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CELL CENTERED FINITE VOLUME METHODS
USING TAYLOR SERIES EXPANSION SCHEME
WITHOUT FICTITIOUS DOMAINS

GUNG-MIN GIE AND ROGER TEMAM

Abstract. The goal of this article is to study the stability and the conver-
gence of cell-centered finite volumes (FV) in a domain = (0,1) x (0,1) C R?
with non-uniform rectangular control volumes. The discrete FV derivatives
are obtained using the Taylor Series Expansion Scheme (TSES), (see [4] and
[10]), which is valid for any quadrilateral mesh. Instead of using compactness
arguments, the convergence of the FV method is obtained by comparing the
FV method to the associated finite differences (FD) scheme. As an applica-
tion, using the FV discretizations, convergence results are proved for elliptic

equations with Dirichlet boundary condition.
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1. Introduction.

Finite volumes (FV) are widely used both in Engineering (see e.g. [4], [10] and
[13]) and in Geophysical Fluid Dynamics (GFD) (see e.g. [11], [1] and [8]), because
of their local conservation property on each control volume. From the mathematical
and numerical analysis points of view, these methods are well studied for their
stability and convergence, using a variety of methods to compute the fluxes (see
e.g. [5], [6], [7], [9] and [14]). On a control volume in R?, one simple way to compute
the flux along a boundary is to start with the difference of the given data at two cell
centers divided by the length of the vector connecting those cell centers and then,
taking the flux as the product of that quantity and the length of the boundary,
which is the analog of the one dimensional case (see [5], [6], [7] and [9]). However
this is not the best choice when the unit normal on the boundary is not parallel to
the vector connecting the two cell centers; to deal with complicated meshes in R2,
more efficient ways to compute the fluxes are needed. In this article, we consider
the cell centered FV by Taylor Series Expansion Scheme (TSES), which permits to
compute the fluxes on a general quadrilateral mesh in R? (see [4] and [10]), and
apply them to quasi- (but, non-) uniform meshes on €2; we also intend to consider
more general meshes in the future. For the mathematical analysis of the F'V method,
one specific difficulty is due to the “weak consistency” of FV. Indeed the companion
discrete FV derivative arising in the discrete integration by parts does not usually
converge strongly to the corresponding derivative of the limit function (see e.g. [6]
or [9]). To overcome this difficulty, discrete compactness arguments have been used
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as in e.g. [6]. But here instead we consider the finite differences (FD) associated
with the FV and compare the FV and FD spaces by defining a map between them.
The convergence of the FV method is then inferred.

Our work is organized as follows. In Section 2, we describe the cell centered FV
setting by TSES without using fictitious domains, but using instead “flat” domains
at the boundary. In Section 3, we introduce an external approximation of HE(Q)
using FV spaces V}, (see [3] and [15]), and show that the truncation error between
a function in H}(Q2) and its projection onto the FV space V}, tends to zero as the
mesh sizes decrease. Due to the weak consistency of the FV, we are not able at
this point to show that the external approximation of Hg(£2) by the FV spaces is
convergent. Instead, in Section 4, we present the FD method associated with this
FV method and prove the stability and convergence of the external approximation
of H}(€) by the FD spaces Vj, in Section 5. In Section 6, comparing the FV and FD
spaces and thanks to the convergence of the FD, we obtain the convergence of the
FV in the end. Finally, in Section 7, as an application, we demonstrate how one can
use the FV method to approximate the solution of some typical elliptic equations
with Dirichlet boundary condition, and, using our results, show the convergence of
such an approximation via finite volumes to the solution of the original problem.

2. The Finite Volume Setting.

The domain is Q = (0,1) x (0,1) in R2. We set z =1 =021 =2mp =1,
Yo =YL = 0, YN+l = YN+1 = 1 and we choose the nodal points Tip 1y Yjyl for
1<i<M-1,1<j<N-1,

0=(zg=)r1 <w3s <---<xpy1(=apmp) =1,
(2.1) 2 2 2
0=(yo =)ys <yz < <ynyi(=yn+1) =1

We define the control volumes on ) which appear on Fig. 1,

(1,2 1) X (Y51, y541), 1<i<M, 1<j<N,
(2.2) K, ;= (xi,%,xi+%)x{yj}, 1<i<M, j=0,N+1,

{xz} X (yjféuijr%)u 1=0,M+1, 1<j<N.

Here, we have chosen flat control volumes at the boundary to handle and enforce
the boundary conditions.
For 1 <i¢< M,1<j <N, the center of K ; is

(2.3) (zi,y;) = (xi—% Tl Y1 +yj+%>
: 19 j - N .
2 2
We set
(2.4) hi:$i+%—$i—%a kj:yj+%_yj_%7 1<i<M, 1<j<N,

hivi =wipn— @i, kjp1=yjp1—y;, 0<i<M, 0<j<N,
and, for convenience, we also set
(25) h,() = hM+1 = ]ﬂo == kN+1 = 0
Then we infer from (2.3)-(2.5) that
1 1 , .
(26)  hipy =5 (hit+hiva), kg =5 (kj+kj), 0S1< M, 0<j <N,

and write the nodal points x, 1, Y41 as proper weighted averages of the points
Ti, Tit1, Y; and yj41 (see Fig. 2):
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yj+1/2
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FIGURE 1. Control volumes K ; and those centers (z;,y;) on €.
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FI1GURE 2. The order of the FV points in the x direction.

_ hipimi 4 hiziga

. 1<i<M-1
( ) :L"LJr% hl +hi+1 ’ ! ’
itz kj +kj+1 ’ '

It is interesting to notice and emphasize the sequential order of the FV points z
(or y):

—_

xT; = l’i_% + Eh“

(2.8) )
$i+1:$i7%+hi+§hi+17 {Ei+% :$17%+h2+h1+1

We now introduce the following function space:

step functions u;, on Q such that
uh'KIJZUZ,jvoélgM"'l,OSJSN"_]-) )
and u;; =0, fi=0,M+1, or j=0,N+1

(2.9) Vi :

and, for any up € Vj, we write

(2.10) up = E Ui i XK,
1<i<M
155N

where x, ; is the characteristic function of K ;.

For1 <i< M,0<j <N, we define the quadrilateral K,

ij+1 (solid line in Fig.
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Yi+3r2
yj+1 L
yj+1/2
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FIGURE 3. K, 1 ; (dashed line) and Kj ;1 (thick solid line) as
domains of constancy for the FV derivative.

3):
(2.11)

K; j4 1 is the quadrilateral connecting (z;_1,y;11), (Ti,¥j41), (Tiy1,9501),

and (z,y;),

and, for 0 < ¢ < M,1 < j < N, we also define the quadrilateral KH%J-l (dashed
line in Fig. 3):

KH% ; 1s the quadrilateral connecting (z;,y;), (xi+%,yj+%), (Tit1,Y5),
(2.12) ’
and (41,95 1)

The discrete FV derivative Vyup, = (Viuy, Viug) for uy, € Vi, is obtained by TSES;
see [4] and [10].

Here we slightly modify the original TSES of [4] and [10] to ensure the consistency
(see (3.4) and (3.16) below) and we set:

Yitdj = Wij g

H—%,jv OSZSM} ISJSNa

h; 1
(2.13) Viu, = e
Yitggrs ~Yimdits g
n ..
» on K i1,

1<i<M, 0<j<N\,
where we define the term u, 141 by a weighted average between the four neighbors
(4,7), (i+1,7), (i,j+ 1) and (i+1,j+1): for 0<i<M,0<j <N,

_hikjuign g1+ hikjauien g+ haikjug g + hapikpau
(2.14) Uiyl j41 = ;
20T (hi + hiy1)(kj + Kj1)

note that, due to (2.5) and (2.9), u;y1/2,4+1/2 is equal to 0 when i = 0, M or
j=0,N.

The definition of V}uy, is similar; we obtain Vu;, from (2.13) by replacing = and
h by y and k, and interchanging the indices ¢ and j. We define on V}, the scalar

1Because zo = w12 =0, Ky ; is in fact a triangle, 1 < j < N. The same is true of Ky 1/2 5,
Ki,1/2 and Ki,N+1/2~
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products (-, )y, and ((+,-))v; that mimic those of L?(Q) and H} (2): for up, v, € Vi,

(un,vn)y, = (un,vn)p2q) = Z u; 50 jhikj,

1<i<M
(2.15) 1<5<N
((un,vn))v,, = (Viuh’ vivh)l,?(ﬂ) + (VZU’M Vzvh)LZ(Q) )
with
(Viun, Vflvfﬂm(ﬂ)
kj
= > o, 1 (Wit = i) (Vi1 = vig)
0<i<M “Vit3
(2.16) 155N
k.1
i+
+ S Wit d et ~Uiog i1 3)Vind g — Vinggeg)-
1<i<M v
0<j<N
The corresponding norms | - |y, and || - ||y, are defined as usual.

We will need to impose some restrictions on the mesh sizes h; and k;. Here we
begin with the “uniformity” assumptions; further hypotheses appear below in (5.9)
and (6.11). We set

h= max h;, h= min h;,
1<i<M 1<i<M

(2.17) k= max k;, k= min kj,
1<<N 1<j<N

p=max(h, k), p=min(h k),

and assume that, as p — 0, there exit 0 < o, @y < 1 such that

(2.18) h>agh, k> ayk,

and, furthermore, comparing the x and y directions, we also assume that,
(2.19) k> ayﬁ, h > agk.

If we set

(2.20) a=min (a,, ), @=max(ay,a,),

then we infer from (2.18) that

1 11
Mh<M—h<— hi <—<—,
. ap Cap L T o T a
' 1 1 11
NE<N—k<— ki < — <=
W MGy w2

We start with the following easy lemma which provides the discrete Poincaré in-
equality for the F'V space.

Lemma 2.1. For every up € Vj,
(2.22) lunlvi, < V22 |[up||vs,-

Proof. We consider uy, as in (2.10). For any 1 <4 < M, 1 < j < N, since ug ; =0,
we have

wij = (Uij — wi—15) + (Wim1,j — Uim2j) + -+ (u1,; — uoj) -
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Therefore, by the Schwarz inequality,

|
—

3

M
(wig)® <0y (wgry —wg)? <MY (ug; — )’
l =0

Then, using (2.21), we find

2
lunly, = > uljhik;

1<i<M
1<5EN

< D> MY (wy —wg) ek

1<j<N | 1<i<M  0<I<M

<SM? Y (g —wy) Bk

Il
=)

1<<N
0<I<M
2
S(ME)Z Z (Ur41,5 — ur5) k;
N hlJ’,l
1<j<N >

0<I<M

IN

2 2 — 2
2 |V,€uh|Lz(Q) <2a7? |Vﬁuh|L2(Q)
x

Similarly, we find
2 - 2
|“h|Vh, < 2a 2 |vzuh|L2(g2) )

and hence, we obtain (2.22). O

3. External approximation of H}(Q) by FV.

As we briefly mentioned in the introduction, here we introduce an external ap-
proximation of a normed space V as a set consisting of a normed space F, an
isomorphism @ of V into F' and a family of triples {W}, pn, 71}, in which, for each
h, W}, is a normed space, pp, is a linear prolongation operator of Wj into F and
rp, is a restriction operator of V' into Wjy; see [3], [2], [15] and Fig. 4. Here we
set V = H(Q), F = L*(Q)% and W), = V},, and define the maps @, pj, and rj, as
follows:

w(u) = (u, Dyu, Dyu), Yu € H(S),
3.1
(3:-1) pr(un) = (un, Viug, Viup), Yup € Vi,
and, for all v € V = C5°(),

(3.2)
1

hik;
0, (z,y) € K;j, i=0or M+1,0or j=0o0r N+1.

/ v(@',y)da'dy’, (z,y) € K;j, 1<i< M, 1<j<N,
rh(v)(z,y) = Ki;

Thanks to the Poincaré inequality (2.22), we have

Vv © F
S~ R
Wh

FIGURE 4
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pn(un)llz = |unl?zq) + [Vaun iz (o
(3.3) = |unl3, + llunll3,
< (1 +¢3) [lunllF, .
where ¢y = v/2a is independent of h; or k;; the stability of the pj, follows.

To prove the convergence of our FV scheme, we need to prove the two following
properties (see [3] and [15]):

(3.4) (Cl) YueV, pprou—wuin F asp— 0,
. (C2) TIfup € Vy and ppup, — ¢ in F weakly as p — 0, then ¢ € @WV.

Along the proof of these properties, we will use repeatedly the following lemmas:

Lemma 3.1. For any quadrilateral K with barycenter (za,yc) and area |K|, and
for any function ¢ € C*(K), we have

(3.5) % /K 6 (@ y)de'dy = ¢ (waya) + O (KI),
where
(3.6) O' (1K) < |blez (i) | K-

We also introduce the useful interpolation lemmas:

Lemma 3.2. For any function ¢ € C(1) where [ is the line connecting the points
& and & in R?, and for any point & € |, we have

(3.7) P(&2) — @(&1) = V(&) - (S — &1) + O'(|&2 — &),
where
(3.8) O0'(1& — &%) < |dley|&2 — &I

Lemma 3.3. For any two-dimensional convex polygon K with p vertices &;, 1 <
i < p, p>2, we consider a point & in K, & = >0 N& where Y.0_ N\, =1 and
Xi > 0. Then, for any function ¢ € C*(K), we have

(3.9) D Aiol&) = 6(§) + 0'( max [& — &%)
1<i<p =P

where

(3.10) o'( ax & — &%) < |dle2(x)  fnax & — &%

For any other point n in K,

(3.11) > (&) =d(n) +O0'( max |& - &l).

1<4,9<
1<i<p =hI=p

We omit the proofs of these elementary lemmas; using the Taylor expansions,
one can easily verify (3.5), (3.7) and (3.9). We obtain (3.11) by combining (3.7)
and (3.9).
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3.1. Proof of (C1) for FV. To prove (C1), we first show that, for u € V,
(3.12) rpu — u strongly in L?(Q) as 5 — 0,

We consider (z,y) € K; ; C © and, using (3.5) for the set K; ; with center (z;,y;)
and area h;k;, and also using (3.7), we write

hzlk] /KL ; u(x/,y’)d:c/dy’ - ’U,(ZL'7y)

|rhu(x,y) - U(Cﬂ,y” =

(3.13) < |u(zs, y;) + O'(p%) — u(z,y))|

< sup |Du[p+ O'(p*) = 0 as p — 0,
Q
where O'(p?) means, throughout this article, O’(p?) < ¢p?, ¢ independent of the
mesh sizes; here, of course, ¢ depends on the C? norm of w.

Hence, from (3.13), rpu — u in L™(Q) as 5 — 0 and (3.12) holds.
To show that, for u € V,

(3.14) Virpu — Dyu strongly in L*(Q) as p — 0,

we consider two cases. Firstly, if (x,y) € K 1 forsome 0 <i<M,1<j<N,
then, using (2.4), (2.13) and (3.7) in the z direction along (zi,zi11) at ;,1, we

have
(3 15) :}I:Lrhu(z7 y) = D:Eu(xi-‘,—% ) y]) + Ol(ﬁ)
’ = Dyu(z,y) + O'(p).

Secondly, if (z,y) € K, ;, 1 for some i, j, we first notice that, using (3.2) and (3.5),
the term (rpu);; 1 ;41 is obtained by the same average as in (2.14). Then, applying
(3.9) to u where K is the quadrilateral connecting (z;,v;), (Zit1,%5)s (Tit1,Yj+1)
and (z;,y;+1), with the weighted average (z;,1,¥,,1) in (2.7), we find that, for
1<i<M-1,1<j<N-1,

(3.16) ()it gy = w(@p 1, y541) +O0'(P7).
Then, using also (2.13) for r,u and (3.7) again in the z direction along (Ti1,0511)
at x;, we obtain that, for (z,y) € Kijpa,
Virnu(@,y) = Dyu(@i,y;11) + O'(p)
= Dyu(z,y) + O'(p).
Hence, from (3.15) and (3.17), we see that in both cases
(3.18) Virnu(z,y) — Dau(z, y)| - < cp,

(3.17)

where the constant c related to the C? norm of u is independent of x, y and 5.
Therefore, Virpu — Dyu in L*°(Q2) as p — 0 and (3.14) holds. The proof being
the same for the y derivative, (C1) is now proven.

Remark 3.1. As we mentioned in the introduction, due to the weak consistency of
the F'V scheme, we cannot prove (C2) for FV directly (see [6] and [9]). Instead we
introduce the corresponding (associated) FD scheme and prove (C2) for it (as well
as the stability and (C1) properties). Then, comparing the FV space and the FD
space, we will finally prove (C2) for FV.
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4. The corresponding Finite Difference Setting.

To define the FD mesh associated with the previous FV mesh, we set Zy = 5% =
Yo = @/v% =0and zp41 = fMJr% =YNt1 = §N+% = 1. We also set z; = x;, ¥j = y;
for 1 <i< M,1<j<N. Then, we define the FD nodal points 51‘-1—%’ §j+% (see
Fig. 5):
~ 1, .
Tipl = §(xi+$z‘+1),1 <i<M -1,
1

Yied =5 05 +Y541), 1 << N -1

Together with the order of the FV points in (2.8), it is also interesting to notice
the sequential order of the FD points Z (or ¥):

(4.1)

T =Ty,
4.2 - 1 . 3 1
( ) Tipr = 5 (:177 + 931‘4_1) = (Wlth (28)) =x,_1 + Z}h + ZhH—l.

Hence, comparing with (2.8), we see that

(4.3) T =T <Tiy1, Tip) <Tig1 = Tigr, 1< <M -1,

but the respective orders of z; 1 and Z;, 1 may vary with 4.

We set

(4.4) hi =Ty — i1, kj=y; 1 —Y;1, 1<i<M, 1<j<N,

hi+%:*%i+l_5ia kj+ :§j+1_§]a O§Z§M7 OSJSN7

and compare the FV mesh sizes h (or k) and the FD mesh sizes h (or k):

h; =Ty 1—1T

3 1 3 1
= (acF% + lhi + ihiﬂ) - (xz;g + Zhiﬂ + th)

3 1 1
- 961-7%) — —hi—1+ §hz + Zhi+1

(4.5) = (z;_ 1

1
= Z(hiﬂ + 2h; + hiy1),

hi+% = hi+§'
Due to (4.1), we also observe useful relations among the FD mesh sizes: for 2 <
1< M -2,

(4.6) Bigr +hioy = @i +3) — @i+ Fi1) = 2@y — o) = 2hs.

2 i—3
The I?i,j are defined in the same manner as the K; ; in (2.2) by replacing  and y
by z and y; their sides are fNLi 41 and Ej 41 and the geometric relation between the
FV and FD grids appears on Fig. 6 (in which e.g. Ei+é < Ty but gj_% > Y1
see (4.3)).
The space of step functions for FD is given by,

step functions u;, on Q such that

(4.7) Vii=1 Tnlg, =iy 0<i<M+1,0<j<N+1,

and w;; =0, ifi=0,M+1, or j =0,N +1
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Yi+3r2

yj+1 »

yj+1/2

y

Y2t — . — —
Xi_1/2 X Xi+1/2 Xiv1  Xirap2

FIGURE 5. The corresponding FD mesh and sets K; ; (rectangles),
K 1 ; (dashed line) and K; ;, 1 (thick solid line).

yj+3/2
Yi+ar2

Yi+1

Yi+1/2
Yi+1/2

Y

Yi-1/2
Yi-12
Yi-1

Yi-32
Yi-3r2

,,,,,,

Xi-12 Xi—12 Xi Xjr12 Xjr12 Xje1 X372 Xj+3/2

FIGURE 6. The FV(solid lines) and FD(dashed lines) meshes in 2.

We also introduce the discrete FD derivative: for u; € Vh,

(4.8)

Ty J—

RUR =

Uit1,j —Uij 7
1
1,+§

Yitlj+3 — Y15+

Nl=

h;
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with
Uig1j1 + Uirrj + Ui + Ui
4
The discrete derivative Vjuy, is defined similarly by replacing z, h by y, k and

,0<i<M,0<j<N?

(4.9) ﬂi+%,j+% =

interchanging the indices 7, j in (4.8). The domains of constancy for Vi iy are the
sets f(m.% for 1 <i< M,0<j <N and IN{H%,J‘ for0 <i<M1<j<N
that are defined in the similar way as in the F'V case using Z, § instead of z, y (see
(2.11), (2.12) and Fig. 5). The scalar products (-, )y, , ((,))y;, and corresponding
norms | - [, , || - ||;, are obtained from (2.15) by replacing up, vn, h, k by Un, Up,
h, k.

Exactly as in the FV case, we can prove the discrete Poincaré inequality for FD,
which occurs with the same constant:

Lemma 4.1. For every uy, € Vh,
(4.10) [y, < V2a |y, -
5. External approximation of H}(Q) by FD.

We again consider the diagram in Fig. 4 with now V = H}(Q), F = L?(Q2)3 and
W}, = Vj,. The maps w and py, are the same as in (3.2), but we now define rjv, for
v €V, as follows

U(Ehﬂj), (xuy) S k’i,ja 1 S 1 S Mu 1 S ] S N7
(5.1)  ra@)(e.y) = o |

0, (z,y) € K;j, i=0or N+1,orj=0o0r M+ 1.
Similar to the F'V case, the stability of the operators p; follows from the Poincaré
inequality in Lemma 4.1.
5.1. Proof of the property (C1) for FD. The proof is similar, and even simpler
than in the F'V case; we recall it briefly. To show that, for u € V,
(5.2) rpu — u strongly in L?(Q) as p — 0,
we consider (z,y) € IN(” C Q, and, using (3.7), write

rnu(z, y) —u(z, y)| - = u(@i,y;) — ulz,y)|

(5:3) < sup |Dulp + O'(7%).
Q

Hence rpu — u in L*°(Q) as p — 0 and (5.2) is valid.
To show that, for u € V,

(5.4) Virnu — Dyu strongly in L?(Q) as p — 0,

we let (z,y) € Q and consider two cases. Firstly, if (z,y) € IN(H_%J- for some
0<i<M,1<j <N, then by using (4.8), (5.1), and (3.7) along (Z;,Z;+1) at
§i+%7

rrnw(@,y) = Dou(T;y 1, 55) + O'(p)
= Dyu(,y) + O'(p).

(5.5)

2Note that Ujp1/2,j41/2 may not be zero for i = 0, M or j = 0, N, but may be “small”. This
is not inconsistent with the Dirichlet boundary condition which is well enforced by (4.7).



12 G. GIE AND R. TEMAM

Secondly, if (z,y) € I?i’j+% for some 4,7, we observe that, from (5.1), the term
(rpw)it1 i1 is given by the same average as in (4.9). Hence, applying (3.9) to
u where K is the quadrilateral connecting (Z;,%;), (Tit1,;), (Tit1,Y;+1) and
(%i,Yj4+1), with barycenter (Ei+%7ﬂj+%)7 we find that, for 1 < i < M —-1,1 <
J<N-1,

(5.6) (rnw)isy et = “(5i+%7gj+§) +0'(p%).
From (4.8), (5.1) and (5.6), we now infer that, for (z,y) € f(i,j+%’ using (3.7) again

along (Z;_1,;11) at T;,

(5 7) ‘/;‘;Thu(l', y) = D:cu(ii, §j+%) + O/(ﬁ)
— D,u(a,y) +0'().
From (5.5) and (5.7), we see that in all cases

(5.8) Virnu(a,y) — Dou(e,y) < O'(F) —0asp—0,

and thus, %ﬁrhu — Dyuin () as p — 0 and (5.4) holds. With the same result
for the y variable, the proof of (C1) is complete.

5.2. Proof of (C2) for FD. To prove (C2), we impose another condition to our
mesh sizes, namely

hiv1 — hi_
sup —H L S 0asp— 0,
(5.9) 2<i< M—1 h
' ki1 — k;i_
sup H L s 0asp— 0.
2<j<N-1 k

Note that n; = 72 = 0 for a uniform mesh and in the typically annoying case
considered in [6] and [9] where ho; = h, ho;i11 = 2h.

We want to verify (C2); so let us assume that u;, € Vj,, Vh, and that, as p — 0:
(5.10) Un = ¢o, Vlin = (¢1,¢2) weakly in L*(Q).

We have to show that, for V6 € C§°(R?),
(5.11) / (61,,) Odedy = — | oDbdudy
R2 R?

where ¢ is equal to ¢ in Q and to 0 in R? \ Q. Indeed if (5.11) is proven, then
(1,03) = D¢, which implies that ¢, € H'(R?), and thus ¢y € Hg(Q) with
(é1,¢2) = Dy, since ¢, vanishes outside of €.

We set

(5.12) I = (IF, 1Y) = / Viwinbdzdy = | Vyi,0ddy.

R2 Q
By (5.10), we promptly see that I;, converges to the left-hand side of (5.11). Both
directions being handled similarly, to verify (5.11) and (C2), we only need to show
that:

(5.13) Iy = / ﬁffiﬂhf)dzdy — 7/ ¢o D Odxdy = f/ ¢oDOdzdy, as p— 0.
Q Q R2



CELL CENTERED FINITE VOLUMES USING TSES WITHOUT FICTITIOUS DOMAINS 13

The regions of constancy KZ 1 and K i+l of the discrete FD derivatives thh
are handled differently. T herefore to obtaln (5.13), we write

(5.14)
Iy =5+ I,
/ Z thhXK )dedy, 12:/ Z thth _ )dedy,
Q +
0<i<M 1<i<M
1Z5<N 0<j<N

and, after we simplify each of I; and I, we will show that under the assumptions
(2.18), (2.19) and (5.9), I¥ converges to the right-hand side of (5.13) as p — 0.
We observe that, for 0 < i < M, 1 < j < N, the areas of the quadrilaterals

KH%J- are 2~ hl+1k and their centers are (T ZJri,yj) where
~ ~ . ~ 1. 1 -
Tigp =T, 1<i<M-—1, Ty = 3%, xM+%=§(2+xM),
(5.15)

~

1 .
U= 3Wms + 0 +00), 1SJ<N;

hence, using Lemma 3.1, we find that

k . ~ _
(5.16) = /~ Odxdy = Eﬁ(xﬂr%,yj) +0'(5%),
hi+% KH»%,]‘
where, due to (3.5), O'(p%) is bounded by c|f|¢2p for a constant ¢ independent of
the mesh sizes.

We then simplify I; by using (4.7) and (5.16):

Il = E / H—l uH—Lj - ﬁi,j) dedy
0<i<M
1<j<N

= (by changing the indices and using wg ; = upr41,; = 0)

(5.17) = Z ﬂ”{ﬁ:l/f( Odﬁlcdg,/—ﬁl;ll /~ 1 Idedy}

e B
1 ~ N
=75 Z s _7]43]{9(131_,'_17 y]) - 9('1;7,—17 y])} + O/(p)luhh},
0<i<M
1<j<N

Using (3.7) for 0 along (2;_1,%;, 1) at x;, we write I; in (5.17) in the form:
1 ~ N7 T i~
(5.18) L=-3 > i D0 (T, ) hik; + O (p) [l -
1<i<M
1<j<N
Now, to obtain the expression of Iy similar to (5 18) we consider the quadrilat-
erals K”Jr ,1<i< M,0<j <N with areas 2~ iy kj+1 and centers (acz,yj+ 1):

~ 1 ~ =~ ;
xi:§(xi7%+$i+xi+%)a 1<i< M,
(5.19) 1 1
Y+t =Y+t LST<N -1, Aézggl’ §N+EZ§(2+§N)'
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Using Lemma 3.1 on I?i’jJr%, we find that, for 1 <i< M, 0<j <N,

kj-‘r% ~ o~ /(=3
(5.20) = bdzdy = —20(3:,Jj11) +0'(7%),

where O'(5%) is bounded by c|f|c2p? as in (5.16).
Due to the definition of Vj, in (4.8), (4.9), using (3.7), we write I in (5.14) in the
form:

(5 21)
Z / uz+1 J+1 + uz—i—l,] - uz 1,5+1 — Uz 1 ]) edxdy

1<i<M i J+1
1<j<N

= (changing indices for ¢ and using (5.19) and (5.20))

1 ~ ~ 7 . ~
-8 > (g + Ug) kj—&-%{o(xi—i-l:yj-l—%) - G(Ii—layj-&-%)}
1<i<M
155SN
+ O'(p)[tnly,
1 ~ _ ~ N ~ N~
T8 Yo (@i + i) ki1 D20(Ti, P4 1) @ier — Tima) + O’ (D)l
1<i<M
1<j<N
where, using (5.20) and treating boundary terms for i = 0, M, O’(p) is bounded by
¢|f|c2p for a constant ¢ independent of the mesh sizes.
For I in (5.21), we change the indices for j, and use (3.9) and the analog of (4.6)
in the y direction. As a result, we find

1 . o\~ . ~ i~
(5.22) L =-7 > Ui Deb(E,T) (Zirr — Bi1)ky 4+ O'(P)[unly, ,
1S5EN
where
. ; = - )
kjpy kg

We also notice that, for 2 <i < M — 1,
Zi—1— Tix1 = (using (5.15) for Z;, and (2.6), (2.8), (4.2) and (4.5))

(5.24) o
—2h; + D {(hi = hiv2) + (hi — hi—2)},
and hence, using the assumption (5.9), (5.22) yields
1 ~ ~ —\7T 7 ~
(5.25) Lo==5 > TaDab(@ 1) hik; +O'(m)finlg,
1<i<M
155N

where O’ (1) is bounded by cm for a constant ¢ independent of the mesh sizes.
Now, since the area of K; 4 is equal to h k , from (5.14), (5.18) and (5.25), w
can rewrite I} in the form:

(526) [;‘/f = 7/ 'EthHdo:dy + O/(nl)lﬂh‘f/h»
Q s
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with
. 1 o -
(5.27) Dig= > §{Dze(xi,yj)—|—D$9(a:i,yj)}xl~(iyj.
1<i<M
1<j<N

Then, since 6 is in C§°(IR?), it is easy to see that, as p — 0, DF6 converges to D0
strongly in L?(2) and we now conclude that

(5.28) I - — | ¢oD,0dxdy as p — 0;
Q
the proof of (C2) for FD is complete.

6. A map between the FD and FV spaces.

To prove the (C2) property for finite volumes, we introduce the following map
Ay 2 Vi — V), between the FD and FV spaces:

(6.1) Ah( Z ﬂi,ij(M) = Z ai:iji,j'
1<i<M 1<i<M
1<;<N 1<j<N
Its inverse A;l mapping V}, into Vi, is defined by
-1
(6.2) Ay ( Z Ui,jXKi,j) = Z iiXE, ;-
1<i<M 1<i<M
1<j<N 1<j<N

We now state and prove a lemma estimating the L? norms of u; — A;luh and of
up — App,.
Lemma 6.1. For any up € Vi, and up, € ‘N/h, we have
63) lun, — Ay unl 20y < V302 23] unl v,
[, — Aptin|L2) < \/%g‘%ﬁllﬂhll‘;h.

Proof. We only prove (6.3);. By the points ordering relations (2.8) and (4.2) (see
also Fig. 6), we see that K;; can only intersect its neighbors K; jt1, Kit1j,
Ki:l:l,j:tl and that

luij — wijx1], on K ;0N f(i,jila
lwij — wiz1,;], on Kij N Kiiy,
(6.4) lun, — A} M| = i j = w1 gl on K0 Ky jan,
|wij — Uit1+1], on K; ;N kiﬂ,jila

0, on Kj; \ (f(i,jil U [N(iil,j U [N(iil,jil) .

Thus

_ 2
/ |Uh — Ahl’uh| < hik; {|uzj — i |?+ |uy — it |
K

(2%

(6.5)
Fluiy — wic1 x4 iy — wig1 e}

For the last two terms in the right-hand side of (6.5), we write

(6.6) luij — Uifl,jzl:1|2 < 2w — 'U/ifl,j|2 +2|ui—1,; — uifl,j:tl|2 ;
luij — Ui+1,j:t1|2 <2lu;; — ui+1,j|2 +2|uip1,; — Ui+1,j:i:1|2 ;
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and hence
_ 2
/ lun — Ay Mun|” < Bhiky {|wi g — wi e |* A+ i — vt ;)
(67) K
22
iy = i1 [P iy — tigr ]}

By summing in ¢ and j, we find
(6.8)

’uh — A;luh|2 dxdy
Q
<5 Y hiky {luig — wi gl + |wig — iz )
1<i<M
155N
oy = wim1 g1 [+ iy — tiv ]}
< (by changing indices)
S 15 Z E{ Z kj |ui,j — ui,ji1|2 } -+ 5 Z E{ Z hl "LLLJ' — uii17j|2 }
1<i<M  1<j<N 1<j<N  1<i<M

< (with (2.13) and (2.19))

2 2
<30 RES Y [igin = il o1 S [wi1g = wigl”)

j
1<i<M kjvs 0<i<M hiyy
0N 12/SN
12 2 .
< 300 p?un[3;, ;
(6.3); follows. O

We pursue in our task of proving the property (C2) for finite volumes, and
now we want to compare Vpup and VhA,Zluh. We recall that the domains of

constancy of the FV derivatives Viuy, Viu, are the quadrilaterals K 1 and

K; ji1; for the finite differences, those are the quadrilaterals IN(H%J and Kj ;1.

Considering for instance K L1, we notice that this quadrilateral may only intersect
the quadrilaterals I?H%)jﬂ, s=0,+£1 and Ki_mji%, r =0, 1; see Fig. 7. To obtain
the property (C2) for FV, we impose an additional technical assumption on the
mesh, namely:

1 ~ _
(6.9) 2sjsN-1

1
sup  —
a<i<m—1 hk
2<j<N-1

’Ki—&-%,j\(Ki—&-%,jmki—&-%,j)} =n4 —0asp—0.

We notice that the areas of Ki’jJr% and I?MJF% are respectively 2’1hikj+% and

~

2_1Eikj+%, and therefore, there exits 0 < /ﬁi < min(hi,ﬁi) such that
~ 1=
Thanks to (6.10), we can rewrite the assumptions (6.9) in the form:

kj —k;

hi —
(6.11) sup  ——— =13 — 0, sup
2<i<M-1 B 2<j<N-1

=n4 —0asp—0,
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FIGURE 7. K, 1 ; (thick solid lines) and nearby K; ; 1, K1 ;
(thick dashed lines) which may intersect.

and, due to the assumptions (5.9) and (6.11), we find that

(6.12)
sup hivi—hion _ sup hiv1 —hix1 | hip1r—hi—1r | hio1 — hiq)
3<i<M—2 h 3<i<M—2 h h h
<m +ns,
R Y s Sl WL 2 Wl WO kj—l)
3<j<N—2 k 3<j<N—2 k k k

< 12 + M-

We now state the following lemma which is the last ingredient needed to show the
property (C2) for FV.

Lemma 6.2. Under the assumptions (2.18), (2.19), (5.9) and (6.11), we have
that, for any ¢ € C§°(R?), and uy, € Vi,

/ (Viuh - WLATW) sodwdy’ < c(m +n3 + na)llunllv, »
(6.13) ¢
< c(n2 +n3 + na)llunllvi, »

/ (VZU}L — 6%/\;11%) pdzdy
Q

for a constant ¢ depending on v, but independent of the mesh sizes.

Proof. We only prove the first inequality in (6.13).~
We observe from (2.13) and (4.8) that V#u, — V¥ A, 'uy vanishes on the sets
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4140 Ki+%,jv but it may not on the sets Ki7j+% N Ki7j+%.

On each K, ;1N I?Z-’j+%7 by using (2.13), (2.14), (4.5), (4.8) and (4.9), we find

(6.14)

where

(6.15)

-1 _ -1~ o~
=R (s gy —wm1in) —hy (W s — U1 i)

=J + Jo,

J = hivikjuij1 + hipikjiuig  hisikjugjpn + hicikjpaugg
hi(hi + hiy1)(kj + kji1) hi(hi—1 + hi)(kj + kjt1)
Jy = kjuivijrr + kjriuivry  kjuica a1 + ks
(hi + hiv1)(kj + k1) (hicy + ha) (k) + kjsa)

Uit 1,541 F U1, — Ui—1, 541 — Ui—1,5
hi—1 4 2h; + hit1

‘We now rewrite the terms J; and Js in the form:

(6.16)

and

(6.17)

(hiv1 —hi—1)
J1 = ki s k- i
1 (hifl + hz)(hz + hz«‘,»])(kj + kj+1) [ Ju ,J+1 + ]+1'U; ,]]

B ij+1 — i) + J1,
2(hi—1 + hi)(hi + hiva)(kj + kjy1) (i1 —uig) + J1
hi 1— h'—l
J = i+ i y y
' 2(hi—1 + hi)(hi + hit1) (Wi i1 + tij)

1 1
S = [2( - } (Wit 1,4+1 + Uig15)

hi+hit1)  hio1+2h; + hip
. [ -1 1
2(hi—1 + hi)  hi—1 4 2k + higa

} (Wim1j41 + Uiz15)

+ kj - kj+1 |:ui+1,j+1 — Uil Ui—1,541 — Uil,j:|

2(kj + kjt1) hi + hiya hi_1 + h;
_ kiR [ui+1,j+1 — Uiyl Uisljl — Uz‘l,a} g
2(kj + kjt1) hi 4+ it hi—1 4 h; 2

hi—1—hit1
Jy = Wit1,j+1 T Uit1,j
2 2(hi + hix1)(hiza +}?hi + hit1) (i1 +13)
i—1 — Rit1

+2(hi—1 + hv)(hv—l + 2hz + hi+1) (uifl,j+1 + ui—l,j) .

We can combine as follows the terms J| and Jj in (6.16) and (6.17):

hi—1 — hita

i+1,541 — Wig+1) T (Uit15 — Uij
2(]7/1 4 hi+1)(hi—1 +2hz 4 hi-‘,—l) [(u +1,5+1 u ,J+1) (’LL +1,5 U ’J)]

(6.18)
+

hi—1— hip1

2(hi—1 + hi)(hi—1 + 2h; + hit1) [(Wit1 = ign) + (imrg = i)
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Then, using (6.16), (6.17) and (6.18), we can rewrite (6.14) in the form:
(6.19)
Ji+Jo =K1+ Ko+ Ks,

(hiy1 —hi1)(kj — kjq1)

K, = Ui = i)
L Sy + o) B )y o+ Ry ()
hi—1 — hit1
* = s e )i 2y gy (et i) (g = )
hi—l - hi—‘rl
+2<hi—1 + hi)(hi—l + th + hi+1) [(ul—l,]-‘rl - Uz,]+1) + (Uz—l,] - Uz,j)] s
K3 = kj — ki1 {ui+1,j+1 T Uit1,j  Ui-1,4541 — Uil,j}
2(k; +kjq1) hi + hitq hi—1+ h;

Using (2.16) and the assumption (5.9), we then treat the term Kj:

Z / B Klgodxdy‘
LJ+IOK 3

1<i<M 1
0<j<N
|hiy1 — hi_1]
=c 2 i i1 — wi | _ pdady
(6.20) 1<i<M & K, 10K,
0<j<N
<e Y (i = Bl g —wiy
1<i<M
0<j<N

< e(m +0'(p))llunllvi,,

where ¢ is a positive constant depending on ¢, but independent of the mesh sizes.
Using the estimate similar to (6.20), we also obtain

(6.21) ’ Z /K

0<j<N

mdmdy) < c(m +0' () [unllv,-

For the term K3, we use (3.5) on Kj ;1 ﬂK +1 with area 27 h k;j 1 and barycen-
ter (xi,j+%7yi,j+%):

(6.22)

1= 4
X - pdrdy = §hikj+%%0i,j+% +0'(p"), Pij+i = <P($i7j+%ayi,j+%)7
ity i+t

where O'(p%) is bounded by c|¢|c2p*. Then, by (2.6) and (6.22), we write
6 23)

>/ Kggpdxdy\,] S Kyghiky 00| + O @) lunl,
1<i<M ”+1” j 1<i<M
0<j<N 0<j<N

and, by changing the indices in (6.23), we find
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(6.24)
S [ Ky
1<i<M VK Gt DK Gy
0<j<N R R
_ kj - k]+1 Ei*l ﬁi+1 ‘
= ’ 1<ZZ<M 3 (Uz,j+l Uz,]){ hi—1+ h; (pi—l,j—o—% hi + hi+1 ‘pi+1,j+%}
0<j<N
+0' (D) lunllvs, -
We also find that
hi—1+ h; <pi—1,j+§ h; + hi+1 ¢i+1’j+§
1, he b
6.25 - i—1 i+1 _
( ) 2 1 hi+hi+1}(%_1’j+% 901;+17j+%)
1 hi Ei+1
+§{hi71 +hi  hi+hi }((pi_l’jJ“% tQitnit)s
and
hi B Ei-&-l
hiv4hi  hi + higa
(626) _ hi (ﬁifl — }\Lﬁ”l) +Ei*1 (hi+1 - hi*l) + (ﬁi—l — EiJrl)hifl

~
~

hi_y — hit1 hi—1 (hiy1 — hi—1)
hi + hipq (hi—1 + hg) (hi + hig1)”

Therefore, using (6.25) and (6.26), we can bound (6.24) by Ly + Lo + L3 where
(6.27)

(hi—1 + hi) (hi + hit1)

~

~
=

=

hi—1 hiy1
i—1+hi  hi+hip

L= | X {F gt e - w)l
1<i<M

0<j<N

(Pi-1j+ — %‘+1,j+%)}

)

kj — Kja Eiq—ﬁiﬂ
Lo = ‘ Dy T Ryl i — ) — ) ) ) ) ’
? 1<§<:M 6 (itt —Uig) g (P +@it111)
0<j<N R
kj —kjia /};2;1 (h/iJrl — hifl)
Ly = ‘ {M Ui — g
’ 1<§<:M 16 (i1 ) (hi—1 =+ hi) (hi + hig1)
0<j<N

(Pic1jes + %‘+1,j+%)}‘-

We control the L;, 1 < i < 3, terms of (6.27): for a positive constant ¢ independent
of the mesh sizes,

(6.28) Li<c Y |uijpr—uil
1<i<M
0<j<N

Pio1j+1 ~ Pir1+3|P S c| Dol pzlunl|v;, -
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Under the assumption (6.12), we use the analog of (6.20) and find

(6.29) Ly <c Z |wij+1 — g |Pig1 — hi—l’ <c(m +n3+0'(p)) llunly, -
1<i<M
0<j<N

Under the assumption (5.9), the term Ls can be easily treated as (6.20) and we
finally obtain, from (6.19)-(6.21) and (6.27)-(6.29), that

(6.30) Z /

1<i<M U+mK i+1
O<j<N

%;uh - WLA;luh) wdxdy’ <c(m +n3)llunllv, -

Now, toNtreat Veuy, — V¥ A 'uy on Kijp\ (Ki,j+% N Ki7j+%) or Kij1;\
(Ki+%,j N KZ-JF%J-), we recall that the quadrilateral KH%J- may only intersect the

quadrilaterals I?H%’jﬂ, s =0,%+1 and K

itrgels T =0,1, and similarly the Ki’jJr%

may only intersect the quadrilaterals K,

see Fig. 7. We then, observe that
(6.31)

‘thh”( ‘ or ’VhA uth

+S,j+%’ S = 0,:‘:1 and Ki:l:%,j+r’ T = 07 1;

1
i ) h |wit1,5 — i,

ViAo g,

it

1
o {|ui+1,j+1 = Uit j1] + Ui — w14},

1
‘Vﬁuhug < 3h {\Uz‘+1,j+1 — Uit1,5| + |Ui+1,j+1 - ui,j+1| + |Ui+1,j - u2]|

iitd

}.

F i1 — Wi g| i1 — Wi ] F i — wim1 ]+ Wi 1 — Wie1j
If we set
(6.32) Ki; = {Kmur% \ (Km'+% n K@jﬁ)} U {Kz'+é,j \ (Ki+é,j n Kz‘+%,j)}’

where the indices are 1 < i < M, 0 < j < N for K”+ ,yand 0 < @ < M,
1 <j <N for K; 1 ;, then, thanks to (6.9) and (6.31), we find that, for a constant
¢ independent of the mesh sizes,

S (o 1050 it
i,] i3
< {1Vl + [Tt} | oo
1,7

(6.33) <3 {|V§uh| + ‘?ﬁA;luh‘}W(ng +n4)
i

< (by changing indices in (6.31) and treating the boundary terms)

<c(ms+ma) Y {luipry — vl + w1 —wis}h
i
< (03 +ma) [[unlly, -
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Consequently, from (6.30) and (6.33), we obtain
‘/ ( Fup — 6%A;1uh) godxdy‘
Q

- ‘ Z /K (V:ﬁuh - 6:}3‘/\}:1/“}1) wdzdy

1<i<M i,j+%

(6.34) 0SSN

+ Z / (V"fluh — 6%/\;1@%) cpdmdy’
0<i<M VK1
15j<N

< 1(6.30)| + [(6.33)] < c(m + m3 + na)|unllvi.,

and this is (6.13); as desired. O

Remark 6.1. It is noteworthy that, since nz in (6.11) is not equal to zero for
the case where hy; = h and hoj1 = 2h, the assumption (6.11) is somewhat more

restrictive than the assumption (6.12); in (6.12), hig1 —hi_1, 3<i < M —2, are
equal to zero when ho; = h and ho;11 = 2h.

Remark 6.2. For the case where ho; = h, ho;11 = 2h, it is enough to impose the
condition (6.12) and, for such a special case, we can prove Lemma 6.2 by using the
discrete integration by parts. But here we assume (6.11) to handle more complicated
meshes, for which, the geometric complexity of the mesh prevents us from using the
discrete integration by parts.

Now, thanks to Lemma 6.2, we deduce the convergence result of the FV in the
following theorem:

Theorem 6.1. Under the assumptions (2.18), (2.19), (5.9) and (6.11), the (C2)
property for the external approzimation of Hg () by the FV spaces Vi, holds true.
Hence, with (3.3) and (3.4)1, we conclude that the F'V approzimation is stable and
convergent.

Proof. Consider {uy} € V}, such that ppup, — ¢ = (¢o, ¢1, ¢2) weakly in F:
up — ¢o weakly in L2(Q),
(6.35) Tup, — ¢1 weakly in L2(Q),
Viu, — ¢ weakly in L*(Q).
Then, to prove the (C2) property for the FV method, we have to verify that ¢g €

H}(Q) and (¢1, ¢2) = Deo. But, since the property (C2) for the FD method holds,
it is sufficient to show that

A} tup, — ¢o weakly in L2(Q),
(6.36) VEA uy — ¢y weakly in L2(Q),
%zAgluh — ¢ weakly in L?(1).

Property (6.36); is true by Lemma 6.1 and the boundedness of |jug]|v,; (6.36)2
and (6.36)3 are valid because of Lemma 6.2 and the boundedness of ||up]v, again.
Hence we obtain the property (C2) for the FV method. O
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7. An application.

Now, as an application of the convergence result for the FV method, we briefly
show how one can implement the FV method to approximate the solutions of some
typical elliptic equations with Dirichlet boundary condition, and prove the conver-
gence results.

We consider a general two dimensional Dirichlet problem in the form:

(7.1)
{ —00a08(2,y)0su + 94 (ba(z,y)u) + g(z,y)u = f(z,y) in @ = (0,1)2 C R?,

u =0 on 0,

where the Einstein summation convention is understood for the Greek indices o, 5 =
1,2. For simplicity, we assume that, for each o, 5 =1, 2,

(7.2) aop, 9, f €CO(Q), by €C*(9),

and, for the coercivity of the problem (7.1), we also impose the following properties
on aa,@($7 y)a ba (.CL', y) and g(.’l?, y)

aa5($7y)£a§ﬁ 2 K;1|£|27 V£ = (61762) S R27

7.3 1
( ) iaozba(x7y) +g(gjay) 2 Ko > 07

for suitable strictly positive constants x; and kKo.
The variational form of (7.1) is classical:

(7.4) To find uw € V = HY(Q) such that a(u,v) =<l,v>, Yo €V,
where

a(u,v) = / (aalgB@uaav — baudav + guv)dmdy,
(7.5) @
<l,v>= | fudzdy.
Q

Note that, thanks to the Lax-Milgram theorem, we obtain the existence and unique-
ness of the solution u of (7.1) in V = H}(Q).

To construct the FV approximation of (7.5), we use the spaces V}, introduced in
Section 2 as well as all the notations of the previous sections as needed. We first
consider the convection term in (7.1) which is the most problematic: we start by
integrating this term over a rectangle K ; for fixed 7, j, and use the Stokes formula:

/ O (bau) dzdy =/ (bru, bau) - m; ;dS
K 0K, ;

i

(7.6)

—5.d NEETE

where n; ; is the unit outer normal on K;; and where Fj 1 ; and F;

ij+1 are the

3
fluxes along the parts of boundary {@;; 1} % (y;_1,9;11) and (z;_ 1,z 1) x{y; 1}
respectively. Since the unit outer normal n; ; of K, ; is (£1,0) or (0,+£1), we can
approximate those fluxes in the following way: for 0 <:¢ < M, 1< j < N,

Y1
(7.7) Fi+%,j = / ’ bl(xi+%7y)u(xi+%ay)dy = bl(xi+%ayj)ui+%7jkja
y

-3
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and, for 1 <i< M,0<j <N,

. 1
it3 -~
(7.8) Fi,j—&-% = /I bQ(mayj+%)u('T’ayj+%)dm = b2($i7yj+%)u;:j+%hia
-3
where
(7.9) o _ hiuig +higiuiga X _ kjuig kit
’ it 3. hi + hit1 ’ ij+3 ki + kit

moreover, for any up € Vj, we write

* * . *
(710) Up = § u¢+%’jXKi+%,] + E uiﬁjJr%XKi’jJr%-
0<i<M 1<i<M
1<5<N 0<j<N

Thanks to (7.7)-(7.9), for up, vy € V4, multiplying (7.6) by v; ; and summing over
1<i<M,1<j<N, we find that

(7.11) aj,(up, vn) = ay (un, vn) +ag" (un, vn),
where, remembering that vo ; = var41,; = vi,0 = vi,n+1 = 0,

Z {b1($i+%ayj)ur+%,j - bl(xi—%vyj)uj,%_j}vi,jkj
1<i<M
155N

*
- E bl(xi+g’yj)“¢+%,j{vi+1,j—Uz',j}kjv
1<i<M
1Z/EN

allz* (uhv Uh)

(7.12)

aZ (un,vn) = Y {b2(@i, g1 )ui 1 —ba(ws gy a)ui ;o foigha
1<i<M
1<j<N

*
- E b2(xi7yj+%)ui’j+%{vi,j+1_'Ui,j}hi-
1<i<M
155N

Now, using (7.9), (7.11) and (7.12), we introduce the FV discrete variational prob-
lem of (7.1) in the form:

(7.13) To find up, € Vi, such that ap(up,vp) =< lp,vp >, Yo, € Vi,

where

(7.14) an (un, vn) = (aasViun, Vyvr) + a (un, vn) + (qun,vp),
<lp,vn >= (f,vn);

here (-, -) is the usual L? inner product over Q, and V} = V§ and Vi = V7.

Remark 7.1. For the sake of simplicity, in the FV discrete variational form (7.13)
and (7.14), we only use the fluzes from the convection term of the original equation
(7.1). One can also use the fluzes from the diffusion term in (7.1) and construct
the corresponding FV discrete variational form; see e.g. [8] or [10]. However, in
such a case, more difficulties may occur in the analysis, e.g. in the computation for
the uniform coercivity of the bilinear forms ap.

Before we start the analysis of the problem (7.13), we first state and prove a
simple, but useful lemma:
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Lemma 7.1. For any uy, in Vy,

(7.15) [, — wnl 2y < @B llunly, -

Proof. We use the points’ ordering in (2.8) and notice that each K;; may only
intersect K ;i1 and K1 ;5 see also Fig. 3. Then, using (2.10), (2.17)-(2.19),

(7.9) and (7.10), we observe that, on each K; ;,
(7.16)

|(u;‘l - uh)lKi,j ’

<27 ha M Juigry — wigl + |wig — wica |+ Jween — wigl + |wig —wij1l},

and write
(7.17)
* 2 *
uh —unllog) = > (uf — )i, hik;
1<i<M
1<5<N
<ot > (wiprg —wig)?hk ot Y (i — uiy) hik
0<i<M 1<i<M
1SN 0<j<N
< a7 ?p |unll},, ;
hence (7.15) follows. O
‘We now set
(7.18) a= max (sgp Iaaﬁl), b= max, (sgp \ba\), g = sup lgl,

and we promptly see that the families {ap}; and {l,} are uniformly continuous
with respect to h (the mesh sizes): using (7.14) and (7.15), we find that, for any
Up, Vp in V,
(7.19)

\ah (uh, 'Uh)| < 6|Vﬁuhvgvh|Lz(Q) + 2b|uZ|L2(Q) |thh|Lz(Q) —+ g\uhvhhz(g)

< 2al|upllv, lvnllvi, + 2bluj;| L2 o) lunllvi, + Glunlv, [unlv,

< (2a + 2beo + g3 + a 1) |lunllv,

Uh”th

< (2@ + 2bco + geg + a1 |Junl|vs, |

Uh||Vh7

where ¢g = v2a ! is the discrete Poincaré constant in (2.22); hence the family
{ap }n is uniformly continuous.
We also notice that

(720) <lp,vnp >= (f, vh)Lz(Q) < |f|L2(Q)‘Uh|Vh;

due to the independence of |f[z2(q) on the mesh sizes, and we have the uniform
continuity of the family {lj}.

Now, to obtain the uniform coercivity of ap on Vj, we first establish a lemma
for the term aj:

Lemma 7.2. For any up in Vy,

1
(7.21) |a}"l(uh,uh) — /Q §3abau,2ldmdy| < /cgﬁ||uh||%/h,

for a positive constant k3 depending on by and bs, but independent of the mesh
sizes.
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Proof. From (7.9), (7.11) and (7.12), using the Taylor expansion of by (z, ) at © = x;,
we first write the bilinear form a}L* in the form: for uy € Vj,

a}l*(uh,uh) = Z {bl (miJr%,yj)u;_%)j — bl(xifé,yj)u:_%yj}umkj
(7.22) =
= M1 + Mz + M3 + My,
where
(7.23)
hi+1(ui+1 i — Uy ) hifl(uifl j — Uy )
M, = Z { ] 25— n = }bl(mi,yj)ui,jkjv
rt”, hi + hiv1 hi—1+ h;
155N
My = Z O1b1 (i, yj)uf jhiky,
1<i<M
155N
1 hi+1(ui+1 j — Uy ) hifl(uifl i — Uy )
My= = { SRS, LI Db (s, Y ik
3 5 1<,»Z<M e + o1+ 101 (@i, yj)ui, jhik;
1<GjEN
1 *
My = Z {[bl(fﬂiJr%,yj) — by (xi,y;) — §alb1(xiayj)hi]ui+%7j
1<i<M
155N .
— [b1(@i_1,y5) = bil@i,yy) + 53151(%yj)hi]u;“_%,j}ui,jkj-

Since ug,; = up+1,; = 0, after changing the indices ¢ in M;, we find

M = Z {(“iﬂ,j“i,j—U?,j)hiﬂbl(l"myj)

0<i<M
(7.20) 155N
— (Wi Ui,y — Uiy j)hibi(Tig, yj)}(hi + hiy1) "'k
VS
with
1 hit1bi(zi, y5) — hibi (@1, y5)
M = = {Z __i_2+ » Yj 7]k_}7
' 2 Og;M (415 — i) hi + it !
(7.25) 1SIEN
) 1 hig1bi(zs,y5) + hibi(Tig1,Y5)
M= S Z {(U?H g )=+ ’ ’ kj}~
o J I hi 4 hita
12j<N

We can bound the term Mj:

17 2 17

M| < (2a)71% D fuirny — g ks < (20) 7 0pllunl?,
0<i<M
1<j<N

(7.26)

and, thanks to Lemma 3.3, we write the term M}’ in the form:

1
"o _ 2 2 . .
M D) E (U¢+1,j—Um)bl(xwéa%)kj
0<i<M
155N

1
~ 5 Z “?,j{bl(xwr%vyj)—bl(xi,%,yj)}kj.
1<i<M
1<j<N

(7.27)
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Then, using the Taylor expansion of b; at z; again, we find

1 _
(728) ’M{/ + 5 Z u§,j81b1(xi,yj)hikj < cp|uh|%/h.
1<i<M
1<5<N
We also observe that
(7.29)
|Ms| < (4a) 'sup|drd| Y {Ium,j — 5]+ [uim1,; — ui,j|}uz‘,jhz"%‘
Q 1<i<M
1Z5<N

< (2a)7? sup 1010 [un v, [lunllv, 7 < cpllunll3, ,

and, using the Taylor expansion and Lemma 7.1, we find

(7.30)
Ml <e Y0 furs—uiy luigkin® < plubl e lunlv, < éplunly,,
1<i<M
155N

for a positive constant ¢ depending on by, but independent of the mesh sizes.
Therefore, combining (7.22)-(7.30) and using the Poincaré inequality, we find

1
(7.31) |a}L*(uh,uh) - /Q ialbluidxd,ﬂ < cﬁ||uh||%,h.
Similarly, one can easily verify that
2+ 1 2 — 2
(7.32) 02" (un, ) — / S baddedy| < cpllun,
hence (7.21) follows by (7.31) and (7.32). O
Thanks to (7.3), (7.14) and (7.21), we finally obtain
(7.33) an(un, un) > k1 |lunlly, + r2 unly, — rapllunll?,

and, for sufficiently small p < k1/k3, the uniform coercivity of the bilinear contin-
uous forms ap on Vj, follows. Due to (7.19), (7.20) and (7.33), the Lax-Milgram
theorem asserts that, for p < k1/k3, the equation (7.13)-(7.14) has a unique solu-
tion uy in Vj,; we say that uy is the FV approximate solution of (7.4)-(7.5). To
prove that the F'V approximate solution uj converges to the exact solution u as the
mesh size decreases, we now introduce the following consistency lemma; then, the
convergence result will follow by the general convergence theorem in [3] (see also
[15]):

Lemma 7.3. If the family vy, converges to v strongly in F as p — 0, and if the
family wy, converges to w weakly in F as p — 0, then

lim ay, (vp, wy) = a(v, w),
p—0

(7.34) %ii)% an(wn, vn) = a(w, v),
lim < lp,wp >=<l,w>.
»—0

Proof. From the hypotheses of Lemma 7.3, we have
(7.35) (vn, Vion, Vivy) — (v, 0,0, 0,v) strongly in F = L*(Q)3,
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and
(7.36) (wn, Viwn, Viw,) = (w,,w, 0yw) weakly in F = L*(Q)?,

and, by the property (C2) of FV, we notice that v, w are in V = H}(Q).
To verify (7.34)1, using (7.9), (7.10) and (7.12), we first write a;*(vs,wp,) in the
form:

(7.37) ap* (v, wp) = —2 (blvh7 > 0<i<M Vhwh|K L XKy j)’
1<j<N 2 2’
where
(738) Z bl ,L+ ,y] XK + Z bl xhyj«i»
0<i<M 1<i<M
1<G<N 0<j<N

Using the Taylor expansion of b1, one can easily verify that
(7.39) by — by strongly in L?(Q) as p — 0,
and, using (7.15) and (7.35), we also find

(7.40) v} converge to v strongly in L*(Q) as 5 — 0.
Moreover, from (5.18), (5.28), (6.34) and (7.36), we infer that
1 .o _
(7.41) Z Viwn BRIy — 58111) weakly in L*(2) as p — 0,
0<i<M
1<j<N

and hence, using (7.39)-(7.41), (7.37) yields

(7.42) ar* (vn, wp) — —(byv,dyw) as p — 0.
With the same result in the y variable, we also find

(7.43) a2* (vp, wp) — —(bv, Dow) as p — 0,

and then, thanks to (7.11), (7.14), (7.35), (7.36), (7.42) and (7.43), we finally obtain
(7.34);.
For (7.34)2, from (7.9), (7.10) and (7.12), we write

(7.44) ap*(wp,vp) = ( Z?i;i% w LXK b*Vﬁvh) )
and, using (7.36), one can easily verify that
1
(7.45) Z w;."Jr%’jXKHlJ — W weakly in L?(Q) as 5 — 0.
0<i<M 2
155N

Hence, from (7.35), (7.39) and (7.45), we find

(7.46) ap* (wn,vp) = —(w,b101v) as p — 0,
and similarly,

(7.47) az* (wn,vp) — —(w,bedav) as p — 0;

then, by (7.11), (7.14), (7.35), (7.36), (7.46) and (7.47), (7.34), follows.
Finally, using (7.36), we promptly notice

(7.48) <lp,wp >= (f,wp) = (f,w) =<l,w> asp — 0;

and the proof of Lemma 7.3 is complete. ([l
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Now, with the general convergence theorem in [3] and [15], we obtain the con-

vergence of the FV approximate solution uj to the exact solution u:

Theorem 7.1. Under the hypotheses (7.19), (7.20), (7.33) and (7.34), the FV
approximate solution wp, of (7.13)-(7.14) converges strongly to the solution u of
(7.4)-(7.5) in F as p — 0.
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