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NUMERICAL SOLUTION OF A TWO-DIMENSIONAL
PARABOLIC TRANSMISSION PROBLEM

BOSKO S. JOVANOVIC AND LUBIN G. VULKOV

Abstract. An initial boundary value problem for a two-dimensional parabolic equation in two
disconnected rectangles is investigated. A finite difference scheme approximating this problem is
proposed and analyzed. An estimate of the convergence rate, compatible with the smoothness of
the input data (up to a logarithmic factor of the mesh-size), is obtained.
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1. Introduction and formulation of the problem

Layers with material properties which significantly differ from those of the sur-
rounding medium appear in a variety of applications. The layer may have a struc-
tural role (as in the case of glue), a thermal role (as in the case of a thin thermal
insulator), an electromagnetic or optical role etc. Mathematical models of energy
and mass transfer in domains with layers lead to so called interface or transmission
problems. For example, in [11] we investigated the heat transfer process in the
presence of thin layer with concentrated capacity.

In this paper we focus our attention to transmission problems whose solutions
are defined in two (or more) disconnected domains. For example, such a situation
occurs when the solution in the intermediate region is known, or can be determined
from a simpler equation. The effect of the intermediate region can be modelled (see
[4, 5,6, 7,16, 19, 22]) by means of nonlocal jump conditions across the intermediate
region.

In [12, 14] we considered transmission problem for one-dimensional parabolic
equation in two disconnected intervals. After an analysis of the strong and weak
solutions in specific Sobolev-like spaces, difference schemes for its approximation
are constructed and investigated for convergence. Also, one-dimensional elliptic and
hyperbolic problems was studied in [17] and [13], respectively. Analytical properties
two-dimensional parabolic problem in two disconnected rectangles are investigated
in [15]. Here we propose finite difference schemes for its numerical solution.

As a model example, we consider the following initial-boundary-value problem
(IBVP): Find functions us (z,y, t) and ua(x, y, t) that satisfy the system of parabolic
equations

duq 0 Oouq 0 Ouy _
(1) ot oz (m(fﬁ»y)ax) - 87/ (ql(%y)ay> +ri(z,y)ur = fi(z,y,t),

(x,y) € 4 = (a1,b1) x (¢,d), t>0,

8UQ 8uQ> _ 0 aUQ

(2) T % <P2(1’7y)ax oy (Q2($7y)ay> + oz, y)ue = fo(z,y,1),

(x,y) € QQ = (a27b2) X (Cv d)v t> 07
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where —00 < a1 < by < ag < by < 400, the internal conjugation conditions of
non-local Robin-Dirichlet type

ou

d
p. (b1,y,t) + a1 (y)ui(by,y,t) = / B1(y, Y Juz(az, y«, t) dys,

(3)  pi(bi,y)

b d
(4) _p2(a2ay)£(a25y7t) + a2(y)u2(a’25y7t) = / B2(yay*)ul(blay*at) dy*a

y € (¢,d), t>0,
the simplest external Dirichlet boundary conditions
ui(ar,y,t) =0, y € (¢,d); ui(z,e,t) =ui(z,d,t) =0, € (a,by),
©) us(be,y,t) =0, y € (¢,d); ua(w,c,t) =us(z,d,t) =0, z € (ag,bs),
and the initial conditions
(6)  wi(z,y,0) =uio(z,y), (z,y) € U; u2(z,y,0) =uz(z,y), (z,y)€ Q.

In particular, for a special choice of «; and (; such initial-boundary value problem
describes radiative heat transfer in a system of absolutely black bodies [1, 2].

Throughout the paper we assume that the input data satisfy the usual regularity
and ellipticity conditions

(7) pz(x7y)7 Q1(xay) S LOO(QZ)> Ti(xay) € LP(Qz)a p> 17 1= 1325

(8) 0 < Pio S pl(xay)a 0 < q:0 S Qi($7y)7 a.e. in Qia 1= 152
and
(9) a; € Loo(e,d),  Bi € Loo ((¢,d) X (¢,d)), i=1,2.

In real physical problems (see [2]) we also often have
a; >0, 3;>0, i=12.

By C, ¢; and C; we denote positive constants, independent of the solution of the
IBVP and the mesh-sizes. C' can take different values in the different formulas.

The aim of the present paper is to construct efficient finite difference scheme for
the numerical solution of IBVP (1) — (6) and to investigate their convergence.

The layout of the paper is as follows. In Section 2 we briefly expose the properties
of IBVP (1) — (6) and give some a priori estimates for its weak solution. In Section
3 we introduce meshes, finite-difference operators and discrete Sobolev-like normd.
In Section 4 we define implicit finite difference scheme (FDS) approximating IBVP
(1) — (6) and investigate its properties. A convergence rate estimate, compatible
with the smoothness of the input data (up to a logarithmic factor of mesh-size), is
obtained. In Section 5 we define factorized FDS and investigate its properties and
convergence.

2. Weak solutions and a priori estimates

We introduce the product space
L= L2(Ql) X LQ(QQ) = {’U = (’Ul,’Ug) |Ui S LQ(Q,L')},
endowed with the inner product and the associated norm

1/2
(U7U)L = (u17U1)L2(Q1) + (U27U2)L2(Q2), ||UHL = (UaU)L/

)

where
(ui7vi)L2(Qi) = / U;V; dx dy, L= ].,2

i



158 B.S. JOVANOVIC AND L.G. VULKOV

We also define the spaces
HY = {v = (vi,v2) |v; € H*()}, k=1,2,...

endowed with the inner products and norms

(0, ) e = (wr,01) i) + (U2, v2) gy, 0llme = (0,047,

where

b J 8jui (9j1}i k
i Vi) Hk(Q,) = —, , , 1=1,2, =1,2,....
(s, Vi) () ;;<8zlayﬂ—l &clayﬂ—l)LQ(Qi) !

<.

In particular, we set
Hy ={v=(v,v) € H |v; =0 on T';, i=1,2},

where T'y = 901 \ {(b1,y) |y € (¢,d)} and Ty = 095 \ {(a2,y) |y € (¢,d)}. Finally,
with v = (u1,u2) and v = (v1,v2) we define the bilinear form:

_ 81,61 81}1 8U1 61)1
A(u, U) = /Ql (pl 87 87 +q1 0731 87y + rlulvl)dxdy
8u2 (9’[)2

8u2 67]2
Uz 02 | g, SH2 902 ded
+/Qz <p2 9 Ox + G2 2y Oy +7’2U2U2> xdy

d d
(10) +/ al(y)ul(bl,y)vl(b17y)dy+/ az(y)uz(az, y)va(az, y) dy
d d )
—/ / Br(y, y+Juz(az, y)vi (b, y) dy dy..

d d
*/ / B (Y, y)u1 (b1, y)v2(az, y«) dy dy.

The following assertion holds true (see [15]):

Lemma 1. Under the conditions (7) and (9) the bilinear form A, defined by
(10), is bounded on H' x H'. If in adition the conditions (8) are fulfilled, this form
satisfies the Gdrding’s inequality on HE, i.e. there exist positive constants m and
K such that

Aw,uw) + 6 Jullf = mullfp,  Vue Hy.

Let 2 be a domain in R™ and u(t) a function mapping {2 into a Hilbert space H.
In a standard manner (see [18]) we define Sobolev space of vector-valued functions
H%(Q, H), endowed with the inner product

(U7U)Hk(Q,H) = Z (Dau(t)v Dav(t))Hdtv k:071323"'
o lal<k
with the usual modification for non-integer k. We set La(Q, H) = H°(Q, H) and
define H%'/2 = L,((0,7), H') N H'/2((0,T), L).
Let H~! = (H})* be the dual space for H}. The spaces Hg, L and H~! form a
Gelfand triple H} ¢ L ¢ H~! ([23]), with continuous and dense embeddings. We
also introduce the space

w(0,T) = {u ‘ u € Ly((0,T), Hy), % € Lz((O,T),H_l)}

with inner product

womwon = [ [0, vemm + (G0, o),
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The weak form of (1) — (5) is:
(11)
<%('7t)v ”U(‘,t))L + A(u('7t)7 ’U(‘,t)) = (f('at)a U("t))Lv Vv € LQ((O,T)aHl)'

The problem (11) fit in the general theory of parabolic differential operators in
Hilbert spaces (see [23]). Applying Theorem 26.1 from [23] to (11) we obtain the
following assertion (see [15]):

Theorem 1. Let the assumptions (7), (8) and (9) hold and suppose that ug =
(u10,u20) € L, f = (f1, f2) € L2((0,T),H™Y). Then for 0 < T < +oo the IBVP
(1) - (6) has a unique weak solution w € W(0,T), and it depends continuously on
f and ug.

Because the norm || - ||g-1 is not computable, in the sequel we restrict our
investigations to the IBVPs (1) — (6) with right-hand sides of the special form. In
the first case we set

Fi(@ ) = fiol@ 1) + (0i(z) fir(x,y,1)) " Ofio(x,y,t)

or Jy
12) T figlw o t) — fiala, 1)
+/ i3\T, Y, 1, |t t/2|2 yY, Uy dt,, i = 172’
0 _

where fio, fi1, fio € L2((0,T),L2(%;)) = L2(Qi), Qi = Qi x (0,T), fis €
Lo((0,T)%, La(Q4)) = La(R;), R = Qi x (0,T)2, 0; € C([ai, b;]) and

Cl(b1—$)§Q1($)§C1(b1—Jf), xe(al,bl), Cl > >O7

02(1177(12) SQQ(%) SCQ(IL‘*G,Q), S (a2762)7 Cy >0y > 0.
Also, we will consider the case

0gi(z,t)

(13) fi(w,t) = ot )

i=1,2,

where g; € Héo/2<(O,T),L2(Qi)), i =1,2. The norm in H&éZ(O,T) is defined in the
following way:

T
1 1
oWy 0 = ol + | (54 725) FO

The following assertions hold true (see [15]):
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Theorem 2. Let the assumptions (7), (8) and (9) hold and let w0 € La(€Y;),
fios fi1 fiz € La(Qy), fis € La(R;), i = 1,2. Then the IBVP (1) — (6), (12) has a
unique weak solution u = (uq,us) € HY1/2 and the a priori estimate

2
" lulrs < €3 (luiolZacany + Miolaon
=1

il ai@ny + IfiallEaion) + 1l o))
holds.

Theorem 3. Let the assumptions (7), (8) and (9) hold and let u;o € La(Y;),
gi € H(%Z((O,T),Lg(fh)), i = 1,2. Then the IBVP (1) — (6), (13) has a unique

weak solution u = (u1,uz) € HYY/2 and the a priori estimate

(15) lul3pnsre < O (Mol + 19122 0.2 1)
holds.
In both cases C is computable constant depending on T, i.e.

CSClTGCQT.

3. Meshes, finite differences and discrete norms

Let @; 5, be a uniform mesh in [a;,b;] with the step-size h; = (b; — a;)/n,,
i =1,2. We denote w; p, = @; p, N(a;,b;), Wi p, = Wi, U {a;}, w:hi = w; p, U{bi}.
Analogously we define a uniform mesh @y, in [c, d] with the step-size k = (d —c¢)/n3
and its submeshes wy, := @x N (¢,d), w;, = wi U {c}, wi = wy U {d}. We assume
that hy < hg =< k. Finally, we introduce a uniform mesh @, in [0,7] with the
step-size 7 = T'/n and set w, := &, N (0,T), w; = w, U{0}, w} :=w, U{T}. We
will consider vector-functions of the form v = (v1, vy) where v; is a mesh function

defined on w; p, X Wi, X w,, @ = 1,2. We define difference quotients in the usual way
(see [20]):

UZ(.’E-F hiv Y, ) - ’U7;($7 Y, t) _

vi,m(x;yvt) = /Uz,i(x + hiv Y, t)v
T, y+k, t)—v(x,y,t
viy(z,y,t) = vi(®, y ]Z i@ 9, 1) =v5(z, y+Ek, t),
vile,y, t+7) —vi(x, y, t
Ui,t(x7y7t) = Z< Y 7)_ ’L( Y ) = vi,f(x7 Y, t+ T)’

We define the Steklov averaging operators

:chh /2
_ hi
TIfl(may7t):Tx fl(l‘—"?ayat):T;fz(x 7% - /fl Jf ya )
z—h;/2
y+k/2
B k . k 1 L
Tyfi(x7y7t) = Ty f1($7y+ 57 t) = Ty fi(xay - §at) = E fl(ﬂ%y 7t) dy )
y—k/2

_ 1
Tt fl(xay7t) = Tt+fi(x7ya t— T) = ; / fi($7yatl) dt/7
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+

Tg?fi(l',y;t) :Tx(Tmfi(xaya / |)fz(x Y, )d Iv
—h;
+k

y+

12 5i(o,.0) = T, (T, o, 1)) / ey nay.

For x = b; and x = as we need the following asymmetric averaging operators

_ 2 [ by — a2’
T: fl(bl’%t):a/b , (1— 1h1 )fl(x/,yat)df%
1 1

/

2 [axth: ' —a
T2 fo(az,y,t) = 172/ (1 - 2>f2(m/7y,t) da’
as

ho

With the notational conventions h; = h;, © € wip,, ¢ = 1,2, hi(b1) = hq/2,
ha(az) = ha/2, we also introduce the discrete inner products

(v,w)Lh = k‘ Z Z v1w1h1 —+ k‘ Z Z ’UQU)QhQ,

xGwihl YEwk :L’ch;,h2 YEwk
(v,w)r,, = hk Z Z viwy + hak Z Z VW2,
methl YEWE xEoJ;hZ YEwk
(v,w)r,, =k Z Z viwi hy +k Z Z vowa hg,
wathl yew,:r :cEw;’hz yEw;r
and the associated norms
oz, = (W 0)r,,  0lZ,, = @), L, = @)L,

We also define the following discrete norms

il ey =7 3 2 leldyn =k S (0F +43),

tEwTi YEWr

HU”iz(w;t’H) =T Z lo( O, H = Ln, Ly, Ly, Lo(wy),

tGwTi

1 2
0,20 =7 2 (75778 * 7= )0l

2 HU(7t) _’U('at/)H%
|U|H1/2(w7 Ly) Z Z |t,t/|2 -

teEwr t'ew,, t'#t

2 2 2
HU”H%Z(E)T,L;L) - |v|H1/2(wT,Lh) + HUHZZ(@,,L,L)’

[}

2 2
lv a2 T ||/UTHL2(W7- Ly) +HU?” 2(wF Ly) HU”LQ(MT Ly) 2@, L)

4. Explicit finite difference scheme and its convergence

In this and subsequent sections we will assume that u; belongs to H*3/2(Q;),
while p;, ¢i € H*(Q;), ri € HY(Q;), oy € H?*(c,d) and 3; € H?*((¢,d)?). Conse-
quently, f; € H“'/?(Q;) and need not be a continuous function. Therefore, we
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approximate the IBVP (1) — (6) with the following explicit FDS with averaged
input data:

(16) vt — (P1v1z)s — (@1v1,5)y + T1v1 = f1, TEWLL, YEWE tEW,,
2
’Ul,t(bh Y, t) + E {151 (bla y)vl,i’(bh Y, t) + al(y)vl (b17 Y, t)
(17) —k Y By y)va(az, v 1) | — (@v1g)y (b, y,t)
Y« EWE

+771(b1,y)’01(b1,y,t):f_l(bl,y,t), Y € Wi, tgwrv

(18) w2t — (Pav2.z)s — (Gova,z)y + T2va = fa, TEWh, YEWE tEW,,

2
v2,t(a27 Y, ) hQ |: (a2 + h27 )/UZ,:L’ (a27 Y, t) — 2 (y)/UZ (a27 Y, t)

(]-9) +k Z /62 yvy*)vl(blay*vt)] - ((12@2,37)7;(&2,%75)
Yx EWE
+7:2(a27y)v2(a2;y7t) :fQ(GQay’t)a yGWk, tGw;,
'Ul(alay7 ) U2(b27y?t):07 yewka tE(DT,
(20) vi(z,c,t) = vi(x,d,t) =0, T EWp,, tEW.,
vz, e, t) = vo(z,d, t) =0, T EWop,, tEW,
(21) Ul(x7y’ ) - Uzo(l' y) (S wrfhia Y € Wi, 1= 1a2a
where
) 1 . .
pz(x7y):i[pz(xay)—"_pl(x_hlay)]’ xewi’hﬂ yewk7 Z:1a2a

1 .
7[ql(xvy)+QZ(may_k‘)]? ajewii,hi) yew]:_a 221727

Fi(m,y)szTiri(x,y), TEW L, YEWE =12,
F(by,y) = To Tyri(br,y),  Talag,y) =Ty Tora(as,y), Y€ wi,

fi(x7y7t):TJ?TyQTt+fi(x>y7t)7 xewi,h.ﬂ yewkn tew,

T

i=1,2,

fl(blayvt) = TmQ_T’jTt+f1(b1ay’t)7 f2(a2ay7t) = T§+Ty2Tt+f2(a27y7t)'

FDS (16) — (21) is computationally efficient. It follows from the general theory
of difference schemes, [21], that the FDS (16) — (21) is stable under condition

(22) 7 < ¢c3 min{h?, h3, k?}.

Here c3 is computable constant depending on max p; and maxgq;, ¢ = 1, 2.
Let u = (u1,us2) be the solution of the IBVP (1) — (6) and v = (v1,v2) the
solution of the FDS (16) — (21). Then the error z = u — v satisfies the following
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FDS:

(23) z14— (P1212)e — (Qi21,g)y +T120 = &1t + M + Gy + X1,
TEWLR, YEWE, tEW,,

2
21,6(b1,y,t) + — [ﬁl(bhy)»’«l,i(bl,%t) + a1 (y)zi(b1,y, 1)

hy
(24) 7k Z /Bl(yvy*)ZQ(a27y*at)i| - ((jlzl,ﬂ)y(blvyvt) +T_1(blvy)zl(b17y7t)
Y EWE
2 2
= fl,t(bhy?t) + gl,y(blay7t) =+ Xl(blayvt) - hil nl(blvya ) + hi .ul(y7 )a

Yye€uw, tew,,

(25) zop — (P222,2)z — (G222,5)y + T2z = &ot + 2w + (o + X2,
xer,hzy Y € Wk, tew;v

2
z.¢(az,y,t) + — [152(@ + ho,y) 22,0 (a2,y,t) + a2 (y)2z2(az, y,t)

ha
(26) +k Z BQ(y7y*)Z1(bl7y*7t) _(67222,,17)3;(@2;%15)+52(a2ay)22(a2ayat)
Y EWE
= g2,t(a27 yvt) + CQ,y(a27 Y, t) + X2(a27 Y, t)
2 2 _
+Enz(az+h2,y7t)+Eﬂz(y’t)v Yy Ewk, t€Ew,,
z1(a1,y, ) z2(b2,y,t) =0, Y € wg, tews,
(27) z1(x, ¢, t) z1(z,d,t) =0, T E W p, tED,,
zo(z, c ) zo(x,d,t) =0, T € Wy p,, tEw,
(28) zi(x,y,0) = TEw,, yEwr, =12
where
§i:ui—T§Ty2ui, TEWih, YEwy €W, =12
ou
_ 2— 2 2 OUL . _
S =u — T, Tyul—j i r=0b,, YyEwk, tEw,
ou
— 242 2 Y2 _ —
Ea=us— T, TyuQ 3Ty e r=a, YEwWE tEW,
2+ auz = + - i
=T, TT v — Di Uiz, TEW ., YE Wk, tew. , 1=1,2,

Ou; _ _ .
Cz szle T+< 8y2>7qiui,?j7 Iewi,hm yGW;:—, t€w~r7 2:1325

ou h 0 ou
_ 2—mp—rpt 1 1 p—mpt 1 5 —
G =1, TyTt(QH ay)* 3TyTt am(fh 8y>*Q1U1,g7 x = by,
Ous ha 0 Oug _
2T T+( ) 2 - T+—( )_ =
G = “ 5, t3 LT (@ oy ) "B TS0z

Xi = (TnyQm) u; — Tnyz(ri T wi), x€win, YyEwr, t€w;, i=12,

_ h _ ou
xi= (T2 Tyr) w =T T (r Tifw) — gl (T? Tyzrl)(TsztJraigcl), x = by,

h ou
Xo = (T2 TEr) up = THVT2 (ra T o) + 50 (T2 Tm) (T 52 ), 2= an,
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H1 (y7 t) = I:Oll (Z‘/)Ul (blv Y, t) - Tyz/l—;f+ (0[1 (y)'LL1 (blv Y, t))]

d
—{k > Bl(y,y*)uz(az,y*yt)—/ TyT (B1(y, ys uz(az, ys, 1)) dys

Yx EWE ¢
h2 6 U1 h 0 8’U,1
2T b LTI — bi,y,t
+6 8 8t( 1,Y, ) 6 a ( ay)( 1,Y, )
h2 ou
6 (T2 T27"1(b1, ))<T5T+ 8 ! (bla Y, ))7 Y € Wk, te w;a

p2(y,t) = [o2(y)uz(az,y,t) — To T, (aa(y)uz(az, y, t))]

d
- |:k Z ﬁQ(ya y*)ul(bla Yy t) - / Ty2Tt+ (52(3/) y*)ul(bla Yses t)) dy*

Yx EWE ¢
2 2

_ 15 oy 07U

b 9xot

(a25y7 ) 6 T T a ( 6y )(a27yat)

6
h2 Aus -
— 2 (O Tra(aa ) (TPT o a2,y ), yewn tew

T -

The a priori estimate for the solution of FDS (23) — (28) is given in the following
lemma.

Lemma 2. Let the assumptions (8) and (22) hold and let the coefficients of
FDS (23) - (28) are well defined in the mesh nodes. Then the solution z of FDS
(23) - (28) satisfies a priori estimate

2 2 2 2
” 2125 SC(H&HHUQ@T,M e R 19 S

HINIZ o 2y 102 o Loy
where C' is computable constant depending on T'.

The proof is analogous to the proof of Theorems 2 and 3 (see [15] and also [8, 9]).

Therefore, in order to determine the convergence rate of the FDS (16) — (21), it
is sufficient to estimate the right-hand side terms in the inequality (29).
From obvious inequality

5(77t_€ 77t/2
DI IEDD 1xy|])5_t/1|gxy )|

wewi"hl YEWE tewr t'ew,, t/#t
|Tt7£1 (37, Y, t) — Tt+§1 ({)37 Y, t/)|2
<4 Pk Y T2
TEWY hy k tews t'ew, , t'<t
4
+3 Z hlk Z Z ‘61 ayv T El(z Y, )|
szth YEWE tew
4
+§772 Z hlk Z Z ‘51 €T y7 T 51(‘1j Y, )‘ )

acEw;rwhl YEWk tecws
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using integral representations

R N N
xr —x Yy =y Ut . "
) = & (1—7)(1— ) / ' ) dy'd
&1(z,y,t) Ik /h /k Iy k &Uay(x y',t)dy"dz
- ly w/ y/
// 0? Ul /// / dx/// dz” — // 0%uy ’, m )dy”’ dy”) dy dx T € W1hy,
2 by y+k , b | ‘ 82
T 1 Yy — y Uy ,, " 1
bi,y,t) = 1 1= dvid
51( LY, ) hik / /( + 1 )( (//89&6 ) ver
b]-hl y—k
b1 b1 Py v 92
_/ 8;1( ///7 )dx/// dz” / 6;1 (CL’ y”/ )dy”/ dy”) dy’ dx
z! z! y'y"

x+hy y+k t+1

(a-ma)enn-g | | [0-EE)0-25)

xz—hiy—k t
0 0 0 0
% { / {%(ﬂc”,y,t) . %(m”,y',t) _ %(m”,y,t') + %(m’ﬂy’,t’)}dx”
x t 612/ y t 82
+// a;glt (z",y’,t”) d#'dz" +// ayg; (a:’,y",t") dt"dy"}dt’dy'dz’, T EwWin,,
‘,EI t/ y/ t/
by yt+kt+r ‘ , |
—T*)bH ///1 (1—y_y)
<f1 v &) (b1, y,t) = I k:T + 3
b1—h1 y—

by
8ul " aul "o 8“’1 " ! aul "oyl "
x{/[ L, t) - Gy ) = Gy )+ Gy ) de

o0
4 0 0 0
our g _ﬂ ’ _ﬂ "o, gl ouy ’ogl 1
+ [ [ ) = Gy ) = G )+ Gy )] da

Y t62
UL, " /3.7 /
t")dt"d dt"dy' d
+// ayat(x,y ) dt"dy } y'dx

y/ t/
and Lemmas 2—4 from [10], in the same manner as in [3], [8], we obtain the estimates

‘gl(xv y7t) - fl(zhyvt/)‘Q

Z huk Z 7 Z Z it— ¢

zew, YEwr  LEWr t/ €Dy, t'F#L
< O(hy + k' +7%) lurl Fa2 (g1
and
1
hak ( ) 2 gyt
)OI DED DY (RUESES FHH
IEwihl YyEw, tEWr

1
< C(ht + k) log — [l [[3s.2 g, -
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Analogous results hold for &. In such a way we obtain

|€|%1/2(G)T,Lh,) < C(h4 + 7'2) ||UH12L13,3/2,
1
€120 1) € OHIoB S fullinse
and
2 a, 1 2 2
(30) 1612172, < O (B 108 = +72) ulEae,
where h = max{hy, ha, k} and ||u||§13,3/2 = ||u1||§{3,3/2(Q1) + ||u2||§{3‘3/2(Q2).

Term 77, can be decomposed in the following way:

m =M1+ N2 +ms3, where

=720 (7 2)) — 1 23) (73 (72,

N = {(T;T;pl) } (T T2 (T+ 5;1)),

ms = b |1, T2 (T 381;1) - uia).

From the estimates obtained in [8] it immediately follows that

Mkt > Y Y i@y, t) < O+ B o3z, 1wl Fss2gyy, 5= 1,2

zEw;hl YEWK tewr

Further, we have

P 1 y+k t+71 vy
T T2 (T+ 81;1) . Ul,izﬁ/ / |y _y| {// dy///dy//
y—k t Yy
t/
[ Byt + [0~ Uil t) — D t) + Uit o ay
ot Yy, 1\y, 1\Y, 1\, 1\Y, Yy,

t

where we denoted U; =T, % . Estimating this integral using Lemmas 2—4 from
[10] and performing summation over the mesh we obtain

bt 303 S w . t) < OO+ ) 2y sy

wafhl YEWK tewr

< O + ) Ip1lFrz o) lualigssreqy):

From previous inequalities and analogous inequalities for 75 we get
(31) 117, - 1,y < CO* +7%) max |pillZq,) llullFos.-
Term (; for x € wy p, is fully analogous to n;. For z = b; we set

Ci(b1,y,t) = Cu1(b1,y,t) + Cr2(b1, y, t) + C13(b1, Y, 1) + Cra(br, y, 1) + Ci5(b1, 5 1),
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where
ot =721 (57 ) — 12 70 (1 (522
am%wwvawlmy%Wwww%»
Gualbr,t) = [12°0, (1550 ) —uiy = - %)

T, T
ot = (1 52) (1 (1 55)) -7 (G (153
autnont) =5 [y (1 5) - 17 i 55)]

Terms (11(b1,y,t), C12(b1,y,t) and (12(b1, y, t) can be estimated in the same manner
as the corresponding terms for x # by, while (14(b1,y,t) and (15(b1, ¥y, t) satisfy the
same estimate as (11. Analogous results hold for (o, whereby

(32) 1CI2, r 1,y < OO +72) max il
For x € wy p, the term x; can be decomposed in the following way:
X1 = Xx11 + X12 + X13 + X14, Where
X11 = (TzzTyzﬁ (& - T &),
xi2 = (T3 T7m) (T &),
T2 u1 T; u1)>

(T2T2 (T; us) ) — 1272 (rl (Tjul)).

)
( )
xis = (T;Tym) (T
xus = (T2T5)
For x = by we set

X1 = X11 + X12 + X13 + X14 + X15, Where

x11(b1,y,t) = (T§7T2T1)(fl —T;°&1),

x12(b1,y,t) = (T27 T, ) (T, &),

x13(b1,y,t) = (T7 )(T2 T7 (u1 — Tt+u1)),

xaalbr,y,t) = (T2 T2m) (T2 T2(T ) ) = T2 T2 (r (T ) )
h1 _ ouy Ouq

Xis(b,y, 1) = = (T2~ Tyr) (Tyg O ~ Ty o )

From the integral representations of £; we easily obtain

b S S S (e t) < OO+ K+ 72) el T2/

mewthl YEWK tewr
and

kt Z hy Z Z Xia(z,y,t) < C(h} + k*) 7117 1) Hu1||§{3,3/2(Q1)-

wafhl YEWK tewr
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Similarly,

kYo oy Y (@) < O il q,) Tl g,

:L’Gwihl YEWL tewr
and

b S i S S ) < CO 4k I 2 gy 022 0

zewihl YEWE tewr

Finally, using Lemmas 2—4 from [10] and the trace theorem for anisotropic Sobolev
spaces [18], we obtain

hy
0} kTZ Z X%E)(blvyﬂt) < C(hi1 + 7'2) HTIH%P(QI) ||U1||§{3,3/2(Q1)-
YEWE tew
From these estimates, and analogous ones for xo, we get

(33) < CO(h* +72)

X, = 2y
The term pq can be decomposed as

1 = pa1 + a2 + pas + pig + pas + pas + par,  where
p11 = o1 (y)ur (b1, y,t) =TT, (o (y)ua (b1, y, 1)),
p2=k {51(%%)[Tf*Tfuz(a%y*,t) — T} uz(az, y, t)]

Y« EWE
+ [Tszyz* /81 (ya y*) - TyQ* U2 (aQa Ysxs t)] Tt+u2 (CL27 Yxs t)}a
H13 = k Z {ﬁl(ya y*) [ - T;*Tt+u2(a27 Y t) + T;*UQ(GQa Y t)
Yx EWE

+ T ug(ag, ys, t) — uz(az, yu, t)] + [ = T Ty b1y, ys) + To. B1(y, ys)

FT261(9,9) = 51, 9| T wa a2, ) |

d
H14 :/(T;ﬂl(yvy*)) (Tt+u2(a2uy*7t)) dy*_ k Z (T;ﬂl(yvy*)) (Tt+u2(a23y*7t))7
¢ Yx EWE
hl 2+ 6 u1
= =TT
Hi15 = t ox at(b17y7t)7
- hl _ 0 8u1
Hie = éTy T %@1 3y )(blvya t),
hi _ Ouy
par = (T? T;Tl(blvy))<Ty2T+ o (b1,9y, ))
Further, we have
ytkt4+T
pn,1) = / / - y'){ Ui 1) = Uiy ) + Uiy )
Y=

¢

/8(]1 R dt// // 82U1 dy///dy// dt'dy’,
8y2
vy
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where we denoted Ui(y,t) = a1(y)ui(b1,y,t). Using Lemmas 2—4 from [10] we
obtain

kT YD 15w t) < Cht + 7)) 10 ey x 0.1

YEWE tews
< Chd + 1) o 32 e l1un30.0/2 0,

Similarly, one obtains

8u2 2
k i t = C ? : s LA ‘
T g E_Mu(y, ) S CT Bl (fe,a2) 5 (ag,,") (e (0.1)
YEWE tEwr
+C’f4‘ 8261‘2 2|20 < OO+ 72) 18122 ooy 2] Zr0.a2
Oy? llLs((eayry ~"CQ2) = ((e.d)?) H3.3/2(Qs)
and

kT Z Z 1is(y,t) < CK* 32 181 (fe.a2) ||u2||§{5/2~5/4((c,d)><(0,T))

YEWK tewr
%61 |2
OyOy.

Using the error formula for trapezoidal rule we get

+Ck4H

ey 112le@) < OO+ 7 1Bl e a2 luzlraarz qn)-

2
dy.,

d
2
134(y,t) < Ck“/‘aayg((Tﬁﬂl(y,y*))(T?ufz(az,y*,t)))

whereby
ke 3 S W) < OR 181 ey 2/
YEWE tewy
Using boundary condition (3) we derive the inequality
B >0 S 5w t) < Ot (lloa ey a3
YEWK tews
HIBE (et 23200 )
Terms p16 and w17 can be estimated directly:

k3 S i t) < Ot aules oy et Bgsnsrego, -

YEWEK tewr

ke 30 S i, t) < O s et Bgssre o, -

YEWK tews
From obtained inequalities, and analogous ones for uo, we have that
5 112 e Loy < CO* +72) (maxlas ) + max il o
o max |32 gy + mx 18i e e )l s,

Finally, from (29) — (34) one obtains the next assertion.

Theorem 4. Let p;, q¢; € H*(Q;), i € HY (), a; € H?(c,d), 8; € H*((c,d)?),
i = 1,2, and let the assumptions (8) and (22) hold. Further, let the solution of
IBVP (1) — (6) belong to the space H*/2. Then the solution v of FDS (16) — (21)
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converges to the solution u of IBVP (1) — (6) and the following convergence rate
estimate holds:
|lu — 11||H1,1/2 < C(h2 logl/7 + T) (1 + max ||p; || 2 + max ||q;|| g2
(35) hT K3 K3
+max |y g+ max o] 2 c,q) + max ||ﬁz'||H2<(c,d>2)) l[ull grs.a/2-

5. Factorized finite difference scheme

Substituting in (16) - (19) the upward finite differences v; ; with backward differ-
ences v; 7, © = 1,2, one obtains implicit FDS for the IBVP (1) — (6). Implicit FDS is
unconditionally stable (i.e. without the assumption (22)) and also satisfies the con-
vergence rate estimate (35). Unfortunately, implicit FDS is numerically inefficient,
because on each time level we need to solve an elliptic difference problem.

Let us now consider the following factorized finite difference scheme

2 —
(36) v1,t — 01TV 172 — 01TV gy + 0101 T V1 tzagy — (P1V1,3)a
—(qiv1,g)y + T1v1 = f1, TEWLR, YEWE, LEW,
20’1917’2

h1 Ul,tfgy(blv Y, t)

201T
v1,e(b1,y,t) + Tl V1,4 (b1,Y,t) — 01701 45y (b1, ¥, T)
1

2
(37) +h71 []3 (b1, y)v1,z(b1,y,t) + a1 (y)vi(b1,y,t)

k> ﬂl(y,y*)vz(ag,y*,t)} — (qrv1,5)y(b1,y, 1)

Yx EWE
+f1(b17y)vl(blay7t):fl(blayat)a Y € W, tew;a

2 _
(38) va,1 — 02TV2 135 — 02TV 15y + 02027 V2 705y — (P2V2.2)x

—(Gav2,5)y + T2v2 = fo, T Ewap, YEWE tew,,
va¢(az,y,t) — QZ%T V2,12 (a2, Y, 1) — 02TV 15y (a2, y,t) + 202,102272 V2 tagy (a2, Y, 1)
(39) _h% [152(@ + ha, y)va 2 (a2, y,t) — aa(y)va(az, y, t)
kY By )vr b,y )| — (@2vag)y (a2, ,)
=

+72(a27y)02(a27y7t) :f_2(a27y7t)7 Y € Wi, tEwT_,

subject to initial and boundary conditions (20) — (21).

For sufficiently large o; and 6;, i.e.
+e 1+e¢

a (z,y), 0;= a i(z,y), >0, =12,
(e, pi(z.9), 6 2 (sl a:(:y) !
from the general theory of difference schemes [21] follows that the FDS (36) — (39),
(20), (21) is unconditionally stable. This FDS is computationally efficient, because
on each time level it can be resolved by two application of Thomas algorithm. In
such a manner, factorized finite difference scheme combine the good properties of
explicit and implicit schemes.

Factorized FDS satisfies an a priori estimate analogous to (29):

(40) g; = !

#0072 < C(‘Euiféézwﬂmﬁ 17 o 2y IS 2y F XN o 0

2 2 2 2
+||)\||L2(w.,f,Lh/) + ||V||L2(w.,f,Lh//) + ||'U||L2(w;,Lh,/) + ||'U'HL2(w:,L2(wk)))’
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where &, , (, x and p are as in the previous section and
_ — — 2 -
Ai = 03T Uj 1z, v; = 0;1 Uity v; = 03:0;T Ui tzyy > i=1,2.
From integral representation

r y+kt+r

y _y| aQUI "o
)\l(xayvt hlkT / / / {T 8l‘6t(x Y at )
z—hi y—

Ouy aul / / ur, , our, ,
—_— t - — t) — — t — t
|G @yt 4 7) = Sy t) = Sy ) + Sy )]

- [%(x/a yat) - %($I7yatl) - %(f»yl»t) + %(xl7ylatl):| }dt/dy/dmla

using Lemmas 24 from [10] we obtain

hkr Yo Y Y Ay t) <O+ k) [ullfs sz,

zéwihl YEWK tewr
An analogous inequality holds for Ao, whereby

(42) < O +72) [|ull a2

A HLWT L)
Term v can be estimated in the same manner:

(43) < O +72) [fullFpa.ae.

[ PR

From

0;
Ui(m?yvt) = k;— [)\Z(x,y + kat) - 2Az<xay7t> + )\z(l‘»y + k:a t)]

immediately follows

(44) Il - 1,y < C (72 + h4) ullZa./2-
Finally, from (41), (30) — (34) and (42) — (44) one obtains the next assertion.

Theorem 5. Let p;, q¢; € H*(Q;), i € HY (), a; € H?(c,d), B; € H*((c,d)?),
i =1,2, and let the assumptions (8) hold. Further, let the solution of IBVP (1) —
(6) belong to the space H>3/? and let 7 < h? =< h} =< k*. Then the solution v of
FDS (36) - (40), (20), (21) converges to the solution u of IBVP (1) — (6) and the
following convergence rate estimate holds:

= vl 172 < CH2/log /R (1 + max |Ipill = + max i 2
ht K2 K3

Hmax |7l s + max {|ail| g2 (e, + max ||5¢||H2((c,d)2)) [ull grs.s/2.
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