Algorithm
3.3 and Algorithm 3.4 respectively and {u}'})_,, the full-discrete standard finite element
solution, are computed by (2.4a). From the numerical results at t =20s listed in Tables 1
and 2, we can see that

e —uilly

_ %N
~O() ana 1t
[e]l1

H”Hl NO<H2)(%O<h))/

and the two-grid finite element method is more efficient than the standard finite element
method on running CPU time.

If the domain () is uniformly divided into families Ty and Tj, of triangulation meshes,
we can get the same conclusions from the Tables 3 and 4.

Table 1: Numerical results of the Algorithm 3.3 on quadrilateral meshes.

mesh % ratio | cpu time (s) % ratio | cpu time (s)
h=1/16 | 6.18E-2 2.35 6.87E-2 1.62
h=1/64 | 1.54E-2 | 4.01 145.66 1.71E-2 | 4.02 4498

h=1/256 | 3.84E-3 | 4.01 44133.76 427E-3 | 4.01 1535.90

Table 2: Numerical results of the Algorithm 3.4 on quadrilateral meshes.

mesh HMME’: | ratio cpu time (s) Huﬁsﬁj’lh ratio | cpu time (s)
h=1/16 | 6.18E-2 2.36 6.87E-2 1.62
h=1/64 | 1.54E-2 | 4.01 145.19 1.71E-2 | 4.02 45.15

h=1/256 | 3.84E-3 | 4.01 48682.56 4.27E-3 | 4.01 1543.77
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Table 3: Numerical results of the Algorithm 3.3 on triangulation meshes.

flu—ulll: flu—u; Nl
[y [l

h=1/16 | 9.93E-2 526 1.11E-1 3.97
h=1/64 | 2.48E-2 | 4.00 281.76 2.81E-2 | 3.95 100.63
h=1/256 | 6.18E-3 | 4.01 43478.90 7.04E-3 | 3.99 3593.79

mesh ratio | cpu time (s) ratio | cpu time (s)

Table 4: Numerical results of the Algorithm 3.4 on triangulation meshes.

flue—ulll: flu—u; Nl

[[u]lx [l

h=1/16 | 9.93E-2 2.32 1.11E-1 3.45
h=1/64 | 2.48E-2 | 4.00 142.89 2.81E-2 | 3.95 100.74
h=1/256 | 6.18E-3 | 4.01 44949.76 7.04E-3 | 3.99 3642.19

mesh ratio | cpu time (s) ratio | cpu time (s)

5 Conclusions

In this paper, we presented the semi-discrete two-grid finite element schemes and full-
discrete two-grid finite element schemes for the time-dependent Schrédinger equation.
We also provided the error analysis of the semi-discrete schemes and a numerical exam-
ple of the full-discrete schemes. Numerical example showed that our two-grid schemes
work well, give very good numerical results and partly verify the convergence results.
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