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INEXACT SOLVERS FOR SADDLE-POINT SYSTEM ARISING
FROM DOMAIN DECOMPOSITION OF LINEAR ELASTICITY
PROBLEMS IN THREE DIMENSIONS
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Abstract. In this paper, we propose a domain decomposition method with La-
grange multipliers for three-dimensional linear elasticity, based on geometrically
non-conforming subdomain partitions. Some appropriate multiplier spaces are
presented to deal with the geometrically non-conforming partitions, resulting
in a discrete saddle-point system. An augmented technique is introduced, such
that the resulting new saddle-point system can be solved by the existing it-
erative methods. Two simple inexact preconditioners are constructed for the
saddle-point system, one for the displacement variable, and the other for the
Schur complement associated with the multiplier variable. It is shown that the
global preconditioned system has a nearly optimal condition number, which is
independent of the large variations of the material parameters across the local

interfaces.
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1. Introduction

In recent years, there has been a fast growing interest in the domain decom-
position methods (DDMs) with Lagrange multipliers, which were studied early in
[6], [7], and [22]. Such DDMs have many advantages over the traditional DDMs in
applications (cf. [1], [5], [21]). In this paper, we will develop a domain decompo-
sition method with Lagrange multipliers to solve compressible elasticity problems
in three dimensions. We consider certain geometrically non-conforming subdomain
partitions with meshes that are nonmatching across the subdomain interfaces.

The Lagrange multiplier DDM has been developed as a non-conforming dis-
cretization method, such that the resulting approximation possesses the optimal
accuracy, see [4], [20], [26]. For this purpose, the jumps of the solutions across the
subdomain interfaces would be orthogonal to a certain Lagrange multiplier space,
which should be appropriately chosen. This weak continuity condition leads to a
saddle-point system for the displacement variable and the multiplier variable. It is
known that the displacement variable corresponds to a singular problem on each
floating subdomain. There exist many techniques to deal with such singularity,
for example, the FETI-type methods [7, 8, 9, 19], regularized method [12] and

Received by the editors March 2, 2009 and, in revised form, May 26, 2010.

2000 Mathematics Subject Classification. 65F10, 65N30, 65N55.

This research was supported by The Key Project of Natural Science Foundation of China
G11031006, and National Basic Research Program of China G2011309702 and Natural Science
Foundation of China G10771178.

156



INEXACT SOLVERS FOR SADDLE-POINT SYSTEM OF LINEAR ELASTICITY PROBLEM 157

augmented method [15]. After handling the singularity, we can eliminate the dis-
placement variable to build an interface equation, or solve the saddle-point system
directly by some preconditioned iterative methods.

A domain decomposition with Lagrange multipliers for solving linear elastic-
ity problems in two dimensions was introduced in [19], in which inexact solvers
were considered. A recent work on mortar discretization with geometrically non-
conforming partitions for solving linear elasticity problems is a FETI-DP algorithm
designed in [18]. To resolve the singularity associated with the displacement vari-
able, a certain set of primal constraints was selected in [18] from the subdomain
faces by some rules. After building the saddle-point system, Schur complement
system was first got by eliminating the interior displacement variables in every
subdomain, then an interface equation of the Lagrange multiplier was obtained by
eliminating the primal constraint unknowns. Similar to other FETI-DP algorithms,
a Neumann-Dirichlet preconditioner was constructed for the interface equation.

In the present paper, we study DDM with Lagrange multipliers for solving three-
dimensional linear elasticity problems with jump coefficients. As in [15] (for Laplace
equations), we propose a special augmented method to handle the singularity of the
floating subdomains without introducing any additional constraints. But, we here
introduce a different augmented term from the one considered in [15], since the
original augmented term seems inefficient to elasticity problems. Since no inter-
face equation needs to be built in the method, inexact solvers can be applied to
both the primal operator and the Schur complement operator. For our method,
we design a small coarse problem with the degree of freedoms equaling six times
the number of the floating subdomains. We notice that the elasticity operator is
spectrally equivalent to Laplace operator in every subdomain, then any existing
preconditioner for the vector Laplace operator can be used directly as an inexact
solver for the underlying operator. We show that the global preconditioned system
has a nearly optimal condition number, which is independent of the large variations
of the material parameters across the local interfaces.

The outline of the reminder of the paper is as follows. We introduce a new aug-
mented saddle-point problem in section 2. In section 3, we construct two precon-
ditioners for the saddle-point system and give a convergence of the preconditioned
system. The main results of the paper will be shown in section 4. In section 5, we
describe a class of cheap local solvers. Finally, we report some numerical results in
section 6.

2. Linear elasticity and domain decomposition

In this section, we introduce a variational problem arising from the displacement
formulation of compressible linear elasticity, and describe a discretization based on
geometrically non-conforming domain decompositions.

2.1. The model problem. The unknown in the equations of linear elasticity
is the displacement of a linear elastic material under the actions of external and
internal forces. We denote the elastic body by 2 ¢ R?, and its boundary by 0.
We assume that one part of the boundary I'g, is clamped, i.e. with homogeneous
Dirichlet boundary conditions, and that the rest, I'y := 9Q\I'y, is subject to a
surface force g, i.e. a natural boundary condition. We can also introduce an
internal volume force f, e.g. gravity. The differential formulation is as follows (i=1,
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2, 3):

3. oo
- Y Tl =fi inQ,
(2.1) u=0 on 7Ty,

3
2 0ij()(75) =gi on 1.
=

The subspace Hp, () € H'(Q) is the set of functions having the zero trace
on T'y. We introduce the vector valued Sobolev spaces [Hf (Q)]* and [H'(Q)]?,
equipped with the usual product norm as follows:

[ali,0=(u ﬁ{l(Q) + [ u ||2L2(Q))1/2
with [| w7, 0= Jo [0 [? dz and [ u [ =] Vu[|7, ).

The linear elasticity problem is: find the displacement u € [Hf, (Q)]* of the
elastic body €2, such that

(2.2)
/QG(I) g(u):e(v)de + /Q G(z)B(z) diva divvde = (F,v) Vv € [Hf (Q)]°.

Here, G(z) = E(x)/(1+v(x)), B(z) = 1/(1—2v(x)) are material parameters which
depend on the Young’s modulus E(z) > 0 and the Poisson ratio v(z) € (0,1/2]. We
assume that v(x) is bounded away from 1/2, excluding the case of incompressible
elasticity problem. Then, we have S(x) = O(1). The linearized strain tensor is
defined by

8ui 8u]-
6$j + 6.%1 )’

1
Eij (u) = 5

( i,j=1,2,3.

The tensor product and the force term are given by

e(u) s e(v) := Z gij(weii(v), (F,v):= Z/invid:c + Z/F givido.

ij=1
The associated bilinear form of linear elasticity is
a(u,v) = / G(z) e(u) : e(v)dx +/ G(z)B(z) diva divvdz, u,v € [H} (Q)]°.
Q Q
Let A: [H} (Q)]> — [H}, (Q)]® be the operator defined by
(2.3) (Au,v) = a(u,v), ue[H (Q)], Vvel[H] (]
It is obvious that the bilinear form a(-,-) is continuous with respect to
|| - l1,o. The ellipticity of the bilinear form can be established by the following
Korn’s first inequality.

Lemma 2.1. Let Q C R3 be a Lipschitz domain. Then there exists a positive
constant ¢ = ¢(Q,Ty), such that

/Qs(u) ce(u)de > clufjn gy, VYue [Hp ().

And the problem (2.2) possesses a unique solution u € [Hf (Q)]°.
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2.2. The discrete problem based on domain decomposition. Since we only
consider compressible elastic materials, it follows from Lemma 2.1 that the bilinear
form af(-,-) is uniformly elliptic. We can therefore successfully discretize the system
(2.2) with low-order, conforming finite elements.

From the Korn’s inequalities, we notice that the operator A defined in (2.3) is
spectrally equivalent to Laplace operator. The ratio of the two spectrally equiv-
alent constants depends on the variations of the material parameters G(x) and
B(x). When the parameters G(x) and B(x) have large variations in the domain
Q, the ratio is large, and we can not use a preconditioner for Laplace operator
to precondition the global operator A. In that case, we should adopt the geo-
metrically non-conforming subdomain partitions, such that the ratio of the two
spectrally equivalent constants is not large in each subdomain. Then, we can use a
preconditioner for Laplace operator to precondition the local operator of A in each
subdomain.

Let the domain ) be decomposed into the union of non-overlapping polyhedral
subdomains €, --- ,Qy. Let di denote the size of the subdomain €. The union
of the subdomain boundaries is defined by

N
I = (| 09)\0Q.

k=1

As usual, we assume that each € is a polyhedron, and make a quasi-uniform and
regular triangulation Ty, on Q, with hj denoting the mesh size. The grids may not
match across the subdomain interfaces. Let V3 (%) denote the linear finite element
space associated with 7y, . Define

N
Vi (09) = Vi()]og, and Vi (Q) = ] Va(%).
k=1

We denote the interface of two subdomains €2; and 2; by Fj;, that can be only
part of a face of ; and €2;. Among the subdomain faces, we select multiplier faces
I'; such that

(2.4) Uni=UFE;, TinTe=0,1#Fk
l ij

Here, each I'; is a full face of a subdomain. In order to understand the definition of
the multiplier faces more clearly, we give a figure (Figure 1) to explain the definition
for the case in two dimensions. In Figure 1, the subdomain partition is geometrically
non-conforming, and the dotted lines denote the multiplier edges which satisfy the
condition (2.4), and each multiplier edge T'; is a full edge of a subdomain.

Since a multiplier face I'; C 9€); may intersect several subdomain boundaries
082, we should use the restriction of some triangulation 75, on I'; to generate the
local multiplier space on I';. For example, in Figure 1, the multiplier edge I'; C 025
intersects the subdomain boundaries 94 and 925, then we choose the restriction
of the triangulation 73, on I'; to generate the local multiplier space on I'.

For a multiplier face I';, let €;, denotes one of the subdomains such that I}
is a full edge (or face) of ;. We define W,(I';) as the vector version of the
mortar multiplier space or the dual multiplier space for elliptic problems in three
dimensions. These "elliptic” multiplier spaces were defined in [4] and [20] for the
case of tetrahedra elements, and were defined, for the case of hexahedra elements,
as the tensor product of two one-dimensional multiplier spaces introduced in [5] and
[26]. As pointed out just before, we require that the multiplier space is associated
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FIGURE 2.1. a geometrically non-conforming subdomain partition
in two dimensions

with the triangulation 771” . Define the global multiplier space
Wi(T) = [ wa@w.
I,cr

Let Q; : L*(T';) — W, (I';) be the orthogonal projection with respect to the
L%inner product on I';. For v € V(Q), set v|q, = v. Define

(2.5) Vi(Q) = {v € Vi(Q) : Qi(vilr, — vj|r,) = 0 for each Ty C T'}.
Note that we do not require V;,(Q) c [H(Q)]>.

Define the local bilinear form

Ai(u,v) = 5 G(z) e(u) : e(v)dx + 5 G(z)B(x) diva divvde,
u,v e [H Q).

The discrete problem of (2.2) is the following: find u;, € V4,(Q2) such that
N ~

(2.6) ZAk(uﬁ,vﬁ) = (F,vp), Yvi, € V3(2).
k=1

Here, uZ is the restriction of uy in Q. As in the case of elliptic problems, we can
verify the existence and the uniqueness of the solution of (2.6), and can derive the
optimal energy error estimate of the approximate solution (refer to [10]).

2.3. Augmented saddle-point systems. We will transform (2.6) into a stan-
dard saddle-point problem.

Let Ag : Vi (%) — Vi (Q4) be the local operator defined by
(Apul, vi)a, = Ar(uf,vi), uf € Vi(), YvE € V().
We define the operator By, : V3(25) — Wi (I') as follows:

k _ UlQl(uZh‘L)a Fl C ana
(Bl = { o

where ¢ is the sign function, o; = 1 for the multiplier faces, and o; = —1 for the
other faces.

Define the operators A : V3, (2) — Vi (Q) and B : V3, (Q) — W (T) by
A|Vh(Qk) = Ay
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and
N

Bvy, = ZBkVZ, vy € Vh(Q),
k=1
respectively.
Let (-, -) denote the L2-inner product on I, and let B! : W),(I') — V},(2) denote
the adjoint of B, which satisfies

(B' i, vi) = (un, Bvi)  Yup, € Wi (D), vy, € Va(Q).
It is easy to see that the space f/h(Q) can be written as
Vh(Q) = {Vh S Vh(Q) : Bvy, = 0}.

Then (2.6) is equivalent to the following saddle-point problem: find (up,A\n) €
Vi (2) x Wp(T') such that

t —
(2.7) { Auy, + B*A\p, = F,

Buh =0.

Here, the unknown )\, is called the Lagrange multiplier for the constraint Buy = 0.

Although the operator A is defined locally, the system (2.7) cannot be solved in
the standard way. The main difficulty is that each local operator Ay corresponding
to some interior subdomain j is singular on V,(€), so the global operator A
is also singular on V},(£2). To resolve the singularity, we introduce an augmented
method, which has been discussed in [15] for the case of elliptic problems, but the
situation here is quite different.

Let r be a positive number. The classical augmented multiplier framework can
be written as

(2.8)

(A + rBtB)uh + Bt)\h =F,
Buh = 0,

which has the same solution with (2.7). The material parameters G(z) and B(x)

may have large jumps across the interface I'. To avoid the influence of the jumps,

we consider another augmented Lagrange multiplier formulation instead of (2.8).
Without loss of generality, we assume that

G(z) = G (const.) and S(z) = B (const.), Vo € Q.
For each multiplier face I';, set

a;= min G
OQ NI A0

We define the operator By, : Vi, (Q) — Wi (T') by

_ 5 k
B uk _ O'IOélz Ql(uhh*l), I C an,
( k h)le { 0, I, ¢ ..

and the operator B : V},(Q) — Wj(T)

N
BVh = ZBkVZ, vy € Vh(Q)
k=1

It is easy to see that Bvj, = 0 if and only if Bvy, = 0. Thus, the system (2.7) has
the same solution with the weighted saddle-point problem

(A + rBtB)uh + Bt)\h =F,
(2.9) { Bu, = 0.
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Note that the operator A +rB!B is also symmetric and positive definite on V4, (Q2).
For the case of elliptic problems, we can simply choose © = d~! with d denotes the
size of the subdomains (see [15]). However, this choice will not give the desired
equivalent results for the elasticity problems.

Let M : Wp,(T') — Wj,(T') be a symmetric and positive definite operator, which
will be defined exactly in the following section. We introduce a new saddle-point
problem (compare [17])

(2.10)

(A + BtM_lg)u}l + Bt)\h =F,
Buh =0.

Define A* = A+ B*M~'B. Since the operator A* is not yet block diagonal, it
is not practical to eliminate directly the variable u; in (2.10). Fortunately, many
iterative methods have been developed for solving saddle-point problems such as
(2.10), for example, the inexact Uzawa-type methods (see [3]), the preconditioned
CG method based on a positive definite reformulation (see [2]). The efficiency of
these iterative methods strongly depend on two preconditioners A and S which are
spectrally equivalent to A* and to Schur complement S = BA~1 B!, respectively.

3. The construction of the preconditioners

This section is devoted to the construction of the preconditioners A and S.
For convenience, we will follow [27] to adopt the notations <, 2 and = in the

subsequent analysis of this work. z1 < w1, 22 2 y2 and 23 = y3 mean that

r1 < Chy1, T2 > coyo and czxz < y3 < Chxs for some constants C1,co, c3 and Cs
that are independent of dj, hj and possible large jumps of the coefficients G(x) and
B(x) across the interface T'.

3.1. A preconditioner for A*. Define the local solver Ay : V;,(Qx) — Vi (%)
by

(Akva W)Qk = Gk[(vva vw)ﬂk + dIZQ(Va W)Qk]a

(3.1) v € Vi(Q), YW € Vi(Q).

In some applications, one may be more interested in an inexact solver for A;. Let
A be a symmetric and positive definite operator on V(€ ), such that

(3'2) (Akva V)Qk 5 (Akv7v)9k < Yk (Akv7v)9k

for any v € V;(Q). Define A : V;,(Q) — Vi(Q) by A|V}L(Qk) = Ay, for each k,
and set S = BA-1B!. For each multiplier face Ty, let I; : Wi(T') — W, (T)
denote the natural restriction operator, and let I} : Wy (I;) — Wj(T') denote

the zero extension operator, which is just the adjoint of I;. For ¢ € Wy (T'), set
w1 = ¢|r, = I;p. Define M : Wy, (T') — W3 (T') such that

(Mo, ) = > (ST} gn, I}1hr), ¢ € Wi(), Vb € Wi (D).
n

To handle the nonlocal operator B*M ~'B in A*, we need to introduce a coarse
solver. Set Vp = ker(A), note that V; is spanned by the rigid body motions, i.e.,
three translations and three rotations in each subdomain. The natural choice of
the coarse solver is the restriction of A* on V4. Define the coarse solver Ag by

(33) (AOV0,VQ) = (A*Vo,VQ) = <M713V0,BV0>, VVO S ‘/0
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Theorem 3.1. Let Qo : Vi, () — Vi denote the L2- orthogonal projector. Define
AV = A1+ A;'Qo, then

(3.4) cond(A1A*) < 4.

here 4 = .
where § = rgr}%XN Vi
Remark 3.1. The inexact solver Ay, can be chosen as any preconditioner for
Laplace-type operator Ay. The implementation of such inexact local solver is much
cheaper than that of the exact local solver corresponding to Ay.

3.2. A preconditioner for Schur complement. Define S = B(A*)~!B* and
S = BA~!B!. Inthe following, we construct a preconditioner for Schur complement
Sors.

We first define a discrete dual norm || - ||_. r, on a multiplier face I';, and give
some assumptions.

For a multiplier face T'j, let Q; be the subdomain satisfying I'; C 9, (see
Subsection 2.2), and let €2;, denote any other subdomain with its boundary inter-
secting I';. Throughout this paper, we define V;(I';) = V,(0;,)|r,, and V;(I;) =
V(0%,)|r,. As before, we assume that the local multiplier space W3 (I';) is asso-
ciated with the local trace space V;(I';). Then, the space Wj,(T';) has the same
dimension with V2(T';), where V2(I';) = Vi(T;) N HL(T)).

Let || - H1/2,F? denotes the norm on the space HééQ(I’l) (namely, the norm ||
12 defined in [27]). Define the discrete dual norm || - || _4.p, by
Hop™ (') By
00
hy Vi
Vi eri= sup  ERYOT gy

viLEVY(TY) | vh ||%,r?

For a multiplier face I'j, let A; be a symmetric and positive definite operator
defined on W}, (T';). We assume that A; has the following spectral equivalence with
the norm || - [|—.,

(3.5) (Mg, dor, T ot Lo P, Vo € Wa(ly).

Now we define the preconditioner S by

S ZI}Aflll.
Iy

In section 5, we will derive the concrete form of the local solvers A; '
For ease of notation, set ®(4) = 1£r}€a<xN[1 + log(dy /hi.)]?.

Theorem 3.2. For the preconditioner S, we have

(3.6) cond(§18) < Ox()
and
(3.7) cond(S™*S) < C@(%),

where the constant C in (3.6) and (3.7) is independent of the large variations of the
coefficients across the local interfaces T';.

4. Analysis

This section is devoted to prove the results given in the last section.
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4.1. The proof of Theorem 3.1. To prove Theorem 3.1, we need several Lem-
mas.

We will use repeatedly weighted norms on subdomains 2. For ease of notation,
let Q C Q denote a generic subdomain with the “size” d. Define the weighted norm

- . )
IVl g = (vl o +d2IIvIE )%, v € [H Q).

The following result can be derived by Korn’s second inequality (cf., [23]) and
the standard scaling argument.

Lemma 4.1. There exists a positive constant ¢ such that
| ewe e d® u gz clu g vue @)
We can now derive a Korn’s inequality on the space

{fue [H (D] u L ker(e)}.

The null space ker(e) is the space of rigid body motions. In three dimensions, the
corresponding space is spanned by three translations

1 0 0
ri:=1(0 , ro:= | 1 ,rs:= | 0 [,

0 0 1

and three rotations
0 —r3 Ta
ry = T3 , s 1= 0 , Tg = | —x1
—x2 X1 0
Define norms
Mg = OIZ o +d 202, v e [HI )

and
~ 6 A~
ey i= Mg +d72 31 [ (r)'vaa, v e (@)
i=1

The following result can be found in [19] and Necas [24]
Lemma 4.2. There exist constants 0 < ¢ < C < oo, such that
cllulp a<lullpas Cllule g Yue H@QF.
We obviously have
(4.1) =) oo <l Vg, Ve (@)
Using (4.1), Lemma 4.1 and Lemma 4.2, we obtain
Lemma 4.3. There exist constants 0 < ¢ < C < 0o, such that
¢l Vu o<l e o< C | Vully g Vu e [H O, u L ker(e).
Lemma 4.4. The following inequality holds:
(4.2) (BPM™1Bvy,vi) < (Avi,va), Yvi € V().
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PROOQOF. It is clear that
(BtMilgvh,Vh) = (AiéB_tMil.BVh,A%Vh)
(4.3) < JATEB'M T Bvylloe - [|AZvhlo.0.
It suffices to estimate ||A~2 B'M ' Bvy||o.q. In fact, we have
|A=2B*M™'Bvy|2q = (BA'BY(M'Bvy), M 'Bv,)
(4.4) = (S(M~'Bvy), M~*Bwvy,).
Set ¢ = M~1Bvy,. Then, ¢ = > It¢ with ¢ = ¢|r,. Therefore,
Iy

(S(M~'Bvy,), M~'Bv}) = Zwl Zwl <ZSIZ¢1,II¢1.

By the definition of M, we further deduce
(S(M™'Bvy,), M~ 'Bv},) < (M¢,¢) = (BtM ' Bvy, vy).
Plugging this in (4.4) leads to
|A=2B*M ' By, |2 o < (BtM By, vy).
Combining the above inequality with (4.3) yields
(BtM™'Bvi, vi)® < A2 vy]lo0,

which gives (4.2).

Proof of Theorem 3.1. The inequality (3.4) can be derived by
7 vn, A'vi) S (AT + AT Qo) A™va, Avi) S (Vi ATva), Vv € Vi(9).

Consider the space decomposition V;,(Q) = Vo + V, with V = ker(A) and V C
Vi (€2). By the abstract Schwarz theory, we need only to prove that
(a) for any ¢o € Vo and @ € V', we have

(4.5) (A% (o + B), po + B) < (Aoo, vo) + (AB, §);

(b) for any vy, € Vi, (Q), there is a decomposition vy, = vo + v with vo € Vj and
v € V such that
(4

.6) (Agvo,vo) + (Av, %) S A(A* vy, vi).
We first consider (a). By the triangle inequality and (3.3), we deduce

(4.7) S (Aovo, o) + (AP, 9)
+ (B'M™'Bg, ).

From the definitions of A and A, we have
(45.9) = [ 6 =) @i+ [ Glsa)ldiv o

N N
S Y Grllelli e, £ D (Ak(@lan)s Blaw)e.
= k=1
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Here, we have used the assumption S = O(1). Then, it follows from (3.2) that
N
(42,8) > (Ar(@lan), Plav)a, = (A3, @),
k=1
Substituting this inequality into (4.7) and using (4.2) yield (4.5).

Now, we consider (b). For vy, € V4 (1), define v € Vj as follows: for the interior
subdomains Qy, define volq, € ker(Ax) by (v, — vo,ri)a, =0 (i = 1,2,--,6);
otherwise, vo|q, = 0. In other words, vq is just the L? projection of v, into the
null space Vy. Moreover, we define v .= vj, — vg. Then, we have v_Lker(e) and
vy = vo + V. At first, we prove
(4.8) (Av,9) SA(A™VR, Vi), V=i —Vo.

For convenience, set V|, = Vi and vp|q, = vi. Then, we get by (3.2) and Lemma
4.1 (or Lemma 4.3)
(Av,9) = Yol (AeVi, Vi), < 300 e (AkVi, Vi)o,
N _ o

S T wGr(le@)lIE o, + & 219kl 0, )-

For the interior subdomains 2, we have by Lemma 4.2 and the definition of v

(4.9)

6
@O0, + a2 IVkl30, S Nle(@)lEq, +d° 2 (VeiTi)5 0,
= [le(vk = vola)l§.q,
6
+ d];2 Z(Vk - VOle7ri)§2)k
i=1

= [le(vi) 1150, < (Arvi, vi).

(4.10)

For the subdomains € closing 02, we have vy = v = 0 on 9Q; N I. By
Friedrich’s inequality and Lemma 2.1, we deduce

= lleilg o, +di *IIVelig o,
S lelF o < (Akvi, vi)-

Substituting (4.10) and (4.11) into (4.9), yields (4.8).
On the other hand, we have

le@i)lF o, +di 219613

(4.11)

= (A*vo,vo) = (A*(Vvih, — V), vy — V)
< 2[(A*vh, Vi) + (ATV, V)]
It follows from (4.2) and (4.8) that
(A*¥,v) < (AV,v) S A(A"vh, Vi),
1

(4.12) (Aovo, vo)

This, together with (4.8), gives (4.6).

4.2. The proof of Theorem 3.2. In this subsection we prove Theorem 3.2. The
proof is similar to that of Theorem 3.2 in [15]. But, for reader’s convenience, we
still give the outline of the proof. We consider only the inequality (3.6), since the
inequality (3.7) can be proved in the same way. To prove (3.6), we need some
auxiliary results.

Consider the natural space decomposition Wj,(T') = >°p IfW;(I'1). The follow-
ing result can be derived by Theorem 2.1 of [13]. This result can be regarded as a
variant of the abstract Schwarz theory.
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Lemma 4.5. Assume that the following conditions are satisfied:
(i) for each pp € Wi(I'), we have

(4.13) Z<AlIthaIlNh>Fl < CrA(Spn, in);

]

(i) for any ¢ € Wiy (I'y), we have

(114) (5 100, Y2 Hon) < O () Y (Mg,

I
Then the inequality (3.6) holds with C < C1Cy.

The above Lemma gives a convenient way to estimate the condition number of
the preconditioned Schur complement. To estimate the constants C; and Cs in
Lemma 4.5, we need to study carefully a discrete dual norm on the local boundary
Ou(k=1,2,...,N).

Define
Wi (0Q%) = {énloq, : ¢n € Wr(I)}.
Let || - | =+,00, be the discrete dual norm defined by
Y
ol v, = sup YOOI g o)
v €V (0Q4) thH%,an
with

_ 1
IVallz 00, = (Val3 oq, +di ' IValld 00,)®-

For ease of notation, we define +pu;, € Wj(T') for pp, € Wi (T') as follows:

(£un)|r, = o1(pnlr,),  for each Ty CT.

Let Ay be the local solver defined in (3.2). Define the operator Ry : Wj(T') —
Vi (Qk) by Ry, = fl,;lB,i. The following result can be derived as in Lemma 4.3 of
[15]

Lemma 4.6. For any index k, we have
(4.15) i
Gl £l o0, S (AkRipin, Rrpn)o, S Gyl £ pnll” 00, Vin € Wi(I).

In the following we give several extension results of the discrete dual norm || -
| =+,60,, which will be used when estimating the constant Cy. For a multiplier face
I';, we always use €2;, to denote the subdomain which contains I'; as a full face, and
use V;(I';) to denote the trace space defining W3 (I';) (see Subsection 3.2 for the
details).

It is known that the local multiplier space W}, (T';) satisfies the inverse estimate
and the approximation property (i.e., H; and Hj in [15]). By these, we can prove
the following two results as in [15].

Lemma 4.7. For each I'y C T', we have

,V
(4.16) sup  BLVRT < gt il —er Vi € Wa(T).
v, EVi(T) ||Vh|\§,rl

Lemma 4.8. For each I'y C T', we have
(4.17) 1 il .00, < (1 +log(di, /i)l ull—sr., Vi € Wi(T).

Here, Q; is any subdomain (including €, ) that intersects T';.
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The following lemma is a direct consequence of the following relations:
LH(V2(Th)) € Va(994,)) and IF (VP (1) C V(0%y)).

Lemma 4.9. For each face I'y C T' we have

(4.18) leenll—«re SN £ pnll-vo00:,, Yin € Wa(l)
and
(4.19) sup M S £ unll—«00,, Yun € W(T).

V},,E‘/jo(rl |
For ease of notation, define Sy = BAalQoBt.
Lemma 4.10. For pp, € Wi, (T'), define p = Ly, € Wi(T'y). Then

(4.20) (Sopns pn) S ‘N%) > (A, ),

PROOF. Define ug = Ao_lQOBt,uh(e Vo). Then

(Sopun, ) = (Bug, pin) = (Qo B jin, 1)

(4.21) = (Agug, ug) = (B'M~'Bug, u).

From the definitions of B and B, we know that

_ 1
(Buo)lr, = af (Buo)lr,

using the relation above and Lemma 4.7, we have
(MﬁléuO,Buo) (tn, Bug) = Zal {pn, Bug)or,

sup |<Ml7vh>rl| .
T, VhGV'(FL ||‘,hHl I

< at(? Za; ||m|\2m%-2||3uon”%

By the definitions of M, the restriction M |y, (r,) is spectrally equivalent to the
vector version of S;; in [11] (with I';; = I';). Then, as in Theorem 3.1 of [11], we
can verify that

A

O‘l_EHBUOH%,rl

(M~ 6n, dn) anshnlp, VYon € Wi (D).

Then, we have
Z I Bug |I3 r,, = (M~ Buo, Buy).

Thus, we get by (3.5)
I d _
(M~'Bug, Buy) < ‘I)(E)Zaz Yl s,

) S (has,

]

A

o

Proof of Theorem 3.2. By Lemma 4.5, we need only to estimate the constants C
and Cy in (4.13) and (4.14).
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It is easy to see that

M=

(Spn, pn) = <BkAzle]tg,uha,uh>8Qk + (BAy Qo B i, pn)

E
Il
—

(4.22) (A Bhpn, Bhpn)ay, + (Sotin, pn)

I
:rMZ

L

= Z(AkRkﬂhaRth)Qk (Sopth, fen)-

We first estimate the constant Cf.
By (3.5), Lemma 4.9 and Lemma 4.6, we have
(ML, Lpn)r, S0 o D2 r, S ol £ Ll oq,,
S aflGiz (/Lz Ri, pin, Riz:u'h)ﬂil :
Summing over I'; to the above inequality and using (4.22) yield (4.13) with Cy <
H}ax(Gil Jag).
L

We next estimate the constant Cs. For ease of notation, define ¢ = Zrl Ity
Then, from (4.22), we have

(SO 1o, > Tien) = (96, 9)

N —_
= > (AxRro, Rpd)a, + (Sod, d).

(4.23)

It follows from Lemma 4.6 that
(ArRio, Rrd)a, S Gl £ 612, 00,
S OGT DD I E TG say

T CoQy

Substituting the above inequality into (4.23) and noting that ¢|r, = ¢; yield

Zlﬂf)l Zfﬂf)l (So9, 9)
+ Z Z G;;1|\If¢l|\3*,agk~

k=1T,CO0

We notice that G,;l < a;l for I'y € 9. Then, the above inequality, together with
Lemma 4.8, leads to

(424) Zfl &), Zfl &) < (S06.8) + 2(5 Zaflllsbzl\Q e
Furthermore, Lemma 4.10 and (3.5) yield (4.14) with Cy < 1.

5. Implementations

In this section, we describe the matrix form of the preconditioner A4, and give
the definition of the local interface operator A;.
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5.1. On the preconditioner A. The preconditioner A defined in section 3 has
the form A~' = A=+ A51Qo. In the following, we will discuss the implementation
of A=1.

We first explain the matrix form of the operator A-'. From (3.2), the local
operator Ay, can be chosen as a preconditioner of Laplace-type operator A;, defined
by (3.1). Let Ax be the matrix form of Ak, i.e., a preconditioner for the stiffness
matrix of Aj. Then, the matrix form Aof Ais block-diagonal

A = diag(/ll Ag s AN)

The action of A can be implemented in parallel.

Let A*, Ay, Bt, B, M, S denote the matrix forms of the operators A*, Ao, B,
B, M and S , respectively. By the definition, the coarse solver Ay is just the natural
restriction of A* on the null space Vy. Let C* : V3, (Q2) — Vp be the transformation
matrix, which has non-zero elements only in floating subdomains, and C denotes
its adjoint matrix. Then, the matrix Ay can be written as

Ag =CtA*C = C'BM™'BC.
By the definition of M, M is the block-diagonal matrix
M = diag(My Mgy --- M),

where L denotes the number of the multiplier faces I';, and M;(l =1,2,...,L) is a
preconditioner for the [-th diagonal block of S=BA 1B Then,

M =diagM7 MG M.

A simple choice of M; ! is to define M; " as the matrix expression of A;"' (see the
next subsection).

It is clear that the transformation matrix C is a block-diagonal matrix. Besides,
the matrix B possesses a block and sparse structure. Then, coarse solver Ay, which
is only related to the floating subdomains, is a low order and sparse matrix. The
action of Ay ! can be implemented in a cheap manner.

5.2. On the preconditioner of Schur complement. It is clear that the pre-
conditioner S is determined by the local solvers A; (T'; C T), which should satisfy
the assumption (3.5). To define A;, we need an auxiliary result.

Let K; : W,(Iy) — VO2(I',) denotes the L? projection on V2(I'}) and K/ :
VO(T;) — Wi(T;) denotes its adjoint operator with respect to the L?(T;) inner
product. The following result can be proved as in [15]

Theorem 5.1. Let A; : V() — VO(I}) be a symmetric and positive definite
operator satisfying (A, -)r, = ||- ”2%,1“?' Define A = al_lKltAl_lKl, then the operator

1
satisfies (M-, )r) Y2 = a; 2 ||+ [—er,-

~

Since the space W},(I';) has the same dimension with V2(T;), and satisfies in f —
sup condition, the operator K; is non-singular. Then,

A;l = OlelilAl(Klt)_l.

The operator A; can be defined by the discrete Hz-norm on V2(I;) (refer to [15]).
The matrix form of Afl can be built just as the second author did in Subsection
5.3 of [15] (the only difference is that a vector field is involved here). Since the
matrix of K is sparse, the implementation of action of Afl is cheap.
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z
L

X
FIGURE 6.2. the geometrically non-conforming subdomain parti-
tion with 4 / 5, 4, 3, 4 in three dimensions

6. Numerical experiments

In this section, we use DDM developed in this paper to solve the compressible
linear elasticity problem (2.2). Here, the domain € is the unit cube: Q = [0,1]3,
the Poisson ratio v = 0.3, and the elasticity module E = 200.

Let ©Q be decomposed into N cubes, which are numbered as Q1,8s, -+, Qn.
We use the uniform triangulation 7, and the standard ); finite elements for each
subdomain €. For convenience, we assume that di/hj are same for every k. In
our numerical experiments, the partition 4 / 5,4,3,4 means that the domain € is
well-distributed into 4 parts along Z-axe, and is well-distributed into 5, 4, 3, 4 parts
along the X-axe and Y-axe (see Figure 2). The other partitions have the similar
meanings.

As demonstrated in section 2, our method results in the augmented saddle-point
system (2.10). The corresponding algebraic system will be solved by the Uzawa-type
method described by Algorithm 3.1 in [16]. In the inner iteration of this method,
we use the inexact local solvers Aj, and the coarse solver Ag described in section
5.1; in the outer iteration, we use the inexact solvers introduced in subsection 5.2.

The initial guess is chosen as the zero vector, and the termination criterion ¢ is
defined to be the relative residual norm. The iteration terminates when ¢ < 1.0e—5.

case(1). the parameter G, is

5 _
sz{ 10° k=1,N,

1 else.

the numerical results are in table 6.1.
case(2). the parameter G, is

Gr — 10°  k is odd,
T 1 k is even.

the numerical results are in table 6.2.
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A/l |4 /54345 654,55]6 /7,656,057
(N=66) (N=127) (N=220)

1 39 M) 39

6 12 13 12

8 41 15 15

12 16 47 47

TABLE 6.1. Iteration counts for case(1)

de/he |4/ 5434]5/65455]6 /7,656,057
(N=66) (N=127) (N=220)
1 41 13 12
6 13 15 44
8 15 16 16
12 47 18 47

TABLE 6.2. Iteration counts for case(2)

The above numerical results indicate that the iteration counts depend slightly
on the ratio @(%) and are almost independent of the number of subdomains and
the large variations of the material parameters across the local interfaces. The
numerical results demonstrate the efficiency of our method.

7. Conclusions

In this paper, we have proposed a DDM with Lagrange multipliers based on
geometrically non-conforming subdomain partitions to solve the compressible linear
elasticity problems in three dimensions. In this method, we have defined a new
augmented system to handle the singularity on floating subdomains. Then, we
have constructed two efficient preconditioners for the saddle-point system. Both
the theoretical results and the numerical experiments show that our method is
efficient.
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