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Abstract. This paper proposes two schemes for teleporting a product state of an arbitrary
single-particle state from a sender to a receiver via a four-particle entangled cluster state.
The two different quantum channels are used, while the successful probabilities of these
two schemes are different. In the first proposal, the successful probability is 1.0 and in the
second proposal, the successful probability is 4q> if the receiver performs an appropriate
unitary operation.
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1 Introduction

Recently, much attention has been paid to quantum information. Entanglement is considered
as the fundamental resource of quantum information processing such as quantum teleporta-
tion, quantum dense coding, and quantum secret sharing and so on. Quantum teleportation,
first proposed by Bennett et al. [1] in 1993, can transmit an unknown quantum state from a
sender to a receiver at a distant location via a quantum channel with the help of some classical
information. As quantum teleportation is one of the basic methods of quantum communica-
tion [2] and may be useful in quantum computation [3], it has attracted much attention, and
some experimental work has been reported [4, 5], much theoretical work has been reported
over the past decade [6-23].

However, all of the aforementioned schemes are focused on some entangled states. In their
schemes, the unknown quantum state, which is transmitted between two parties, usually is a
single-particle or two-particles entangled state or three-particles entangled state, even four-
particles entangled state, little attention has been devoted to teleporting a product state. In
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this paper, we present two schemes for teleportating a product state via a four-particle cluster
state. In the first scheme, quantum channel is a maximally cluster state; while in the second
scheme, quantum channel is a non-maximally cluster state. The successful possibility of our
first scheme is reach 1.0, and the successful probability of our second scheme is 4q>.

The rest of this paper is organized as follows. The Section 2 presents the first scheme for
teleportating via a maximally cluster state. Probabilistic teleportation via a non-maximally
cluster state is described in Section 3. Finally, a short conclusion is given in Section 4.

2 Teleportation of a product state of arbitrary single-particle via
a four-particle cluster state

In our scheme, the two parties, a sender (namely, Alice) and a receiver (namely, Bob), Alice
has a product state of arbitrary single-particle (i.e. |¢}).p=19),®|¢P),), which she wants to
send to Bob

|¢>ab:|¢)a®|¢)ba 1)

where [¢),=04]0)o+Bal1)a, [)p=04|0)p+Bp1)p. aq, ap, By and B, are any set of complex
numbers and need satisfying the following conditions: |a,|?+|B,12 =1, |ag|>|Bal, lapl*+
|Bp|>=1 and |a;|>|Bs|.

A cluster state is used as quantum channel between Alice and Bob, which is in the follow-
ing state

1
|<p)1234:E(|0000)+|0011)+|1100)—|1111)) 2)

1234°

Particles a, b, 2 and 3 belong to Alice; particles 1 and 4 belong to Bob. Initially, the joint
system before Alice’s measurement can be written as:

[V} ab1234 =19)a @) ®1¥) 1234

:% (@al0)q+Bal1)q) (251005 +ByI1)1) (10000)+]0011) +[1100)—[1111))

1234
:% (@,0;]000000)+a,a;/000011) +a,a,001100) — a5 001111)
+a,,1010000) 4 a,f3,/010011) 4+, 3,1011100) — 5, /011111)
+ B, a,1100000)+ B,a;|100011) + B,at;|101100) — B, |101111)
+BafBs|110000) + B4 8| 110011) + B3| 111100) — B, 5[ 111111) ) . ... (3)
In order to realize the teleportation, twice Bell-state measurements on particles (a, 2) and

particles (b, 3) are made by Alice, respectively, which will cause particles (1, 4) collapses into
one of the following state

b3<¢i|a2<¢+||‘ff>amg4=§(aaabloo>iaa/5b|01>+/5aab|1o>:F/5a/5b|11>)14, @
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b3( % | oo (®[[ap12sa =

||‘P>ab1234 =

b3 |2

(¢
<¢ ||lF ab1234 =

b3 |2

p3{ 0™ 1o (¥ |[Faproza=

(@
(v
(v
3 ( @ |aa (W[ )aprasa =
(@
ba (¥

|a2<¢ ||lF ab1234 =

r—l.[;|»—l-l>|l—‘.l>|»—*-lkll—‘-l>|»—t-lklb—‘

(@a@p100) £aaffy101) oy 10) £, B4111))
q@p|01) £t B300) — Buts | 11) £ 5] 10))

aq@|01) £, B|00) + Boay 11) F B ff110))

(
C
(@a@p|10)F gyl 11)+B,5|00) £ B, [01) ) .
(@q@pl10)Fa Byl11) B, |00) F,55101)) .
(-

@y |11) £y 10) +Boa;01) £6,,(00) ),

b3 (¥ oo (¥ W) ap120a = 7 (— e 1) £ ey 110) — Bop |01)F o5y 100) )

)

©)

7)

®

9

(10)

(11

where |¢*) and [1p*) are four Bell states. |¢p=)=(]00)£[|11))/v2, [*)=(]00)£[11))/ V2.
After doing that, Alice tells Bob her measurement results via a classical channel. Finally,
Bob can obtain the unknown state on particles 1 and 4 by performing appropriate unitary

transformations. We discuss the operations in detail below.

First Bob performs a quantum controlled phase gate operation on the particles 1 and 4,

where the particle 1 is the control bit and the particle 4 is the target bit, i.e.,

if and only if

particle 1 is in the state |1), particle 4 is performed an operation of Pauli operator (o,).Thus

the Egs. (4)-(11) become

12 (9% (9 1) aazna = (@000 2, Byl01) + 6,0, 110) 2, B/11)) .,
¢,
v,

1
#0297 [¥)abrzss= 5 (2a@pl01) £a5100)—Baty | 11)F a5 [10)) .

1
& [1¥)a125= 7 (@025 00) 1o By101) — Boctp | 10)F o BpI11) ),

1
¢t [1¥)abr2aa= 5 (2a@pl01) £t fp100) + Buty [11)£ By 10)) .,

1
o (¥ 71V av123= 7 (@a@s|10) £ e fp|11)~ o 00) F fafpl01) ),

b3(9%]oa(
O X
(o
1
39| o2 (¥ [ 1¥)ab1234 = 5 (@005 110) e by [11)+ 1 500) £ B5101) ) .
(9%]aa(
(] 319200 = 3 (al10) £ta B3 10)+ Bty 1), yl00)) .,
(9o

1
D[ W apr23e= 5 (tatpl11) e By 10) = 2005 101) F o 6100))

Without loss of generality, if Alice’s measurement results are |¢ ) ,, and |3)7),3 respec-

tively, then the particle pair (1, 4) is collapsed into the state

(@a@pl01) = ayBs|00)+ By 11) = Bafy110) ) |, = (@al0)1 +Bal1)1) (@s]1)4

—B510)4)-
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Bob need to perform Uy4=I 1®ai®0;‘ (orIl 1®a‘y‘) on the particle pair (1, 4) to reconstruct
the original state. The others possible cases are described in Table 1. Thus the product state
of arbitrary single-particle can be simultaneously reproduced on Bob’s side successfully, and
the total successful probability of the teleportation is (1/4)%x16=1.

Table 1: The unitary transformations corresponding to Alice's measurement results.

Alice’s result | Bob’s operations | Alice’s result | Bob’s operations
|6 Va2l )3 r'ert [ Vaald ) ba olert
|6 )a2ld b3 I'eo} [ )a2ld b oleo?
16 )a2ld ") b3 olert 1Y )aald ™) b3 a;®l4
| a2l b3 oleo] YV )az2ld b3 o§®a;‘
|0 ) a2l ™) b3 I'eo} 1Y) a2l )3 oleot
|6 ) a2l )bs 11@0‘; Y ) aalt a3 ai@oj,
16 Va2l ™) b3 oleot Y7 ) a2l )ps ai@oi
b Va2l b3 Uzl®0j, Y Vol Vb3 O'},@O'j,

3 Probabilistic teleportation of a product state of arbitrary single-
particle via a non-maximally four-particle cluster state

In this section, we will also teleport the product state |¢),, =|¢),®|¢P);, and we will take a
non-maximally four-particle cluster state as the quantum channel

|9)1234 = (m|0000)+1|0011) +p|1100) —q[1111) ) ..., (12)

where m, n, p and q are any set of complex numberes and need satisfying the following
conditions: |m|2—|—|n|2—|—|p|2—i—|q|2 1 and |m|>|n|>|p|>|q|. Particles a, b, 2 and 3 belong to
Alice; particles 1 and 4 belong to Bob. Initially, the total state of the system can be expressed

as

|#)ap123a=10)a®1P)p®¥) 1234
= (@al0)a+Bal1)a) (@510)5+BsI1)5 ) (m0000) +n]0011) +p|1100) —q|1111)) .,

= (aaabm|000000) +a,a,n/000011)+a,a,p|001100) —a,a,q|001111)

+a,,m|010000) +a,Byn|010011) +a,B,p|011100) —a,Byq|011111)
+ B,apm|100000)+ B,apn|100011)+ B,a,p|101100) — B,apq|101111)

+[5a[5bm|110000)+[J’a[3’bn|110011)+[J’a[3’bp|111100)—[3’a[3’bq|111111)) _ (13)
ab1234
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Similarly, at the first step, Alice need to make twice Bell-state measurements on particles
(a, 2) and particles (b, 3) to realize the teleportation, then all the 16 possible collapsed states
of particles (1, 4) are

1
b3 (9% n (@ +||‘P>ab1234=—(ma @,|00)£nayfy101)+pBaas|10)FqBpI11)),,,  (14)
3{(0*| o (b7 Paprosa== (ma @5|00)£nayy|01) —pBeay|10)£qBuBsl11)),,,  (15)

1
b3 (| (¢ ||T>ab1234=5(na @,|01)£ma,y100) —qBas|11)£pBafyl10)) . (16)

b3 (] ( 7| P)aprzsa=5 (na y|01) £ma, By00)+qB,a;|11) FpBapyl10)),,, (A7)

b3

1
b3 ™|, (V|1 ab1234—2(pa 5| 10)FqataBpl11) —mBaas|00)Fnfefyl01)) ., (19)

{
{
{
{
{
{

{
(@
(
¢*| o (v 1[I b1234——(pa ap[10)FqataBpl11) +mpBea,]00) £np,Byl01)),,,  (18)
{
(¥

+
b3 ¢ |a2

1
3 {2 (¥ [P haprzse =5 (—q2a@p|11) ey 110) —101|01) F1mPBofs100)) . (21)

At the second step, Bob performs a quantum controlled phase gate operation on the particles
1 and 4, where the particle 1 is the control bit and the particle 4 is the target bit, i.e., if and
only if particle 1 is in the state |1), particle 4 is performed an operation of Pauli operator (o).
Thus the Egs. (14)-(21) become

||‘P>ab1234=5(—qaaab|11>ipaa/5b|10>+n/s’aab|01>imfa’a/5b|00>)l4, (20)

1
03 {0 aa (& [ W)aprasa =5 (M0ta0t100) natef,101) +pPacts|10) £q e 1)) .,

(&) aprzs = ; (1mara,|00)£na, B,/01)— pBocty 10) FaBByl11)) .,
(9
P*| o (o7 [1) amm—;(naaablonimaaﬁblom—qﬁaablllwpﬁaﬁbllo))m,
{
{
o

b3 1) abrzsa =5 (naaab |01) £ma,3;100) +qB,ap|11) £pBp110))

b3
b3 9™ o (VT ||‘P>ab1234=—(pa a5|10)£qatg Byl 11) +mpBea;]00) £np,B[01) ) .,

b3 (T | o (V7|1 ab1234——(pa ap|10)£qayBy|11) —mBay|00) Fnf,yl01))

(9
(v*
(v
(¢
(¢
(v*

n _ 1
b3 (W] o (¥ [ Paprzse =5 (aas[11)Epatafs 10) —nfaas|01) Fmpoff00))

At the third step, after knowing the results from Alice, Bob will perform relevant unitary
transformation to reproduce the unknown state on particles 1 and 4. For an example, if

1
b3 ¥ ) aprasa =3 (aas111) Epaa By 10)+n6,0[01) £mp 55100)) .,
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the measurement results are |¢ )., and |y T),3 respectively, then the particle pair (1, 4) is
collapsed into the state (na,a,|01)+ma,f;|00)+qB,ay111)+pB.L|10))14. Bob need to
perform Uy, =1I" ®ai on the particle pair (1, 4) to reconstruct the original state, respectively.
Then the particle pair (1, 4) is changed into the state

1
|¢ﬁ4:E(m%abm0h4+”u%ﬁbm1h4+Qﬁd%UOh4+pﬁJ%H1MU~

The others possible cases are described in Table 2.

Table 2: The unitary transformations corresponding to Alice's measurement results and the states of |p)14
under the unitary transformation U; operation.

. . The states of |¢)14 under the unitary

Alice’s results | Bob’s operations
transformation U; operation

[0 Vaald s r'ert
¢ )azld o3 I'eo} 1

o L |0} 14= 5 (Mmaqas|00) + naqBl01) + pPaay|10) + qBaBslll)),,
¢ )a2ld b3 0, ®I
¢ )a2ld ™ b3 0,807
|6 )azl*)sa I'eo}
o )azlth™ b3 'eo? 2
1l 1@2 |¢) 1= 3 (nq@p|00) + mayBy01) + qBay|10) + pBafslil)),,

a2 b3 O-z O-x

0 Vel des | oleo?
1Y )a2ld b3 olert
[ )a2ld )os oL ®0; 3

o 1o |9) 1= 3 (P2a@b100) + qagBpl01) + mB,ay|10) + nBefyl11)),,
(Y7 )a2l9 b3 o, ®I
R
[ )azl )b 0,®0%
[P )azlh )3 0,®0} 4

o T |9) 1= 3 (22q@[00) + payBpl01) + nPaap[10) + mBefyl11)),,
|’ll] )azlw )b3 Uy®0x
1Y Va2l ) b3 0,807

If Bob gets the state

)14 = (ma,a;|00) +nayy01) +pBaay|10)+B,Byl11))14,

at the fourth step, to carry out this evolution, Bob need to introduce an auxiliary qubit with
the original state |0),, under the basis

{|OOO)45A5|010>45A’ | 100)45A5|110>45A’ |001)45A’ |011)45A5|101>45A’ | 111)45A}5
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a collective unitary transformation U; is made, where

(A1 A
Ul_(Az —Al)’

A, =diag(ag,a;,ay,a3),

Ay=diag(v/1-ap2,V1-a;2,V/1-a,%,V/1-a3?),

q 94
(aOJalaaZ’aS): (_ - _:1):

m’'n’p

( 4 0 0 0 /1-(2)? 0 0 0
0 e 0 0 0 1-(2) 0 0

2

o =0

U — 0 0 0 0
1-(4)? 0 0 0 -4 0 0 0
0 1-(9)? 0 0 0 -4 0 0
2

=g 4
\ 0 0 op 0 0 0 op 1)

Then with the unitary transformation U; operation, the unnormalized product state |Lp)% 4®
|0) 4 will be changed as follows

q
01193591004 = 3 ( 01310005 +1 10015+ Br 12 10} 45+ By 11)as ) @10}
1

+§ ( v m?—q2a;a,|00) 45+ n*—q%a; B5|01) 45+ v pz—q2ﬁ1a2|10)45) ®[1),4 (22)

Eq. (22) is also unnormalized; a measurement on auxiliary particle follows. The result |1),4

Table 3: The value of ¢; (i=0,1,2,3) in the unitary transformation Uj.

The state of the particle pair (1,4) | ag | a1 | ay | a3
1 q q q
| =] =11
|#) 14 m|n|Dp
2 q | 4q q
)14 alml s
3 q q q
= 1| = 2
|#) 14 D m | n
4 9|9 49
|#) 14 Lo lalm
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means the failed teleportation; while if the result is |0),, Bob will obtain the state (a,a;|00)+
aqPBpl01)+ B0y |10)+ BBy |11) )14, which is the original state |¢),p,

|$)ab=19)a®1¢)p = (al0)a+Ball)a) (@pl0)y+BpI1)5)-

The whole optimal probability, which Bob can obtain |¢),, is obtained as g2 /4.

Similarly, the others possible states can be discussed in the same way and are described in
Table 2. While the value of a; (i=0,1,2,3) in the unitary transformation U, is different and
is described in Table 3. Synthesizing all cases (16 kinds in all), the total optimal probabilities
of successful teleportation is (q%/4) x 16 =4q>.

4 Conclusion

In this paper, two different schemes for teleporting a product state of arbitrary single-particle
are proposed. In the first scheme, we use a four-particle cluster state as the quantum channel
to teleport the product state, the receiver Bob can simultaneously reconstruct the original state
according to Alice’s measurement results, and the successful possibility is 1.0. In the latter
scheme we teleport this product state via a non-maximally four-particle cluster state. In two
different schemes, Bob should perform a quantum controlled phase gate operation besides the
unitary transformation. Contrast to the first scheme, in order to realize the teleportation, Bob
should introduce an auxiliary qubit. The advantage of the latter scheme is that the quantum
channel is a more general state. The successful possibility and fidelity of this scheme can be
4q°.
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