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A POSTERIORI ERROR ESTIMATORS FOR NONCONFORMING
APPROXIMATION

ABDELLATIF AGOUZAL

Abstract. In this paper, an alternative approach for constructing an a posteri-
ori error estimator for non-conforming approximation of scalar elliptic equation
is introduced. The approach is based on the usage of post-processing con-
forming finite element approximation of the non-conforming solution . Then,
the compatible a posteriori error estimator is defined by the local norms of
difference between the nonconforming approximation and conforming post-
processing approximation on the element plus an additional residual term. We
prove in general dimension the efficiency and the reliability of these estimators,
without Helmholtz decomposition of the error, nor regularity assumption on the
solution or the domain, nor saturation assumption. Finally explicit constants

are given, which prove that these estimators are robust in suitable norms

Key Words. Nonconforming finite elements, a posteriori error estimators.

1. 1. Introduction

During the last 15-20 years a big amount of work has been devoted to a poste-
riori error estimation problem, i.e computing reliable bounds on the error of given
numerical approximation to the solution of partial differential equations using only
numerical solution and the given data. In order to be operating the a posteriori
error estimator should be neither under nor overestimate the error. Most of the
work concern the conforming finite element methods [8] and there is no much pa-
pers dealing with the nonconforming approximations (see e.g [5][4]). It turned out
that in this case some extra terms have to be added to well-know a posteriori er-
ror estimator used for conforming case. In [5][4], these extra terms are the jumps
across the element edges of the tangential derivatives of the finite element approxi-
mation with respect to element edges. In [2], other approach for constructing an a
posteriori error estimator is considered which is based on the solution of two local
sub-problems.

In this paper, an alternative approach is presented which is based on the usage of
post-processing conforming finite elements approximation y of the nonconforming
solution uy. Then, the compatible a posteriori error estimator is defined as the
local norms of uy, — 4y, on the element plus an additional residual term. We prove
in general dimension, without Helmholtz decomposition of the error, nor regularity
of the solution or the domain, nor saturation assumption, the efficiency and the
reliability of our estimator. Since most known a posteriori error estimates yield
two-sided bounds on the error which contain multiplicative constants, an explicit
knowledge of such constants is mandatory for a correct calibration of the a posteriori
error estimates. The norms of the quasi-interpolation operator have recently been
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estimated explicitly in [7]. In this paper we give explicitly such constants for our
estimators.

In the next section, we give some technical lemmas we need in order to estimate
the constants in the upper bound of the error. The estimators are introduced in
section 3 and the proof of their efficiency and reliability is given.

In order to avoid technical difficulties and to make the underlying ideas as clear
as possible, we consider the simple elliptic model problem:

Find w such that

—div(A.Vu)=f, on

u =0, in 0N
where  is an opened bounded polygonal domain in IR? (d = 2, 3) and A is piecewise
constant, elliptic and symmetric matrix.
Let 75, be a conforming triangulation of Q by triangles or tetrahedrons but nor
regular in the sense of Ciarlet [3], we denoted by E; the set of interior edges ( faces

Jand by E the set of all edges ( faces ) included in I' := 0. Let V}, be the lowest
order nonconforming finite element space defined in [3] :

Vi, = {'Uh S LQ(Q);VT € Tp, Vh|T € Pl(T),Ve € by, fe[vh]edU =0
and Ve € Ey, /Uhda =0}
where [.] denotes the jump of the concerned function across e.
We consider the following discrete problem

Find up € V}, such that

Yy, € Vi; Z /A.Vuh.Vvhd:C:/fvhdm,
TeTy T 2

where f is an approximation of f.

2. Some technical Lemmas
Let us introduce the norms ||AY/2.| and ||[A~/2.|| defined by :
Ve e RY, || AY?z|? =< Az, > and ||A7V%|P =< A7z >
For all T € 7y,, we denote by Er the set of edges (faces) of T and we set :
|- A~Y2(p —
ar = max | (=)l

and

=2sup inf [|[A"Y3(z — .
pra=2sup il 472 — )|

In the sequel of this paper, we set
(=0 min(t, (1 — t)~)dt) /2
pw= inf .
0<e<1/2 (1—2¢)1/2

Let us remark that :

p< (/O1 min(t=4, (1 —t)~)dt)/? = (2

First, we have the lemma

29-1 1

— W2 =d'? d=2,3.
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Lemma 1. For all T € 7, and v € HY(T). We have
1
(/ (// \Vo(z+t(y—=)).(y—)|dtdz)>dy)"/? < pxmeasq(T)har|AY>Vollor.
T Jo
Proof: First, for all € € [0,1/2] we have

1
// \Vv(ac—l—t(y—x)).(y—xﬂdtdx§hA,T/ |AY2V 0 (z + t(y — x))||dedt
TJo 10,1[xT

< har( (1— t)’zfdt)l/Q(/ (1 — )| AY? Vo (x + t(y — z))||>dtdz)"/?
10,1[xT 1o 10,1[xT
< hA,T(meangﬁ)) (/ (1 o t)26||A1/2V”U({ZZ + t(y _ :17))||2dtd:c)1/2
(1—2¢) 10,1[xT

Then, we obtain

/// \Vo(z + t(y — 2)).(y — z)|dtdz)*dy)*/?

hAT measd( ))1/2 1)\2e 1/2 vix —x 2 T 1/2
= (1—2)12 (/0( t) {TxT”A Vo(z +t(y — z))||*dedy}dt) />,

Using the change of variables:

x—z=c+tly—x) ft<1/2, y—z=a+tly—x) ift >1/2,

we have

/// \Vo(z + t(y — 2)).(y — z)|dtdz)*dy)*/?

< hAT(fwcgic;W))l/?(/o (1 =) min(t™?, (1 —t)"")dt)"/? / A2V ()| dz)' /2.

Lemma 2. Let T € 7;, and e € Ep, for allv € HY(T), we have:

> 1 ha
measq—1( |/U = measq (T)1/2(||U||0T+*| v]o,1)-

measq—1(e)

Proof: Let a. the opposite node at e. We set p = ———~—=
dmeasy(T)

(z — a.), it is easy

to verify that
VfeEr, pnr=35 ine,

where nr is usual outward normal to 7. Using Green formula we obtain:

\/vda| |/ vp.npdo| = |/ (Vou.p + vdivp)dz|

measq—1( ).

< W(” ||0T+ ‘

We also have the following
Lemma 3. For allT € T, ve HY(T). We have
AYV2Nvllo.,

1
h = — dx.
where vp measa(T) /Tv T
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Proof: Using Taylor formula and lemma 2.1, we have

oir = ([ ) = s [ l@)ao?iy)?

1 1 )
= meas(T) t(y — x)).(y — x)dtdz)>dy) < pha| A2 _
measd(T) (/T(/T/O VU(.T,‘ + (y )) (y JJ) 37) y)2 Ny AH VUHO,T

By the same arguments, we have also

Lemma 4. For allT € T, ve HY(T) and f € L*(T). We have:

| / (f — fr)vda] < o x hazlf — frloz| A Volor,
T

v —vr|

where fpr = ¥/ f(x)dx.
T

measq(T)
Proof: Remark that
1

/T(f(y) — fr)oly)dy = /(f(y) — fr)(v(y) - measa(T)

T
< |lf = frllorllv —vrllo,rs

/Tv(x)dx)dy

1
h = dx.
where v measa(T) /Tv T

Using Lemma 2.3, we obtain
| (7= toyvdal < o< haielf = frilorll AVl .
Now, let IIj, the interpolation defined from W1P(Q), p > 1 onto V}, by:
Ve € E, /(U — ITpv)do = 0.

Recall that [1], for all symmetric matrix B, we have:
VT € 'Th; HB-VH}LUHLT < ||B.V’U||1’T and H’U - Hh'UHO,T < CThTHB-v'UHI,T-
and

vT € T,V € P (T), / B.Vv,V(u—Iju)dx = 0.
T

In the next lemma, we give explicit bound of the constant C'r. First we have

Lemma 5. For all T € Ty, for allv € HY(Q), we have

h
ITLollo,r < (d+1)(d = 1) (Jollo,r + FAIIA”QVUIIO,T)-

Proof: Since,

1
Iy = Z (m/ﬁvda)¢ev

ecEr
where ¢ € P1(T) and | ¢||§ r < measq(T)(d — 1). Using the lemma 2.2, we obtain
h
[Mllor < (d+1)(d = D)Y*([oor + A Vollor).
Lemma 6. For all T € Tp,, and all v € H'(2), we have

1
lo = pvllor < (i + (d+1)(d = 1)Y2(u + 3))hA||A1/2~WHo,T'
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1
Proof: Let vp = 7/ vdz. On one hand, using lemma 2.3 and 2.5, we
measq(T) Jr
have:
1/2 ha 1/2
(v =vr)or < (d+1)(d =1 (llo = vrllor + —~147"Vollo,r)

1
< @+ 1A= )2 (ut ) < ha AVEVv]o,r.

On the other hand,
0,7 S [LhA||A1/2.V’U||07T.

By triangular inequality, and using the fact that II,vr = vy, we have

[o = vr]

v —Tpollor = |lv—vr —p(v—vr)llor
< (p+ (d+1)(d—D)Y2(u+ 5)hal|AY2. V0o r.

The final lemma is needed to estimate the constants in the proof of the efficiency
of the estimator. For this, and following Verfirth [8], we introduce the bubble
function ®7 defined by:

d
Op = (d+ 1) ] N
i=0
where \; are the barycentric coordinates on T'. We have

Lemma 7. For allT € Ty, for all v € Py(T), we have

o = nll®3 *vllo.r,

[[v
and
|42 9 @70)lor < = ljelor,
where 0d 1+ 1) ,
= (CW)I/Q,
and

(d+ 1)!2d)1/2.

7= (T3

Proof: Let us prove the first inequality. Since

d d+1 : a dl H?:o a;!
V(a)img € INT, /TH)/\i idr = (00Tt t d)!measd(T),
and v € Py(T), we have
(2d+1)!
d!(d+ 1)d+1
On the other hand, since

1/2 1/2
vllor = ( )2 1®5/ % 0ll0,r = 7115 *vllo,r-

1
Vi=0,..,d,|AY2V \ilor < —

PT,A
we have
d
1429 (@r0)lor < 3 1A72(VA) [T Msllorlel
i=0 o J#i
< (M)IDHM(LT: 72 lvllo.z-

3d!p%)A

s
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2.1. The Transfer operator. We introduce a transfer operator defined in [2],
that is an application I, defined from Vj, into V;, N HE (£2), such that

Vu € Hy(Q),un € Vi, lu—Tn(un)l1o < CCY lu—unlf )
Te€Th

We denote by N the set of all nodes of the triangulation 7;,. For each a € N, T',
will denote the union of the sides contained in €2 a belongs to; K, will denote the
union of the elements of 75, having a as node and by M, card(K,). Finally A(T)
is the union of the elements shearing a node with 7" and My is card(A(T)).

We define the operator I, from Vj, onto V;, N HE(2) by

0 if ael,

— 1
In(up)(a) = ¢ — Z upr(a), otherwise .
T TeK,

Using the same proof as in [2] and the previous lemmas, we have the following
Theorem 1. For all uy, € Vi, u € HY(Q) and T € Ty, we have

measq(T))/? h
|AY2.5 (up = I (un)llo.r < HmeesalT) > s ARV () ok,
pAT KeaT) (measq(K))Y/

where

B=2"1d2+ (u+ (d+1)(d—1)"2(u+ %)))-

3. The a posteriori error estimator.

Let @, € H}(Q) a conforming post-processing of uj, which can be obatined using
transfer operator. We assume that 4y is obtained by black-box post-processing. It
is interesting to give a posteriori error estimator for u — y,.

3.1. Error Estimator using Constitutive law. In this subsection, we assume
that:

VI €T, f=fr
Adapting the proof given in [1], we prove that the vector field defined by

YT €Ty, pn=ANVu, — %(x —zgr) onT,

where zg 7 is the barycenter of T, belongs to H(div;)) and satisfies
vT €1, —divpp=fr, onT.

Since py, is of physical interesting, we want to give an a posteriori error estimator
for u — 4y and A.Vu — p,. We have

Theorem 2. For all 4y, € H () NV}, and all ¢ €]0,1],
VT € Ty, ||A2pn — AV2Vanllor < [A72(0 = pr)llo,r + | A2V (u =)o,
and

(1- C)||A1/2.V(u - lA‘h)”(?),n + ||A71/2(P —Ph)||(2),ﬂ < HAil/zph - Al/zVﬁh”aQ

2
+ 5 Zrer, Warllf = frlle -
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Proof: The first inequality is clear, let us prove the second one. On one hand,
we have:

1A 2py — A2V 5 g = A2V (w = @) [§ 0 + A7 (p — i)l 0
+2/ A7V2(py, — ). AY2(Vu — Vg )de
Q

On the other hand, using the Green formula and Lemma 2.4, yiels
| / ATV (py — p). AYA(Vu = Vi, )da| = | / (pn = p).(Vu = Vi )d|
Q Q
=|- / div(pr. — p)(u — un)d

AY2N (u — 1)o7

TET, TET,

\|A1/2V( )56

TEeT),
Then we obtain
(1- )IIAl/2 V(w—an)|§o+ 1A (0 = pu)ll§ .o < 1A 2pr — AV2Van|[5

Zh

T€Th

Using the same arguments, we can prove the following precise version of the last

Theorem:
Theorem 3. For all u, € H} () and py, € H(div; Q) such that
VT € Ty; —divpy = fr, on T,
for all family of reals {(r}rer, such that
(r=0, iff=fr and Cr€l0,1[iff# fr.
We have

| A=Y 2py, — AV2Vay o < |A™Y2(p — pn) A2 N (u — i) lo,r,

and

Y A=) AVEV (w—an)|§r + AT (0 = p)ls o < 1A 200 — AV2Vun|ff o

TGTh
Z Pz
¢r

TeT),

16,1

3.2. Estimator in general case. We give an a posteriori error estimator for
u — up and u — uy. First, concerning the upper bound of the error we have

Theorem 4. Let 4, € H}(Q) N Vj, we have

(Z ||Al/2V(U—Uh)||3,T)1/2 <( Z HAl/QV(uh Up HOT % Z hA THf”OT 1/2-

TeTy TeTy TeTy
where

a=p+ (d+1)(d—1)"2(u+ %).
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Proof: Weset V = {v e L*(Q),VT € Tp; v € H'(T)}, and define the bilinear
form on V2 by

Yu,v € Vi a(u,v) = Z/AVqudx
TeTy
First, we have

(3 A2V (w = un) |3 7 = alu — up,u — up)
TE,]-})

:a(u,u—uh)—/Qf(u—uh)dx—i—/Qf(u—uh)dx—a(uh,u—uh).

On the one hand

/f(u—uh)da:fa(uh,ufuh :/fufuh )dx
Q

-3 /Awh V(I (u — up))dz

TeT,
= /Qf(u —up, — Hp(u— up))de

RO NAYEV (= un) (1§ )2,
TeT TeT,

where )
a=p+(d+1)(d—1)"?(u+ 2
On the other hand

a(u,uw —up) — / flu—up)dr = —a(u,up) + /Q fupdx

= —a(u,up) —Sa(uh,uh) a(up — u,up) = a(up, — Gp, h—u)

< (X0 1429 (= un) [B.0)? x (37 42V (@ —wn) 3 1) *
TeTh TeTh

The last inequalities give the result.
Concerning the a posteriori error estimator for v — @y, by triangular inequality,
we have the following

Theorem 5. Let 4y, € H} (), we have
(Y NAYVY (w—an) 3 )? < 2  rer, 142V (in — un) |13 1

TeTn
+ aXlrer, th,T”fH%,T)l/Z'

where

a=p+ (d+1)(d—1)"2(u+ é).

Finally, concerning the lower bound. Using classical arguments [8], we have the
following
Theorem 6. For all T € Ty, we have the following estimation
1A 2V (@, — un)llo,r < A2V (u — Uh)Ho r+ A2V (w = an) o,
Ifllor < X +ADf = frllor +7f—— ” (| AV (= ) o

)

and

Ifllo.r < A+ DISf = frlor +77F pAT(IIAl/QV(u ey

)
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Proof: The first inequality is obtained by triangular inequality. Let us prove

the last inequalities. We set v, = up or up, fr = fdx and wr =

measq(T) Jr
&7 x fr € HY(T), since fr belong to Py(T). Using Lemma 2.7, we have

rlde < N8} x frlow =12 [ wrsrds
T
= 712/ wr(fr — [+ div(A.V(u — vp))dx
T
7%(/ wr(fr — f)dm—i—/ ANwr.V (v, —u)dz.
T T

Since ||®7]]o,00,r = 1 and using lemma 2.7, we have

N

| / wr(fr — fdz| < |z — flozlfrlor,
T
and
| / AN wr Y (vn = wdz| < 2| A2 (u = op) o]l fr — ovnllo.r-
T PA,T
Then
2 172 1/2
I frllo,r < Yillf = frllor + ——=[|A=V(u —va)llo,7-
PA,T
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