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Abstract. The construction of symplectic numerical schemes for stochastic Hamilto-
nian systems is studied. An approach based on generating functions method is pro-
posed to generate the stochastic symplectic integration of any desired order. In general
the proposed symplectic schemes are fully implicit, and they become computationally
expensive for mean square orders greater than two. However, for stochastic Hamil-
tonian systems preserving Hamiltonian functions, the high-order symplectic methods
have simpler forms than the explicit Taylor expansion schemes. A theoretical analysis
of the convergence and numerical simulations are reported for several symplectic inte-
grators. The numerical case studies confirm that the symplectic methods are efficient
computational tools for long-term simulations.
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1 Introduction

The symplectic integration covers a special type of numerical methods which are capa-
ble of preserving the symplecticity properties of the Hamiltonian system. The pioneering
work on the symplectic integration is due to de Vogelaere [1], Ruth [2] and Kang Feng [3].
Symplectic methods have been applied successfully to deterministic Hamiltonian sys-
tems, and numerical simulations consistently show that the most important feature of
this approach is that the accuracy of the computed solution is guaranteed even for long
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term computation [4,5]. In this paper, we study the symplectic numerical integration for
stochastic Hamiltonian systems, and propose an approach to generate symplectic numer-
ical schemes of any desired order.

Consider the stochastic differential equations (SDEs) in the sense of the Stratonovich:

OHO(P,Q) .. §~H(PQ) . .

dPi=——r=lgp Y o oy, P(ty))=p, 1.1a
aQi ’; an t ( 0) p ( )
oHO (P, " 9H) (P,
ag =Py, §-HT Q) 4, Qo)=q,  (L1b)
2 =P

where P, Q, p, q are n-dimensional vectors with components Pl Qi, pi, qi, i=1,---,nand
wj, r=1,---,m are independent standard Wiener Processes. The SDEs (1.1) are called the
Stochastic Hamiltonian System (SHS) (see [6]). The SHS (1.1) includes both Hamiltonian
systems with additive or multiplicative noise.

A non-autonomous SHS is given by time-dependent Hamiltonian functions
H) (t,P,Q), r=0,---,m. However, it can be rewritten as an autonomous SHS by intro-
ducing new variables e, and fi. Let

df,=dt, de,=—

(r)
w odw;, (where dw? =dt),

with the initial condition e,(ty) = —H(r)(to,p,q) and f,(ty) =ty, r =0,---,m. Then the
new Hamiltonian functions H")(P,Q) = H")(f,,P,Q), r =1,---,m, and HO(P,Q) =
HO)(f,,P,Q)+eg+--+ey, define an autonomous SHS with P= (P”,ep,--,e,,)T and Q=
(QT, fo, o, fm)T Hence, in this study, we will only investigate the autonomous case as
given in (1.1).

There are growing interests and efforts on the theoretical study and computational
implementation of numerical methods for SHS [6,8-11]. Milstein et al. [6, 8] introduced
the symplectic numerical schemes to SHS, and demonstrated the superiority of the sym-
plectic methods for long time computation. Although they proposed symplectic schemes
of orders two or three for special types of SHS, for the general SHS with multiplicative
noise given in (1.1), they construct only symplectic schemes of mean square order 0.5.
In this paper we apply an approach based on generating functions and we construct
symplectic schemes of arbitrary high mean square order. Hong et al. [9] developed a
predictor-corrector scheme for a linear SDE with an additive noise, a simple case of SHS.
In [11], Wang et al. proposed the variational integrators to construct the stochastic sym-
plectic schemes.

The generating functions associated with the SHS (1.1) were rigorously introduced
in [15]. Recently, Wang et al. [12-14] proposed generating functions methods to con-
struct symplectic schemes for SHS. But, in those papers, only the product of one-fold
Stratonovich integrals is considered, so their approach cannot be used to construct
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stochastic symplectic scheme higher than order 1.5. In this paper, the product of mul-
tiple Stratonovich integrals (Property 3.1) is studied, such that the generating functions
can be used to construct symplectic schemes of arbitrary order.

We follow the rigorous approach presented in [15], and employ the properties of mul-
tiple stochastic integrals to derive a recursive formula for determining the coefficients
of the generating function. Theoretically, this formula allow us to construct stochastic
symplectic schemes of arbitrary high order with corresponding conditions on the Hamil-
tonian functions. Hence, the major contribution of the work reported here is to present
a way for finding the coefficients of the generating functions such that the generating
function method could be used to construct stochastic symplectic schemes of any order.
Since the computation complexity increases with the order of the numerical schemes, we
mainly focus on the symplectic schemes with mean square order 1 for which we also
present the convergence analysis. Moreover, for special types of SHSs, such as SHSs with
additive noise, SHSs with separable Hamiltonians, or SHS preserving the Hamiltonian
functions, we construct computationally attractive symplectic schemes of mean square
order 2. The study of high order stochastic symplectic scheme for the general SHS (1.1)
helps to construct high order Runge-Kutta type schemes that avoid higher order deriva-
tives.

The paper is organized as follow. In the beginning, we present the theory of gen-
erating functions and Hamiltonian-Jacobi partial differential equations in the stochastic
setting. The construction of the symplectic schemes based on approximating of the so-
lution of the corresponding Hamilton-Jacobi stochastic partial differential equations is
presented in Section 3. In Section 4, we construct higher order symplectic schemes, and
in Section 5 we study the convergence of these schemes. Symplectic schemes for special
types of SHSs are included in Section 6. Numerical simulations illustrating the perfor-
mance of the proposed methods are reported in Section 7.

2 Generating function and Stochastic Hamilton-Jacobi partial
differential equation

The generating function applied to the deterministic Hamiltonian system has been well
studied. However, the extension to stochastic cases is a challenging task.
We denote the solution of the SHS (1.1) by

X (o, x0;0) = (PT (:to, p,3:0), QT (Eito, p,gsw))

where ty)<t<ty+T, and w is an elementary event. It is known that if H (f), j=0,---,m, are
sufficiently smooth, then X(t;tp,xo;w) is a phase flow (diffeomorphism) for almost any
w (see [7]). To simplify the notation, we will remove any mentioning of the dependence
on w unless it is absolutely necessary to avoid confusions, and we make the convention
to understand that all the equations involving the solution of the SHS (1.1) are true for
almost any w.
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In differential geometry, the differential 1-form of a function f:R*" — R on ¢ € R*" is
defined as:

2n
df(g):= ;g_i‘:i' (2.1)

The exterior product dfAdg of &n € R* is given by dfAdg(Z,n) = df(&)dg(n)—
df(n)dg(&), and represents the oriented area of the image of the parallelogram with sides
df(¢) and dg(1) on the df(¢), dg(i7)-plane.
The stochastic flow (p,q) = (P,Q) of the SHS (1.1) preserves the symplectic structure
(Theorem 2.1 in [6]) as follows:
AP AdQ=dpAdg, 2.2)

i.e., the sum over the oriented areas of its projections onto the two dimensional plane
(p',q") is invariant. Here we consider the differential 2-form

dpndg=dp' Ndg' +---+dp" Ndq", (2.3)

and the differentiation in (1.1) and (2.2) have different meanings: in (1.1) p, g are fixed
parameters and differentiation is done with respect to time t, while in (2.2) differentiation
is carried out with respect to the initial data p, 5. We say that a method based on the one
step approximation P=P(t+h;t,p,q), Q=Q(t+h;t,p,q) preserves the symplectic structure
if

dPANdQ=dpNdg. (24)

The previous definition of symplecticity can be extended to general random maps. A
random map ¢(w,x) is a map with the property that for any fixed x € R?", ¢(-,x) is a
random variable. We denote ¢, () = ¢(w,-). According to (2.2) a random differentiable
map ¢ (p,q) — (P,Q) is symplectic if and only if APAdQ =dpAdqg a.s. We can easily
prove the following equivalent property.

Proposition 2.1. A differentiable random map ¢, : U — R?* (where U C R?" is an open
set) is symplectic if and only if the Jacobian matrix ¢/, satisfies

o p)" 19 ) =1 witn 7= %) ], @5)

for almost any w and any p,g€R”, (p,q)T €U, where I is the identity matrix of dimension
n.

In the deterministic case, generating functions are powerful tools to study symplectic
transformations. The next lemma introduces the generating functions S, S, i=1,2,3 in
the stochastic case.

Lemma 2.1. Let ¢y : (p,q) — (P,Q) be a smooth random map from R*" to R?". Then ¢, is
symplectic if any of the following statements is true:
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1. There exists locally a smooth random map S, from R®" to R?" such that 9(S,,)/990Q is
invertible a.s. and we have
; 0S ; 0S ,
PZ:a—Qi(q’Q)’ pZ:_a_ql(q’Q)/ 121,"',7’1. (26)
2. There exists locally a smooth random map S, from R?" to R*" such that d(PTq+SL)) /9Paq
is invertible a.s. and we have

1

%S“’(P q), i=1,-,n. (2.7)

. . 9SL
PP (), Q=

3. There exists locally a smooth random map S2, from R?" to R*" such that d(pTQ+
S2))/9poQ is invertible a.s. and we have

2

ds .. 9s2
g=Q'+ “’( Q), P=p'+ aQ‘*j(,Q), i=1,n. (2.8)

4. There exists locally a smooth random map S3, from R?" to R?" such that 9((P+p)T(Q—
q)—2S3))/0Ydy is invertible a.s. and we have

Y=y—JVS,((y+Y)/2), (2.9)
where Y= (PT,Q1)T, y=(pT,q")T.
Proof. The proof can be completed easily by adapting the proof of Theorem 3.1in [8]. O

The previous lemma gives us a powerful tool to analyze the symplectic structure and
to construct symplectic methods. For instance, for the SHS (1.1), if in the relation (2.7) we

let

m (r)
ZZ agj (P,q) +Z\/_Cr P,q), (2.10)
r=1j=1

where h is the time step and ¢, are mdependent bounded random variables such that
E(& —¢)* <h, with & ~ N(0,1), then we obtain the symplectic Euler scheme proposed
by Milstein et al. [6,8]. Lemma 2.1 guarantees that the numerical scheme is symplectic.
Moreover the implicit midpoint scheme in [8] is obtained by setting

st =hH®

NIR‘

S3 =hHO ((y+Y)/2)+ ix/ﬁ@H“)((ijY)/z) 2.11)
r=1

in relation (2.9).

We introduce the stochastic Hamilton-Jacobi partial differential equation (HJ PDE)
associated with the SHS (1.1) following the rigorous approach from [15]. We want to
consider the effect of time in the generating function S,,, so let S,,(x,t) be a family of real
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valued processes with parameters x € R?". We can regard it as random field with double
parameters x and t. If S, (x,t) is a C* function of x for almost all w for any ¢, we can
regard S, (x,t) as a C* value process [7].

Let assume that the Hamiltonian function H") for r=0,---,m in (1.1) belong to C*°. In
addition, we also suppose that:

(IV,HY (P,Q)=V,H") (p,q)|+|V,H" (P,Q)—V,H" (p,g)|)

*Mﬁ

I
AO

Li([P—pl+|Q—4]) (2.12)
and
ZO(IVpH ()| +IVeH (p,9)]) < Lo (1+p|+19)). (2.13)

So the Lipschitz condition (2.12) and linear growth bound (2.13) guarantees the local
existence and uniqueness of the solution (P(t,w)T,Q(t,w)T)T of the SHS (1.1). Moreover,
it is known that X (t;to,xo;w) = (PT (o, p,q;w), QT(t;tO,p,q;w))T, where to<t<ty+Tis
a diffeomorphism a.s. [7]. Thus the generating function, which is a random mapping,
becomes a stochastic process S(g,Q,t,w), and through Eq. (2.6), this stochastic process
generates the symplectic map (p,q) — (P(t,w),Q(t,w)) of the flow of the SHS.

For the sake of simplification, let us keep the notation S, for the stochastic process
S(q,Q,t,w). The generating function S, is connected with the SHS (1.1) by the Hamilton-
Jacobi partial differential equation (HJ PDE) (see Theorem 6.14 in [15]):

dS dS,
—_ ) w
dS,—=—H (an aQnQ Qn)dt
_Z (aQui '/aQ‘:l/Qll"'/Qn)odw:/ (214)

with the initial condition S, (g,Q,0) =j(g,Q), where j is a C® function. Starting from
the flow X(t;t,x0;w) of the SHS (1.1) and using the method of characteristics, in Theo-
rem 6.14 and its corollary in [15] it is shown that for any initial point x( there exists a
stopping time T > t( a.s and a local solution S,,(g,Q,t), to <t < T of (2.14) for which we
have the equations given in (2.6). Moreover, almost sure the flow X(¢;fy,xo;w) is a lo-
cal Stratonovich semi-martingale, and S, (g,Q,t), 9S,(g,Q,t)/0Q and 9S,,(g,Q,t)/9dq are
local Stratonovich semi-martingale, continuous on (g,Q,t), and C® value processes (see
also Theorem 6.1.5 in [7]).

Theorem 2.1. Let S,(q,Q,t) be a local solution of the H] PDE (2.14) with initial values satisfy-
ing
9
0q;

3j o
(9.9)+ aQi(W)—O' i=1,-n,
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and such that almost sure S,(q,Q,t), 0Sw,(q,Q,t)/0Q and 9S.,(q,Q,t)/9q are local
Stratonovich semi-martingale, continuous on (q,Q,t), and C* value processes. If there exists
a stopping time T’ > tg a.s. such that the matrix (9*(S,)/9q9Q) is a.s. invertible for ty <t <7/,
then the map (p,q) — (P(t,w),Q(t,w)), to <t <T', defined by (2.6) is the flow of the SHS (1.1).

Proof. The mapping (p,q) — (P,,Q.) is well defined by (2.6) because of the invertibility
of the matrix (9%(S,,)/999Q) for ty <t< ', and the implicit function theorem.
Differentiation of the second equation of (2.6) (see Theorem 3.3.2 in [7]) yields

( aa; ) Z aqlaQ, 0. @15

Recalling that S, is the solution of the stochastic H] PDE (2.14), the following equa-
tion holds by differentiating (2.14) with respect to g; (see the Corollary of Theorem 6.14
in [15]).
9S " 9H) 95, ) %S,
dl —2 )+ dt+ odw; =0. (2.16)
( aq; ) ]; dP; 9q;0Q; ZZ oP; aqlaQ]

r=1

Comparing Eqs. (2.15) and (2.16) and using the invertibility of the matrix (9S.,/94;0Q;),
we have the second equation of (1.1).

The first equation of (1.1) can be obtained using a similar procedure as reported
above, i.e., by differentiating the first relation of (2.6) and the H] PDE with respect
to Q;, then subtracting the obtained equations. Also the initial values guarantee that

(P(tOIW)/Q(tO/W)):(PIQ)~ U

The HJ PDEs for the coordinate transformations (2) and (4) in Lemma 2.1 can be ex-
pressed as

t
Su(LPa)= [ HO (Pt s, (5,P.0))ds
/ ")(P,q+VpSL (s,P,q)) oduw!, (2.17a)
S3 (t,w) = H(O)<w+—]_1VSi,(s,w)>ds

ZH (w+% ]_1V52](s,w)> odw!, (2.17b)

t[)r

where w € R?", and we consider S}, |t=t, =0 and S3 |t=t, =0. It is straightforward to obtain
the H] PDE for the generating function (3) in Lemma 2.1, as it is just the adjoint case of

).



176 J. Deng, C. Anton and Y. S. Wong / Commun. Comput. Phys., 16 (2014), pp. 169-200

3 Constructing high-order symplectic schemes

For deterministic problems, the construction of high-order symplectic schemes via gen-
erating functions was first proposed by Kang Feng et al. [3,17]. The key idea is to obtain
an approximation of the solution of the HJ PDE, and then to construct the symplectic
numerical scheme through the relations (2.7)-(2.9).

Following this idea, we now seek an expansion which reflects the stochastic proper-
ties of the generating function. Due to the Ito representation theorem, the relation be-
tween the Ito integral, the Stratonovich integral and the stochastic Taylor-Stratonovich
expansion, it is reasonable to assume that the generating function can be expressed by
the following expansion locally:

S'(P,q,t,0(Hw)= Ggo)(PIQ)](O) +G%1)(P/‘1)]( )"‘Ggo 1)(P 7)]01) ZGlfou 3.1)

where a = (j1,j2,-+,j1), ji€4{0,1,--- ,m},i=1,--- ] is a multi-index of length I, and J, is the
multiple Stratonovich integral

tors s . . .
Ja= /O /O - /O odawll -+ odwl ! oduwl!. (32)
For convenience, ds is denoted by dw?. Similarly, the multiple Ito stochastic integral I, is
given by
t ps; So .
I, :/o /0 /0 dwll - dwsll ﬁdw]l (3.3)

3.1 Properties of multiple stochastic integrals

To prepare for the derivation of the symplectic numerical schemes, we discuss some
properties of the multiple stochastic integrals. First, we define some operations for multi-
indexes.

If the multi-index a = (j,j2,--,j;) with [ > 1 then a— = (ji,j2,--+,ji—1), i.e., the last
component is deleted. For instance, (1,3,0)— = (1,3). For any two multi-indexes
& = (ji,j2,--,j1) and &' = (j1,j5,---,j;;), we define the concatenation operation * as
wxa' = (ji,j2,  ji,ji,J3 - 4Jy). For example, (1,3,0)x(1,4) = (1,3,0,1,4). The concate-
nation of a collection A of multi-indexes with the multi-index « gives the collection
formed by concatenating each element of the collection A with the multi-index «, i.e.,
Axa={a'*xala’ € A}. For example, if A={(1,1),(0,1,2),(1,1)} and a = (0), then Axa=
{(1,1,0),(0,1,2,0),(1,1,0)}.

Proposition 3.1. For

JJw="Y_ Is (3.4)

BEA

an!



J. Deng, C. Anton and Y. S. Wong / Commun. Comput. Phys., 16 (2014), pp. 169-200 177

where « = (j1,j2,-+,j1), «' = (j1,j5,---,jj) and A,y is the collection of multi-indexes de-
pending on « and &/, and given by the following recurrence relation:

{Gu), () if I=1land ' =
{AGyw—*(i).a/ %)}, if I=Tand I'#1,

Ny = 3.5
o {Aa— iy () ax (i)}, if [#1andl'= (35)
{A“,,“/*(]l)/ ac,ac’f*(].;/)}, if 17&1 and 1/7&1
Proof. Let consider two stochastic processes
X! = / bi(Xs)odw! and XP= / b (Xs) odwl”. (3.6)
Then, for the Stratonovich integrals, we have
! ji
thxfz/ X2, (X, ) odwl + / X1y (X) odwl". (3.7)
0

IfI>1and I'>1, let by(Xs) = Ju— and bp(Xs) =]/, _, such that X} =J, and X? =],. The
product rule (3.7) of the stochastic integrals yields

JoJuw = / JurJaoduwl + / JuJu—oduwl!. (38)

This implies the fourth relation in (3.5).

If =1 (or I’=1), the second (or third) relation in the recurrence (3.5) is obtained for
bi1(Xs)=1and by(Xs)=].,_ (or by(Xs)=Ja— and bo(X;s)=1). For the first relation, we take
bl(XS):l and bz(XS):l. |

For instance, since

A2,0),0 {A ( ) A )*(1)}
—{{Az, *(1), (0 i 2)}*(0)},{/\ y*(0),(2,0,0) (1)}
={{(2,0,1),(0,2,1),(0,1 )}*(0),{(0,2,0),(2,0,0),(2,0,0)}*(1)}
={(2,0,1,0),(0,2,1,0),(0,1,2,0),(0,2,0,1),(2,0,0,1),(2,0,0,1) }, (3.9)

then we have J50)J0,1) =J(2,0,1,0)tJ0,21,0 (0,120 T J0201) +2]2,001)-

Remark 3.1. From the recurrence (3.5), we can see that A, ,» = Ay ,, and the length of
the multi indexes in A, , is the summation of the lengths of  and «/, i.e., if B€ Ay,
then I(B) =1(«)+1(a’). This will be used to determine the coefficients of the generating
function in the next subsection.
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Corollary 3.1. For a=(j1,j2,**,Ji),

t]ﬂc Z] ]1]]1+1 ) (310)

Proof. The proof follows by repeatedly applying the second recurrence of (3.5). O

Similarly, we can show that the multiplication of a finite sequence of multiple-indexes
can be expressed by the following summation:

[e= Y Ts (3.11)

i=1 ﬁeAdl,"',Iln

where the collection Ay,,..q., can be defined recursively by Ay, ,..q, = {AM“ B €
Agy,o, 4}, 1> 3. For example, Ay (0),0)= {A,0) B E€ Ay} ={Aw01),0 )=
{(0,0,1),(0,0,1),(0,1,0),(1,0,0),(0,1,0), (1 0 ,0)}. Thus] o —21001 +2/(1,00) +2]010

In addition to the recurrence relation (3.5), we also propose an explicit way to cal-
culate the collection A, .. First, for any multi-index a = (j1,j2,---,j;) with no duplicated
elements (i.e., j, #ju if m#%n, mn=1,---,1), we define the set R(«) to be the empty set
R(a)=® if I=1and R(«) ={(jm,jn)im <nmmn=1,---,1} if | >2. R(a) defines a partial
order on the set formed with the numbers included in the multi-index «, defined by i <
if and only if (7,j) €R(a). We suppose that there are no duplicated elements in or between
the multi-indexes & = (j1,j2,---,j1) and &' = (71,5, ,j}:)-

Lemma 3.1. If there is no duplicated elements in or between the multi-indexes « = (j1,j2,--+,j1)
and o' = (f},j5,--+,j};), then

Agw ={BEMI(B) =1(a)+1(a), R(€)UR(a) CR(B)
and B has no duplicated elements}, (3.12)

where M= {(Gu.far s )i € Uitz fi i i=L o 141},
Proof. Let denote A; ., = {p € M|I(B) =I(a)+I(a"), R(zx)UR(tx ) CR(B) and B has no
duplicated elements }. Since there are no duplicated elements in f and () =1I(x)+1(a'),
each element of {j1,j2,--+,ji,j1,j5,-*,j;, } must appear in B only once.

We prove that A, =A! ,, by induction on I(a)+1(a’). If [(a)+1(a’) =2, then I(a) =
I(a'y=1and R(a) =R(a') = '®. Hence R(B) contains any pair with distinct components
from M={(j1,j2) 1,2 € {j1,j;} }, so Ay w={(1,71),(j1,j1)}, and from the first equation in
the recurrence (3.5), A/ =N

We suppose that A,x W= A
and we prove that A, =

v for any multi-indexes a« and &’ such that I(a) +1(a’) <k
for any multi-indexes a and ' with l( )+1(a) =k.

First, we now prove that Azlx,oc’ C A, . For any element = {]1, J2,00 ]Ak} in A;la/, be-
cause j; is the largest element with respect to the partial order defined by R(«), and jj, is
the largest element with respect to the partial order defined by R(a), then ji can only be
ji or ji,. This leads to the following cases:

acac’
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1. If jy=j; and I =1, then B=a'*j; € A, », by the second equation in recurrence (3.5).

2. If jy=j; and I > 1, then B— € A/ _ o =Ny by the induction assumption because
I(a—)+1(a')=k—1<k. Hence f=P—*(jj) EAq_ o (j;), and from the fourth equation
in recurrence (3.5) we get BE A, 4.

3. If jy=jy and I' =1, then B=a*]} € A, ., by the third equation in recurrence (3.5).
4. If jy=jy and I’ > 1, then B— €N =Ny Hence B=B—x(j) € Ay *(j;), and
from the fourth equation in recurrence (3.5) we get B€ A, .

Similarly, using the recurrence (3.5), we can prove that A, ,» C Aa o Thus Ay = Afm/

and the lemma is proved. O

The lemma can be easily extended to determine the collection A, ... 4,

Lemma 3.2. If there are no duplicated elements in or between any of the multi-indexes « =

(1) (1 (1 (n) .(n .(n
(]g )/]é )/"'/]l(l))/ ttty an:(]g )/]é )/"'/]l(n))/ then

A {,BE./\/HZ Z ag)and Ui_ R(ax) CR(B)
and there are no duplicated elements in ﬁ}, (3.13)
where M={ (.o, VU5 oo i oo it Y = L=l ).

To extend the previous two lemmas to multi-indexes with duplicated ele-
ments, we just need to assign a different subscript to each duplicated element,
for example, A(Z,O),(O,l) = A(2/01)/(02’1) = {(2,02,1,01),(02,2,1,01),(01,1,2,02),(02,2,01,1),
(2,01,02,1),(2,02,04,1)}.

3.2 Higher order symplectic scheme
Inserting (3.1) into the HJ PDE (2.17a), and using the proposition (3.1), we get

/ H© P q+z aP ds+2/ P q+z aP
t
_Z/o H") P q+z 5P ]“) odw!,
" 1 " o'H" oG, 9G, ,
_rZO/O ;ﬂ'l g a% 8qk}< oP ]‘")klm(a oP "‘>ki0dw‘“‘

=0i=01 k- ,13% a‘Jka

)odw

dG,, G,

i
.. ‘xl r
Z a apki /0 Ig]akodws
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moe i) aGL  aGL
:ZZi_l )y dr. -0 apal"'ap )y Tps(r)
r=0i=0""ky, - k;=1 Tk ki oy, u; 9Lk ki BEAwy,
m oo N 1 oH") 9GL oGl
=Yy X X X 5 o ey (3.14)
i 0qy, -~ 9qy; OB, OPy,

r=0i=0ky, - ki=101, & BE Ay -

where (zaac;}q /0P)y, is the k;-th component of the column vector ZaaGii /dP. Equating

the coefficients of J, in (3.1) and (3.14), we get the recurrence formula for determining G..
For instance, for the SHS (1.1) with m =1, we have

Gl=H", Gly=H". (3.15)

To find G%o,o)' since [((0,0)) =2 we only need to consider the valuesi=1, x=(0) and r=0,
so that

- 1 9H© 9Gl 1 9H(©) gH(©)

= = —_— 3.16
(0,0) =1 aqk aPk =1 aqk aPk ( )

Similarly, using i=1, «=(1) and r=0 for G%l,o)' i=1,a=(0) and r=1 for G(lo,l)' andi=1,

a=(1) and r=1 for G%Ll), we obtain
1) 9H©)
ogr  OP

Because [((0,0,0)) =3, the cases i=1, a=(0,0), r=0 and i=2, a1 =(0), ax=(0), r=0 both
contribute to the coefficient of g ):

. n 9H® gHM HO

n n
G pr— ——’ p—
WD = 9 9Py ; Iq aPk 1) k;

(3.17)

G 30,0,0)

n aH©) 35%0,0) o1 92HO) aGgO) aGgO)

1aqk1 aPkl kllkzzliaqklaqkz aPkl asz

" (a2H<0> oH® 9H© 9H© gH©) 32H©)  gH(©) gH©O) 2 (©) (3.18)
- + + > :
k=1 aqklaqkz GPkl Gsz aqkl aPk2 aqkzaPkl aqkl aqk2 apklasz
Similarly,

?HW 9HW oM 9HMW 9HM 2HM  9HM 9HM) 32H(D)

Gl ( + + ), (31%)
% k2 1 a%aqkz aPk1 dP,  9qx, 0P, 0q9x,0P,  Oqx, gk, 0Py 0P,
1) 0) oM 32D 0) o™ 52H1)

110 ( 1 oH +8H JH") o°H +8H JoHY o0°H ) (3.19b)
e a%aqkz aPk1 dP,  9qx, 0P, 0q9x,0P,  Oqx, Oqk, 0Py 0P,
" 2HW 9H® M) 9HMW 9gHM 2H©)  5HM 9HO) 52H(1)

Glon= ¥ ( + + ), (3199
S k2 1 V9, 9k, aPk1 dP,  9qx, 0P, 09k, 0P,  Oqx, gk, 0Py 0P,
2 (0) (1) g 32H1) (1) o) 52H(0)

011 (aH D oH +8H JdHWY) o H +8H J0H 0°H ) (3.19d)
S k2 1 V9, 9k, aPk1 dP,  9qx, 0P, 0q9x,0P,  Oqx, Oqk, 0Py 0P,
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For m>1, we apply Lemma 3.2 to obtain a recurrence formula for G;. Ifa=(r),r=1,---,m
then G} =H". Ifa= (iy,-++,i;_1,7),1>1,1i1,---,ij_1, r=1,--- ,m has no duplicates then

Wy a GiHY) Gl 3Gl

1__ .
Ca= P, P,

g

— (3.20)
=, T2 9k 04, 1oy )+ (o) =1 () —1
R(a1)U---UR(a;)CR(a—)

If the multi-index a contains any duplicates, then we apply formula (3.20) after associat-
ing different subscripts to the repeating numbers.

We can use the same approach, for the HJPDE (2.17b). For example, for the SHS (1.1)
with m=1, for Sfjj we get

Gly=H",  Giy=H",  Goy=0,  Gjyy,=0, (3.21a)
1 B 1 B
Ghoy=5(VH)T'VHY, Gy, =5(VH) ' VHO, (3.21b)
1, - _
G?O,O,O) = A_}(] 1VH(O))TV2H(0) (] 1vH(0)),... . (3.21C)

Using (2.7) and a truncated series for S}, or using (2.9) and a truncated series for S3,
we obtain various symplectic schemes for the SHS (1.1). In this paper we study only the
strong schemes, but a similar approach can be applied to construct the weak schemes,
and it will be reported in a different paper [18]. Let define A, = {a:1(a)+n(a) <27}
and B, ={a:l(a)+n(a) <27 or l(a) =n(a) =7y+0.5}, where n(a) is the number of zero
components of the multi-index « (e.g., n((0,0,1)) =2).

The implicit midpoint scheme in [6] is the numerical scheme of order 1 obtained from
(2.9) using the truncated series S3, ~ Y, A Gl.=Y", G?r) Jr) (see also Eq. (2.11) where
bounded random variables are used to approximate ;) because the scheme is implicit).
A first order symplectic implicit scheme is also obtained if we truncate the Stratonovich
expansion for S}, according to A;:

1.1 A1 1 -
5w GoyJ o)+ Z; (GinJin+GinJn) + N ;# Gipliy- (3.22)
r= i,j=1,i#j

In the next section, we study the convergence and we prove the first order mean square
convergence for the scheme based on the generating function given in (3.22).

To obtain the symplectic Euler scheme of order 0.5 in [8], we use the relation of the Ito
stochastic multiple integrals and the Stratonovich stochastic multiple integrals (see [19]),
and we replace in the expansion (3.1) of S}, each Stratonovich integral in terms of Ito
integrals I,. We truncate the series by keeping only terms corresponding to Ito integrals
I, with a € By 5, and for m =1 we have

1
1 1 1 1
SL~ Gl Iy + (G(O)JFEG(M)) Iio). (3.23)
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We notice that the generating function in (2.10) was obtained from the previous equation,
using (3.15)-(3.16) and bounded random variables to approximate I ;).
For the 1.5 order scheme, we truncate according to By 5, so, for m=1 we get :

1 1 1
1 1 1 1 1 1 1 1
So~Gly I+ (Gloy+56t ) o+ (Gloy T35k ) Ton + (Clio +5Ch0)
1 1
I(1,0)+ G%l,l)l(lrl) + (G%O,O) + 5 (G%O,l,l) + G%l,l,o)) + ZG%1,1,1,1)) L(0,0)- (3.24)

The formulas for the coefficients G included in (3.24) are given in (3.15)-(3.19), and the Ito
integrals I 1), I(1,0), and I(1 1) should be approximated using bounded random variables
(see [8,19]).

Remark 3.2. If we consider the deterministic cases, i.e., m=0, then ], =" /n! with [ (a)=n.
The coefficients (3.16)-(3.18) and (3.21) of the approximations of the generating function
proposed in this paper, are consistent with those of Type (II) and Type (III) generating
functions in [17]. In other words, the proposed construction of the stochastic symplectic
numerical schemes via generating function is an extension of the methods introduced by
Kang Feng [17].

4 Convergence analysis

In this section, we study the convergence of the first order symplectic implicit scheme
constructed using the generating function given in (3.22). As we have mentioned early,
since this is an implicit scheme we need to use bounded random variables. To keep the
notation simple, we consider the SHS (1.1) with n=1 and m =1, but the same approach
can be easily extended to the general case. Also for notation convenience, 0H/9dp and
dH /dq are denoted as H, and H,, respectively.

As in [8], for the proposed implicit schemes with time step h < 1, we replace the
random variable ¢ ~ N(0,1) with the bounded random variables ¢j;:

—Ay,, if C< —Ay,

Sh=19 & if [G]<Ap, (4.1)
Ay, if $>Ap,

where A, =2+/|Inh|. From [8], we know that

E(—&n)* <M, (4.2a)
0<E(R-&)< (1+4 |1nhy>h2 <513/2, (4.2b)
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Carrying out similar calculations, we get

2 o0 2 2 o0
E(&2_2)2— 2 p22,—%2/2 4y — / 24 04,1)2, 43
(‘: Ch) \/E A, (x h) e X \/E 0 (y hy) ( a)
A2
(A4 2e= 2 s 43 8Ay
St <____/‘ 2 2ALy)2e Tdy=e 7 (3+442+ 22 <o7h.  (43b
U \/E 0 (y hy) Y ( h \/E) = ( )

From (4.1), for any non-negative integer k, we can easily verify
E(EG ) =E@E ) =0, E(2ul*) <E(I2]) <oo. (4.4)

Using (2.7) and (3.22), for the SHS (1.1) with n=1 and m =1, we construct an implicit
symplectic scheme corresponding to the following one step approximation:

P=p—(H\" (P,q)] o)+ H" (P,a)Jly) +(Hy" (P.a)HY (P,a))g s 1)), (4.50)
Q=q-+(H (P.g)] o)+ Hy (Pa) Il + (H (P.g) HY (P.a)), 1)), (4.5b)

where Jo)=h, ]?1) =+/hé&, and ]?1,1) = C%/Z.

We suppose that the Hamiltonian functions H®) and H(") and their partial derivatives
up to order four are continuous, and the following inequalities hold for some positive
constants L;, i=1,---,5,

1
Y (=Y (P,Q) —HY (p.)|+1H (P,Q)—H{ (p,g)|) <L (|IP—p|+|Q—q]),  (4.6a)

r=0
L B
Y (IH, (p.a)|+1Hy"” (p.9)]) <La(1+]|p|+1q]), (4.6b)
r=0
L ") 0
Z(|pr (P/Q)|+|Hpq (P/Q)H"qu (p.9)]) <Ls, (4.6¢0)
r=0
1

(r) (r) (r) Ly

HY (p,a) |+ HY (0,0) |+ 1HY) (p,)]) < — =% (4.6d)
;)O ppq(P LI)| | pqq(P LI)| | ppp(P Q)|) 1+!p!+!q!
(1) (1) (1) Ls
H )| +|H )| +|H )< —2 (4.6¢)
| pppq(P Q)| | ppqq(p ‘1)’ | pppp(p ‘1)’ (1+|p|+|q|)2
((HHM),(P,Q) — (HHM), (p.g) |+ (HS HY ) (P,Q)

—(HVHM (.0))) <Ly (IP—pl+]Q—4]). (4.66)

The first equation in (4.5) is implicit, so in the following lemma we show that the scheme
(4.5) is well-defined.
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Lemma 4.1. There exists constants Ko >0 and hg >0, such that for any h < hy the first equation
in (4.5) has a unique solution P which satisfies

1
[P—pl<Ko(1+Ipl+lal) (16| Vi+h+5h), k=12, (4.7)

Proof. The proof can be completed similarly with the proof of Lemma 2.4 in [8], using the
Assumptions (4.6a)-(4.6f) and the contraction principle. O

Corollary 4.1. There exists constants K >0 and hy >0, such that for any h <hy, we have

E(IP—p| +1Q—ql") <K(+|p|+1g)'hz, i=12,--. (4.8)

To prove the first order mean square convergence for the scheme based on the one
step approximation (4.5), we apply the following general result (Theorem 1.1 in [20]):

Theorem 4.1. Let X; . (t-+h) be a one step approximation for the solution Xy x(t+h) of the SHS
(L.1). If for arbitrary to <t <to+T—h, x € R*" the following inequalities hold:

|E(Xp o (E+h) — Ko o (£4R)) | <K(14|x[2) /2R, (4.92)
[EIXy 2 (t+h) — R o (t41) 2] 2 <K(14|x[2) /2072, (4.9b)

with py>1/2 and p1> p2+1/2, then the mean square order of accuracy of the method constructed
using the one step approximation Xy x(t+h) is pp—1/2.

Before proving the main convergence theorem, we include some preliminary results
in the following lemma.

Lemma 4.2. There exists constants K1,K,Kz >0 and ho >0, such that for any h <hg, we have

[E(P=p)|+]E(Q—q)| <Ky (1+|p|+]q])h, (4.10a)
[E((P—p)J i) |+ E(Q=)J{11))| < K2 (1+[p|+g)H? (4.10b)
[E((P—p)*J))|+IE((Q—9)? (1))I§K3(1+!P!+!q!)2h5/2- (4.10¢)

Proof. For r=0,1, z=p or g, and with sufficiently small /1, from (4.6b) and (4.7), we have

H (Pg)| <|H (P,g)—HY (p,9)|+HY (p,q)| < L1 |P—p|+ [H (p,g)]
1
§(1+ypy+yqy)(K|§hy\/E+Kh+K§§§h+L3). (4.11)

Hence, using (4.4) we show that there exists constants KC;>0,i=1,2,---, such that

E[H (P,q)[' <KCi(1+]p|+]ql)', i=12,. (4.12)
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Using the Taylor expansion, we rewrite the first relation of (4.5) as P—p= —H,gl) (p9)] ézl) +

. _ 1 1 _
Ry with Ry=—H," (P,q) o)~ Hyy (p1,9) (P—p)Jly, — (HS" (P,q) Hy (P,9))g T, 1), where py
is between p and P. Hence, using the Cauchy-Schwarz inequality, (4.6b), (4.6¢c), (4.8), and
(4.12) imply that there is a constant K; >0, such that

[E(Ry)| <E[Ry| <E[HY (P.g)lJi0)+ Lay/EIP— pI2\ [EI T
+(VEHD (- I (o)) Lo JENy P

K
<=L (1+]p|+lgl)n (@13)

Moreover, since we have
RE<2((H” (P9)2(J o)) 2+ (Hy (p1,0)) 2 (P= )2 (J[y) 2
+((HSY (P,g)2(Hy (P,a)*+ (Hy (P.g) 2(HY (P,)?) U 1))?),  (414)

proceeding similarly we can show that there exists constants K, >0 and K} >0, such that

1
E(RD) < ZK3(1+Ipl+laD?h?,  [E(RYJE)I<K5(1+[pl+1g))2H, (4.15a)
E(RT(J{1))?) <Ks(1+|p|+|q])?. (4.15b)

Using the Cauchy-Schwarz inequality, (4.13), (4.15a) and (4.4) imply that there exists a
constant K3 > 0 such that:

K
[E(P—p)| < |HP (p.)EUy))|+IE(R) | < S (+[pl+lal)h, (4.162)
[E((P=p)Ifi)| < [HY (pa) EGfy Ty |+ ER1 T < E(RDE Ty 12
<2 @tipl g, (4.16b)

[E((P=p)2Tfs)) 1< (Y (p,) 2Bl 1) |+ BRI 1+2| Hy (n,) E(Ry (1))
/ K
<K5(1+[pl +1g])2h* 2+ 2|Hi (pg) | JERDEIT: < S2 (14 |pl +|q1)*h"2. (4.160)
Similarly,
K
[E(Q—q)| < 5 (1+]pl+laDh,

K
E(Q=)]{)| <5 A+ pl+1aDi,

and

K
E((Q=9)*T)) 1< 5 (1+Ipl+1ql 212,
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so (4.10a)-(4.10c) are proved. O

Remark 4.1. Notice that for h sufficiently small, using Taylor expansions, inequalities
(4.6b)-(4.6d), (4.8) and the characterization of the moments in (4.4), we can also show that
there exist a constant K4 >0, such that

ERffy) | <[E( (H )<p,q>f()+(H,S”Hé”>q<p,q>f(1,1>>1§a))1
+E|1y Hip (po.0) ) o) (P=p) |+ E| oy (HSHD) g (Pr,a)) s (P=p)|

+‘E< (1) ;(:q)(ﬁllq)]’é)(l’—v))‘
<L3K(1+|p|+|g|)h*+ (BLaLo+L3) (1+]|p| +|q)H?

+2|Hyy (p.9) | E(J] Tty (P=p))I+E[Jfy, ppq(ﬁl,q)ffﬁ)(ﬁl—P)(P—P)!
<LsK(1+|p|+q))r*+ (3L4L2+L%)(1+!p!+!q!>h2+2KzL3(1+!p!+!q!>h2
+La(1+|p|+g))H?
<Ky(1+|p|+|g))H?, (4.17)

where fo, p1 and py; are values between P and p and p; is a value between p; and p.
Here we have also used 2] ?11) =(J ézl))z and the fact that for sufficiently small /;, Lemma
4.1 implies that there exists positive constants C; and C; such that

14+ |p|+ gl 1+|P—p|+|p|+1g] < CL (1+|pl+Iq]), (4.18a)
L ! < L <G
1+|pl+ql = 1+|pl=1p—pl+q] — 1+|pl—=|P—pl+lq] ~— 1+[p[+]q]

(4.18b)

for any p between P and p.

Theorem 4.2. If the conditions (4.6a)-(4.6d) are satisfied, the scheme (4.5) converges with the
mean square order 1.

Proof. Applying Taylor expansions for the first part of the one step approximation (4.5),
we have

P—p=—H," (p.9)]10)—Hy" () Iy — (H HY g () sy
—Hy (p.0)]10)(P=p) = (H H{™ ) o (p) Ty 1) (P=p)
1
—Hy () (P= )]ty = 5 Hopa (Poo.) (P=p)° Ty
: 1
_EH;(a}a)q(P,q)(P—P)szﬁ)_§(H§l)Hq(l))ppq(ﬁoMl)(P—p)%l)

1 _
- gHﬁ)pq(PoMi) (P=p)°Iy
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=—H" (p9)Jo)~Hy (e Ity = (" (p) Hy (p.)a Ty 1
—Hr(:?(P/q)(P—P)IZ)JrRz, (4.19)

where poo, o1 and po11 are values between P and p. Since

R} <2(Hp) (9,0))2J10)2(P—p)2+2((HY H®) g (p,9))* Ul 1)) 2 (P—p)?

1

+%(Hz(a%(ﬁoo,q))z(l’—p)4(l?o))2+5 (Hipy(p.0))*(P—p)* (12

1
5 (YY) g (o)) (P P Ut
1
+1_8(Hﬁ)ﬁq(?m/‘mz@—P)6U€11))2/ (4.20)

the Assumptions (4.6b)-(4.6e), Cauchy-Schwarz inequality, inequalities (4.8), Lemma 4.2,
and the characterization of the moments in (4.4) implies that for / sufficiently small there
exists a positive constant K, such that

|[E(R2)| <Ks(1+|p|+|q)h*, E|Ra|? <Ke(1+]|p|+lq])*h. (4.21)

Substituting P—p = H,; (p.q)] ](11) + Ry, where R; is defined in the proof of Lemma 4.2, into
Hyg (p,9) (P— p)J{y), we obtain

P—p=—Hy" (p.0)] o)~ H" (p.0)Jly, — (H (p.g) By (p.0)) 1)
—Hy () Hy (p,) J1s))* = Hy (p.0) Iy Ra+ Ro. (4.22)

It is easy to verify that assumption (4.6b) and inequalities (4.15b), (4.17) and (4.21) imply
that there exists a positive constant K7, such that

E(Hy (p0)]}y) Ri = Ra)| <Kz (1+[p| +]q )12, (4.23a)
E(Hy (p,)]ly) R —Ra)® <Ko (1+[p| +1q])2h°. (4.23b)

Recall that the Milstein scheme [19] for the stochastic Hamiltonian system (1.1) satisfying
conditions (4.6a)-(4.6e) has the mean square order 1 and satisfies the inequalities (4.9a)-
(4.9b) with p; =2, p» =1.5. The one step approximation corresponding to the Milstein
scheme is given by

P=p—H" (p.0)J0)~H" (p.9)] )

+(Hyy (p.)HY (p,9) — Hiyy () HY (p.0)) T 0,10 (4.24a)
O=q+HY (p.9)] o) +HS" (p.9)] )

+(Hyg (p.)Hy (p.0) — Hy) () HYY (p.0)) T 1,1)- (4.24b)
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Comparing the one step approximation corresponding to the Milstein scheme with (4.5),
we obtain

P—P=Hy" (p,9) Iy~ Iy)) + (Hyg () By (p.0) — HY (p.0) H (p.0) U~ o 1))
—Hy (p,@)Jl) R1+Ra. (4.25)

Thus, from (4.2a)-(4.2a), assumptions (4.6b), (4.6c) and (4.23a), (4.23b), we get

E(P—DP)*< (1+|p|+]|q])*h* (2L3+54L5L3+ K7), (4.26a)
[E(P—P)| < (1+]|p|+|q))h? (LsLah? +Ky). (4.26b)

The proof for the Q— Q follows similarly by repeating the same procedure for the second
relation of (4.5), so the scheme corresponding to the one step approximation (4.5) satisfies
the inequalities (4.9a)-(4.9b) with p; =2, po=1.5. O

Remark 4.2. Using the same approach, we were able to prove that the symplectic
schemes based on truncations of S}, or S, for multi-indexes « € By or a € A; have mean
square order k, for k=1,1.5,2. Higher order schemes include Ito multiple stochastic in-
tegrals I, with multi-indexes a € By or Stratonovich multiple stochastic integrals ], with
multi-indexes « € Ay, for which is computationally expensive to simulate bounded ap-
proximations when k> 2.

5 Symplectic schemes for special types of stochastic
Hamiltonian systems

As mentioned in Section 3.2, the idea of construction of stochastic symplectic schemes of
mean square order k is to substitute the truncation of S}, or S3, with multi-indexes & € By
fork=1,2,--- ora € Ay for k=0.5,1.5,---, into (2.7) or (2.9).

Take S}u with k=1.5 on the SHS with one noise, m =1, for instances, the truncation of
SL with k=1.5 is presented as

Sw=Gloylo)+ Gyl + Gl an + Gl + G lae + Gyl

Gl Gl Gl
1 (0,1,1) (1,1,0) (1L,L,L,1) \ =
+ <G(O,0) + 2 + 2 + 4 > 1(0,0)/ (5.1)
where
- h§2
loy=H, Iny=Vhey, 1(1,1):Th’
. Vie)® o ki A
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and
h2
1(0’0) = ? .

Here ¢, and 7, are independent bounded Gaussian random variables given by (4.1). It is
noticed that the transformation of multiple Ito integrals and multiple Stratonovich inte-
grals,

1 1 1
Lio,0)=J(0,0)F 5](0,1,1) + E](l,l,o) + 11(1,1,1,1)1

are used (see [19] and [18] for more details). Then the stochastic S}, scheme of mean
square order 1.5 is obtained by substituting (5.1) into (2.7).

In this framework, the construction of the stochastic symplectic schemes is reduced
to the calculation of G} or G3. Three special types of SHSs will be considered in the
following subsection.

5.1 SHS with additive noise

First, we consider the special case of SHS with additive noise

OHO(P,Q) &

dPj= ———"=2dt— Y c,odw],  P(t)=p, (5.22)
aQi r=1
JHO(P,Q) , &
in:Tdt‘i‘r:ZlTrodw;/ Q(tO):q/ (5.2b)

wherei=1,---,n. Notice that H") = Y1 (Pt + Qo ), where 0, and T, are constants.
To calculate the coefficients of S}U, we replace in (3.20) and get,

" 9H 9H) % 9H(©) % 9H(©)
1 _ 1 _ 1 _
G(0,0) _k:1 BQk aPk ’ G(rl,O) Try = aqk ’ G(O,rl) 0—71];' aPk_, (53&1)
no 32H(0)
1 1
G(Tl,TZ) Ory Tryr G(O,rl r2) 01,01y W m/ (53b)
no R2HO n 2[00
Gl =0p,T , Gl =T.T , 5.3¢
(r1,0,r2) 2™ ke aqkl apkz (r1,72,0) 2t W aqkl aqkz ( )
G%’Mzrrs) =0, G%rl,rz,r3,r4) =0, (5.3d)

where 1 <rq,---,r4 <m. The 1.5 order schemes are obtained by truncating the generating
functions to multi-indexes a € By 5. Using the approximation of S}, given in Eq. (3.24), we
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have the following symplectic implicit scheme of mean square order 1.5:

P;(k+1) =Pi(k) - a;gj) h —r_il <a,x/ﬁg,§’k) + ag;gj) Tiom+ a;;g LY A

+ }L (2852;0) + ac;%:”) + aigm > h2> , (5.4a)
Quk+1) =0+ 2 5 (D vigg+ 2ol Sy

- }L (28331"0) + ai%loj’:’) + ac;%g’o) > h2> , (5.4b)

where i=1,---,n and all the functions have (P(k+1),Q(k)) as their arguments. Here

7h h% ’71513
I 0) <Chk \/§> and I (0,r) Chk rO)
where at each time step k, C}S;c) and 17,52) are independent bounded random variables as
given in (4.1).
Analogously, for Si), we obtain,

3 3 3 3 T 77(0
Gon=0  Ghm=0 Gl o=—GCl= T VHO, (5.5a)
G?ﬁ r2,13) T =0, G?rl,rz,o) = G?O 1, rz) G(r1 0 rz) TTVZH( ) 72/ (5'5b)
(rl rarars) 0, (5.5¢)

where Tr:]”VH(’):(—Ur,- =01, T) T and 1<ry, - -r4<m. The following 1.5 order
scheme is derived based on the truncation of S, according to multi-indexes a € By 5

Yir =Ye+] 'VHC )(Yk—i- h+2 (T a I 1VG3rO)(Yk+1)(I( 0~ Tlor)
1 3 hz
+]VG rrO)(YkJr%)E)/ (5.6)

where for each time step k, we have Y, = (P],Q])T and the arguments are everywhere
Yii1/2=(Yis1+Yk) /2. The random variables Té‘r 0y Té‘o "y (;‘,(12) and 17,(12) are the same as for
(5.4).

Notice that the 1.5 symplectic methods (5.4) and (5.6) are implicit. These methods

have a similar computational complexity as the 1.5 symplectic implicit Runge-Kutta
method proposed in [6].
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5.2 Separable SHS

Let consider the general autonomous SHS (1.1) with separable Hamiltonian functions
such that

O (P,Q)=Vo(P)+Us(Q), H"(P,Q)=U:(Q), r=1-,m. (5.7)
In this case, the coefficients of S}, become:
1 1 n v (0)
Gl =0 Gi0=0 G ; 370 8Pk (5.8)
oLI(® gy (0)
1 1 _ 1 _ 1 _
Con _k; dr 9B Clrmr) = Cnn0 = Cnom =0 (5.8b)
nooau gy 2y(0)
1 o 1 _ 1 _
G(O,ylh) —k1,kz:1 oqk, Oqk, 0P 0P’ G(rl,r2,73) =0, G(71172/73r74) =0, (5.8¢c)

where 1 <rq,---,rs<m.

The following symplectic first order scheme based on S}, is explicit, and it is different
from the two explicit symplectic first mean square order partitioned Runge-Kutta meth-
ods presented in [8]:

<o> m

Puiet1)=Ri(6) - 5= (0 3 S (k) Vg, (5.92)
oV

Qi(k+1) = Qi(k) + =5~ (P(k+1))1, (5.9b)

where i =1,---,n. An explicit 1.5 mean square order partitioned Runge-Kutta method
was reported in [8].However, when the order increases to 1.5 or higher, the symplectic
schemes based on the generating function S/, are implicit. The 1.5 order scheme is pro-
vided below:

1

© m (Ut cle ]
P+1) =P (k) - 55— QU 1 (aaqu( Q) VgL + =557 (PU1),Q06) T,
1 1
+%(28%5’19)(P(k+1),Q(k))+ac;%’r)(P(kJrl),Q(k)))hz), (5.10a)
© oG},
Qulk+1) = Q)+ S (P 1) h+;< S0 (Pl 1), QT
aG! aG!
+}1<2 C;;Sljo) (P(k+1),Q(k)) + Ga(;’;;'*) (P(k+1),Q(k))>h2>, (5.10b)

where i=1,---,n and the random variables are generated following the same procedure
as for (5.4).
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5.3 SHS preserving Hamiltonian functions

Unlike the deterministic cases, in general the SHSs no longer preserve with respect to
time the Hamiltonian functions H;, i=0,---,n, even when the SHS is autonomous. How-
ever, using the chain rule of the Stratonovich stochastic integration, it is easy to verify for
the Hamiltonlan system (1.1) that the Hamiltonian functions H®, i =0,---,m are invari-
ant (i.e., dH® =0), if and only if {H (j)} =0 for any i,j=0,---,m, where the Poisson
bracket is defined as

HU 9HO  oH( 9HU)
{HY,HO) = Z(an aP, 00 apk>

For systems preserving the Hamiltonian functions, the coefficients G of S}, are invariant
under the permutations on «, when [(«) =2 because for any r1,r, =0,---,m, we have

" 9H() 9H("2)

1 _ 1 _
G(’lz’Z)_G(Tz,ﬁ)_k:Z‘i aqk aPk : (511)

Moreover, for [(a) =3, from the formula (3. 20) we easﬂy see that Ggr . 73) = (172 rura) for
any r1,r2,13=0,---,m. Also, since for any ki,k, = ,nand any rq,7,=0,---,m, we have
0 /& oH) 9H (") 0 /< oH3) 9H(")
( ) = ( >, (5.12)
aqkz 1 aqk1 aPkl aqkz 1 aqk1 aPkl
1 _ 1

a simple calculation confirms that G - Hence, G! is also invariant under

(7’1,7’2/73) - (1’1,}’3,}’2
the permutation on &« when I(«a) =3.

These properties are helpful not only to reduce the calculations for G, but the need
of using approximation of high-order stochastic multiple integrals in the symplectic
schemes based on the generating function S}u is also avoided. For instance, when m =1,
we have the following symplectic second order scheme:
8G% 8G1

an an

1 1 1
Glo) 2 +aG(M)@ aG(l’O)C 2
GQZ 2700 2 g !

Pi(k+1):Pi(k)—< U \/ng, +a

L %Clhan hig | 9ty G2 | OChaan IE} (5.13a)
20; 6 an 2 0Qi 24 '
acl W2 oG! h G/
B 0) o (0,0) (1,1) éh 1 (LO) = 43
Qk+1—Qk+< oP; oP; 2 op; 2 + op; Cuh?
0G0 hzéh 861110 &n? 9G( 14 H2Eh (5.13b)
aP, 6 | op 2 oP, 24 '

where everywhere the arguments are (Pyy1,Qy), and we have used Joy+a0=Jn)Jo)
and J(o1,1)+J1,01) (1,100 =J1,1)](0) (see the Corollary 3.1).
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For the coefficients of S, {H (r) FH(r2) } =0 for any 0<rq,7, <m implies that G?rl = 0
and G?ﬁ raars) = 0, r1,r2,13,r4=1,---,m. Moreover, a simple calculation shows that Gg

is also invariant under the permutation on &, when /(«) = 3. Hence the second order
midpoint symplectic scheme when m =1 is given by

Yierr =Yt ] VGl (Y ) )i+ VG (Y 1) VR,

h%gg
6

s
2 7

HTIVGY 1) (Y ) =224V G ) (Yt 1) (5.14)
where Yi1,0= (Yk—H —|—Yk) /2.

It can be verified that G2 and G| is invariant under the permutation on « for any /(«)
(see [21]), and this property makes the higher order symplectic schemes computationally

attractive for the SHS preserving Hamiltonian functions.

6 Numerical simulations and conclusions

To validate the high-order symplectic schemes proposed in this study, and to compare the
performance with the lower order schemes, we consider three test cases. The cases have
been used as the test examples in [6, 8, 9], and the last example is a nonlinear problem
which is often used for testing numerical algorithms for stochastic computations [8].

6.1 SHS with additive noise

We now consider the following SHS with additive noise:
dP = Qdt+odw}, P(0)=p, (6.1a)
dQ=—Pdt+ydu3, Q(0)=g, (6.1b)

where ¢ and < are constant.

The exact solution can be expressed in the following form using the equal-distance
time discretization 0=ty <t; <--- <ty =T, where the time-step h (h =ty 1 —tx) is a small
positive number:

X(tk+l) :Px(tk)+Uk, X(O) :XOI kZO,].,"',N—]_, (6'2)
where
[ P(t) p | cosh  sinh
X(tk)_[Q(tk)]’ XO_[q , F= —sinh  cosh|’ (6.32)

te 1 1 »
(7/ cos (tgr1—s)dw, +’y/ sin (fgyq—s)dws
t te

= (6.3b)

Bev1 1 tit »
—(7/ sin (fgy1—s)dw, +’y/ cos (tr1—s)dws;
tx

tx
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The mean square order two symplectic scheme based on a truncation of S}, according to
multi-indexes « € A, is given by

1 h
X1 = w2 | Xk+
Tl 145

2

h2
1+— 0
+2

h 1

(6.4)

iy +7) 20
Y2+

We have the following proposition about the long time error of the symplectic second
order scheme.

Proposition 6.1. If T and & are positive values such that Th? and h are sufficiently small,
and E|Xy|? is finite, then the mean square error is bounded by

VEIX(t) = X2 <K(VTH+VT3h%), k=1,2,---,N. (6.5)

Proof. As in the proof of Propositions 6.1 in [6], we can show that if T and / are positive
values such that Th? and h are sufficiently small, then for k=0,1,---,N, T = Nh, there
exists a constant K; such that the following inequality holds:

”o17'M oh
|Hf—F| <K (P+Ti2), H=|'T7 0] [ w2 |- (6.6)

0 1+—
hoo1 T3

The proof then follows from the previous inequality, proceeding as in the proof of Propo-
sitions 6.2 in [6]. O

The corresponding error for the first-order scheme proposed in [6] is given by
O(TV2h+T3/?h?). Clearly, a better performance is expected using the second-order
scheme.

In numerical simulations, to guarantee that the exact solution, Euler scheme, first-
order and second-order schemes have the same sample paths, eight independent stan-
dard normal distributed random variables, 1, Cok, 71k, 2k, C1ks Q2kr €1k, €2k are used
at every time step k. The random variables in (6.3) and (6.4) are evaluated as:

et , sinh
](i)z\/ﬁél,k/ /t COS(tk+1—5)dw§:—\/ﬁ Cik+atik, (6.7a)
k
1 ; 2 .,k
L sin (s )t = Zsin® St azmist asdu (6.7)

3

h2 ‘
](O,i):ECi,k+a477i,k+a5€i,k+a68i,kr Jioy=Mu—Jo, =12, (6.7¢)
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100 102 104 106 108 110 112 114 116 118 120
t

Figure 1: A sample trajectory of the solution to (6.1) for c=0, T=1, p=1 and 4=0: exact solution (solid

line), SL, second order scheme with time step =27 (circle). The circle of different scheme are plotted once
per 10 steps.

-2 T T T T
O  Order 1.0 sympletic scheme
4} Order 1.0 reference line

*  Order 2.0 sympletic scheme
— — — Order 2.0 reference line

Iogz(Error)

-10+ P g

-12- s B

—14F ps 4
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log,(h)

Figure 2: Convergence rate of different order S}U symplectic scheme for (6.1), where error is the maximum error
of (P,Q) at T=100.

where
h sin2h  sin’h 1 /sin*h  2sinh . ,h
M=\ T T ”Z_E( 2 h E)’ (6.8a)
|k sin2h 4 ., b , 1 hsinh
a3 = \/2 1 p sin’ 5 a5, ag = p (1 cosh ), (6.8b)
_ 1 : o h _|h 2_ 2
a5—%<h—smh—hsm E—a2a4>, ag = E—a4—a5. (6.8¢)

Fig. 1 displays the results obtained using the symplectic schemes for long time simu-
lations. An excellent agreement with the exact solution is observed when the symplectic
scheme is implemented.

Fig. 2 presents the estimations of the convergence rate for various order symplectic
schemes based on S!,. We notice that the numerical results agree with the prediction
based on the theoretical study. It is also clear that the second order symplectic scheme
provides a more accuracy estimation than the first order scheme with the same time step.
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6.2 Kubo oscillator

In [8], the following SDEs (the Kubo oscillator) in the sense of Stratonovich are used to
demonstrate the advantage of the stochastic symplectic scheme for long time computa-
tion.

dP = —aQdt—oQodw;, P(0)=p, (6.9a)
dQ=aPdt+oPoduw, Q(0)=g, (6.9b)

where a and ¢ are constants.
As illustrated in [8], the Hamiltonian functions

P(t)*+Q(1)? P(t)*+Q(t)
2

HOP(1),Q(t)=a 5
are preserved under the phase flow of the systems. This means that the phase trajectory
of (6.9) lies on the circle with the center at the origin and the radius \/p?+ 4.
Here, we consider the explicit Milstein first order scheme given in (4.24), and five
stochastic symplectic schemes: the mean square 0.5, first and second order schemes based

on S}, and the mean square first- and second-order schemes based on S2,. The coefficients
G} of S}, for the system (6.9) are given by:

and HY(P(1),Q(t)) =0

a o
G%O) :E(pz—i_qz)’ Ggl)ZE(Pz‘H]z)/ G%oro):azpq/ Ggl,l)zazpq’ (610&)
Gl =Clony =P, Glogoy =0’ (P +4°), Glip =0 (P*+7°), (6.10b)
G(11,1,0) - G%l,o,l) = G(lo,l,l) =ac*(p*+q°), G(11,1,1,1) =50"pq. (6.10c)

The various order symplectic schemes are obtained by truncating the generating function
S., appropriately (see (5.14)) for the second order scheme).
For S3,, G for SHSs preserving Hamiltonian functions is zero when I(a) =2,4. Thus

3
a o a
Gloy=3(P"+0), Gly=5(F"+0), Gloooy =7 (" +0), (6.11a)
o3 ac?
Gl =7 P +4), Glia=Clon=Cory— (P+7). (6-11b)

The first-order midpoint scheme was already applied in [8] for the system (6.9) to illus-
trate the superior performance on the long time intervals compared to the non-symplectic
schemes. The second-order midpoint scheme is given in (5.14).

Sample phase trajectories of (6.9) from various numerical scheme are presented in
Fig. 3. It can be seen that the phase trajectory of the non-symplectic scheme deviated
greatly away from the exact P(t)24Q(t)?>=1. However, the symplectic schemes produce
accurate numerical solutions.

Figs. 4 and 5 confirm that the symplectic schemes have the expected convergence rate.
Hence, the high order symplectic schemes have a more accuracy estimation than the low
order symplectic scheme with the same time step.
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Figure 3: A sample phase trajectory of (6.9) with =2, c=0.3, p=1 and g=0: The Milstein scheme (a); S.,

first-order scheme (b); SL, second-order scheme (c); S2, second-order scheme (d) with time step =28 on the
time interval T <200.
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Figure 4: Convergence rate of different order S., symplectic scheme for (6.9), where error is the maximum error
of (P,Q) at T=100.
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Figure 5: Convergence rate of different order st symplectic scheme for (6.9), where error is the maximum error
of (P,Q) at T=100.
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Figure 6: Computing time v.s. error for Milstein and different types of symplectic strong S, scheme with various
time step for T=100 with 10° samples, O: h=0.004; O: h=0.002; A: h=0.001, s7: h=0.0005.
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Figure 7: Computing time v.s. error for different types of symplectic strong S3w scheme with various time step
for T=100 with 10° samples, O): h=0.004; O: h=0.002; A: h=0.001, 7: h=0.0005.

Fig. 6 and Fig. 7 show that the higher order strong schemes are more efficient than
the lower order ones. It takes about 4180 seconds to complete the first order S}, schemes
simulation for 7 =0.002. The computing time for the second order S}, schemes with time
step h=0.004 is about 3200 seconds. However, the error of second order S}u schemes is
0.0038, compared to 0.0049, the error of first order S}, scheme.

The numerical implementation for symplectic schemes of mean square order two or
more is usually difficult because it requires the simulation of many multiple stochastic
integrals. However, for SHSs preserving the Hamiltonian functions, the proposed higher
order symplectic schemes have a simpler form because of the invariance of the coeffi-
cients under permutations.

6.3 Synchrotron oscillations

The mathematical model for oscillations of particles in storage rings is given by:

dP = —B*sinQdt — oy cosQodw} — opsinQodw?, (6.12a)
dQ= Pdt. (6.12b)
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T T
- - = SL1u 1.5 order scheme
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-15

0 1‘0 2‘0 3‘0 4‘0 50 5‘0 7‘0 8‘0 E;U 100
Figure 8: A sample trajectory of (6.12) for w=2, 07 =0.2, 0, =0.1, and time step h=2"2,

We obtain the following formulas for the coefficients G. of S,

2
G%o) = % —wzcosq, Ggl) =0ysing, ng) = —02C084, Ggo,o) :wzpsinq, (6.13a)
G%O,l) =01pCosq, Ggo,z) =0 psing, Ggo,l,l) =07 cos’q, Ggo,z,z) =03sin’g.  (6.13b)

All other G! in (3.24) are zero.

Since the exact solution of the nonlinear SHS (6.12) is not known, it is hard to verify
the order of various symplectic schemes. However, using a very fine time step h=2"%, we
confirm that the sample trajectories from S}, with first and 1.5 order are almost identical,
and this is shown in Fig. 8. Moreover, the results also show that numerical schemes based
on various order of S}, are reliable for long time computation.

7 Conclusions

We present an approach to construct high-order symplectic schemes based on generat-
ing functions for stochastic Hamiltonian systems. The theoretical convergence analysis
and numerical tests are provided for the proposed numerical methods. In general these
symplectic schemes are implicit, and computationally expensive for mean square orders
higher than two because they require generating approximations for multiple stochastic
integrals of high order. It is also interesting to note that for stochastic Hamiltonian sys-
tems preserving Hamiltonian functions, the high order symplectic schemes have simpler
forms and include less multiple stochastic integrals than the explicit Taylor expansion
schemes.
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