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ERROR ESTIMATES FOR AN OPTIMAL CONTROL PROBLEM
GOVERNED BY THE HEAT EQUATION WITH STATE AND
CONTROL CONSTRAINTS

GENGSHENG WANG AND XIN YU*

Abstract. In this work, we study priori error estimates for the numerical ap-
proximation of an optimal control problem governed by the heat equation with
certain control constraint and ending point state constraint. By making use of
the classical space-time discretization scheme, namely, finite element method
with the space variable and backward Euler discretization for the time vari-
able, we first project the original optimal control problem into a semi-discrete
control and state constrained optimal control problem governed by an ordi-
nary differential equation, and then project the aforementioned semi-discrete
problem into a fully discrete optimization problem with constraints. With the
help of Pontryagin’s maximum principle, we obtain, under a certain reason-
able condition of Slater style, not only an error estimate between the optimal
controls for the original problem and the semi-discrete problem, but also an
error estimate between the solutions of the semi-discrete problem and the fully
discrete problem, which leads to an error estimate between the solutions of the
original problem and the fully discrete problem. By making use of the afore-
mentioned result, we also establish an numerical approximation for the exactly

null controllability of the internally controlled heat equation.

Key Words. Finite element approximation, optimal control problem, the heat

equation, ending point state constraint, error estimate.

1. Introduction

In this paper, we shall study error analysis for the discretization of an optimal
control problem governed by the heat equation with certain control constraint and
ending point (in time) state constraint, which will be introduced as follows. Let
Q be a bounded domain in R%(d < 3) with a smooth boundary 99, w be an open
subset of 2 and T be a positive number. We denote by @ the product set Q2 x (0,7T)
and by x,, the characteristic function of the subset w. Write

K ={veL*0,T;L*(Q)); |[v(t)| <1, for a.e. t € [0,T]}

and
K = {we LAQ); ] < 1}.
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Here and in what follows, we shall use || - || and (-, -) to denote the usual norm and
the inner product of the space L?(£2). The optimal control problem which we shall

study reads
e e
(P) min —/ /(y—yd)Qd:rdt—F—/ /uzda:dt
wek | 2 Jo Ja 2Jo Ja

subject to
Oy — ANy = xo,u in Q x (0,7),
(1.1) y=0 on 90 x (0,T),
y(0) =yo in Q,
and the ending point state constraint
y(T) € K.

Here, yqo € L?(Q) is a given target function and yo € Hg(f2) is a given initial
data. Throughout the paper, the notation y(t) stands for the value of the function
y : [0,T] — L?(9) at the time t. As a matter of convenience, we shall often omit
the notation ¢ in functions of ¢ and the notation (x,t) in functions of (x,t) whenever
no confusion is possible.

We are going first set up a semi-discrete optimal control problem (P,) projected
by the original problem (P) in the sense of finite element, which is an optimal control
problem governed by a system of linear ordinary differential equations with the
ending point state constraint and a certain control constraint, and then establish a
fully discrete optimal control problem (P ) projected by the aforementioned semi-
discrete problem according to the classical backward Euler discretization scheme for
the time variable. The problem (P ) is an optimal control problem governed by a
system of linear algebraic equations with certain state and control constraints, and
can be viewed as a problem of minimization of a quadratic function with convex
constraints in a finite dimensional space, which, we assume and believe, can be
solved numerically.

The purpose of this work is to obtain a convergence order for L?(Q)—error
between the optimal control for the original problem (P) and the solution of the
fully discrete problem (Pp.). There should be several ways to reach such an aim.
We shall make use of Pontryagin’s maximum principle of the original problem (P),
the semi-discrete problem (Pp,) and the fully discrete problem (P,) to establish
first an error estimate between the solutions of the problems (P) and (Pp), and
then an error estimate between the solutions for the problems (Py) and (Pp,). The
Pontryagin maximum principle of the problem (P) ( also for the problems (P) and
(Pr) ) consists in a state equation, an adjoint equation, a transversality condition
and a connection between the optimal control and the adjoint state, namely, the
solution of the adjoint equation, through a variational inequality. The advantage
that can be taken from the Pontryagin maximum principle in dealing with such error
estimates is that one can expect quantitative expressions of the optimal controls
via the adjoint states. Such relationships are helpful for us to get the desired error
estimates in many cases.

However, due to the involvement of ending point state constraint, there will
be a pair of multipliers in the space R x L2(f2) and appeared in the Pontryagin
maximum principle for each problem among the problems (P), (Py,) and (Pp,). We
denote them by (A, i), (An, tn) and (Apr, ppsr) for the problems (P), (Pp,) and (P ),
respectively. The multipliers A\, A\, and A, appear in both variational inequalities
and adjoint state equations, while the multipliers p, pp and pp, arise in the initial
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data of adjoint state equations. These multipliers are big trouble makers in dealing
with such problems. First, we must make sure that the multipliers A, A, and A\, are
not zero such that the corresponding Potryagin maximum principle are qualified,
only which could give us valuable information for the optimal controls from the
adjoint states. Secondly, after we guarantee that the qualified Pontryagin maximum
principles hold for the aforementioned three problems, namely, the multipliers A,
An and Ap, can be taken as number 1 and the multipliers —p, —jip and —fip, are
exactly the initial values for the adjoint equations corresponding to the problems
(P), (Pn) and (Pp.), respectively, we still lack enough quantitative information
for the multipliers —f,—jip, and —fip; to get error estimates among them, but
only know that they stay in certain given subsets. Thus, we shall face with a
real challenge in getting the error estimates among the solutions of the adjoint
state equations, which plays an important role in dealing with the error estimate
between the optimal controls of the problems (P) and (P ).

To overcome the first difficulty, we shall first make the following assumption on
the problem (P) throughout the paper.

(A) : There exists a control function ug € K such that the corresponding solution
y(-) of the equation (1.1) with u = ugy reaches the interior of the set K at the time
T, namely, y(T') € intK.

Then, we prove that such kind of property holds for the projected problems (FP,)
and (Ppr) provided that (A) is assumed. Based on these, we establish the qualified
Pontryagin maximum principle for the problems (P), (Py) and (P, ).

The condition (A) is called Slater condition, which ont only helps us to get
the qualified Pontryagin maximum principle for the problems (P), (Py) and (P, ),
but also guarantees the existence of the optimal controls for the original problem
and projected problems. Moreover, it plays an important role when we prove that
the families {up} and {pp,} are bounded in certain norms for sufficiently small
h and 7. We would like explain the reasonableness of the assumption (A) for the
problem (P) by the following fact. Since the state equation of the problem (P)
is the internally controlled heat equation, the condition (A) holds automatically
provided that either the initial data yo has a smaller L?(Q2)—norm or the ending
time 7" is bigger enough.

To surmount the second difficulty, we first establish explicit expressions for the
optimal controls via the adjoint states for the problems (P), (Py) and (P ), respec-
tively, which are new to our best knowledge, and then we obtain the H (0, T; L*(Q))—
regularity for the optimal controls @ and @y, of the problems (P) and (FP},), respec-
tively, which is not trivial in the optimal control problems involving both state
and control constraints. After these, we show that both families {fin}o.p<7 and
{iinr Yo<h<he.0<r<7 are bounded in the space H}(Q), where h and 7 are two given
positive numbers. Based on the above results, we prove that the optimal controls for
the problems (Py) and (P,) are uniformly bounded in certain sense with respect to
sufficiently small h and 7. Finally, by making use of all aforementioned results and
according to all information, in particular, the transversality conditions, provided
by the Pontryagin maximum principle, we establish an error estimate between op-
timal controls for the problems (P) and (Py,) in the absence of error estimates
among the quantities —p,— iy, and —jip.

We would like to mention that the Pontryagin maximum principle for the prob-
lem (P) provides us a necessary and sufficient condition for the optimal control.
However, because of the involvement of unclear quantity i in the maximum prin-
ciple, we can not expect to compute the solution by projecting the necessary and
sufficient condition into a discrete form. Instead of it, we project the problem (P)



ERROR ESTIMATES FOR AN OPTIMAL CONTROL PROBLEM 33

into a discrete problem, which, as we mentioned earlier, can be viewed as a prob-
lem of minimization of a quadratic function with certain convex constraints in a
finite dimensional space. On the other hand, when we deal with the error estimate
between the solutions of the problem (P) and (P,), weaker conditions will be put
on the optimal controls, the initial data yo and the target function y4, and lower
regularity for the multipliers fi and fi, are called for, while as we study the error
estimate between the solutions of the problems (P},) and (P, ), stronger conditions
on the above quantities and higher regularity on the multipliers i, and jip, are
required. This is why we make two steps to project the problem (P).

Next, we shall roughly state the main result obtained in this paper. Let h
be the mesh size of a given finite element triangulation of Q) associated with the
problem (P) and let 7 be the uniform time step of the partition of the interval [0, T
associated with the problem (Py,,). If we denote by @ and Uy, = (U}, U?,--- ,U}N)
the optimal controls of the problems (P) and (P ), respectively, then it holds that

N ti .
Z/ |G — T [2dt < C(h2 + 7)
i=1 7 ti—1

for all numbers h and 7 with 0 < h < h and 0 < 7 < 7, where h and 7 are two
given positive numbers.

As the development of the theory of optimal controls for partial differential
equations, the related theoretic results are expected to be used to fields of applied
sciences. Thus, people are getting more and more interesting in problems on the
numerical approximations of optimal controls for partial differential equations. The
error analysis plays an important role in such studies. In most related works, people
do not consider any state constraint. We mention the works [2, 7, 16, 26] and the
works [17, 21, 22] on priori error estimates for elliptic optimal control problems and
parabolic optimal control problems respectively. We also quote the papers [4, 5, 18]
on posteriori error estimates for the optimal control problems of partial differential
equations. Due to the significance of state constraint in views of both mathemati-
cal theory and applied sciences, the numerical approximations of optimal controls
for partial differential equations involving state constraints are very important but
much more difficult to be studied. We would like to mention the works [8], [9] [12]
and [23] on the error estimates and numerical approximations for optimal control
problems governed by elliptic differential equations with certain state constraints.
However, to our best knowledge, the investigations on numerical approximations
for optimal control problems governed by parabolic equations with state constraints
are quite few. In 1996, D. Tiba and F. Troltzsch [27] investigated error estimates
for the discretization of state constrained convex control problems, where the state
equation is an abstract parabolic-like equation. They successfully proved, by mak-
ing use of Pontryagin’s maximum principle, that the norm of the difference between
the optimal controls of the original problem and the corresponding discrete prob-
lem is governed by the norm of difference of adjoint states. Moreover, they claimed
that the later includes the disretization error for linear parabolic equation. How-
ever, as what we mentioned earlier, due to the involvement of the state constraint,
to get the error estimate between the adjoint states of the original problem and
the discrete problem is not a trivial job. This is one of the main reasons that the
work [27] does not contain any order of the estimates. In [1, 20, 28], the authors
studied error estimates of optimal controls between the optimal control problems of
parabolic equations with certain state constraints and corresponding semi-discrete
problems. They mainly used the properties of optimizations of the cost functions



34 G. WANG AND X. YU

and state equations for both original problems and the corresponding semi-discrete
problems. This is a method often used in investigating the numerical approxima-
tions for inverse problems. The weakness to use such a way in dealing with the
error estimates for optimal control problems, compared with the method to make
use of Pontryagin’s maximum principle, is that one may lose certain chances to
gain more valuable information provided by Pontryagin’s maximum principle, such
as the connection between the control and the adjoint state and the relationship
between the adjoint states for original problem and the discrete problem. Conse-
quently, the orders for error estimates obtained by making use of such a way may
be worse than those provided by Pontryagin’s maximum principle. For instance, by
making use of the method provided in [1, 20] to our problem (P), one can only have
the order hz for the error estimate between the optimal controls for the problems
(P) and the problem (Pp,).

The rest of the paper is organized as follows. In section 2, we investigate the
original problem (P) including the Pontryagin maximum principle, an explicit ex-
pression of the optimal control via the adjoint state and the regularity of the optimal
control. In section 3, we set up a semi-discrete finite element approximation prob-
lem (P,) for the original problem and discuss the similar subjects as those in the
previous section. In section 4, we obtain an error estimate between the solutions
of the problems (P) and (Py). In section 5, we establish a fully discrete optimal
control problem (Pj,) projected by the semi-discrete problem (FPj) and study the
similar projects as those in section 2. In section 6, we derive an error estimate
between the solutions of the problem (P},) and the problem (P, ), which leads to
an error estimate between the solutions of the original problem (P) and the fully
discrete problem (P, ). In the last section, we establish, by making use of the main
result in the paper, a numerical approximation for the exactly null controllability
for the internally controlled heat equation.

2. Optimality conditions for solution of the problem (P)

In this section, we shall discuss certain properties for the optimal control of the
problem (P). First of all, we quote from [13] the following well known result, which
will be used frequently in this paper.

Lemma 2.1. Let yo € HY(Q). Then, for any u € L*(Q), the equation (1.1) has
a unique solution y € L*(0,T; H*(Q) N H(2)) N HY(0,T; L*(Q)). Moreover, there
exists a positive constant C' independent of yo and u such that the following estimate

holds:

sup ly @I + 9l Z 208200y + 109l172(q) < ClliwollE + llullfzq))-
te|0,

Here and in what follows, the notation || - ||; stands for the usual norm of the
space H}(Q). Then, we give the following theorem which contains the existence
and uniqueness of the optimal control and the Pontryagin maximum principle for
the problem (P).

Theorem 2.1. The problem (P) has a unique optimal control. Moreover, a func-
tion @ € K is the optimal control for the problem (P) if and only if there exist
functions i € H3(Q) and y,p € L*(0,T; H*(Q) N HY(Q)) N HL(0,T; L?(Q)) enjoy-
ing the following properties:

(21) g(T) €K, (,L_L, Z = g(T)) <0, VzeK,
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8ty - Ag = Xwl in € x (OvT)v

(2.2) y=0 on I x (0,T),
7(0) = yo in Q,
hp+Lp=y—ya inQx(0,T),
(2.3) =0 on 9Q x (0,T),

T
(2.4) u ek, / /(ﬂ — Xw®)(u — @)dzdt > 0, YVuelk.
0o Jo

Remark 2.1. Theorem 2.1 gives us a qualified Pontryagin maximum principle
for the problem (P) under the Slater condition (A). We shall further show that
such kind of Slater-type conditions hold for the discrete problems with sufficiently
small mesh sizes if the condition (A) is assumed to be true. Thus we can derive the
qualified Pontryagin mazimum principle for the discrete problems under assumption

(4).

Proof of Theorem 2.1. Write y for the solution of the equation (1.1) corre-
sponding to the control u. We define a functional J over L?(Q) by setting

T T :
T(u) = 50y Jow —wa)idadt + § [, [qudzdt ifueK,y(T) €K,
400 otherwise.

One can check that the functional J is convex and lower semi-continuous. Moreover,
it is strictly convex in its effective domain. Thus, the existence and uniqueness of
the optimal control for the problem (P) can be obtained easily from the Slater
condition (A).

Now, we are on the position to prove the Potryagin maximum principle for the
problem (P). We start from the necessity. Let @ be the optimal control and g
be the optimal trajectory for the problem (P). Then, by the assumption (A), it
follows directly from Theorem 5.2 in [6] that there exist a function i € L?(£2) and
a function @ such that (2.1)-(2.4) hold. Obviously, the condition (2.1) is equivalent
to i € Ng(g(T)), where Ng (g(T)) is the normal cone of K at (7). However,

(o0 if |[g(T)| < 1,
Nk (g(T)) —{ Ukso k9(T) if [|g(T)|| = 1.

Thus, we must have

(2.5) = Fky(T),
where

_J o iffg(m)] <1,
(26) b= { >0 i 5] =1

On the other hand, it follows from Lemma 2.1 that
g € 12(0,T; HA(9) 0 HA(®) 0 Y0, T5 L)) € C([0, T, HA®)).
This, together with (2.5), shows i € HZ(Q) and ¢ € L2(0,T; H*(Q) N H(Q)) N
HY0,T; L*(Q)).
Next, we show the sufficiency. Let functions @, §, ¢ and f satisfy (2.1)-(2.4). Let

u € K be a control function such that the corresponding solution y of the equation
(1.1) has the property that y(T') € K. We first notice the following identity:

J(u)—J(ﬁ)+/0T/Q(§—yd)(gj—y)da:dt+/OT/QE(TL—u)dxdt
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/ / —y)?dxdt + = / / Y2dzxdt > 0.
Q Q

This, together with (2.1)-(2.4) gives us the following inequality:

/ /y ya)(y — yda:dt—!—/ / (@ — u)dxdt

- y(T) = y(T)) — (#(0),5(0) —

/ /goﬁty y)+ Ve -V(y—vy) d:cdt—i—/ / a(u — u)dzdt
—/O /Q @Xw(ﬂ—u)dxdt—l—/o /Qﬁ(ﬂ—u)da:dt
= J(u)—i—/OT/Q(u—Xwgo)(u—u)dxdt

< J(u)

J (@)

IN

IN

which shows that @ is the optimal control for the problem (P). This completes the
proof. O

Next, we shall give an explicit expression for the optimal control of the problem
(P) via the adjoint state, which plays an important role in our work.

Proposition 2.1. If @ is the optimal control of the problem (P), then it holds that
for almost every t € [0,T],

(2.7) a(t)-f‘i—%,
where

[, for ae. t € [0,T] if [xwp(®)] < 1,
(28) ’““)—{ Ixw@®)] =1, for ae. t € [0,7] if [xop(®)] > 1.

Proof. Let E be a measurable subset of the interval [0, T]. Let vy be a function
in the space L?(Q) such that [Jvg]| < 1. We define a function v(-) : [0, 7] — L?(£2)
by setting

a(t), forallte[0,T]\ E
It is clear that v € K. By (2.4), we get

- /E (alt) — xw@(t), vo — a(t))dt < 0.

Since the set E in the above inequality can be taken arbitrarily from the family of
measurable subsets of the interval [0,7], we can apply Lebesgue’s differentiation
theorem to the aforementioned inequality to get that for any vg € L2(2) with
[[voll < 1,

v(t)z{ V0, forallt € F,

—(u(t) = xwp(t),vo —u(t)) <0, forae. te(0,T]
Thus, it holds that
—(a(t) — xwp(t)) € Ng(u(t)), forae. te[0,T].
Similar to (2.5) and (2.6), we have the following equation:
(2.9) —(a(t) — xwp®)) = k(t)u(t), fora.e.te|0,T],
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where

(2.10) >0 for ae. t € [0,T] if |a(t)]| = 1,
which implies (2.7) with k(t) given by (2.10).

Next, we shall prove that the above function k(¢) has the form (2.8). To this
end, we first claim

(2.11) la(®)|l <1 if and only if ||x.@(t)] < 1.

Indeed, if ||a(t)]| < 1, then it follows from (2.10) that k() = 0. This, together with
(2.9), shows x,@(t) = u(t), from which it follows that ||x.@(t)|| < 1. Conversely, if
Ixw@(®)]| < 1, then, by making use of the equation (2.7) where the function k(t) is
given by (2.10), we get ||a(t)|| < 1. Thus, we have proved (2.11).

Then we claim that

(2.12) la(t)|| =1 if and only if |x,@(t)] > 1.

Indeed, if ||u(t)|] = 1, then, by taking the L?(2)-norm on the both sides of the
equation (2.7), we get that 0 < k(t) = ||xwe(t)]] — 1. Thus, we have || xwe(t)]| > 1.
Conversely, if || xw@(t)|| > 1, then it follows from (2.11) that ||a(t)|| > 1. However,
since 4 € K, namely, ||a(t)|| < 1, we necessarily have ||@(t)|| = 1. Hence, (2.12)
holds.

Finally, by making use of (2.10), (2.11), and (2.12), and according to the fact
that 0 < k() = ||xwe(t)|| — 1 provided ||@(t)|| = 1, we obtain the equation (2.8).
This completes the proof. (I

k(t){ =0 fora.e. t€l0,T]if ||a(®)| <1,

Now we turn to consider the regularity for the optimal control of the problem
(P). The following lemma is quoted from [3] and will be used later.

Lemma 2.2. Let X be a reflevive Banach space and f € L?(0,T;X). Then f €
HY(0,T; X) if and only if there exists a positive constant M such that

/T_a Il f(t+a) = f@O))?dt < Ma?, Y ae(0,T).
0

Proposition 2.2. Let @ be the optimal control for the problem (P). Then it holds
that uw € H*(0,T; L*(Q)). Moreover, the control i enjoys the following property:
@l e 0,702 ) < C(L+ 1Blleqo,1), L2 )@l 1 (0,7:22(2))

where @ is the adjoint state given by Theorem 2.1 and C' is a positive constant.

Proof. Let k(-) be the function given in Proposition 2.1. We first claim that
the function k(-) is in the space H'(0,T) and satisfies the estimate:

(2.13) K ()] < |/ < 100, for ae. t € [0,T].

Here is the argument. Let f(t) = ||xw®(t)|| — 1. Then it holds that k(t) = f*(t).
Since ¢ € H(0,T; L?(€)), it follows from Lemma 2.2 that there exists a positive
constant M independent of a such that

T—a T—a
/ [f(t+a) = fFO)Pdt = / (e (t + o)l = Ixw@(®))?dt
0 0

IN

T—«
/ Ixw@(t + ) — xwp(t)2dt
0

IN

T—«
A l@(t + ) — o(t)|%dt
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< Ma?.

By making use of Lemma 2.2 again, we obtain that f € H'(0,T). Thus, it holds
that k € H'(0,T). Moreover, we can easily derive that for almost every ¢ € [0,T),

o L+ a) = 1)

!
t
|f'(t)] Jim, -

< lim [XwP(t + ) = xup @)l

a—0+ 6]
5(t — Bt

< lim ”so( + ) w()”
a—0t «

= [|0:p(t)]]-

Hence, we have proved (2.13).
On the other hand, it follows from (2.7) that @ € H*(0,T; L*(Q2)) and

o XwOep()(1+ () — K () xwp()
dea(t) = TETOE

Thus, we obtain from (2.13) that

for a.e. t € [0, 7.

T T T
/ loa()|Pde < 2 / I e(t) | 2dt + 2 / K (6) 2w o(0) |2t
0 OT 0 T
< 2 / 10:2(0) 2t + 2012 0 11260 / W (6) Pt
T
< OO+ 101 om1.000) / lowa(t)]2dt,

from which, it follows that

Il e 0,702 ) < C(L+ 18l oo,1),L2 @) @l 1 (0,7:22(2) -
This completes the proof. ([

3. Semi-discrete finite element approximation of the problem (P)

In this section, we shall set up a semi-discrete finite element approximation
problem (P) for the problem (P), and then discuss the similar subjects for the
problem (P,) as those for the problem (P) in section 2. We recall that the Salter
condition (A) is assumed to be true in the whole paper.

First of all we introduce certain notations and assumptions, which will be used
in what follows. Associated with a parameter h with h > 0, we take a family of
triangulations {7"} in Q. For every element S € 7", we write p(S) and o(S) for
the diameter of the set S and the diameter of the greatest ball included in S, re-
spectively. Let h = maxgern p(S). From now on, we assume that the domain Q is
convex and the following reqularity properties on the triangulations hold:

(i) There exists two positive constants p and o such that

(S

a(

g
~—
|=

<o, <p

n

)

p
b and oll h >

—~
SR
~—

=

for every element S €
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(ii) Let Qp, = Ugen S be the polygonal approzimation of Q. Write Qp and 09,
for the interior and boundary of the set Qp, respectively. Then all such
vertices of T" that are on the boundary 0, stay on the boundary 0N.

Since the domain € is convex, by the inequality (5.2.19) in [25], we have
(3.1) measure(Q \ Q) < Ch%.

Here and in what follows, C' stands for several positive constants independent of h,
which may be different in the different contexts.

Associated with every triangulation 7", we define a finite dimensional space as
follows:

Vi ={uv, € C(Q) ; vn|s € P(S) for every S € T", and vlova, = 0},

where P;(S) denotes the space of all polynomials defined on S and of degree less
than or equal to one. It is clear that V" € H}(2). Moreover, under the assumptions
() and (i7), the following inverse inequality holds (see [11]):

onlls < Ch™Monll, Vwn €V,

which will be used later.
Let P, be the L?—projection from L?(2) to V", defined by

(Pho,vp) = (v,0n), Yov € L2(Q),v, € V.

Then, by (3.1) and by making use of the similar argument as that used in the proof
of (3.5.22) in [24], we see that for m = 0,1 and for any v € H™T1(Q) N H(Q),

(3-2) lv = Pyoll + hllv = Poolls < CR™ o]l
Define a bilinear form a(-,-) over H}(Q) x HZ(f2) by setting
olh.)= [ (V1. Vahwds, ¥ f.g€ HY(@),
where (-,-)ge stands for the usual inner product of R?. Consider the following

equation:

(Oryn (), vn) + a(yn(t),vn) = (xwu,v), Ywvn € VR, for ae. t €[0,T],
aa) { i D O

One can easily verify the following result.

Lemma 3.1. Let yo € H}(Q). Then for any u € L*(Q), the equation (3.3) has a
unique solution yy, in the space H(0,T;V3) with the following estimate:

S lyn@11F + 10eyn 720y < Clllwollt + llulliz(g))-

Moreover, we have the following error estimates for the solutions of equation
(1.1) and the equation (3.3).

Lemma 3.2. Let y and y, be the solutions of the equation (1.1) and the equation
(3.8), respectively. Then (y — yn) enjoys the following properties:

||y — yh||L2(Q) + h(lly - yh||c([O)T]7L2(Q)) + ||y - thL2(O,T;H1(Q)))
< CR*(|lyolly + llull2(g));
provided that yo € Hj(Q) and u € L*(Q); and

1
ly(t) —yn(t)] < Ch2(¥||y0|\ + [[ull 0,122 (0))) for all t € (0,T]
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provided that yo € L*(Q) and uw € H*(0,T; L*(2)).

Proof. The first estimate is a direct consequence of Theorem 3.2 and Theorem
3.5 in [10] while the second one can be derived easily from Theorem 2.10 in [14].
Thus, the proof is complete. (I

Next, we set
UM = {w € L*(Q); w|s is a constant function for each S € 7", w|p\q, = 0}
and
Kh = {ve L0, T;UM); ||v(t)|| <1 a.e. t € [0,T]}.

Then we define a semi-discrete finite element approximation for the problem (P) as

follows:
1 (T 1 (T
(Pr) min —/ /(yh—yd)2+—/ /uidxdt
2Jo Ja 2Jo Ja

over all such controls u;, € K" that the corresponding solution ; to the equation
(3.3) has the property: yp(T) € K.

It is clear that the problem (P) is an optimal control problem governed by a
system of linear ordinary differential equations. In the following, we will derive the
first order optimality conditions for the problem (P). For this purpose, we define
a projection operator IIj, from L2(2) to U" by setting

(v, vn) = (v,0n), Vo€ L*(Q),v, € U
It follows at once that for any v € L*(Q) and any S € T"

pvfs = o hvlgg, =0 and [[Tyof] < fo].

Moreover, according to the well known Poincaré inequality [15] and by making use
of the density of the subspace H}(£2) in the space L?(£2), one can easily check that
for any v € L*(Q),

(3.4) |lv —pv|| — 0 as h — 0.
Now, we first deal with the Slater property for the problem (Py).

Lemma 3.3. There exists a positive number hg having the following property: For
any h with 0 < h < hg, there is an element ugy, € K", such that yp(uon)(T) €
intK, where yp(uor)(-) denotes the solution of the equation (8.8) with un = uop,.
Moreover, such an element ugp can be taken as Ilpug, where ug is an element
satisfying the Slater condition (A).

Proof. By the Slater condition (A), there is a control ug € K such that
y(uo)(T) € intK, where y(ug)(-) is the solution of the equation (1.1) with u = wo.
Thus, we can find a number v with 0 < v < 1 such that ||y(uo)(T)| < 7. Now,
we define a function ugp by won(t) = Hpue(t) for each ¢ € [0,T]. It can be verified
easily that

luon(®)]1* = [Mhuo(®)]1* < [luo()[I* <1, for ae. t €0, 7],
which shows ug, € K" for any h > 0. Moreover, it follows from (3.4) that as h — 0,
|won(t) — up(t)|| — 0, for a.e. t € [0, T].
By making use of Lebesgue’s dominated convergence theorem, we obtain

(35) Huoh — u0||L2(Q) —0 as h — 0.
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By (3.5) and according to Lemma 2.1 and Lemma 3.2, we can find a positive number
ho such that the following properties hold: For any number h with 0 < h < hy,

1—
ly(u)(T) = y(uon) (7] < Clluo = won | ) <~

and )
-7
ly(wor)(T) = yn(uon)(T)|| < Ch < ——.
This implies that for any number A with 0 < h < hy,

[y (uo)(T) = yn (uon) (1)l

-~
< lly(uo)(T) = y(uon) (D) + ly(won)(T) = yn (uon) ()| < ——-
Thus, we obtain that for each A with 0 < h < hy,
1+~
(3:6)  llyn(uon) (T < llyn(uor)(T) = y(uo) (D) + lly(uo) (D) < —5— < 1.
This completes the proof. (I

Theorem 3.1. There exists a positive number hg such that for any number h with
0 < h < hg, the optimal control problem (P},) has a unique solution. Moreover,
a function Uy, is an optimal control for the problem (Py) if and only if there exist
functions i, € V" g, on € HY(0,T;V3,) such that for all z € K, v, € V", up, € KP
and for almost every t € [0,T],

(3.7) gn(T) €K, (fn.z — Gn(T)) <0,

(3.8) { éi?%’ﬁ(i)’ﬁ,’j;of a(@n(t),vn) = (Xetn(t), vn),
(3.9) { gﬁ)@ 11’1-3; a(@n(t), vn) = (Fn(t) — ya(t), vn),
(3.10) ueK", /OT /Q(ﬂh — Xw@n)(up — tp)dzdt > 0.

Proof. By Lemma 3.3, there is a positive number hg such that the semi-discrete
version of Slater condition for (Pp) holds for each h with 0 < h < hg. Then, by
making use of the very similar argument as that used in the proof of Theorem 2.1,
we can get the desired results. This completes the proof. (I

Next, we shall make an explicit expression of the optimal control for the problem
(Pr). To this end, we express each triangulation 7, by 7p, = {S1, 52, ,5i}. Let

Kh'=KnU".

By the similar argument as that used in the proof of Proposition 2.1, it can be
verified easily that the property (3.10) is equivalent to

/Q(ﬂh(t) B () (on — @n(£)de > 0, for ae. t € [0,T],¥ vn € K.

Namely, for all v, € K" and for a.e. t € [0, T, it holds that

(3.11)

(vnls; — an(t)]s;) = 0.

l bl —
, Js, (@n(t) = Xwpn(t))da
; EA 5
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Recall © € R? with d < 3. In the case where d = 2, by the assumption (i) on
the triangulations, we have

1 7h? 1
SIS < amh?, Vi=1,2,--- 1.
4 (op)? 4

The similar result holds for the case that either d = 1 or d = 3. Thus, we can define
a new inner product in R! by setting

l
(xuy)h:Z|Sl|xlyza vxayERlu
i=1
which induces a norm as follows:
1
oy = (3 1Sils2)?, Ve eRL
k=1

Moreover, if we view a function vy, in the set K C U", where U”" is a [—dimensional
space, as an element of R, namely, v, = (va|s,, Un|sy, - »vnls, ), then

fonll = |vh<x>|2dx)% _ (ngh si>2>2 = lonln.

di(t) = Js, (@n(t) |—Sz<|w¢h(t))dx

for i = 1,2,---,1 and write dp(t) = (dy(t),da(t), -~ ,di(t)) € R'. Then, one can
check directly that inequality (3.11) is equivalent to
(3.12) (th(t),vh —up(t))n > 0, for a.e. t € [O,T], Vv, with |'Uh|h <1.

Now, we are ready to give the following explicit expression of the optimal control
for the problem (Py,).

1

Let

Proposition 3.1. Let 4y, be the optimal control for the problem (Py). Then there
exists a non-negative function kp(t) such that for almost every t € [0,T],

o1 o) = )
where
(3.14)  knp(t) = { 0 for a.e. t € [0,

, ] if Hpxwen@)] <1,
Iy xwen ()] — 1, for a.e. t € [0,

1 if [Mhxwen(t)| > 1.

NN

Proof. Since 4y, is the optimal control for the problem (P), we can get (3.12)
from (3.10). By (3.12), we have —dj,(t) = ky(¢)u(t) for a.e. t € [0, T]. Namely, for
alli=1,2,---,1 and for a.e. t € [0,T], it holds that

s, (@n(t) = xwpn(t))dx

(3.15) 5

= kn(t)un(t)]s;,

where
i = 0, forae. tel[0,T)if |un(t)n <1,
h >0, forae. tel0,T]if |un(t)], =1,
Since @y (t)|s is a constant function for any S € 7", (3.13) follows at once from

(3.15). Then, by the similar argument as that used in the proof of Proposition 2.1,
we get the desired result. This completes the proof. (I
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According to Proposition 3.1, and by making use of the same argument as that
used in the proof of Proposition 2.2, we can have the following regularity result on
the optimal control for the problem (F).

Proposition 3.2. Let @y, be the optimal control for the problem (Py). Then it holds
that u, € H*(0,T; L*(2)). Moreover, we have the following estimate:

lanll e 0,7:02(0)) < C(+ |@nlleqo,r),L2)) |Pnll H1 (0,7:22 () -

4. Error estimate between the solutions of (P) and (P)

In this section, we shall establish an error estimate between the optimal controls
of the problem (P) and the problem (P;,). We make an additional assumption on
wand Th:

(iii) The subset w is a polygon. Moreover, for any triangulation Th, there exist
a subset T" C T" such that w = Ugesn S.

We would like emphasize that from the point of view of control theory, this
assumption is acceptable. By the above assumption, we see that for any S € T",
either S C @ or S C Q/w. Moreover, the operator ., and the operator II; are
commutative.

Lemma 4.1. Let fij, € V", together with u, € K", g, € HY(0,T, Vh) and pp, €
HY(0,T,V") satisfy (3.7)-(3.10). Then it holds that

llfnl < C

for any number h with 0 < h < hgy, where hg is the positive number given in
Theorem 3.1.

Proof. We first prove that the family {jis }o<n<n, is bounded in L?(€2). Let uqp
be the control given in Lemma 3.3. Since ugp, @, € K" C K, it holds that

(4.1) uonllz2(@) < C and  |[un|r2(q) < C.
Then, by Lemma 3.1, we have
(42) lyn(uon)l <€ and  [|lga] < C.

On the other hand, by (3.6), there exists a number v with 0 < v < 0 such that for
any number h with 0 < h < hg, |lyn(uon)(T)] < 1—"2’1 Thus, we can find a positive
number p, which is independent of h and satisfies 0 < p < 1777, such that

[lyn (uon)(T) + pwll < [lyn(uon)(T)]| + pllw] <1

for any element w € L?(2) with ||w|| < 1 and for any number h with 0 < h < hy.
This, combined with (3.7), shows that for any element w € L?(2) with [Jw| < 1
and for any number h with 0 < h < hyg, it holds that

(4.3) (it (uon)(T) + p — Ga(T) < 0.

Now, by the above inequality (4.3), and by (3.8)-(3.10), we get that for each h with
0 < h < hg,

pllinll < =(fn, yn(uon)(T) = yn(T))

T T
= / / 0t @n (yn(uon) — gn)dzdt +/ / &0 (yn (won) — yn)dxdt
0o Ja o Ja
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= / /V%V yn(uon) — Jn dde—/ / (Un — ya) (yn(von) — yn)dzdt
¢

)
+/ / &0 (yn (won) — yn)dxdt
0o Ja
T T
/ / Xw@h(Uon — Up)dxdt +/ /(Qh — Ya)(yn(uon) — yn)dzdt
o Ja 0o Ja
T T
—/ /(’l_l,h — Xw@h)(uOh — ’l_l,h)dilfdt + / / ﬁh(uoh — ﬁh)dftdt
0o Ja 0o Ja
T
4 [ [ @ = o) nCwan) — g
0o Ja

/OT /Q tp(uop, — up)dxdt + /OT /Q(ﬂh — ya)(yn(uon) — gn)dadt,

from which, it follows, by taking into account (4.1) and (4.2), that
(4.4) llgn| < C, forallh with0 < h < hg

Next, we will show that the family {fin}o<n<n, is bounded in HJ (). By (3.7)
and by the similar argument as that used in the proof of (2.5) and (2.6), we can
get

n = knyn(T),

{0, Ol <t
Il it (7)) = 1.

where

Thus, it follows from (4.4) that
kn < |lanll < C.
Finally, by making use of Lemma 3.1, we get
|Enlly = knllgn(T)]l < C.
This completes the proof. (]

Let y(@p) be the solution of (1.1) with v = @, and ¢(ay,) be the solution of the
following equation
Ovp(un) + Dp(an) =y(un) —ya  in 2 x(0,7),
o(ap) =0 on 99 x (0,7T),
(p(ﬁh)(T) = —[lp in Q.
Now, we can give the estimate for the error between the solutions of the problem
(P) and the problem (P,).

Theorem 4.1. Suppose that @ and @y, are the solutions of the problem (P) and the
problem (Pyp,), respectively. Then, there exists a positive number hg such that for all
numbers h with 0 < h < hg,

H’l_l, — ﬁh||L2(Q) < Ch.

Proof. Let hg be given by Theorem 3.1. Then, it follow from (2.4) and (3.10)
that

T T
(4.5) /0 (a(t), u(t) — un(t))dt S/O (Xw@(t), u(t) — un(t))dt
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and ;
(4.6) / (i () — Xo@n (£), TR T(E) — Gn(£))dt > 0.
0

Here, we recall that IIj, is the projection operator form L?(Q) to Uy, given in section
3. Thus by (4.5), (4.6) and (3.10), we obtain that

(4.7) la— ﬂh”%?(@)

T T
< A uwﬂﬂﬂdﬂ—uﬂﬂﬂﬁ—A (an(t), a(t) — an (£))dt
T T
s.A<m@uxww—uuer¢A(m@»mw—amwMt
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T
+/ (Un(t) — Xw@n(t), Hpu(t) — a(t))dt
0
= L+ L+1Is.

Now, we shall estimate terms I; for ¢ = 1,2,3 one by one. Since the family
{fin}o<n<h, is bounded in H}(Q) by Lemma 4.1, and —/iy, is the initial data for
the adjoint equation (3.9) for the problem (P ), we can have the same estimate for
the solution @j as that in Lemma 3.1, namely,

(4.8) tSE%I;] @ @T + 10:2nll72(q) < CUlARIE + 190 — yall72(q)) < C-
€lo,

Thus it follows from Proposition 3.2 that

l@nll e 0,1;02(0)) < C,
which, together with (2.1), (3.7) and the second estimate of Lemma 3.2, yields
(49) L

T
- A<mxﬂw—wwmwxmw—ammﬁ
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T
i — i, §(T) — y(@n)(T)) — / 190 — yan) ()] 2de
— (i~ fin, Y(T) = gn(T)) — (& — fin, n(T') — y(un)(T))
T) — y(@)(T)) (by (2.1) and (3.7))
(Wl + 1D an(T) — y(@n) (@)
OO+ NnlR ol + 121 0 7,22)
Ch?.

IANIN A
|
=
|
=
T
<
>
<
S

IN

IN

Similar to the first estimate of Lemma 3.2, we can easily get

le(@n) — @nllL2(q) < Ch*.
Thus it follows that

T
(4.10) I = /O (Xw (P(@n)(t) — Pn(t)), u(t) — un(t))dt

< Clle(un) — ‘Ph||L2(Q) +5 ||u - uh||L2(Q)
< Ch*+ §||a — |72 (q)-

In order to estimate the term I3, we first observe that for any t € [0, 7], it holds
that
ﬁ [gudz, SeT",

0, otherwise.

tha(ols - {

Here T" is given in assumption (4ii). Moreover, it follows from Proposition 2.1 that
a(t) € HY(S) and ||a(t)||gr(s) < ||@llai(s) for any S € T". By the well known
Poincaré inequality [15], it follows that, for any S € 7",

la(t) = Mpa()||22s) < CR[at) |3 sy < CR2 (16|30 s)

where the positive constant C' is independent of h, ¢ and S. By the assumption (iii),
we have

T T
(4.11) / ||‘(t)—Hhu(t)||2dt_/0 /|ﬂ(t,x)—Hhu(t,x)|2da:dt

/ S () — Ta(t) 25yt < CRE12 0,10 e
0 SCw

Similarly, we can obtain

T
(4.12) /0 16 (t) = Ta@n (W)[17dt < Ch?[| Bl 0 121 () -
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We recall that @, € K". Thus, u,(t) € U" for almost all ¢ € [0,7]. Since the

operator x,, and the operator II;, are commutative, it follows from (4.8), (4.11) and
(4.12) that

T
(4.13) I = / | 06 = xepn () M) = ) ot
T
— | Gpn®).at) - aate)as

0

T
/0 (o (B0 (8) — Tan (1)), a(t) — Ty a(t))dt

< len — n@nll 2@l — Tnt|| 2(g)

< CR*|@nllL20.1m @) |8l L2 (0,711 (92))

< Ch*.
Finally, the desired estimate follows immediately from (4.7), (4.9),(4.10) and (4.13).
This completes the proof. ([

5. Fully discrete approximation of the problem (P)

In this section, we shall first set up a fully discrete approximation problem (P )
for the semi-discrete problem (Py) by making use of the backward Euler method.
Then we derive the first order optimality conditions for the solution of the problem
(Pp+). For this purpose, we partition the time interval [0, 7] into N subintervals
with a uniform time step 7 by the following nodal points:

O=tog<ti <---<tn=T,

where t; = it fori = 0,1,---, N and 7 = T'/N. For any function f € L?(0,T; L?(2)),
we write the average of function f on [t;_1,t;] for fi, namely,

- 1 [t

ffey== fG,t)dt fori=1,2,---,N.

T Jtis

For any function f € C([0,T7], L*(Q)), we write fi(-) = f(-,t;) for i = 0,1,--- , N.
Recall the definition of the space V" given in the section 3, namely,

Vh = {v, € C(Q) ; vals € Pi(S) for every S € T", and vlg\a, = 0}

Let Uy, = (U',U?,--- ,UY) be a given function or a control in the space (L*(Q2))".
Write Y., = (Y}, Y2, -+, Y;¥) for a function in the space (V*)". Denote by 9, Y
yi_yi-1
(0. o) + a(Yii,on) = (xoUl o), Yo, €V' 1<i<N.
(5.1) 5
Y, = Phyo.

the difference quotient fori =1,2,---, N. Consider the following equation

We shall first give a stability estimate for the equation (5.1) as follows. By taking
vy =70,Y} in (5.1), we get
i e Lo i 1 i .
oY + IV — SV < CrIU + 570, 1SN,

Here and in what follows, C' stands for a positive constant independent of h and
7, which may be different in the different contexts. Summing the above equations
over i from 1 to m with 1 <m < N, we get

1Y I3+ > -3l < O YUY + 11YR1R),
=1 =1
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which shows

N N
max V75 +7 Y1057 < Cr YU 17 + lwoll)-

1<i<N _ ;
i=1 =1
Thus, we have already proved the following result.

Lemma 5.1. Let yo € H}(Q) and Uy, = (UL, U?,--- ;UN) € (L2(2))N. Then, the
equation (5.1) has a unique solution Yy, = (Y1, Y2 ... [ YN) € (V)N Moreover,
the following estimate holds:

N N

s V247 3 10,¥1 < Cllyoll3 +7 3 1T7)
- i=1 i=1

The next result concerns an estimate between the solutions of the equation
(3.3) and the equation (5.1). We would like to mention that in order to get
the estimate, the higher regularity for both control and the initial data, namely,
the H(0,T;L*(Q))—regularity for the control u in the equation (3.3) and the
H?(Q) N H}(Q)—regularity for the initial data yo, are required. This is a difference
from Lemma 3.2.

Lemma 5.2. Let u € H(0,T; L%(Q)), Un, € (L*(Q))N and yo € H*(Q) N H ().
Assume that yp, and Yy are the solutions of the equations (3.3) and (5.1), respec-
tively. Then it holds that

N
i vi2 i vig2
1211.355\,”% Yyl +T§Hyh Yyl
N
(5.2) < C <TZ " — U + 72wl o 1220 + ||yo||§)> ;
=1

where y,(-) = yn (-, t;) and @' is the average of u on [t;—1,t;] fori=1,2,---  N.

Proof. We first give an estimate for d;yp,. Since u € H(0,T; L*(2)), the term
on the right hand of the equation (3.3) is continuous. Thus, we can make use of the
standard ODE theories to get y, € C1([0,T],V"). Hence, the equation (3.3) holds
for every t € [0,T]. By making use of (3.1) and by taking ¢ = 0 and vy, = 9,yn(0)
in the equation (3.3), we get that

[0:yn ()P = (xwu(0), Deyn(0)) — alyo, ryn(0)) + alyo — yn(0), ryn(0))
< Nuw(O)|8yn (0)]| + || Ayoll[|0:yn (0)[| + Cllyo — Pryoll1 10eyn (0)]|1
< u(0)[[19eyn (0)[ + [ Ayolll|Oryn (0)]| + Chl\yol\zél\&yh(O)ll,

which implies

(5-3) 10y (0)]] < C([[u(0)]| + [lyoll2)-

By differentiating the equation (3.3) with respect to ¢, and then, by taking v, =

Oryn(t), we obtain that
1d
2 dt

which, together with (5.3), yields

0eynl? + a(Oryn, Oryn) = (XwOru, Oryn),

T
(5.4) tS;I;]latyh(f)ler/o 10y (O N17dt < CllullF 07120 + lvol3).
€10,
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Now, by integrating (3.3) from ¢;_1 to t;, we get that

(87-y;1,1)h) + a(g;wvh) = (Xwﬁiavh)a Vop € thl <:< Nv

where 0;yi = [yn(t;) —yn(ti—1)]/7. Write €}, = yi — Y. By subtracting the equation
(5.1) from above equation, we see

(Oreh vn) +ales,vn) = (xo (@ = U, vp) — a(@h, —yh,vn), Yo € VP 1<i<N.
Then, taking v, = 7'62 in the above equation yields

Loz 1 iqe i2 ~i in2 | Ti2 —j in2 . Tyi2
Slenll”™ = gllen 117+ rllenlly < Crlla’ = UM + Zllenlly + Cligh — yalli + 7 llenlly.

Summing the above equations over ¢ from 1 to m with 1 <m < N, we get that

m m m
e 1> +7 D llenl < C YNl = U +7 ) 15 — vhll),
=1 =1

i=1

from which, it follows that

N N
(55 lerlP+7y_ el < 0@y Nl - U ||2+TZ|| —uall)
=1 =1

On the other hand, by (5.4), we see that

N
v 315 - vl Zn—/ (1) = yn 097
i=1

twl

— TZH—/ (yn(t) — yn(ts))dt||?

S / o (8) — yn(t:)|12de
i—=1 ti—1
ti
< Z A Consyasiian
twl
<

=3 [ loan i
i=17ti-1

T
= / |eyn (1) 2dt
0

< O (llullFn 0,120 + lwoll3)-

The estimate (5.5), together with the above inequality, gives us the desired esti-
mate. This completes the proof. ([

Corollary 5.1. Assume u € L?(Q) and yo € H}(Q). Let yp, be the solution of
the equation (3.3) and Yy, be the solution of the equation (5.1), where U* = @' for
1=1,2,---,N. Then we have

)
1I<na<>§v||yh Yyl —0

uniformly with respect to h as 7 — 0 .
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Proof. Since the space H'(0,T; L?(€2)) and the space H?(Q2) N H{ (2) are dense
subspaces of L?(Q) and H} (), respectively, it holds that, for any & > 0, there exist
functions us € H'(0,T; L*(Q)) and yos € H*(Q) N H} () such that

lu —usllr2(Q) <&, and |lyo —yos|1 < e.
Let yps € H'(0,T; V") be the solution of the following equation:

(8tyh5(t),vh) + a(yh(;(t),vh) = (qu(;,vh), Yo € Vh, te [O,T],
Yns(0) = Pryos,

and let (Y;%, V%, -+, YX) € (V") be the solution of the equation:
(8- Y5, vn) + a(Yis,on) = (Xolf,vn),  YveV' 1<i<N,
Vs = Puyos.

Then according to Lemma 5.2, we can find a positive number 7 = 7(¢) such that
for any number 7 with 0 < 7 < 7,

(5.6) 1211.%\] Hy;ui - Yff&” < CT(H“JHHI(O,T;L?(Q)) + [lyosllz) < e.
Moreover, by making use of Lemma 3.1 and Lemma 5.1, we derive that

(5.7) sup. lyn(t) — yns (I < Cllyo — yoslls + lu — usl|z2(q)) < Ce

t€[0,T]
and
(5.8) 12%’5\[ 1Yy — Yasll
N o
< C <|yo —yosll1 + (TZ |a" — @5|2)7>
i=1
N 1 t;
1
- c <|yo—y05|1 +eY s (u—ua)dt|2>2>
i=1 tim1
N ti
1
< C <|yo — Yosl1 + (Z/ l|u— U6||2dt)2>
i=17ti-1

= C(llvo = yoslh + llu = usll2())
< Ce.

Now, it follows at once from (5.6), (5.7) and (5.8) that
lys, = Yall < llyn(t:) = yns ()]l + ks — Yisll + Vs = Yall < Ce.
This completes the proof. (I

Now, we are on the position to set up a fully discrete approximation for the
problem (P). For this purpose, we shall, from now on, assume yq € H*(0,T; L?(f)).
Write

KM ={Vyr = (VL V2 VY e (UMY Vi < 1,i=1,2,-- ,N}.
Then, the fully discrete approximation problem reads
T N . . .
(Pr1) min {5 > (Y —vill* + IIUiIQ)} :
i=1

subject to
Up, = (UL U2, UMY e K"  and YN €K,
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where Y, = (Y1, Y2, -+, Y,V) € (V?)V is the solution of the equation (5.1). We
recall yg € H'(0,T; L*(Q) C C([0,T); L3(2)). Thus, y5(-) = ya(-, t;) is well-defined.
The next result concerns the Slater condition for the problem (P ).

Lemma 5.3. Let yo € H}(Q). Then there exist two positive numbers h and T
having the following property: For each pair (h,T) with 0 < h < h,0 < 7 < 7, there
exists a control Uopr = (UL, U, -, UY.) € K' such that the corresponding
solution Yir(Uonr) = (Y.t (Uons), Yi2(Uons), -+, Y (Uons)) of the equation (5.1),
where Ut = Ug, i =1,2,--+, N, has such a property that Y;N (Uon,) € intK.

Proof. By the condition (A) and according to Lemma 3.3, we can take elements
uo and ugp from the sets K and K", respectively, such that the solution y(ug) of
the equation (1.1) with u = ug and the solution yp, (uon) of the equation (3.3) with
up, = uop, take values in the set intK at time T, namely, y(uo)(T) € intK and
yr(uop)(T) € intK. Moreover, by (3.5) and (3.6), for any given £ > 0, we can find
a positive number h; with hy < hg such that for any h with 0 < h < hq,

(5.9) HUO — u0h||L2(Q) <e
and
1+~ . .
(5.10)  lyn(uor)(D)|| < — <1, for a certain number v with 0 <~y < 1.
Write

ti
Ughzagh:%/ uopdt, i=1,2,--- N, 0<h<h
ti—1
and
Uonr = (U(}hv U02h7 T ’Ué\}lm)'

Since ugp, € K", it holds that for i = 1,2,--- N, ||U},|| < 1. Thus, we have
Uohr = (U, Uy, -+, UGY) € Kh.

Let YN (Uon-) and Y;™ (Uop,+) be the solutions of the equation (5.1) correspond-
ing to Uppr and Ugp, -, respectively. Then, by (5.9) and according to Lemma 5.1,
we get, for any h with 0 < h < hy and for any 7 with 7 > 0,

(5.11) 1YY (Uonr) = Y3 (Uon, - )l

N 2
< C (TZ|U5h - U5h1||2>
=1
N 1 t; 2
= C<TZ|—/ (UOh—uom)dtll2>
i Tt
1
N ti 2
< C (Z / |u0h—u0h1|2dt>
i=17ti-1
= Clluon — uon, lL2(@)
< Clluon — uollL2(q) + lluo — won, | 22(q))
< 2Ce.

Now, by making use of Corollary 5.1, we can select a positive number 7y such that
for any 7 with 0 < 7 < 79 and for any h with 0 < h < hq,

(5.12) 1YY (Uonyr) — yn(uon, )(T)]| < e.

Moreover, according to Lemma 3.1, we get, for any number A with 0 < h < hq,
(5.13) llyn (won, ) (T') — yn(uon ) (T)]|



52 G. WANG AND X. YU

Clluon, _UOhHL2(Q)
C(lluon, — vollr2(@) + lluo — uonllz2(@))
2Cke.

Hence, it follows at once from (5.11), (5.12) and (5.13) that
1YY (Uonr) = yn(won) (7))

)l
< Y Uonr) = Vi Won, o)l + 11Y5Y (Uony ) — yn (won, )(T)||
+yn (won, )(T) — yn(uon)(T)|| — 0 as h,7 —» 0.

IN A CIA

Thus there exist positive constants A and 7 such that for any h with 0 < h < h and
for any 7 with 0 < 7 < 7,

1Y (Uonr) — ynwon)(T) | < =

4 3
where v is exactly the number given in the inequality (5.10). The later, combined
with (5.10), gives

(5.14) Y Wond) < I1Y3Y Uonr) = yn(uon) (D) + [lyn(uon) (T)]]
1=y 14 3479
< = .
< 1 + ) 1 <1
This completes the proof. ([

According to Lemma 5.3 and by making use of the same arguments as those
used in the proofs of Theorem 2.1 and Proposition 2.1, we can get the following
first order optimality conditions for the problem (Py;).

Theorem 5.1. Let yo € H} () and yq € HY(0,T; L*(Q)). Then there exists two
positive numbers h and 7 such that for all numbers h and 7 with 0 < h < hand 0 <
7 < 7, the problem (Py.) has a unique solution. Moreover, Uy, = (UL, UZ,--- ,UN)
is the solution of the problem (Py.) if and only if there exist i, € V", Yy, =
(VELYE - V) e (VN and @y, = (BF, 87, ,®N) € (VM)N such that

(5.15) YN eK, (in,z—-YY)<0, VzeK,

(5.16) {wmm»mmwm4m%mm Vone V' 1<i<N,

(0-®%,vp) — a(®i o) = (Vi — i, vn), Yo, €VP 1<i<N,
(5.17) { \r®mvh

(I)h = —Mhr
(5.18)
Unr € KM, Y (UF = x0® L UL =UL) 20, ¥V Unr = (UL, UR, -+ UY) € K7
i=1

Furthermore, the optimal control Uy, for the problem (Py.) has the following
explicit expression:

i Hth(I);;l

5.19 U = . =1,2,--- N
( ) h 1+k;l ’ ? P ) )

where

, 0 if [Ty ® Y < 1
5.20 ki = . . _h ’
(5.20) 4 { [Maxe®y ' =1 if [ Haxe®) ) > 1.
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Proposition 5.1. Let Uy, = (UL, U?,--- ,UN) be the solution of the problem
(Pnr). Then it holds that

N N
(G:21) YU - TP <00+ ma 187) Y187 - 82

=2 =2

Proof. By (5.19) and (5.20), we obtain that
N

> N0 =0

=2

o
[|

Hth(i);I_l _ Hth(i)Z_2 H2
1+ k), 1+ k!

I
M=

2

.
U

X @ (1 + k) — Hhxwé;—2(1 + ki) 12
I+ k)L +k)

|
.MZ

=2
< O M (@)t = &%)+ C ) M@y 1Pk — ki
=2 =2
N —_ . —_—
+C Y T (@)1 = @57))1
i=2
N
Fi—1 Ti—1 _ Fi—2)2
< C(1+1rgniaé)§\[”q>h ||)Z2||‘I)h — 0717,
which completes this proof. ([

Remark 5.1. Obviously, we can rewrite (5.21) as

N N
7|2 Hi—1 Hi—1(2
T 10T < O+ o, 187 D7 3 o- 85

which is the fully discrete version of Proposition 2.2.

6. Error estimate between the solutions of (P,) and (Py,)

Lemma 6.1. Suppose that all assumptions in Theorem 5.1 hold. Let Unr =
(UL, U2, ,UN) € K" be the solution of the problem (Py.). Then there exists
a positive constant C independent of h, T such that

[fnrlly < C

for any h,T with 0 < h < h,0 < 7 < 7, where m h and T are the numbers given in
Theorem 5.1.

Proof. We first prove that the family {fin}o<p<ho<r<s is bounded in L?(Q).
Let Uopr = (Ugy, -+, UY) € KP™ be given in Lemma 5.3. Write Y, (Uonr) =
(Y (Uonr), -+, ;¥ (Uon-)) for the solution of the equation (5.1) with Up, = Ugp.-
As a matter of convenience, we write Y} for Y;i(Upp,) where i = 1,2,---, N. By
the equation (5.14), we see that for all h € (0,h) and 7 € (0,7),

3+
(6.1) 1Yl = %Y Uonr) | < =7 <1
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for a certain constant v with 0 < v < 1. Since Upp, and Uy, are in the set of K7,
it follows that

(6.2) UL <1 and UL <1, 1<i<N.
Then, by Lemma 5.1, we obtain that

. U< Vil < C.
(6.3) llgniglthH <C and llgniglthH <C

Because of (6.1), we can find a positive number p > 0, which is independent of

h, T and satisfies 0 < p < 1TT", such that
3+ 1—7v

1Y + pwl| < VY] + pllw]| < St <1 forallw with [jul < 1.

Thus it follows from (5.15) that for any element w € L?*(Q) with [Jw|| < 1 and for
all numbers h, 7 with 0 <h < h,0< 7 <7,

(e, Yy + pw = V) <.
By applying the following discrete integration by parts formula

N N
(6.4) Z(ai —ai—1)b; = anby — agbo — Zaifl(bi —bi—1),
i=1 i=1
where a; = @i, b; = Y} = Y}!, and by (5.16)-(5.18), we derive that
pllan-ll < (e, i = ¥5Y)
= 7Y (0:9}, Y Vi) + 7> (21 0-(Y) - Y))
i=1 i=1
= Tza(q);z_lvyfz_Y}Z)—FTZ(Y};_y(ZiuY};_Y};)
i=1 i=1
7> (@5 0,V = V)
i=1
= Y (@ X (UG — U)) + 7Y (Vi =i, Y = Y3)
i=1 i=1
= =7 (U} = xo® U, = Uh) + 7> (U}, Ug, — U)
i=1 i=1
+7 Z(Yﬁ —Yar Yn — Yy)
i=1
< mY (UL U = Ui +7Y (Vi — i, Yi = Y3).
i=1 i=1

This together with (6.2) and (6.3) yields
(6.5) |l in-|| < C for all h,T with 0 < h < h,0 <7 < 7.

Next, we will show that the family {/inr}o<p<ho<r<s is bounded in Hg(2). By
(5.15) and by making use of the same arguments as those used in the proof of (2.5)
and (2.6), we can easily derive that

,ELhT = kh‘r YhN 3
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where B
e ={ (2, I <1
7 | fnrll - if [V ] = 1.

Thus it follows from (6.5) that
knr < |fin-|| < C.
According to Lemma 5.1, we obtain that
7Rl = knr Y3 I < C.
This completes the proof. (|

Lemma 6.2. Assume yo € H?*(Q) N Hy (). Let h and T be the positive numbers

given in Theorem 5.1 and Up, = (UL, UZ,--- ,UN) € K' be the solution of the
problem (Py,;). Then it holds that
N . .
Y V-V E<or?
i=1

for all h, T with 0 < h < h,0< 7T <7,
Proof. Write Ej = Y} —Y;"~!. Subtracting two consecutive equations in (5.16)
gives
(0-E},vp) + a(Eh,vn) = (X (U = UY),03), Vo, eVh 2<i<N.
By taking v, = TE in the above equation, we obtain that
SIBLIR — SUE 2 + rCall B < or|0 - 012 + CT g
Summing the above equations over ¢ from ¢ = 2 to N yields

1 1 o N N
SIENIP = SIEMP + 72D N ELE < Cr Y |0 =T,
2 2 2
i=2 i=2
from which, it follows that

N N
Y BT < CrY U =T ? + Cl B>
i=2 i=2
Thus we have

N N
(6.6) TY B <Cr YU = U + ClEL P + 7| B

i=1 i=2
By the similar argument as that used in the proof of Lemma 5.1 and by making use
of the boundedness of the family {finr}to<cp<nocr<s in Hg(Q), which is provided
by Lemma 6.1, we get

N N

1957l + 7 D 10- 2517 < Clllns I + 7 Y 11V - wal®) < C.

=1 =1

(6.7)

max
1<i<N
Then, according to Proposition 5.1, it follows from (6.7) that
N . .
(6.8) Y U =T
i=2
N

Hi—1 Hi—1 _ $H1—2]2 < 2-
O+ o 87 )r 318 - 872 < 7

IN
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Write y,(-) = yn(U})(-) for the solution of the following equation:

{ (Ovyn (), vn) + a(yn(t),vn) = (XU, vn), Ywvp € VR for ae. t € 0,7],
yn(0) = Payo.
Because of U} € H(0,7; L*(Q)), we can use the very similar arguments as those

used in the proofs of the inequality (5.2) and the inequality (5.4) to get the following
estimates:

(6.9) Iy — Yill? + 7llys — Y llT < CT2 10 + [lwoll3)

and

(6.10) ts}ép] [ Ocyn(t)]1? +/O [0eyn () [13dt < CUURZ + llyoll3)-
€|0,7

Thus, it follows from (6.9) and (6.10) that

(6.11) TR < 7Y - VIR
< 27V = yalld + 27llya(7) — ya(0)3
< Crr+ 0T /OT Oryn (t)dt||3
< orsor [ ol
< COr? i
and
(6.12) 1B 1P = 1Yy = VI
< 20V = yall® + 2llya(r) — ya(0)]
< Cr+C) /07' Ovyn (t)dt||?
< CT2+CT/T 10un (£)2dt
< Cr ’
Finally, by (6.6), (6.8), (6.11) and (6.12), we can get the desired estimate. This
completes the proof of this lemma. O

Now we define functions gn, € H'(0,T; V") and @y, € L%(0,T;U") by setting

_ i t—tic1y i rie1y
(613) Yhr|(ti—1,t:] :Yh 1+( 1)(Yh_Yh 1)7 1=1,2,--- 7N
and
(6.14) Une|t, 10 =Uhy i=1,2,--- N

respectively. For each function f € C([0,T]; L*(2)), we define function f by
Ol 0 = f(t:) for i=1,2,--- N.

Then, it is clear that the function ¥, solves the following equation:
(6.15) (OsUn+ (t),vn) + a(Ynr (t),v8) = (Unr,vn), Yo, € VR for ae. t,
' Ynr(0) = Pryo,

Moreover, we have the following error estimate between the solutions of the semi-
discrete problem and the fully discrete problem.
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Theorem 6.1. Assume yo € H*(Q) N H(Q), ya € H(0,T;L*(Q)). Let up, and
Unr = (U}, U2, -, UN) be the solutions of the problem (Py,) and the problem (Pp.),
respectively. Then there exist two positive numbers h and 7 such that for all h,T
with 0 < h < h,0 <71 < 7,

N ti .
Z/ an — Ui||2dt < Cr.
=1

ti—1

Proof. Let h and 7 be the positive numbers given in Theorem 5.1. Tt follows
from (3.10) and (5.18) that

N ti o
(6.16) Z/ (n(t) — xo@n(8), Ui — an(t))dt > 0
i=1"ti—1
and
N N ti
6.17) 7Y (U} — xu®), ' UL - U}) = Z/ (U} — xu®i Y Ui — U})dt > 0,
i=1 i=1 Jti—1
where

By making use of the following equation
N ti
> [ Ot~ mo) =0
i=1Jti—1
we get from (6.16) and (6.17) that
N t;
(6.18) Z/ lan — U} || ?dt
i=1"Yti-1
N ti
= > I - GifPar
i—1 Yti—1

N t; . t; . .
= > [ @ -0 - Y [ G - O
i=1 g

ti1 i=1Yti—1
N ti o N t;
<y / (n (), an () — Tt — 3 / (T} an(t) — U}t
i=1"ti-1 i=17ti-1
<y / (xwn (D), an () — Tt — 3 / (OF an(t) — T )t
i=1"ti-1 i=1"ti—1

N ti — . — . - _ .
+ Z/ (U — X, ® @l — Uf)dt
i=1 7ti-1
N ti o N ti o o
= > [ Gemm® - Ode =3 [ hunte) - e
i=1"ti-1 i=1"ti—1
N

+3 | (U= xu®) @, — an(t))dt
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3 INUERE AR AORLAT
=1 =
t171

N 4 B N
- Z/ (X (@n(t) = @57 1), an(t) — Uf)dt
i=1 t

N ti _ . _ . o
DI AR St AT
i=1 7 ti-

= [ (elen) - 87 unt) - e
i=1"ti-1
N ti N ti . o
SN RCTCIORACITES S AW FaN A
i=1Yti-1 =1 Yti—1

N t; o N t; o
S5 w00 =3 [ B m @)
i=1"ti-1 i=1"ti-1
= Ji+Jo+J3+ Js.

Now we will rewrite the terms J;,1 < ¢ < 4, into the forms which can be
estimated easier, one by one. First, it follows from (3.8) and (3.9) that

N t;
(6.19) J; = Z/t (Xw®n(t),un(t))dt

T
- / (@ (1), T (£))

T T
- / (Orgn(t), o ())dt + / a(in (), on(0))dt
= (Gn(T), n(T)) — (Gn(0), n(0))

T T
- / (G (£), Drpn ()t + / a(in (), on(t))dt
0 0
T
= (G (T). fin) — (Phyo, n(0)) — / (3 (£), T () — yalt))dt.

Secondly, by (5.16), (5.17) and (6.4), we get that

N
(620) o = 7> (xu®), UL
=1
N L N L
= 7Y @Y ) 7Y (Y, @)
=1 =1
— — — — N — . — . N — . —_ .
= (N, o)) - (V) ®0) — 7> (Vi 0.0) + 7Y _a(Yy, @)
=1 =1
N

= _(?thﬂhT) - (Phy07 (i)loz) - TZ(?hlv ?ﬁ - yé)
=1
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Thirdly, let g, be given by (6.13), which satisfies the equation (6.15). Let @,
be defined by (6.14). Then by making use of (3.9) and (6.15), we obtain that

N t; o
(6.21) J3 = —Z/t (Xw@n(t), Uy)dt
1:; @
- / (o (1), T )t
T T .
— [ @O on®)t ~ [ anelt),pn(e)as
0 0
T T
S / (Ouine (£). 0 (1)) — / oG (t), 0 (1))t
0 0
T A
+ / a(Gn (£) — inn (£), 0 (1)) dt
0
T
= (e (D). 2h(D)) + (G1r(0), 20 (0)) + / (Fr (), Duon (1))t
T T R
= [ atone®.en )+ [ alone () = (0 on )t
0 0
T
= (TN ) + (Payo, 21 (0)) + / (e () 5 (£) — wat))d

T
+ / a(Tnr (t) — Gr (£), @n (1)) .
0

Finally, we deal with the term Js. To this end, we integrate the equation (3.8)
from ¢;,_1 to t; to get

(6.22) (Or 7k, vn) + a(Fh, vn) = (X', vn), Vo, € Vi 1<i<N.
Then by (5.17), (6.4) and (6.22), we see that

N ti .
S [ el moa
i=1"ti-1
N

= ) (W)
i=1

(6.23) Jy

N N
= =Y (07,2 )~ 7Y _al@, @)
1=1 1=1
= =@, M)+ W B0 + 7Y (Fh, 0-0) — 7> alh, )
1=1 =1

= (n(T), fine) + (Pnyo, ®3)
N . — . . N . . p—
+7 > (o Vi = vi) + 7Y alGh — G @)
i=1 i=1
Since it follows form (3.7) and (5.15) that
(V¥ = 9n(T), fin) <0,

(Gn(T) = V.Y, inr) <0,
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we get from (6.18)-(6.21) and (6.23) that

(6.24)

IN

t;
Z/ an — U3 ||2dt

ti—1

T N
~ [ G0.3000) = o)t = = S =)
. N
o RCRCR RO RS SR AR

T R .
4 / a(he () — Gur (1), @1 (D)t + algi, — G, B1Y)

0

N t;
—_Z/_ I50(0) ~ 1 dt+z/ (e (1) = i (1)t

t;

17 )
+Z — on(t), V7)) dH‘Z/ (Yn(t) — Yh, ya(t))dt

t»b 1 tw 1

ti ti .
+Z/ (Gh valt) — yg dt+z = Une (), yh)dt

t»b 1 tz 1

i ) T R
iy / (e (1), s — ya(D))dt + / (T (8) = e (8), @1 (1))t
i=1"ti-1 0

+TZ yhv(I)l 1)
Q1 + Qz + 4 Q.

Now we will estimate the terms @;,1 < ¢ < 9. We make the estimates for the
terms @Q1,Qs and Q9 one by one, the estimates for the rest terms follow by the
similar arguments. It is clear that

(6.25)

N ti o
—}j/ lgn(t) — Y[ %dt < 0.
i=1"ti-1

By (4.8) and according to Lemma 6.2, we see that

(6.26)

T
Q8 = / a(gth (t) - ?jhr (t)u @h (t))dt
0
t; N
< C sup |en(t / yT—Yl dt
t€[0,7] I (®llx Z 15 nlh
< CZ/ ~ Yl
tz 1
< OG-
i=1
1
N 2
< o<TZ||Y,;—Y,z‘1II%>
i=1
< (T
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According to Proposition 3.2 and by the inequality (4.8), we obtain that

l@nll 0,7 12(0)) < O,

which, together with (5.4) and (6.7), yields the following estimate:

N
(6.27) Qo = 7Y a(g — 5. %)
i=1
—_ N . .
< Olrgniglléz*lln;llyz—yhlh
N ti
< CZ/ 5n(t:) — G (t)]|1dt
i=1"ti—1
N ti t
< cz/ ||/ Ouin(s)ds|dt
=1/t
N t;
< o) [ 10 hds
i=1"ti-1
T 1
< o[ s}
< Cr(llunllmro,r;z20)) + 1yoll2)
< (Cr.
Similarly, we can show that
(6.28) Qa+Q3+---+Q7r <Cr.
By (6.24)-(6.28), we complete the proof of this theorem. O

As a direct consequence of Theorem 4.1 and Theorem 6.1, we have the main
result of the paper as follows.

Theorem 6.2. Assume yo € H2(Q)NHL(Q), ya € HY(0,T; L*(Q)). Let u € K and
Upr = (UL, U2, ,UN) € K™ be the solutions of the problem (P) and the problem
(Pyr), respectively. Then there exist two positive numbers h and Tsuch that for all
h, 7 with0 < h < h,0<71<7,

N t; )
Z/ i — T |2dt < C(h + 7).
i=1"ti-1

7. An application to the exactly null controllability of the heat equation

Consider the internally controlled heat equation (1.1). It is well known ( [19, 29])
that for each initial data yo € L?(2), there exists a control u(-) € L>(0,T; L*(Q2))
with the estimate

[6ll o< 0,7:22(2)) < Lllwoll
such that the corresponding solution y(-) to the equation (1.1) with u = @ reaches
zero in the state space at the time T', namely, y(T') = 0. Here, L stands for a positive
constant depending only on the domain €2, the subdomain w, the ending time 7" and
the operator —A, which can be estimated in many cases. Such a property is called
the exactly null controllability for the heat equation, which has been extensively
investigated.
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It is significant to give a numerical approach for such a control u. For this
purpose, we fix the initial data yo in the space H(Q) N H}(2). Without loss of
generality, we can assume that yo # 0. Write

K(L) = {u(-) € L*(0,T; L*(Q) 5 [lu(®)|| < Lllyoll a-e.t € [0, 77}

Now, we set up the following optimal control problem:

T T
(P) min 1/ /y2d:17dt—|—1/ /u2da:dt
2Jo Ja 2Jo Ja

over all pairs (y,u) satisfing the equation (1.1) and the constraints v € (L) and
y(T) =0.

Since there is a control @ in the set Kr, such that y(T') = 0, one can easily prove,
by making use of the very similar argument as that used in the proof of Theorem
2.1, that the problem (P) has a unique optimal pair (7,a). In general, the qualified
Pontryagin maximum principle dose not hold for the problem (P) since the ending
point state constraint set is a single point and controls enter the system internally.
Thus, we can not use the previous results to approach the control @ numerically.
In what follows, we shall approximate the problem (P) by another optimal control
problem, whose solution can be numerically approximated. We consider, for each
natural number m, the following optimal control problem:

T T
(P™) min 1/ /y2dardt+l/ /u2d:17dt
2Jo Jo 2Jo Ja

over all pairs (y, u) solving the equation (1.1) and satisfying
ue (L) and y(T)€ Ky,
where
Ko = {w e I(O); ol < ).
By Theorem 2.1, the optimal control problem (P™) has a unique optimal pair
(y™,u™).

Theorem 7.1. Let (y™,u™) and (g,u) be the optimal pairs for the problem (P™)
and the problem (P), respectively. Then we have

u™ — a strongly in L*(0,T; L*(Q)) asm — oc.

Proof. Take arbitrarily a subsequence of the sequence of pairs {(y™,u™)}2_,,
denoted in the same way. Since the sequence {u™}3°_; of controls is bounded in
the space L>(0,T; L?(£2)), there exists a subsequence of {u™}°°_,, still denoted in

the same way, such that

(7.1) u™ — 7 weakly star in L>(0,T; L?(Q)) as m — oo,
from which, it follows that

(7.2) u™ — @ weakly in L?(0,T; L*(Q)) as m — o0
and

|l o< 0,7522(0)) < lim inf llu"™ || o< 0,7522(00)) -
Since u™ € K(L) for each natural number m, the later implies

(7.3) i € K(L).
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Write § for the solution of the equation (1.1) with u = @. Because the pair
(y™, u™) solves the equation (1.1), we get from (7.2) that there is a subsequence of
the sequence {y™}2°_;, denoted in the same way, such that
(7.4) y™ — 7 strongly in C([0, T]; L*(2)) N L*(0,T; Hy(Q)) as m — oo,
from which, it follows, in particular, that for m — oo,

y™(T) — y(T) strongly in L*(Q).
Since y™(T') € K, for each natural number m, the later gives
(7.5) y(T) =0.

Set J(y,u) = %fQ(y2 +u?)dzdt for (y,u) € L*(Q) x L*(Q). Then, by (7.2) and
(7.4), we have
(7.6) J(y,u) < linginf J(y™, u™).

Because the pair (¥, u) solves the equation (1.1) and properties (7.3) and (7.5) hold,
we get, by the optimality of the pair (g, u) for the problem (P),
(7.7) J(y,u) = J(g,u).

On the other hand, since §(T") = 0, we have §(T') € K, for each natural number
m. Then, by making use of the optimality of the pair (y™,u™) to the problem
(P™), we see that for each natural number m,

(75) J(y™,wm™) < J(F, 7).
Now, it follows at once from (7.6)-(7.8) that
J(y,u) < liminf J(y™, u™) < limsup J(y™, u™) < J(g,1) < J(y,),
m—0o0 m—oo

from which, it follows that
(7.9) lim J(y™,u™) = J(¥y,u) = J(F,a).

m— 00

Thus, the pair (¥, u) is optimal for the problem (P). However, the problem (P) has
a unique optimal pair. Hence, we must have

(7.10) y=9 and u=a.
By (7.4), (7.9) and (7.10), we get that

[u™ | L2(@) = l|tllr2(q) asm — oo,
which, together with (7.2) and (7.10), gives that

u™ — @ strongly in L*(0,T; L*()) as m — oo.
Thus, we have proved that for any subsequence {um”“}z":1 of the sequence
{u™}%°_, | there is a subsequence of {u™*}2° | converging to u strongly in L2(0, T; L%(£2)),
from which, it follows that the sequence {u™}$°_; converges to the control @
strongly in L2(0,7T; L*(€2)). This completes the proof.
O

Remark 7.1. By Theorem 7.1, we see that if the optimal control u™ for the problem
(P™) can be numerically approzimated for each m, then the optimal control w for
the problem (P) is numerically approached. Moreover, the control 4 not only makes
the corresponding solution to the equation (1.1) with u = 4 reaches zero in the
state space at the time T but also is optimal in the sense that the cost functional
J(-,+) is minimized. On the other hand, by Theorem 6.2, we observe that each
aforementioned control u™ can really be approximated numerically. Thus, we have
provided a way to approzimate the control u numerically.
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Now, we shall state our last result in the paper. Consider the following discrete
optimal control problem:

N
m )T i i
(Pi) min g 5> (VI + 037 ¢
i=1
subject to
Unr = (UL UR -+ ,UYN) € K(L)r
and
YN e K,
where Vi, = (V;1, V2, .-+, Y;V) € (VMY is the solution of the following equation:
(0. Y, ) + a(Yy,vn) = (XU’ vp), Yo, € VP, 1<i <N,
(7.11) v .
Y, = Pryo,

Theorem 7.2. For each natural number m and for any sufficient small numbers h
and T, the problem (P) has a unique optimal control U = (U™, U2, - UMY €
K(L)pr. Moreover, for each natural number m, there exits a positive constant C(m)
such that

N ti B .
ZAIWWWW&M—W%@+%WWH)
i=17ti-1
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