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Abstract. In this paper, a lattice Boltzmann BGK (LBGK) model is proposed for sim-
ulating incompressible axisymmetric flows. Unlike other existing axisymmetric lattice
Boltzmann models, the present LBGK model can eliminate the compressible effects
only with the small Mach number limit. Furthermore the source terms of the model are
simple and contain no velocity gradients. Through the Chapman-Enskog expansion,
the macroscopic equations for incompressible axisymmetric flows can be exactly re-
covered from the present LBGK model. Numerical simulations of the Hagen-Poiseuille
flow, the pulsatile Womersley flow, the flow over a sphere, and the swirling flow in a
closed cylindrical cavity are performed. The results agree well with the analytic so-
lutions and the existing numerical or experimental data reported in some previous
studies.

PACS: 47.11-j, 02.60.Cb
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1 Introduction

In the past few years, the lattice Boltzmann methods (LBM) originated from kinetic the-
ory, have gained much attention in hydrodynamics [1–5]. Compared with the traditional
methods (for example, finite difference method, finite element method and finite volume
method), the LBM have many advantages, such as the simplicity of program, location
of computation, nature parallelism and easiness in dealing with complex boundary. The
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lattice BGK (LBGK) model, as the most popular LBM, has been successfully applied to
study a variety of fields such as flow in porous media, heat transfer, turbulence, blood
flow, Chemical reactions, and multiphase and multicomponent flows. It is well known
that when the standard LBGK model is used to simulate incompressible fluid flows, there
may be compressible effects existed which might lead to some undesirable errors. In
order to eliminate the compressible effects, many authors have developed some incom-
pressible LBGK models [6–10]. Only Guo’s LBGK model [10] can effectively eliminate the
compressible effect induced by density variation, and the incompressible Navier-Stokes
(NS) equations can be exactly recovered from this model.

Up to now, there are some LBGK models proposed for axisymmetric flows. To sim-
ulate the three-dimensional (3D) axisymmetric flows on the Cartesian coordinate sys-
tem [11–13], the most direct way is to apply certain 3D LBGK models with suitable curved
boundary treatment. However, it is well known that 3D axisymmetric flows are in effect
2D problem in the cylindrical coordinate system. In order to make use of the advantages
of the axisymmetric properties, Halliday et al. firstly developed the LBGK model for ax-
isymmetric flows [14]. They inserted ”source” or ”forcing” terms into the evolving equa-
tions so that it could recover the axisymmetric Navier-Stokes (NS) equations. Shortly af-
ter the presentation of this method, Premnath and Mukherjee extended it to multiphase
flows and two-phase flows with lager density ratio respectively [15, 16]. Unfortunately,
the model of Halliday et al. was found to miss some important terms relative to the ra-
dial velocity. Additionally, since this model was derived from the standard LBGK model,
the compressible effect can not be eliminated. Lee et al. [17] firstly point out these limita-
tions and developed a more accurate axisymmetric LBGK model from the incompressible
LBGK model proposed by He and Luo [9]. Shortly afterwards, Reis and Phillips devel-
oped a modified model following the philosophy proposed by Halliday [18, 19]. Zhou
presented a much simpler axisymmetric LBGK model in the year 2008 [20]. Through
Chapman-Enskog (C-E) expansion, the added source terms in the model happened to be
the additional in the governing equations for the axisymmetric flows compared with the
NS equations. Recently, Chen et al. developed an incompressible D2Q5 LBGK model for
axisymmetric flows based on the vorticity-stream equations [21].

Although the above axisymmetric LBGK models have been used to simulate various
flows [22–30], they still have some limitations. Firstly as pointed out in [31], these models
(except for the one in [21]) almost include many velocity gradients in the source terms.
The discretization of these gradient terms may leads to additional errors and numerical
instability. Although the model in [21] can simplify the source terms, a Poisson equation
must be solved at each time step will lead to inefficient for unsteady flows. Secondly, all
of these models neglect the azimuthal velocity. Finally, most of these models (except the
ones in [17] and [21]) are constructed from the standard LBGK model, so they can only be
viewed as artificial compressible methods for simulating incompressible axisymmetric
flows. When the model proposed in [17] is used to simulate unsteady incompressible
axisymmetric flows, in order to neglect the artificial compressible effect, an additional
conditions, Lx/(TCs)≪ 1, must be required. Furthermore, the average pressure of the
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flow must be specified in advance, but in practice, the average pressure is not known or
can not be prescribed precisely.

Recently, Guo et al. proposed a more effective axisymmetric LBGK model based on
the axisymmetric Boltzmann equation [31]. This model contained no velocity gradients
in the source terms, so it is much simpler than the existing models. Additionally, the
model can describe the velocities in all directions and therefore is complete. Recently,
Wang et al. extended the model to multi-relaxation-time lattice Boltzmann model (MRT-
LBM) [32]. However, the compressible effect also exists in these axisymmetric models.

In this paper, a simple LBGK model for the incompressible axisymmetric flows is
proposed. The model can eliminate the compressible effects only with the small Mach
number limit and has no velocity gradients in source terms. Furthermore, the model also
can describe the azimuthal velocity. The rest of the paper is organized as follows. In
Section 2 an incompressible LBGK model for axisymmetric flows is designed. Boundary
conditions and force evaluation methods are described in Section 3. Numerical results
are performed in Section 4 to test the incompressible axisymmetric LBGK model. Finally,
Section 5 summarizes the results and concludes the paper.

2 Incompressible axisymmetric LBGK model

2.1 Incompressible axisymmetric Navier-Stokes equations

The governing equations for the incompressible axisymmetric flows in the cylindrical
coordinate system (x,r,θ) can be written as [31]

∂ux

∂x
+

1

r

∂(rur)

r
=0, (2.1a)
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,

for any variable φ. Here x, r, and θ are the coordinates in axial, radial, and azimuthal
directions, respectively, ρ is the density with ρ≈const, p is the pressure, t is the time, ui is
the component of velocity in the i direction. ~F=ρa≡ρ(ax ,ar,aθ) is the external force.

Based on the idea in Guo’s axisymmetric LBGK model [31], we rewrite Eq. (2.1)
through multiplying Eqs. (2.1a)-(2.1c) with r and Eq. (2.1d) with r2, and dividing by ρ
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on both sides

∇·(ru)=0, (2.2a)

∂(ru)

∂t
+∇·(ruu)=−∇(Pr)+ν∇2(ru)−ν

∂u

∂r
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where
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)
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(
rax

P−2νur/r+u2
θ+rar

)
, G= r2aθ .

Here u=(ux,ur) is the corresponding velocity in the meridian plane, and P= p/ρ, ∇=
(∂/∂x,∂/∂r). It can be found that the structure of Eqs. (2.2a) and (2.2b) are similar to
the standard Navier-Stokes equations. Eq. (2.2c) also can be regarded as an advection-
diffusion equation with source terms.

2.2 Incompressible axisymmetric LBGK model

Based on the feature of Eqs. (2.2a) and (2.2b) mentioned above, we designed a new D2Q9
axisymmetric LBGK model from Guo’s incompressible LBGK model [10]. In Eq. (2.2b),
there are some additional terms compared with the standard NS equations. Therefore an
source term δtFi is inserted into the evolution equation of the distribution function fi(x,t),
which can be described as

fi(x+ceiδt,t+δt)− fi(x,t)=− 1

τ

[
fi(x,t)− f

(eq)
i (x,t)

]
+δtFi, (2.3)

where c= δx/δt, δx and δt are the lattice spacing and the time step, respectively. τ is the
dimensionless relaxation time, and x=(x,r).

The directions of the discrete velocity of the model are given by

ei=(eix,eir)=
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, for i=5−8.

The local equilibrium distribution function f
(eq)
i is defined as

f
(eq)
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(2.4)
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where the constant ρ0 is the fluid average density, and si(u) is given by

si(u)= rωi

[ci ·u
c2

s

+
(ci ·u)2

2c4
s

− u2

2c2
s

]
,

here cs = c/
√

3 is the sound speed of the model, and ci = cei. ωi is weight coefficient and
given by ω0 =4/9, ωi =1/9 for i=1−4, and ωi =1/36 for i=5−8. The parameters σ, λ
and γ satisfy the following relations





λ+γ=σ,

λ+2γ=
1

2
.

(2.5)

The term Fi can be written in a power series in the particle velocity [34, 35],
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In order to recover the correct equations (2.2a) and (2.2b), A, B and C can be specified
through the undetermined coefficient method. The zeroth to second moments of Fi are
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The fluid velocity u and pressure P are given by
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)
, P=

3c2

5r

[ 8

∑
i=1

fi+s0(u)
]
. (2.8)

Through the Chapman-Enskog expansion, the Eqs. (2.2a) and (2.2b) can be derived from
this incompressible LBGK model (see the Appendix for details). The kinematic viscosity
is determined by ν=(τ−0.5)δtc

2
s . The unknown parameters A, B, m and C are given by

Eqs. (A.11) and (A.12), respectively
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Since F is usually a function of velocity u and pressure P, to determine u and P at the
same time, we solve simultaneous equations of u and P, and rewrite them as
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When including the influence of azimuthal rotation, we need to solve Eq. (2.2c), a D2Q4
or D2Q5 LBGK model can be designed for such an advection-diffusion equation. The
idea is come from the thermal lattice Bhatnagar-Gross-Krook (TLBGK) model which is
proposed for Boussinesq incompressible fluids [33]. However, in order to keep the sound
speed cs consistent with that in the incompressible LBGK model for Eqs. (2.2a) and (2.2b),
a D2Q5 LBGK model is adopted for the azimuthal velocity. The evolution equation for
Eq. (2.2c) can be expressed as

gi(x+ceiδt,t+δt)−gi(x,t)=− 1

τ̃

[
gi(x,t)−g

(eq)
i (x,t)

]
+δtGi, (2.10)

gi (i= 0−4) is the distribution function of azimuthal velocity. τ̃ is also a dimensionless

relaxation time. The equilibrium distribution function g
(eq)
i and the source term Gi are

given as

g
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i = r2uθω̃i

[
1+
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c2

s

]
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c2
s

]
, (2.11)

where ω̃i is weight coefficients, and given by ω̃0=1/3, ω̃i =1/6 for i=1−4. The zeroth
and first moments of Gi are
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2
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Through the Chapman-Enskog expansion, the Eq. (2.2c) can be derived from the D2Q5
LBGK model (see the Appendix for details). The kinematic viscosity ν and τ̃ satisfy such
an relational expression ν=(τ̃−0.5)δtc

2
s . It can be found that τ̃ equal to the dimensional

relation time τ in Eq. (2.3). The unknown parameters E and R are given by Eqs. (A.22)
and (A.23), respectively

E=
(

1− 1

2τ̃

)
G, R=

(
0

3c2
s ruθ(1−1/(2τ̃))

)
.

In summary, the present model has some advantages. First, Based on the framework
of Guo’s incompressible LBGK model [10], the model can properly simulate the incom-
pressible axisymmetric flows only with the small Mach number limit. Second, the terms
−ν∂u/∂r+H and −3ν∂(ruθ)/∂r can be recovered from the source terms which contain
no gradients. When simulating the incompressible axisymmetric flows, these features
make the implementation of the present model be easier and more accurate.
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Figure 1: The geometry condition of curved wall boundary.

3 Boundary conditions and force evaluation

To study a problem with LBGK model, the distribution functions at the fluid nodes near
the boundary must be specially treated. Nowadays, there have been many boundary
conditions treatments for curved boundary [36–38]. In these schemes, Guo’s scheme has
better numerical stability compared with the other two treatments [38]. Here we will
extend this non-equilibrium extrapolation scheme (NEES) proposed by Guo et al. [31,38]
to the present incompressible axisymmetric LBGK model.

In Fig. 1, the link between the fluid node x1 and the wall node xw intersects the phys-
ical boundary at xb, and x1=xw+ceiδt, ∆= |x1−xb|/|x1−xw|. As we know, the evolution
equation of the LBGK model consists of two computational steps:

collision: ϕ+
i (x,t)−ϕi(x,t)=− 1

τ

(
ϕi(x,t)−ϕ

(eq)
i (x,t)

)
+δtSi, (3.1a)

streaming: ϕi(x+ceiδt,t+δt)= ϕ+
i (x,t), (3.1b)

where ϕi = fi or gi and Si = Fi or Gi. In order to determine the distribution function
ϕi(x1,t+δt) at the fluid node x1, we need to first specify the post-collision distribution
function ϕ+

i (xw,t) at the wall node xw. Based on the idea of the NEES, the distribu-
tion function at xw can be decomposed into its equilibrium and non-equilibrium parts,

ϕi(xw,t) = ϕ
(eq)
i (xw,t)+ϕ

(neq)
i (xw,t). The equilibrium part is approximated with the ex-

trapolated velocity and pressure. For the non-equilibrium part, we extrapolate the non-
equilibrium parts of the neighboring nodes to approximate it. Then the post-collision
distribution function ϕ+

i (xw,t) is obtained as

ϕ+
i (xw,t)= ϕ

(eq)
i (uw,Pw)+

(
1− 1

τ

)
ϕ
(neq)
i (xw,t)+δtSi, (3.2)
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where Pw=P(x1,t). uw and ϕ
(neq)
i (xw,t) are determined by [31]

uw =






(3−∆)u(xb)+(∆2−1)u(x1)−(1−∆)2u(x2)

1+∆
, ∆<0.75,

u(xb)+(∆−1)u(x1)

∆
, ∆≥0.75,

(3.3a)

ϕ
(neq)
i (xw,t)=

{
∆ϕ

(neq)
i (x1,t)+(1−∆)ϕ

(neq)
i (x2,t), ∆<0.75,

ϕ
(neq)
i (x1,t), ∆≥0.75.

(3.3b)

However, at the axis of symmetry where r=0, the singularity emerges. In order to deal
with the axis of symmetry, we will set the first lattice line at r = 0.5δx and apply the
symmetry boundary condition [31] to overcome the difficulty.

As mentioned in [31], the momentum exchange at the wall node xb which occurs
during the interactions between the fluid and the wall, will lead to a force exerting on the
wall

F̃(xb,t)=−ρ0
cei

δt

[ f+i (xw,t)

rw
+

f+i′ (x1,t)

r1

]
. (3.4)

Then for an axisymmetric body where the axis lies along the x direction, the total drag
force on the wall exerted by the fluid can be determined by

F̃x =2π
∫

Γ
δxr F̃x(x,t)dl≈−2πρ0

δ2
x

δt
∑ceix

[
f+i (xw,t)+ f+i′ (x1,t)

]
, (3.5)

where Γ is the body surface in the meridian half-plane.

4 Numerical results

To evaluate the incompressible LBGK model proposed in the above section, numerical
tests including the steady Hagen-Poiseuille flow with pressure boundary condition, the
unsteady Womersley flow, the external flow over a sphere, and the cylindrical cavity
flow are carried out. In the following simulations, the parameters of the LBGK model
are taken as σ=5/12, λ=1/3, and γ=1/12. The fluid average density ρ0 is specified as
ρ0=1.0. The symmetry boundary condition will be employed to deal with the symmetric
axis, while the other boundaries will be treated by the NEES.

4.1 Hagen-Poiseuille flow

The Hagen-Poiseuille flow through a straight pipe driven by a constant pressure gradient
is defined in the region 0≤ x≤1.0 and 0≤ r≤R, where R=1.0 is the radius of the pipe.
r=0 is the symmetric axis and the solid wall is located at r=R. The initial and boundary
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Figure 2: (a) Velocity of the Poiseuille flow (Re=40, δx =R/16); (b) Pressure of the Poiseuille flow (Re=40,
δx =R/16).

conditions are set as follows,

ux(x,r,0)=ur(x,r,0)=uθ(x,r,0)=0, P(x,r,0)=P0,

ux(x,R,t)=ur(x,R,t)=uθ(x,R,t)=0,

P(0,r,t)=Pin, P(1,r,t)=Pout,

where P0 = 0.5(Pin+Pout), and Pin and Pout are the pressure maintained at the entrance
and exit, respectively. With these conditions, the problem has an analytic solution,

ux(x,r,t)=u0

(
1− r2

R2

)
,

ur(x,r,t)=uθ(x,r,t)=0,

P(x,r,t)=Pin−∆Px,

where u0=∆PR2/4ν is the maximum velocity and ∆P=Pin−Pout.
In the simulations, the Reynolds number is defined as Re=2Ru0/ν. The pressure at

the entrance and outlet are initialized to be Pin =1.8 and Pout=1.0, respectively. the non-
equilibrium extrapolation scheme for pressure boundary conditions is applied to the inlet
and outlet of the flow, and the NEES is applied to the solid wall. Fig. 2 compares the axial
velocity ux at the mid-width of the pipe x=0.5, and the pressure predicted by the present
LBGK model with the analytical solution for Re = 40. Here a lattice with δx = R/16 is
used, and two value of the relaxation time, τ = 1.0 and 1.25, are chosen. As shown in
this figure, it is found that the present numerical results are in good agreement with the
analytical solutions, and the pressure distribution is linear along the pipe.

The relative global error of ux with different numbers of lattice nodes in the radius is
shown in Fig. 3 where the relative global error is defined as

Err(u)=
‖ux−uc‖2

‖uc‖2
, (4.1)
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Figure 3: Relative global errors as a function of the lattice spacing δx at Re=40. ◦ : τ=1.25; × : τ=1.0.

where uc and ux are the axial velocities of the analytical solution and numerical results,
respectively. The solid lines represent the linear fits, and the slops of the lines are −2.00
and −1.98 for the cases of τ= 1.0 and τ= 1.25. The results shown in Fig. 3 demonstrate
that the current LBGK model is of second order accuracy in space.

In order to demonstrate that the present LBGK model can eliminate the compressible
effects, we will study the Hagen-Poiseuille flow using both the present LBGK model and
Guo’s LBE model [31], and calculate the relative global error in velocity field as a function
of the pressure drop, ∆P (or the maximum Mach number Mmax = u0/cs). In the simula-
tions, a lattice with δx =R/16 and the relaxation time τ=1.0 are used, the relative global
error is computed by Eq. (4.1). In Table 1, Err1 is the relative global error derived by
using Guo’s LBE model, while Err2 is the error with the present LBGK model. Through
the comparison listed in Table 1, it can be found that the errors of the two models are
comparable with small pressure drop. That is because density variation δρ is very small
such that the error due to compressible effect is almost negligible. As the pressure drop
(or the maximum Mach number) increases, the error of Guo’s model (Err1) grows fast,
while the error of the present incompressible LBGK model has no change. This is be-
cause the variation of pressure will lead to the density variation in Guo’s model based
on the state equation for perfect gas. On the contrary, as we apply the present axisym-
metric LBGK model, in which the macroscopic variables are pressure p and velocity u
not density ρ and velocity u, the compressible effect caused by density variation can be
reduced. Therefore, compared with Guo’s axisymmetric LBE model, the present model
can effectively eliminate the compressible effect.

Table 1: The relative global error of velocity field in the Hagen-Poiseuille flow.

∆P Re u0 Mmax Err1 Err2

0.1 5 0.25 0.0451 0.0026 0.0024
0.5 25 1.25 0.2255 0.0215 0.0024
0.8 40 2.0 0.3608 0.0535 0.0024
1.2 60 3.0 0.5413 0.1084 0.0024
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4.2 Unsteady Womersley flow

To further test the present LBGK model, the unsteady Womersley flow driven by a os-
cillatory force with a period T is studied, where T=2π/Ω, and the force ax = G̃cos(Ωt).
Here Ω stands for the frequency of the driven force, and G̃ is the maximum amplitude
of the sinusoidally varying force. The geometry of this flow is the same as that of the
Hagen-Poiseuille flow. The boundary conditions for the fluid variables are given as fol-
lows:

r=0 :
∂ϕ

∂r
=0, ∀ϕ,

r=R : ux=ur =uθ =0.

The Reynolds number is defined as 2u0R/ν, where the velocity u0 = G̃R2/4ν. The
analytical solution of the Womersley flow is

ux(r,t)=Real
{ G̃

iΩ

[
1− J0(rs/R)

J0(s)

]
eiΩt
}

, (4.2)

where R is the radius of the pipe, i is the imaginary unit, and s = α(i−1)/
√

2, α is the
Womersley number and defined as α=R

√
Ω/ν, J0 is the zero order bessel function of the

first type, and ”Real” means the real part of a complex number.
In the simulations, the boundary condition of the top wall is treated by the NEES. In

the streamwise direction, periodic boundary conditions are applied to both the inlet and
outlet. Initially, the velocity is set to zero everywhere, and all the simulations begin with
an initial run of 10T steps. Two Wormesley numbers, i.e., α=8 and α=16, for Re=1200
are chosen. The numerical results and the analytical solutions for two cases are shown
in Fig. 4. As seen from this figure, the numerical results are in good agreement with the
analytical ones.
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Figure 4: Velocity of the Womersley flow (Re= 1200, τ = 0.6). Circle: the numerical results; Solid line: the
analytical results. (a) α=8, δx =R/20; (b) α=16, δx =R/80.
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4.3 Flow over a sphere

Experimental and numerical investigations for the external flow over a sphere have been
studied by many authors for its widespread applications [39–48]. This problem is also
studied and used to demonstrate the capability of the present incompressible LBGK
model. The computation domain considered here is 0≤x≤4R and 0≤r≤R, where R=0.5
is the radius of the pipe. Rs=0.05 is the radius of the sphere, and the center location of the
sphere is (2R,0). The Reynolds number (Re) defined as 2Rsu0/ν, is varied from 5 to 150,
u0 is the free-stream velocity, and ν is the kinematic viscosity. The boundary conditions
of this problem are set as follows,

The inlet of the flow: ux =u0, ur =uθ =0,

The outlet of the flow:
∂ψ

∂t
+u0

∂ψ

∂x
=0 (ψ=P,ux,ur,uθ),

The side boundaries:
∂ψ

∂r
=0,

The surface of the sphere: ux =ur =uθ =0.

All these boundary conditions are implemented by the NEES. The velocity u0 is set to
be 0.1, the lattice spacing δx=R/160 is used, and the criterion used for steady state is

‖u(t)−u(t−100δt)‖2

‖u(t)‖2
<10−6.

To compare with previous studies, we have measure the drag force exerted on the
sphere. In Fig. 5, the drag coefficients Cd of the present work and previous studies are
given, where Cd is calculated by Cd=2F̃x/ρ0πu2

0R2
s . It is clear that the LBGK results agree

well with the existing experimental and numerical data.
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Figure 5: Drag coefficient against the Reynolds number for axisymmetric flow over a sphere.
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Figure 6: Schematic of the cylindrical cavity flow.

4.4 Cylindrical cavity flow

In the above numerical tests, the azimuthal velocity uθ equals to zero in the whole com-
putation domain. To further demonstrate the capability of the present LBGK model in
simulating the axisymmetric rotational flow, we apply the model to study the rotational
flow in a closed cylindrical cavity. The configuration of the problem is shown in Fig. 6.
The height and the radius of the cavity are H and R. The bottom of the cavity is closed,
whereas the top lid rotates with an angular velocity Ω.

Many numerical and experimental investigations for the cylindrical cavity flow have
been studied [13,49–54], in which there are two important dimensionless parameters, i.e.,
the aspect ratio A= H/R and the rotational Reynolds number Re=ΩR2/ν. To consist
with the experimental study [54] and the lattice Boltzmann simulations [13, 31], we will
study this flow with such cases, i.e., (1) Re= 990 and A= 1.5, (2) Re= 1290 and A= 1.5,
(3) Re=1010 and A=2.5. The simulations are performed with resolution δx=R/100. The
boundary conditions of the problem are set as follows,

x=0, 0≤ r≤R : ux =ur =uθ =0,

r=R, 0≤ x≤H : ux =ur =uθ =0,

x=H, 0≤ r<R : ux =ur =0, uθ =Ωr.

The axis is treated by the symmetry boundary condition, while the NEES is applied to
treat the other boundaries. Initially, the velocity at all nodes inside the cavity are taken as
zero, and the initial pressure P is set to be 1.0. The obtained streamlines of the cylindrical
cavity flow for the three cases are shown in Fig. 7. It can be found that there is not any
vortex breakdown revealed for the cases (1) and (3), while for the case (2), a single vortex
breakdown appears. These phenomena are consistent with previous experimental and
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(a) (b)

(c)

Figure 7: Stream function contours of the
cylindrical cavity flow. (a) Case (1): A=
1.5, Re=990; (b) Case (2): A=1.5, Re=
1290; (c) Case (3): A=2.5, Re=1010.

numerical results [13, 31, 54]. In Fig. 8, the axial velocity ux on the axis predicted by the
present LBGK model are shown and compared with previous results. Here the velocity
ux on the axis is obtained by u(x,0)=[9ux(x,0.5δx)−ux(x,1.5δx)]/8. From the figure, it is
clearly that the present results agree well with the experimental and numerical ones.

5 Summary

In this paper we have proposed a LBGK model for incompressible axisymmetric flows
and derived the axisymmetric hydrodynamic equations in the cylindrical coordinate sys-
tem through the Chapman-Enskog expansion. The compressible effect has been elimi-
nated in the present incompressible LBGK model. The terms −ν∂u/∂r+H in the macro-
scopic momentum equation are recovered by choosing a proper definition of C to ensure
that the source terms of the model contain no velocity gradients.

In order to validate the present LBGK model, we have also performed numerical sim-
ulations for several axisymmetric flows. The present LBGK model results agree well with
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Figure 8: The axial velocity ux on the
axis. (a) Case (1): A=1.5, Re=990;
(b) Case (2): A=1.5, Re=1290; (c)
Case (3): A=2.5, Re=1010.

the analytical, numerical or experimental data in the literature, which also can be used to
specify the capacity of the present model. In addition, compared with previous axisym-
metric LBE model, the present model can eliminate the compressible effect only with the
small Mach number limit.

Appendix: Champan-Enskog analysis of the incompressible

axisymmetric LBGK model

To derive the correct governing equations (2.2a) and (2.2b) for the incompressible axisym-
metric flows from the present LBGK model, we first introduce the following expansions
by using an expansion parameter ǫ:

fi = f
(0)
i +ǫ f

(1)
i +ǫ2 f

(2)
i +··· , (A.1a)

∂t =ǫ∂t1+ǫ2∂t2, ∇=ǫ∇1, Fi=ǫF
(1)
i , (A.1b)

F=ǫF1, A=ǫA1, B=ǫB1, C=ǫC1, (A.1c)
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where ǫ is proportional to the ratio of the lattice spacing to a characteristic macroscopic
length.

Expanding fi(x+ceiδt,t+δt) in Eq. (2.3) about x and t, and applying the above mul-
tiscaling expansions, we can obtain the following equations in consecutive order of the
parameter ǫ:

O(ǫ0) : f
(0)
i = f

(eq)
i , (A.2a)

O(ǫ1) : D1i f
(0)
i =− 1

τδt
f
(1)
i +F

(1)
i , (A.2b)

O(ǫ2) : ∂t2 f
(0)
i +

(
1− 1

2τ

)
D1i f

(1)
i =− 1

τδt
f
(2)
i − δt

2
D1iF

(1)
i , (A.2c)

where D1i=∂t1
+ci ·∇1.

Note that E(2n+1) = 0, for n = 0,1,··· , where E(n) are the tensors defined as E(n) =

∑α eα1eα2 ···eαn and

4

∑
i=1

eiαeiβ = 2δαβ,
8

∑
i=5

eiαeiβ = 4δαβ, (A.3a)

4

∑
i=1

eiαeiβeiγeiς =2δαβγς,
8

∑
i=5

eiαeiβeiγeiς =4∆αβγς−8δαβγς, (A.3b)

where δαβ and δαβγς are the Kronecker tensors, and

∆αβγς=δαβδγς+δαγδβς+δαςδβγ. (A.4)

With these properties of the E(n), we can obtain:

∑
i

f
(0)
i =ρ0r, ∑

i

cei f
(0)
i =ur, (A.5a)

∑
i

c2eiei f
(0)
i = ruu+rPI, ∑

i

f
(m)
i =0, for m>0, (A.5b)

∑
i

cei f
(1)
i =−mF1δt, ∑

i

cei f
(m)
i =0, for m>1, (A.5c)

∑
i

c3eiαeiβeiγ f
(0)
i = c2

s r(δαβuγ+δαγuβ+δγβuα). (A.5d)

With the aids of Eqs. (2.7) and (A.5), from Eq. (A.2b) the equations in moment space at t1

time scale can be explicitly derived:

∇1 ·(ru)=A1, ∂t1
(ru)+∇1 ·(ruu+rPI)=

m

τ
F1+B1. (A.6)
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Similarly, the moments of Eq. (A.2c) lead to the following equations:

mδt

( 1

2τ
−1
)
∇1 ·F1=−δt

2
∂t1

A1−
δt

2
∇1 ·B1, (A.7a)

∂t2(ru)−mδt

(
1− 1

2τ

)
∂t1

F1+
(

1− 1

2τ

)
∇1 ·Π(1)=−δt

2

(
∂t1

B1+
1

2
∇1 ·(C1+CT

1 )
)

, (A.7b)

where Π(1)=∑i c
2eiei f

(1)
i is the first-order momentum flux tensor. With the aid of Eqs. (2.7),

(A.2b) and (A.5), we have:

− 1

τδt
Π(1)=∂t1 ∑

i

c2eiei f
(0)
i +∇1 ·∑

i

c3eieiei f
(0)
i −∑

i

c2eieiF
(1)
i

=∂t1(ruu+rPI)+c2
s

[
∇1(ru)+(∇1(ru))T+(∇1 ·(ru))I

]
− 1

2
(C1+CT

1 )

=c2
s∇1(ru)+c2

s (∇1(ru))T+c2
s A1I− 1

2
(C1+CT

1 ). (A.8)

Note that the terms of ∂t1
(ruu+rPI) should be neglected because they are of the order

O(Ma2), thus

(
1− 1

2τ

)
∇1 ·Π(1)=

( δt

2
−τδt

)
∇1 ·

[
c2

s∇1(ru)+c2
s(∇1(ru))T+c2

s A1I− 1

2
(C1+CT

1 )
]

=
( δt

2
−τδt

)
c2

s∇1 ·
(
∇1(ru)+(∇1(ru))T+A1I

)
−
( δt

4
− τδt

2

)
∇1 ·(C1+CT

1 )

=
(1

2
−τ
)

δtc
2
s (∇2

1(ru)+∇1A1)−
( δt

4
− τδt

2

)
∇1 ·(C1+CT

1 ). (A.9)

We can rewrite the Eq. (A.7b) as:

∂t2(ru)−mδt

(
1− 1

2τ

)
∂t1

F1+
(1

2
−τ
)

δtc
2
s (∇2

1(ru)+∇1 A1)+
τδt

2
∇1 ·(C1+CT

1 )

=− δt

2
∂t1

B1. (A.10)

To recover the correct governing equations (2.2a) and (2.2) for the incompressible axisym-
metric flows, the parameters A, B and m must be chosen as

A=0, B=m
(

2− 1

τ

)
F, m=

1

2
, (A.11)

and a proper definition of C is given as

C= c2
s

(
1− 1

2τ

)( 0 ux

ux 2ur

)
. (A.12)

Combining the results on the t1 and t2 time scales, Eqs. (A.6) and (A.7) together with
Eqs. (A.11) and (A.12), we can obtain the final macroscopic equations accurate to the
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order of O(δ2
t ) in the continuity equation and O(δ2

t +δt Ma2) in the momentum equation:

∇·(ru)=0, (A.13a)

∂(ru)

∂t
+∇·(ruu)=−∇(Pr)+ν∇2(ru)−ν

∂u

∂r
+H+F, (A.13b)

where the viscosity is

ν=
(

τ− 1

2

)
δtc

2
s . (A.14)

Similarly, to recover the governing equation for azimuthal velocity uθ , i.e., Eq. (2.2c),
we introduce the following expansions from the D2Q5 LBGK model,

gi = g
(0)
i +ǫg

(1)
i +ǫ2g

(2)
i +··· , (A.15a)

∂t =ǫ∂t1+ǫ2∂t2, ∇=ǫ∇1, Gi=ǫG
(1)
i , (A.15b)

G=ǫG1, E=ǫE1, R=ǫR1. (A.15c)

Through the above expansions, we can obtain the following equations in consecutive
order of the parameter ǫ:

O(ǫ0) : g
(0)
i = g

(eq)
i , (A.16a)

O(ǫ1) : D1ig
(0)
i =− 1

τ̃δt
g
(1)
i +G

(1)
i , (A.16b)

O(ǫ2) : ∂t2 g
(0)
i +

(
1− 1

2τ̃

)
D1ig

(1)
i =− 1

τ̃δt
g
(2)
i − δt

2
D1iG

(1)
i . (A.16c)

With the properties of the E(n), we can find:

4

∑
i=0

g
(0)
i = r2uθ,

4

∑
i=0

ceig
(0)
i = r2uθu, (A.17a)

4

∑
i=0

c2eieig
(0)
i = r2c2

s uθI, (A.17b)

4

∑
i=0

g
(1)
i =−δt

2
G1,

4

∑
i=0

g
(m)
i =0, for m>1. (A.17c)

With the aids of Eqs. (2.13) and (A.17), we obtain the following equation through sum-
ming on i in Eq. (A.16b):

∂t1
(r2uθ)+∇1 ·(r2uθu)=

1

2τ̃
G1+E1. (A.18)

Similarly, through summing on i in Eq. (A.16c), we obtain:

∂t2(r
2uθ)−

δt

2

(
1− 1

2τ̃

)
∂t1

(G1)+
(

1− 1

2τ̃

)
∇1 ·Θ(1)=−δt

2
(∂t1

E1+∇1 ·R1), (A.19)



T. Zhang, B. Shi, Z. Chai and F. Rong / Commun. Comput. Phys., 11 (2012), pp. 1569-1590 1587

where Θ(1)=∑
4
i=0ceig

(1)
i . With the aids of Eqs. (2.13), (A.17) and (A.16b),we have

− 1

τ̃δt
Θ(1)=∂t1 ∑

i

ceig
(0)
i +∇1 ·∑

i

c2eieig
(0)
i −∑

i

ceiG
(1)
i

=∂t1
(r2uθu)+∇1 ·(r2c2

s uθI)−R1

=∂t1
(r2uθu)+∇1(r

2c2
s uθ)−R1. (A.20)

Note that the term of ∂t1
(r2uθu) should be neglected because they are of the orderO(Ma2),

so the Eq. (A.19) can be written as:

∂t2(r
2uθ)−

δt

2

(
1− 1

2τ̃

)
∂t1

(G1)=
(

τ̃− 1

2

)
δtc

2
s∇2

1(r
2uθ)−

δt

2
∂t1

E1− τ̃δt∇1 ·R1. (A.21)

In order to recover the correct governing equation for uθ, the parameter E must be chosen
as

E=
(

1− 1

2τ̃

)
G=

(
1− 1

2τ̃

)
r2aθ , (A.22)

and a proper definition of R is given as

R=




0

3c2
s ruθ

(
1− 1

2τ̃

)

. (A.23)

Combining the results on the t1 and t2 time scales, Eqs. (A.18) and (A.21) together with
Eqs. (A.22) and (A.23), we can obtain the final macroscopic equation accurate to the order
of O(δ2

t +δt Ma2):

∂(r2uθ)

∂t
+∇·(r2uuθ)=ν∇2(r2uθ)−3ν

∂(ruθ)

∂r
+G, (A.24)

where the viscosity is

ν=
(

τ̃− 1

2

)
δtc

2
s . (A.25)
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