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Abstract. In this paper, the time-dependent Maxwell’s equations used to modeling
wave propagation in dispersive lossy bi-isotropic media are investigated. Existence
and uniqueness of the modeling equations are proved. Two fully discrete finite ele-
ment schemes are proposed, and their practical implementation and stability are dis-
cussed.
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1 Introduction

The research on numerical analysis and modeling of electromagnetic wave propagation
in dispersive media (especially metamaterials) has been a subject of increasing interest
over the recent years (cf. [1,6,10-14,16,19-21] and references cited therein). In this paper,
we consider the wave propagation problem in dispersive lossy bi-isotropic (BI) media,
which are characterized by more complicated constitutive relations than those classical
dispersive media models such as Debye and Lorentz models [10]. In BI media, the mag-
netic and electric fields are coupled. Electromagnetic waves in such media have some
interesting characteristics such as optical rotatory dispersion [15].
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Though some FDTD schemes (cf. [7]) have been developed for solving BI media, to
our best knowledge, there is no rigorous mathematical analysis (such as the existence and
uniqueness) of this model. Furthermore, to overcome the disadvantage of FDTD schemes
for complex geometric problems, it is interesting to develop some finite element method
for modeling wave propagation in BI media. Our major goal of this paper is to initiate
the analysis of these new modeling equations and develop some efficient finite element
methods to solve them.

In this paper, we denote C (sometimes with a sub-index) a generic constant inde-
pendent of the mesh size /1 and the time step size At. We also use some common nota-
tions [17]:

H(div;Q)) ={v e (L*(Q))*: V-ve(L*(Q))%},
H(curl;Q)z{vE(L2 (Q))3: VXUE(L2< ) |2
Ho(curl; Q) ={veH(curl;Q2): nxv=0 on 9Q}},

for any bounded Lipschitz polyhedral domain Q) in R® with connected boundary 9Q.
Moreover, we let (H*(Q))? be the standard Sobolev space equipped with norm ||-||,.
When a =0, we just denote || - || for the (L?(Q)))? norm.

The rest of the paper is organized as follows. In Section 2, we first present the time-
dependent governing equations for modeling wave propagation in Bl media. Then we
prove the existence and uniqueness of the modeling equations. We also present a stability
result. In Section 3, we develop two fully-discrete finite element schemes for solving the
BI media model equations. Solvability, stability of these schemes are discussed. Finally,
we conclude the paper in Section 4.

2 The governing equations

The description of the dispersive lossy Bl media is given by the constitutive relations [15]:

=e(w)E+/eopo(x—ix(w))H, (2.1a)
B_y(w)H+W x+ix(w))E, (2.1b)

where E and H denote the electric field and magnetic field, D and B denote the elec-
tric and magnetic flux densities respectively, €y and y are the vacuum permittivity and
permeability respectively, the number i =+/—1, x >0 is the nonreciprocity parameter,
and x(w) is the chirality parameter. Furthermore, the permittivity e(w) and permeability
#(w) depend on the wave frequency w. Experiments found that a Condon model can
be used to describe the frequency of the chirality x(w), and both e(w) and p(w) follow
a second-order Lorentz model. Since the resonance frequencies of «(w), €(w) and u(w)
are found to be very close in experiments, in practice they are assumed to be the same,
in which case, the frequency domain constitutive relations (2.1a)-(2.1b) are expressed as
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(we corrected some typos of (3)-(4) in [7]):
€0(€s—€co) W rXp_ i WTWE
w3 —w2+2welw G Co w3 —w?+i2wolw

2
Wo

D =¢peE+

H, (2.2a)

2
ey xp i o
—w?+ szOCw Co  Cow3—w?+i2wolw

E, (2.2b)

where ¢, =1/, /€ represents the light speed in vacuum, ¢ € [0,1) is the loss parameter,
€s and €., are the permittivities at zero and infinity frequencies, respectively, ys and i
are the permeabilities at zero and infinity frequencies, respectively, and 7 >0 is a time
constant.
Using the following rules
P

) 0
w— =, wW'——55,
ot or?

the constitutive equations (2.2a)-(2.2b) can be written in time domain as

9°D 0’E oE
7 +2wo<§ —I-wOD:eoeooﬁ+2€oewwo§—+eoesw§E
0’H ) L20H
+ = (8t2 +2 Og + 0H> Og, (23a)
9’B 82H oH
5z +2w0§ +wOB oMo =75 ) +2yoyoowo§ +yoysw0H
0°E oE
+ X (atz 2w og +wOE> GBS, (2.3b)

To make the problem complete, (2.3a)-(2.3b) need to be coupled with the Ampere’s
law and Faraday’s law written as follows:

oD

g =V x H, (24&)
oB
S =—VxE. (2.4b)

Furthermore, we assume that the governing equations (2.2a)-(2.3b) are subject to the per-
fectly conducting (PEC) boundary condition

nxE=0 on 00, (2.5)
and initial conditions

E(x,0)=Ep(x), H(x,0)=Hy(x), D(x,0)0=Do(x), B(x,0)=Bo(x), (2.6a)
Et<x10):E1(x)/ Ht<x10):H1(x)/ Dt(x,O):Dl(x), Bt(xlo):B1<x)/ (2.6b)
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where n is the unit outward normal to 0Q), and E;, H;, B; and D;, i=0,1, are some given
functions.
In the rest of this section, we shall show that the problem (2.3a)-(2.6b) is well-posed.
For a function u(t) defined for t >0, let us denote its Laplace transform by (s) =
L(u)= [, e 'u(t)dt. Taking the Laplace transform of (2.3a)-(2.4b), we have

(i) s*D+2woEsD +wiD = epeos® E+2ep€0wolSE +egeswi E
+ cﬁ (s2H4-2woEsH +w3H) — Clw%sﬂ—l—ﬁo (s), (2.7a)
(%

%

(ii) > B+2woEsB+w3 B = 1o 1teos® H+ 2110 pleowo s H + o prs w3 H

—|—Cl(szltj—i—ZwogsE—l—w%E)—l—Clw%sIAE—i—Go(s), (2.7b)
v v

(iii) sD—Dy =V x H, (2.7¢)
(iv) sB—By=—V x E, (2.7d)

where we have absorbed all related initial conditions into Fy(s) and Gy(s), i.e.,
Fo (S) =sDg+D1+2wo¢Dy— €€ (SEO —E; ) —2€p€0woCEp
Tw

2
X(SH0+H1+2(U0(§H0)+ OH(),

_a Cy

Go(s) =sBo+ By +2wo¢Bo — popteo (sHo+ H1) — 2o pecwolHo

2
Tw

—£<SEO—|—E1—|—2(U0€E0)— 0

Coy Cy

Multiplying (2.7a) and (2.7b) by s, and using (2.7c) and (2.7d) respectively, we obtain

E,.

—p(s)VxE=q(s)H+ (Clsp(s) + Clwész> E+Go(s), (2.8a)
p(s)VxH:r(s)E-l-(Cﬁsp(s)—clw%sz)ﬁ-i-ﬂ)(s), (2.8b)
where we denote
p(s) =8> +2wols+ws, (2.9a)
9(5) = (popteos” +2J10 10025+ 0 Js0])s, (2.9b)
7(5) = (€0€008* +2€0€00w s +€0€5W3)S, (2.9¢c)
Go(s) =sGo(s) —p(s)Bo, (2.9d)
Fo(s) =sFo(s) —p(s)Do. (2.9€)

Multiplying (2.8b) by q(s) and using (2.8a) to eliminate H, we have

r($)(5)E+p(s)V x [p)V < Bt (£-5p()+ - wfs? B+ Gos)|

~(Zsp(s) b [p(s) U x B (Zosp(s)+ s’ E4-Go(s)] +a(s)Fols) =0,
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which can be rewritten as

2 £yt 22 A T o202\ (X 2 A
p (s)VxVxE—i—chwOs p(s)VxE—i—Kc wgs ) (cvsp(s)) —|—r(s)q(s)]E

[

T
= (%sp(s) — c—wész> Go(s)—q(s)Fo(s)—p(s)V x Go(s) =FG(s). (2.10)
v
A weak formulation of (2.10) can be formed as: Find E € Hy(curl;QQ) such that
A(E,u)=(FG(s),u), VYuc Hy(curl;Q), (2.11)

where the bilinear form A(-,-) is given by

A A

A(E ) =p(s)(V < E,V %) 42 p(s) (V x E,u)
+ [(éw%sz)z_ (%sp(s)>2+r(s)q(s)] (Eu). 2.12)

Theorem 2.1. Under the conditions

Vo€ =X, €5 €co, Hs> oo, (2.13)

where equal signs cannot be true at the same time, there exists a unique solution E € Hy(curl;Q)
for the problem (2.11).

Proof. First, it is easy to see that A(E,u) is bounded in Hy(curl;Q) norm, i.e.,

A(Eu) < C”EHHO(curl;Q) el o curlion)- (2.14)

To prove the existence and uniqueness, we shall further confirm the coercivity of the
bilinear form A(-,-). Note that g(s) and r(s) defined in (2.9b) and (2.9¢) can be written as

9(s) = HopeoSp(s) + o (s — peo )G
and
7(8) = €0€c0sp () +€0 (€5 —€oo ) WS,
from which we obtain
9(5)7(s) =po€opeo€oo (5P (5))? + Hoeowiis” p(s) [Hoo (€5 — €co) +€oo (s — peo)]
+po€o (€5 —€co) (ps — yw)wész.
Hence we have

(Zad) = (Zsp(s)) +r(5)a(5) = (Zds?) +poeo(iumen—22) (59

Coy v
+Hoeows’ p(s) [Hoo (€5 — €co) +€co (s — oo ]
4 10€0 (€5 — €co ) (Hs — Hoo ) WS> (2.15)
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On the other hand, by the arithmetic-geometric mean inequality, we have
T IR o 1/71 2 4
2= whsp(s) (VX B E) > —op2(s) |V x E[f— 5 (—s?) IIEIR, (2.16)
Co o \¢y

where the arbitrary constant J > 0.
Using (2.15) and (2.16), and the property p(s) >s?, we have

A A ~ 1 ~
A(E,E) 2(1—5);92(5) |V x E||%-|- <1+Ind— S)eoyo(rwo)zw%s‘LHEH%

+ [0€0 (Joo€oo— X*) (5p(3))* + po€o (€5 —€oo) (s — oo )ws*] | ENlG,  (2.17)

where we denote Ind = [Jieo (€5 — €oo) +€oo (Us — Moo )] / (Twp)?.
From (2.13) and (2.17), we can see that Ind > 0. Hence choosing 1> 6 >1/(1+1nd)
guarantees that

A A 112
A(E,E)ZCHEHHO(curL‘Q)'

which, along with the boundness (2.14), guarantees the existence and uniqueness of a
solution E € Hy(curl;Q)) by the Lax-Milgram lemma. O

The existence and uniqueness of a solution His implied from (2.8a). From (2.7c) and
(2.7d) and the existence of solutions H and E, we see that solutions D and B exist and
are unique. The inverse Laplace transforms of functions H,E,D and B are the solutions
of the original time-dependent problem (2.3a)-(2.6b).

Remark 2.1. In [7], two examples of BI media are considered. The first one chooses the
parameters

lus:ilm:]" 65:6/ 60024/ TIZOPS/ wO:47TGHZ/ gIO/ X:O/

which satisfy the assumption (2.13). In this case, Ind ~31.66.
The second example chooses the parameters

Us=15 po=1, €=6, €x=4, T=15ps, wo=6nGHz, (=0.2, x=0.1,
which also satisfy the assumption (2.13). In this case, Ind ~50.04.

By the ordinary differential equation theory, we can solve (2.3a) for D, and (2.3b) for
B analytically.

Lemma 2.1. The solution of (2.3a) can be written as
D(t)=e"(Cycosat+Casinat)+Dy(t), (2.18)
where the particular solution (cf. [10,12])

t
D,(t) :/0 g(t—s) |:€0€ooEtt +2€0€00woCE; -|-eoesw(2,E

Tw

2
+§(Hﬁ+2wo<§Hf+w%H) - Hf] ds. (2.19)
v

Cy
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Here the kernel g(t) =a~'e~%sinat, and the parameters are

S=wol, a=y/wi—02=wo\/1-¢2, C1=D(x,0), Co=(D¢(x,0)+3C1)/a.

Similarly, the solution of (2.3b) can be written as
B(t)=e " (Cycosat+Cysinat)+B,(t), (2.20)
where the particular solution

t
B,(t)= /0 3(t=3) [ HoptooHit+2ptopicatc0GHi+ Hopisco} H

2
TWy

+C§(Eﬁ+2woglsf+w§£) +

v Cy

E;ds. 2.21)

Here the kernel g(t) has the same form as that for D, and the parameters are
C1=B(x,0), Co=(B(x,0)+Cy)/a.
Finally, for the problem (2.3a)-(2.6b) we have the following stability.

Theorem 2.2. The solution (E,H,D,B) of (2.3a)-(2.6b) satisfies the following stability: for any
tel0,T],

(EIG+ B[S+ H |5+ |l H: 5+ | B+ Bl + [ DI+ De5) (1) < C, (2.22)
where the constant C > 0 depends on T and the initial condition functions

IECO)[lo, [[H(O)]lo, [[B(O)llo, [D(O)llo, [[E:(0)llo, [H:(O)lo, [IB:(0)lo, [[D¢(0)]lo- (2.23)
Proof. Multiplying (2.3a) by E; and integrating the resultant over (), we have

1 d 1 d
606w S| Etl+2e0emeond |3+ eoescot 7 | EIR

2
Twy

+§(Hft+2w0§Ht+w%H,Ef) Y% (H,,E)— (Dy+2woeD;i +wiD,E) =0.  (2.24)
[

[

Similarly, multiplying (2.3b) by H; and integrating the resultant over (), we have

1 d 1 d
5 Hoteo o [ H |5+ 2popteocwood | He 5+ 5 popsew = | H I3

2
Twy

Cy

+§(Eff+2wogEf+w§E,Ht) + 0 (E, H,)— (By+2woeBi+w2B,H,)=0.  (2.25)
0



Y. Huang, ]. Liand Y. Lin / Adv. Appl. Math. Mech., 5 (2013), pp. 494-509 501

Summing up (2.24) and (2.25), we obtain

14,
2dt
+C1 [(Hy+20wofHy+w3H,Er) + (Ey + 2000 Es + w3E, Hy) |

%

€0l | Et |5+ eoesi || EI§ + popes | HE 1§+ poptscot | H[5]

— (D4 +2woEDs+wiD,Et) — By +2wo&Bi +w?3B,Hy) <0. (2.26)
Using (2.4a), (2.4b), and the PEC boundary condition (2.5), we have
(Dtt/Et) + <Btt/Ht) = (V X Ht,Et) — <V X Et,Ht) =0. (227)

Integrating (2.26) from 0 to ¢, and using (2.27) and the following identity

/O [(Hu E1)+ (Eu Hy)|dt = (Hy,E)) () — (Hy E)(0), (2.28)
we have

1
5 [€oew | Erl[§+€oescG | ElI§+ oo | Hell§ + popusco | HIF] (¢)

(€0 || E][5 +€oescw§ || El§+ propies | He I + popse | HIIG] (0)

_X [(Hy,E)(t)— (Hi, E)(0)] — /O tcl [(2wolH;+wiH, Ey) + (2wolEs+w3E, Hy) | dt

Cy v

t
n /0 [(200ED; +w3D, Ey) + (2wl By +w?B, Hy) | dt. (2.29)

It is easy to see that all the right hand side terms can be bounded by the left hand side
terms except those involving D and B, which can be bounded by Lemma 2.1 as shown
below.

From (2.18) and (2.19), we can see that || D(t)||o can be bounded by a function of

IE:()llo, [IEE) o, [1He(E)llo, [H(E)]lo, [1DO)]lo, [ID+(O)]|o, [[E+(O)[lo, [[H:(0)lo,

where we used integration by parts for terms E;; and Hy; in (2.19).
Similarly, from (2.20) and (2.21), we can see that || B(t)||o can be bounded by a function
of

IE:(B)llo, [E()llo, [1He(E)llo, IHE)]lo, [IB(O)llo, [IB:(0)llo, [1E¢(0)llo, [[H:(O)[lo-

Differentiating (2.18), we obtain

D;(t) =e **[(Con— C16) cosat — (C20+ Cra) sinat)] —I—D; (1), (2.30)
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where the derivative

t
D;,(t):/o Qt(t—s) [eoeooEtt+2€oemw0§Et+eoesw3E

Tw

2
+§<Htt+2wO€Ht+w(2)H)_ OHt] ds. (231)
v

Co

Here kernel

_Wo __st — el @ el /1
gt(t)—ae cos(6+at), where 6=-cos (\/m> cos” 4/1—¢2.

From (2.30) and (2.31), we can see that || D¢(t)||o can be bounded by a function of

IE:(®)llo, [IE()llo, [[He(E)llo, [H(#)]lo, [ID(O)[lo, [IDe(0)]lo, [[E¢(0) o, [[HE(0)l[o-

By the same arguments, we can prove that ||B;(t)||o can be bounded by a function of

IE:(B)llo, [[E()llo, [[He(E)llo, I1HE)]lo, [1B(O)llo, [IB:(0)llo, 1E¢(0)llo, [[H:(O)[lo-

Substituting estimates of ||D(t)||o, ||B(¢)|lo, [|D¢(t)llo, ||Be(t)]|o into (2.29), and using the
Gronwall inequality [5], we obtain

[€0€co || Ex||§ +eoeswG | ElI§+ poptes | He I3+ popsewr | HIIG] (1) <C, VE€(0,T],  (232)

where the constant C >0 depends on T and initial condition functions (2.23).
Eq. (2.32), along with the fact that || B(t) ||o, || B¢ (t) |0, || D(t)||0 and || D¢(¢)||o are bounded
by those left hand side terms of (2.32) and functions (2.23), concludes the proof. O

3 Design of some fully-discrete finite element schemes

To design a finite element method to solve (2.3a)-(2.6b), we partition () by a family of
regular cubic or tetrahedral meshes T with maximum mesh size h. Depending upon
the regularity of the solution, we can use a proper order Raviart-Thomas-Nédélec (RTN)
mixed finite element space (cf. [17,18]): For any [ > 1, on a tetrahedral element, we can
choose
Uy, = {u, € H(div;Q): uy|x € (p1)°®pr_1x, VKeT"}, (3.1a)
Vi ={v, € H(cur;,Q): vy|x € (p1_1)°®S;, VKeT"}, (3.1b)

where the subspace S;={F € (f;)*: x:7=0}; while on a cubic element we choose

Uy, = {uy, € H(div; Q) : up |k € Quy-17-1% Qr-1,11-1% Qi—14-1,, VKET"}, (3.2a)
V= {Uh € H(curl;Q) 10y |K S Ql*l,l,l X Ql,lfl,l X Ql,l,lfll VK e Th}. (3.2b)
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Here py denotes the space of homogeneous polynomials of degree k, and Q; ;x denotes
the space of polynomials whose degrees are less than or equal to i,j,k in variables x,y,z,
respectively. To accommodate the boundary condition (2.5), we define a subspace of Vy;:

Vi ={v,€V): nxv,=0}. (3.3)

Finally, we divide the time interval I = [0,T] by N+1 uniform points t; =iAt, where
At=T/N, and i=0,---,N. Furthermore, we denote uk= u(-,tr) and introduce the differ-
ence operators:

1
5%uk: (uk+1—2uk—|—uk_l)/(At)2, ﬁk:§<uk+l—|—uk_l), 52Tuk:(uk+l—uk_l)/(2At).

With the above preparations, we can now develop a fully discrete finite element
scheme for solving (2.3a)-(2.6b): Given initial approximations

E), H), B), D), E,, H,, B}, D;, (3.4)

at time levels ¢y and t;, for any n>1 find EZH evy, DZ+1 evy,, HZ“,BZJrl € Uy, such that

(i) (D} =Dy, ¢,)—2AHH},V x ¢,) =0, V¢,€V), (3.5a)
(i) (Bf ™ =B, +2At(V X ElL,) =0, Yy, €Uy, (3.5b)
(iii) 02D} 4202 D) +WiD" = €0€cod2E}} +2€0€00wo 027 Ej +€0eswiE"
2
+ Cﬁ (O2H! +20E00 H + w2 H") — @@THZ, (3.50)
v v
(iv) 62B} +2wo&02: B +wiB" = popecd> HY + 20 poowo 027 HY + popscod H'
2
+ & (2B 2020 B+ BE") + Loy Ef. (35d)
v v

Note that the scheme (3.5a)-(3.5d) is explicit in that at each time step we can first solve
(3.5a)-(3.5b) for DZ+1 and BZ“, independently; then we solve (3.5¢)-(3.5d) as a system for
En+1 and Hn+1

h h o

Theorem 3.1. Under the assumption (2.13), the system (3.5¢)-(3.5d) is solvable for EZH and
Hn+1.
h

Proof. Note that the coefficient matrix for (EZ“,H Z“)’ can be written as:

2 2 2
€0€c0 | €QEcWG | EQESW] x( 1 wol wo) Twp

(A2 A 2 o \2 T A T2 ) T 2e0at
X 1 wog WS) TWE oo , Holteotwol | Hols
Co 2c,At  (At)? At 2

(AH)2 At 2
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whose determinant equals

€ CL)Z
| Al =€opo(€coptco— X*) f2 (A1) + %f (A1) [€co(pts = poo) + oo (€5 —€co) ]

€0V0w3(€s_€oo)(l/‘s_?400) ( Tw(% >2

+ 4 2c,At

(3.6)

where we denote f(At) =1/(At)?+wol/At+w3 /2. It is easy to see that |A| >0 under the
assumption (2.13). Hence the matrix A is invertible, which concludes the proof. O

Similarly, we can develop another fully discrete finite element scheme for solving
(2.3a)-(2.4b): Given initial approximations (3.4), for any n>1 find EZH eVvy, DZH eV,
H'M, B! e U, such that

(i) (D} =Dy, ¢,) —2AHH},, V x ¢,) =0, V¢, €V, (3.7a)
(i) (B} =B~ Y9,)+2At(V < Ejp,,) =0, Vg, €Uy, (3.7b)
(iii) 02D} 4202 D} +WiD" = €p€cod>E}} +2€0€00w0E0ar Ej +€0€swiE"
2
+ Cl (O2H! +200 00 H + w3 H") — T;"O SyH!, (3.7¢)
v v

(iv) 5§BZ +2wo o Bj; +w(2,B” = yoywéiHﬁ + 20 PoowoGoor H 4 yoysw%H”

2
+ X (2B 4 200885 B +w2E") + 05, BN (3.7d)
0

Co o

T

First, we like to remark that this scheme is different from the scheme (3.5a)-(3.5d) in
that this scheme is fully coupled for all unknowns E/"*, H}*!, B/*! and D}*!. This fact
makes implementing this scheme quite challenging, but we shall show below that the
unknowns can be separated after some calculations.

Multiplying (3.7a) by 1/ (At)2+wo&/ At and using (3.7c) to eliminate D}, we obtain

e ) 1 .
( (egj)z + ) (B ) (7 + ok (.9 9,)

x/ 1 wed\ TWE ,
+ [a ( (A1)? A ) B ZCUAOt] (H} 1)
= (Ri, )+ (55 ol ) (HL T gy, 68)

where R; is given as

2 o (o9} (] _ 2
Ry =— (eoeswf— 0o VB — (pooy = “’OC)E" X (@R )

(At)? (At)? At P (A1)2
x/ 1 wol TWE V0 2 ) )
- [5 < (At)? Y ) +2cUAOt]Hh '+ (At)zDh = ((At)2 _“’(2)> Dj,. 3.9)
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Similarly, using (3.7b) and (3.7d), we can obtain

(Vol/loo+V0Voow0§)(HZ+1,¢h)+(i_i_wOC) (VX E )

(At)? At At
X( 1 woG Tw? -
" [5<(At)2+ At >+2chOJ (")
1
:(Rz,lPh)— (A_t +(U0(§) (V XEZ*1,¢h), (3.10)

where R; is given as

o - (X
2
- [% ( (Alt)2 N Ciotg) - 21101&] Ej '+ (Azt)zBZ_l - (@ —w%> Bl.  (3.11)

Hence, at each time step, the scheme (3.7a)-(3.7d) can be implemented as follows: we
first solve (3.8) and (3.10) as a system for EZH and HZH ; then we solve (3.7a) and (3.7b)

independently for D} *! and B]/*!. Below we assure that the system formed by (3.8) and
(3.10) is indeed solvable.

Theorem 3.2. Under the assumption x < ,/€x}ico, the system (3.8) and (3.10) is solvable for
El* and H.

Proof. To prove the solvability of the system (3.8) and (3.10), we assume that their right
hand sides are zero. Choosing ¢ = EZH and ¢ = HZH in (3.8) and (3.10) and summing
up the resultants, we have

1 | wod 1412 n+112 4 o X cpntl gnt1y] _
(amz*ar ) Leoew IR B +pomes |1 +22- (B ) | =0,

which is equivalent to
X
€o€eo | By 1[5+ popreo | Hiy 5 +2- (B H) =0 (312)
v

From (3.12), we easily see that
(Ef*LH) <0. (3.13)
On the other hand, we can rewrite (3.12) as

Iv/€0EEy T+ /oo H) T ||* =2+ /E0io (/Eaofion — X ) (Ep T H 1) >0,

which, combining with (3.13), shows that (E/™,H} ') =0. Hence by (3.12), we have
|Ef{jo=|/H}!|lo=0, which concludes the solvability of the system (3.8) and (3.10). I
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Finally, we want to show that the scheme (3.7a)-(3.7d) is stable.

Theorem 3.3. Let cj,, > 0 be the constant in the standard inverse estimate [17]

IV xupllo <cinoh ™ |[unllo, Vaap € Vi (3.14)
Under the time step constraint
inp At
CT =0(1), (3.15)

and the condition x < \/€xfics, the solution (E*', Hi™, DI*1 BI1) of (3.7a)-(3.7d) satisfies
the following stability: for any n>1,
E5 6+ 1 H I+ 1Dy I+ 1By 1S
<CIIIEIIG+IE; 5+ 1 HR 5+ 11 H; 15
+ D7 5+ 11D o+ 187 5+ 185~ ] (3.16)

where the constant C >0 is independent of h and At.

Proof. Choosing ¢, = (At)2E} ™! in (3.8), ), = (At)2H/ ! in (3.10), then adding the results
together, we obtain

X
(1 oG ) [ €oees [ 3+ popes [ I 3422 (B )|
=(At)*(Ry, EIY) + AH(1+wolAt) (H ',V X ElTY) + (At)? (Ry, HIHY)
—AH(1+wolAt)(V < E} L HIH. (3.17)

First, using the assumption x < ,/€x}ic, We have

z%asgﬂ,ﬂgﬂ) > 2. /Eemfiofies| (B} L, HITY)|

> —eo€oo | Ey 15— popteo | H, 15,
which makes the left hand side terms of (3.17) bounded below by
C(1+wolAt) (e | Ejy 15 +popeo || H T [5)-

In the following, we just need to estimate those right hand terms of (3.17). Using
the Cauchy-Schwarz inequality, the inverse estimate (3.14), and the arithmetic-geometric
mean inequality, we have

AH(1+wolAt)(H 7LV X EFTY) <(14-wolAt) At -cinoh ™ [ H} o[ E} o
1

< (1ot [ | By [+ g5

(cino /)2 |V 3]
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Similarly, we have
AL wnGAt) (V x EY L HY) < (1 wnt) [0 [HY B+ 4o (bt /2 )R]
By the definition of R, we obtain
(AP (R EL) < 83 B+ (802 R

1
<d3 HEZH H%-l- 4_53 H (2€0€00 —eoesw%(At)Z)EZ —|—eoeoo(w0€At— 1)152—1

2
+ X - an?) - [ L (1-wogan + S at| 1y
Cy Cy Coy
2
+2D) ' — (2—w§(At)?) D}
0

<53HE”“HO+ (!!Eh!!o+\\E” UG+ LG G+ LG G+ 1DR HIG + DR 1)
Similarly, by the definition of Ry, we can obtain
(M) (R, Hy ™) <oy || H 5+ (!!Hh!!o+\\H” HG+IER I
+||Ez-1||o+|\Bz—1Ho+||an0).
Combining the above estimates and choosing §; small enough, we have
HE”“||0+HH”“H0<C(||H I3+ 11 HG I+ IER 16+ 15115
+[|B,HIG+ By I3+ 15~ [5 + 1Dy ||0>

which, along with (3.7c) and (3.7d), completes the proof. O

Optimal error estimates can be proved using ideas similar to our previous work
(cf. [10,12]). Due to its lengthy and technicality, we skip the proof. Similar stability
and error estimates can be proved for the scheme (3.5a)-(3.5d).

4 Conclusions

In this paper, we carry out the existence and uniqueness study of time-dependent
Maxwell’s equations in dispersive lossy bi-isotropic media. Two fully discrete finite ele-
ment schemes are developed and analyzed. More advanced numerical methods such as
hp finite element methods [2,3], discontinuous Galerkin methods [8,9,11], and multiscale
finite element methods [4,22] will be considered in the future.
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