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CONSTRUCTION OF BOUNDARY LAYER ELEMENTS FOR
SINGULARLY PERTURBED CONVECTION-DIFFUSION
EQUATIONS AND [2- STABILITY ANALYSIS

CHANG-YEOL JUNG AND ROGER TEMAM

Abstract. It has been demonstrated that the ordinary boundary layer ele-
ments play an essential role in the finite element approximations for singularly
perturbed problems producing ordinary boundary layers. Here we revise the
element so that it has a small compact support and hence the resulting linear
system becomes sparse, more precisely, block tridiagonal. We prove the valid-
ity of the revised element for some singularly perturbed convection-diffusion
equations via numerical simulations and via the H!- approximation error anal-
ysis. Furthermore due to the compact structure of the boundary layer we are
able to prove the L2- stability analysis of the scheme and derive the L2- error

approximations.
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1. Introduction

In this article we consider linear singularly perturbed boundary value problems
of the types:

(1.1a) —eAuf —ul, = fin Q,
(1.1b) u® =0 on 01,

where 0 < € << 1, © = (0,1)x(0,1) C R2. The function f is assumed to be smooth
on  but only in Section 3 below we will assume (for the L2- stability analysis) that
f belongs to L?(£2). Problem (1.1) is meant to be a simplified model for a class
of problems involving variable coefficients and curved boundaries. However the
treatment of these more involved problems only involve additional purely technical
difficulties and we thought it would be more appropriate to present our results in
the case of this model problem. Variable coefficients equations, curved boundaries
and other generalizations will be addressed in separate works.

As € becomes small, the solutions to problem (1.1) generally display, near the
boundaries, thin transition layers called boundary layers, which are due to the
fact that the boundary conditions of the problem are not the same for ¢ > 0 and
e = 0, and then (for ¢ > 0 small) certain derivatives of the solutions become
very large near the boundaries. We expect that within these boundary layers,
the approximation errors of the discretized system corresponding to problem (1.1)
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become very large (due to the large H2- singularities of the boundary layers).
When the stiffness of the discretized systems is not properly handled, those large
approximation errors at the boundaries propagate in the whole domain due to
the convective term, e.g. —u, in (1.1a), and then the numerical solutions show a
highly oscillatory behavior, see e.g. [20], [22], [3], [4], [13], [14] and [15]. Resolving
boundary layers by the classical approximation methods requires very fine meshes,
which is costly to realize in practice. Indeed, the thickness of the boundary layers (of
order O(e) for ordinary boundary layers (OBL), and of order O(¢'/?) for parabolic
boundary layers (PBL), see [23], [15]) is usually much smaller than the mesh size
h. Notice that our problem (1.1) produces both OBLs at # = 0 and PBLs at
y = 0,1, which pollute the numerical solutions, globally and locally respectively.
In view of properly approximating such problems, it has been suggested by Han
and Kellogg, in [10], [11] to add to the Galerkin space suitable profile functions
encompassing the main features of the boundary layers, leading to the so-called
enriched subspaces (ES) method. In this article and related ones [3], [4] we call
Boundary Layer Elements (BLE) these profile functions. A related concept is that
of exponentially fitted splines (or L- splines) (EFS) where the Galerkin basis of
spline functions is chosen (constructed) adapted to the operator L.; see [9] for
one-dimensional two-point boundary value problems and [6], [7] and [18] for two-
dimensional ones. Our works is closer to the enriched subspaces point of views,
and we use asymptotic expansions inspired in part by the work [23] to construct
the boundary layer elements using asymptotic expansion techniques. We were not
aware of this series of articles on enriched subspaces and exponentially fitted splines
when we started our own work in [3], [4], [13] - [16]. Comparisons between these
articles and our own past and current work are made below.

Before we proceed, we introduce the notations, the semi-norms and norms for
the Sobolev spaces H™ (), m > 0 integer (for m = 0, it is denoted L?), which are,

1/2 1/2
respectively, |u| . = {Z\odzm o |Dau|2dQ} / and ||ul|gm = {Z;’LO |u|ip} !
The corresponding inner products are (u,v) = [, uvdQ for L?, (u,v)) = (u,v) +
Jo Vu-VodQ for H', and ((u,v)) gm = > la|<m (D%u, D) for H™, m > 2. For the
Dirichlet boundary value problem (1.1), we use the Sobolev space H{(f2), which is
the closure in the space H!(Q) of C°° functions compactly supported in 2. Thanks
to the Poincaré inequality the space H}(Q) is equipped with the inner product
() = Jo Vu - VudQ, and the norm || - || = | - |g1.

In [3], [4], [13], [14] and [15], it is demonstrated that the boundary layer elements
(BLE), i.c.

(1.2) dy) = —e~/ — (L—e Yz +1,

play an essential role in the finite element approximations for singularly perturbed
problems producing the OBLs.

The present article is concerned with two dimensional extensions of [3] and the
efficient application of the BLE ¢f. To solve the problem (1.1) in the finite element
context, we consider its weak formulation: To find u € HZ(2) such that

(1.3) ac(u,v) == e((u,v)) — (uz,v) = (f,v), Yo € Hy(Q),
and then we look for an approximate solution u;, € V}, such that
(14) ae(uhavh) = (f, Uh)? V’Uh S Vh7

where the finite element space V}, will be specified in Section 2.2 below. It contains a
classical ()1 finite element space enriched by a boundary layer element related to ¢g.



CONSTRUCTION OF BOUNDARY LAYER ELEMENTS 731

We notice that the BLE ¢{ does not have a compact support and adding the ¢g in V},
leads to a broad band in the stiffness matrix and hence the corresponding systems
are costly to solve. Thus, a first aim in this article is to revise the element ¢ so that
it has a small compact support and to prove that the numerical approximations keep
the same accuracy as before. Note that the idea of replacing a given BLE with broad
support by one with small support is also advocated in [9]. Then the new system
using this revised element ¢g appears to be sparse, more precisely, block tridiagonal
and it can be solved very efficiently; it requires essentially the same computing
resources as those in the classical methods which use only classical polynomial
elements, e.g. @1, Q2. Furthermore, since the stiffness matrix is tridiagonal, via
a somehow involved matrix analysis we are able to analyze the L?- stability; we
prove that for any f € L2, |un|r2(0) < K| f|L2(0), where the positive constant & is
independent of the mesh size h and of the small parameter ¢, see Section 3 below.
Here we denote the mesh size by h = max{hy, ha} where hy = 1/M, hy = 1/N,
and M, N are the number of elements in the z-, and y- directions, respectively.
Hence, the number of rectangular elements is M N. In the text x denotes a generic
constant independent of €, hy, ha, h, which may be different at different occurrences.
But if it needs to be distinguished, we denote it by x;, ¢ = 0,1,---, and so on.

Like all linearizations of the Navier-Stokes and Boussinesq equations which are
ultimate goal, equation (1.1a) does not contain a reaction term e.g. u® (unlike
equation (1.6) below). Such a reaction term could generate L? stability for classical
finite element approximations. Indeed the classical schemes which do not use the
BLE ¢ tend to be highly unstable and blow up as € — 0 as we explain in Remark
3.1 below. To ensure the stability, we could consider a change of variable, e.g.
u = e~ %v, which changes the scheme (1.4) to a slightly more complicated form: To
find vy, € Vj, such that for all wy, € Vj,

(1.5)  a(vp,wp) := €(vp, wp)) — (1 — 2¢) (v, wp) + (1 — €)(vp, wp) = (€ f,wp).

Then by the transformation u, = e~ vy, we can recover the approximate solutions
up, from the modified scheme (1.5). But in the numerical simulations we found that
the original scheme (1.4) using the BLE ¢{ indeed attains much better accuracies
(e.g. for e = 1073, hy = 1/M = 1/20, hy = 1/N = 1/10, the L?- errors of the
scheme (1.4), (1.5) are respectively 3.7465E-04 and 1.2287E-03, for more detail see
Tables 1, 2 in [13]). By numerical simulations we also observed that the scheme
(1.4) converges as € — 0 to a nonsingular system (i.e. the limit linear system is
invertible) as explained in Section 3. This limit behavior and the better accuracies
of the original scheme (1.4) in the simulations motivate the L?- stability analysis
via the matrix analysis; the L2- stability analysis of problem (1.4) is involved and
we did not find it available in the literature not using a change of variable. Beside
this numerical motivation, another reason that we do not change Eq. (1.1) using
this change of variable is that we will confront in more general problems (say,
—eAu —b(z,y) - Vu® = f) many situations that cannot attain the L2- stability in
the numerical simulations by a simple change of variable. These include the cases
where b attains 0 in the interior of Q, e.g. —eAu+zuf = fin (—1,1) x (—=1,1)
and when periodic boundary conditions are imposed, e.g. problem (1.1) with (1.1b)
replaced by e.g. u(z,0) = u(x,1) =0 and u(z,y) = u(x + 1,y).

This article is organized as follows: We start in Section 2 by modifying ¢ slightly
and we construct a new boundary layer element ¢, which has a small compact
support; this will be used in the stability analysis, and it will be used elsewhere in
the numerical simulations. In Section 2.2, we consider new finite element schemes
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using the element ¢q; more precisely, the function ¢ will be incorporated into the
appropriate finite elements space that we will define. We then perform the L2-
stability analysis via a matrix method in Section 3 and derive error estimates in
H' and L? in Section 4.

A number of technical hypotheses will be needed on hq, hy and €, namely (HO)
to (H5) (see (2.6), (2.7), (3.19), (3.29), (3.44), (3.45)).

Before we proceed, we want to develop a comparison between (EFS), (ES) and
(BLE). To compare these methods, we take a simple one dimensional singularly
perturbed problem:

(1.6) Leuf := —eul, —uf, +u= fin (0,1), u®(0) = u(1) = 0.

Its weak formulation and finite elements scheme are, respectively, defined as: To
find u=uc € H}(0,1), up, € Vi, C HE(0,1) such that

(17) B(u,v) = (f,’l})7 Yo € Hé<07 1)7 B(“’h?”h) = (f7 'Uh), Yoy, € Vh;

where B(u,v) = €((u,v)) — (uz,v) + (u,v). Then it is easy to verify the coercivity
B(u,u) > ||ul|? := €|ul3,, + |u|3.. From (1.7) we also find that B(u — up,vs) = 0
and thus we classically find that ||u—wup||? = B(u—up,u—up) = B(u—up,u—1p),

for any up € V3. By the Poincaré and the Cauchy-Schwarz inequalities, after some
elementary calculations, we conclude that

(1.8) w— unlle < kmin{e?|u—an|g + e Y2 u — g2, |u — ) g}
What is in common in (EFS), (ES) and (BLE) is that all methods attain the
¢~ uniform convergence in the weighted energy norm || - || and all of them use the

singular functions which absorb the singularities due to the small e. The differences
are the construction of the basis in the finite elements space V};, and the method to
derive the singular functions. In the (EFS), the finite elements basis are constructed
to adapt to the differential operator L. of Eq. (1.7) in each subinterval. The basis
elements p;, i = 1,--- , N —1, are defined as follows: supp ¢; = [zi—1, Zit1], Leps =
0 in (xi_l,xi), @i(xi—l) = O7 (pi(ilii) =1 and Le‘ﬁi =01in (33i71'1‘+1)7 (pz(l‘z) =
1, @i(zip1) = 0. Tt is known that |Ju — up||e < kh'/? (see [20]); this estimate can
be derived using the fact that Lep; = 0 for all (z;_1,2;41),¢=1,--- ,N — 1. The
advantage of (EFS) is that it does not assume any a priori knowledge of where the
boundary (or interior) layers occur but it is known that the exponentially fitted
splines ¢; can introduce spurious interior layers in the numerical simulations where
the solutions behave smoothly (see [9]) and since the basis are adapted to L., if
L. is complicated, e.g. with variable coefficients, the basis ¢; can be complicated
and some approximate form of L. might be necessary (e.g. L- splines) (see [20]).
To avoid the spurious numerical interior layers, we can apply (EFS) only in a
region where a boundary layer occurs and use the classical polynomial elements
outside the boundary layers but we then need a priori knowledge on the boundary
layers. In this respect, the (ES) and (BLE) which we now describe provide a
way to analyze the structures of boundary layers. The (ES) uses the classical
polynomial elements enriched with the singular function ¢§. This method can be
€

justified by the decomposition (see [11]) of the solutions u¢ of Eq. (1.1): u® =
co(€)dg(x) + c1(x) + ca(x), where |co(€)| < &, c1(x), ca(x) € HE(0,1) and

(1.9a) e ()] + €|ern ()] + €|crae ()] < ke e/ (29
(1.9b) |ca ()| + [e22 ()| + |2z (7)] < K.

We first notice that by the classical interpolation theory applied to ca(z), there
exists a piecewise linear function Iley such that |co — ea|gm < K27 ™|colpye <



CONSTRUCTION OF BOUNDARY LAYER ELEMENTS 733

xh?~™ and we can also deduce that |c1|gm < ke>/27™. Setting @y, = co(€)d + ey,
we then find that for m =0, 1,

(1.10) lu — dp|gm < |er|gm + |ca — Teg|gm < k(€¥/27™ 4 h27™).

Using the estimate (1.8), for € < h? or h? < € < h, we can deduce that |ju—up||. <
kh. For € > h, by the classical interpolation theory applied to c¢;(x), we find that
ley — ey | gm < 6R2™ ey |2 < ke /2h2~™ and thus, setting @y, = co(€)df + ey +
IIcy, we have

(1.11) lu — dp|gm < |er — ey gm + |eg — Hea|gm < ke /2R2™,

Using (1.8) again, we deduce that ||u — uplle < wh for € > h (thus for all € >
0). Finally, in the (BLE), by the singular perturbation analysis in the H™ space
(correctors in the context of [17]), we derive that |u® — co(€)@f| g2 < K (see [3]) and
thus by the classical interpolation theory applied to u¢ — co(€)¢s we deduce that
there exists a function 4y := co(€)pf + I (u® — co(€)pfy) such that

(1.12) [u€ — @p|gm < K2 UE — co(€)dh| gz < KR2T™.

Using (1.8), we deduce that [|u — uplle < rh for all € > 0. Both (BLE) and (ES)
use the singular function ¢ which is globally smooth. The (EFS) uses ¢;’s which
have a small compact support and thus are efficient in the numerical implementa-
tions. In this article we will modify ¢ to have small compact support under some
smallness assumptions for e. The finite element spaces V}, are {¢g, (gbi)f\;_ll}, ¢; are
the hat functions, for (BLE) and (ES) and {(¢;)X '} for (EFS). We note that the
functions, ¢ and ¢;’s, absorb the singularities due to the small e. The (BLE) and
(ES) try to reveal, by some mathematical analysis, the precise structure of the sin-
gularities which cause the instability in the numerical schemes as much as possible.
In the H? space, ¢} is the right function to absorb the H?- singularities, namely,
|u€ —co(€)pg| g2 < k. To extend to higher order numerical methods, we will need to
find singular functions to absorb the H™- singularities, m > 3. For that purpose,
the correctors are relatively suitable to reveal the structures of the singularities in
the H™ spaces, YVm > 1. But the structures are getting complicated and using
them is another problem to solve which we aim elsewhere. Furthermore, in higher
dimensional spaces, unlike the one-dimensional one, there are many challenging sin-
gularities, parabolic boundary layers, interior layers (characteristic layers, turning
points) as well as ordinary boundary layers and (one dimensional) turning points
as in the one dimensional space. The boundary layers are the easiest to detect and
the ordinary boundary layers are the most feasible functions to be discretized in
the numerical simulations. The other correctors need to be modified for the com-
putational purpose and this will be a coming subject of study. We believe that our
numerical methods, closely connected to the singular perturbation theory (they ac-
tually complement each other), have a large potential to explore those challenging
problems and the higher-order numerical methods.

2. Boundary Layer Elements (BLE)

Starting with ¢ = —e~%/¢ — (1 — e*/€)x 4 1, which belongs to C*°([0,1]) N
H(0,1), we first recall the following lemma from [15] which states that ¢, absorbs
the H?- singularity of the OBLs. Here we impose the condition

(2.1) F(2,0) = f(2,1) =0

so that the PBLs are mild. More precisely, they are O(1)- quantity in H? space
(see [15]).
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Lemma 2.1. Assume that the condition (2.1) holds. Then there exist a positive
constant k independent of €, and a smooth function g = g(y) € Hg(0,1) with
19| 2(0,1) < K such that

(2.2) [t = 966 20 < -

09
08
05 07
06
05
04
02 03
02

0.1

0 02 04 06 08 1 0 0.2 04 0.6 0.8 1

F1GURE 1. Boundary layer elements for ¢ = 0.01, h; = 0.1 here;

(a): ¢o, (b): ¢;.

2.1. Constructing BLEs. We now sightly modify ¢§, and derive a new boundary
layer element ¢y which has a small compact support, see (a) of Figure 1:

(2.3) go=[—e "/ — (1 —e™M/Vz/hy + 1x0,n,)(2),

where x(a,g(2) is the characteristic function of [, 5]. We note that ¢ belongs to
H}(0,1). To compare the two elements, ¢ and ¢g, ¢ given in (2.3), we rewrite

T h T T
(2.4) ¢o = [— exp (—;) +exp (-:) h1] X[0,h1] Tt {1 - h1] X[0,h1]-

Since the last term, (1 — x/hl)X[O,h1]7 is exactly a hat function at z = 0, we thus
easily verify that there exist ¢;’s such that

M—1
(2.5) [1 - ;1] X[0,h1] T Z ci¢i=1—a, Yz €[0,1],
i=1

where the ¢; are the usual hat functions whose definition is recalled in Section 2.2.
We now make two smallness hypotheses for €, namely

2 h
(2.6) (HO) —elne< ghl’ <07“ exp (—1> < 63/2> ,
€
(27) (Hl) e < Iiohl, 0< ko< 1/4;

e.g. for e = 1072, 1073, respectively, —elne ~ 4.6052 x 1072, 6.9078 x 10~3. These
hypothesis simplify calculations here and later and (2.6) will be used to majorize
the expressions (3.5h) - (3.5k) below.

Lemma 2.2. Assume that (H0)-(2.6), (H1)-(2.7) hold and let &g = (;50—&—2?1;1 Cii
where the ¢;’s are as in (2.5). Then the following inequalities hold: for m = 0,1,

(2.8a) 66 — Polam(0,1) < whY ™,
(2.8b) |Po]rm0,1) < Ke ™2,
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Proof. We first write from (1.2) and (2.5) that ¢§ — &9 = J1 + Jo + J3, where
Jp = *67w/6X[h1,1] (v), J2= fe’hl/ex/hmo,m](x), J3 = e Vex.

For Jy, by the assumption (2.6),

1
|J1|%Im < HG_Qm/ e—2;c/edx < K€_2m+16_2h1/€ < H€—2m+4.
hi

Hence, by (2.7), |Ji|gm < ke2™™ < khi~™. For Ja, we find from (2.6), (2.7) that
| o] gm < /@hfle_hl/ﬂxl_mhzm_,hl) < Hh5172m)/263/2 < kh2™™,

The J3 is an exponentially small term which is absorbed in the other norm estimates
and thus (2.8a) follows. Then (2.8b) follows from (2.8a) observing that [¢g|z2(0,1) <
Ky |8 1 0,1) < keY2, and |®o|pm < | e + [ — Polprm. O

2.2. Finite Element Discretizations. We now define the finite element spaces
and introduce the new schemes making use of the classical @)1 elements (hat func-
tions), ¢; and ¢;,i=1,--- ,M—1,5=1,--- ,N—1, to which we add the boundary
layer element (BLE) ¢y which absorbs the singularity at = 0 due to the OBLs.
We thus introduce the following finite element space for the scheme (1.4) in the
form of tensor product of two spaces:

(2.9) Vi = {0, (6:) 127"} @ {(v)}5"} € Hy(Q).

To derive the H!- and L?- error estimates below for the scheme (1.4) with (2.9),
we will need the following interpolation inequalities.

Lemma 2.3. Assume that (HO) - (2.6), (H1) - (2.7) hold. Then there exists an
interpolant uy, € Vi, such that form = 0,1,

(2.10a) [u = @n 20y < K,
(2.10b) [u€ = tinl g1 gy < #(h + h3e™ /).
Proof. From the classical interpolation results, see e.g. [5], [13], [21] applied to

u€ = u¢ — goy € HE(2), and by (2.2), we can find its interpolant Ila¢ € V}, such
that

Li(m) = u® — g¢g — a®| g () < KR* 7" U — 95| m2(0) < wH*7™.
By (HO), (H1), we easily find from (2.8a) that
Ir(m) := |gpg — 9Polarm () < KhT".

Then again, by the classical interpolation results applied this time to g = g°(y), we
can also find its interpolant, piecewise linear function, II,g € Hj(0,1) such that

lg = Iy g|mm(0,1) < Kihgfm;

then using the estimates (2.8b), we easily verify the following estimates, observing
that ®y depends only on x, and g and %; depend only on y:

13(0) :=|®og — Pollyg|2(0) < g — Tyglr2(0,1)|Polr20,1) < kB3,
I3(1) :=|®og — Pollyg|mr(a) < Klg — yglm0,1)|PolL2(0,1)
+ lg = Tyglr2(0.1)|Pol i (0,1) < wha + rh3e /2.
The lemma follows after setting @ = Ilu® + ®ll, g € V}, and observing that
|u€ — ITu® — QpIl,g|gm < I1(m) + I2(m) + Is(m).



736 C. JUNG AND R. TEMAM

Remark 2.1. For one dimensional problem, since we do not take into account the
approximation errors in y due to g(y) in the proof of Lemma 2.3, we can conclude

that for m = 0,1, [[u¢ — @ g1 (0,1) < &3 ™ (see [3]).

3. L?- stability Analysis

When € is small or € — 0, one would expect that the linear system (1.4) is highly
ill-conditioned. However, we will show how the new boundary layer element ¢q
stabilizes (or, absorbs the singularities of) the discretized linear system (1.4). Since
the limit system (i.e. when ¢ = 0) has a simple structured block matrix which
appears in (3.5) and (3.6) below, we are able to analyze the L2- stability via a

matrix method.

Setting
M—1N-1
(3.1) up = Z Z aijPity,
i=0 j=1

where ¢q is the BLE as in (2.3), ¢;, ¥;,i=1,--- ,M —1,j=1,--- ,N—1, are hat
functions, we then write Eq. (1.4) with (2.9) with F(v) = [, fvd€, for any f € L?

not necessarily satisfying (2.1), in the matrix from:
(3.2) l.a=hb.

The T'c and the b are the stiffness matrix and the load vector specified in (3.5) and

(3.41) respectively below, and

ap bo
ay by
) a;1 ] br1
a;2 . bk2
a= a; = @i ; b= . , b = bas
ij
a; bk
ai,N—1 PN br,N—1
an—2 (N—1)x ba—2
an —1 b]%—l

M x1 M x1

Note that the matrix ' is of size [M x (N — 1)]2 = [(1 — ha)/(h1h2)]?.

(N—-1)x1

For

the purpose of the analysis below, we introduce the Euclidian inner product <

N
- >on RV, < ab >= 3.0 ab;, where a = (a1, -+ ,a;, - )T

(b17"' 7bi>"' abN)T'

yAN ),

b =
We also introduce the corresponding matrix norm ||A| =

max||x|,—1 [Ax[]2, where ||x[|2 = /<X, x>. We recall the following well-known

facts, see [8], [19].

For a matrix A € RV*N | setting p(A) = maxyeq(a) [Al, p(A) = minyeq(a) Al
with o(A) = {\ € C; X\ an eigenvalue of A}, we have ||A|| = {ﬁ(ATA)}l/Q7 and if A
is invertible, ||A7Y]| = {B(ATA)}A/Q, where AT is the transpose of A. In particular,
if A is a symmetric matrix, i.e. AT = A, then ||A]| = p(A), [[A7Y]| = {B(A)}_l.

We will explicitly calculate the entries of the stiffness matrix I'c. For that purpose
and for the analysis later on, it is convenient here to define the identity matrices,

I and I, and the tridiagonal matrices, S, U which will be used repeatedly.

1 I
1 B I
7= I= )
1 I
1 (N—1)x(N—1) I/ vsm
4 1 2 —1
1 4 1 —1 2 —1
S = U= .
1 4 1 -1 2 -1
1 4 -1 2

(N—-1)X(N-1)

(N—-1)X(N-1)
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From the Gershgorin circle theorem, we easily find that
(3-3) ISl <6, IS7H <1/2, U]l <4
however for ||[U™}||, since the Gershgorin discs of U contain the point 0, we are not

able to find the upper bound of ||[U~1||. The relations (3.3) for S follow also from

the explicit expression of its eigenvalues which are, see e.g. [1]: A\; = 6—4 (sm W)2’
i=1,--,N—1.

We now compute the (1,7)"" entry of each (k,i)™" block, a.(¢;1;, drih), of the
stiffness matrix I'.:

do; d
ae(fi)ﬂ/fj,éf’kl/fl)zﬁ/o ¢ ¢k /% thidy

+€/ biprdx / dw] d¢z —/0 Zﬁimdﬂl/;%%dy;

the indices k, ¢ range from 0 to M — 1, and the indices [, j range from 1 to N — 1.
Using e.g. MAPLE we explicitly compute the integrals in (3.4) and we find that:

(3.4)

A, B.
C. D. E.
F. D. E.
(3.5a) .= . . . ,
F. D. E.

Fe De /J yrum
where A, = A+ A, B.=—-A+B, C.=A+C., E.=—-A+E, F.=A+E,
and
(3.5b) :( )

. &+ Qh% —9hie + 12¢2
(3.5¢) = ( 12h1 ) +e < it U,
_ &3+ 2€)h €4 —6€2 + h3
(3.5d) = ( 127, S+e BT U,
. (&3 + 2€)ha &y — 6e2 + h%
(3.5¢) C.= ( 2%, S+e i U,

~ ha hi
.bf E. = —¢
(3.5%) =(g)se(gh)v

[ hy 2h,
- De_e(?)m)sﬂ(%)u,

where the ¢; are all exponentially small as € — 0:

(3.5h) = (—2¢ — hy)e 2/ 4 4ee=h1/e

(3.51) = (9h1e + 2h% + 12e2)e~ 2/ 4 (2h2 — 24€?)e™M1/e,
(3.5)) :<2e hy)eM/e,

(3.5Kk) €4 = (6h1e + 662 + 2n3)e /e,

The matrix I'¢ is block tridiagonal, and each block, A, to F., is tridiagonal too.
The blank blocks are (N — 1) x (N — 1)- zero matrices, we will sometimes denote
a zero matrix by 0 if it needs to be distinguished.
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It is noteworthy that the matrices A, to E. converge to 0 when € — 0 and
(3.6) A, C,F.—-A B, E —-A D,—0.

The limit matrix, i.e. I'c when € = 0, is a simple structured block matrix (= AAg
as in (3.16) below) and, furthermore, its inverse matrix can be found explicitly, see
Lemma 3.2 below.

We now consider the two following cases, namely when € < xh3 and when xh3 <
€ < khy. The case € < kh3, which is presented in the next section, gives us some
insights on why the new scheme (1.4) with (2.9) is stable and the classical scheme
is not.

3.1. Case €< nhg. We will use Lemma 3.1 below which estimates the matrix
norm of a (block) band matrix or dense matrix.

Let Ay; denote the (k + 1,7 + 1) block in the block matrix A. We define its
bandwidth w as follows: w = p+¢—1 if the entry blocks Ay; = 0 whenever k+p < i
ori+q<k.

Lemma 3.1. Let w be the bandwidth of a block matriz A with blocks {Ay;}. Then

(37) AN < wx mae{ | A}
Proof. Let x = (X0,X1, -+ ,Xi, * ,Xp—1)° . We then easily verify that
2 2
M—1|| k+p—1 M-1 | ktp—1
(38) [IAx]5=>" | > Awxi| < H}C%X{HAMHQ} > | > iz
k=0 ||i=k—q+1 9 k=0 |i=k—q+1

where p, ¢ are as above. By the Cauchy-Schwarz inequality
2

k+p—1 k+p—1
(3.9) Dokl <e+e-1 D xil,
i=k—q+1 i=k—q+1

and hence, permuting the summation

2
M-1 k+p—1

M-1
(3.10) S Y il <ra-12Y Il
=0

k=0 |i=k—q+1
Therefore, from (3.8) and (3.10),

(3.11) 1Al = max, 1Ax][2 < (p+ ¢ — 1) max{]| A };

the lemma follows. O

Remark 3.1. The norm of each ||Ag;|| can be estimated as in Lemma 3.1. More
precisely, if Ag; is a band matrix with a bandwidth w, then

(3.12) | Ak || < w x Irllz;xﬂafj‘},

where af} is the (1, 7)" entry of Ay,.

In particular, if the matrix A is of size M x M and its bandwidth w depends on
M = 1/hq, e.g. a matrix with no zero entries, we easily see that since w < 2M,

K
(3.13) IAIl< 3= > max{[| Ags ]}
1 k,i
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Furthermore, if each block Ayg; is of size (N — 1) x (N — 1) and its bandwidth @
depends on N = 1/hs, since @ < 2(N — 1), we infer from (3.12), (3.13) that

. ki K ki
(3.14) Al <wxwx Hllf}x{\azj I} < Tl < lr};f;tcfg{lazj- I}

Thanks to (3.5), multiplying equation (3.2) by A~ we write this equation as
follows:

(3.15) A7 'T.a= (Ao +A)a=h,
where
I -I
I 0 —I
I 0o —I
(3.16) Ao = . . . ,
I 0 -I
I 0 M X M
ATMA. ATTB. }
ATIC, A*lpﬁ ATE, }
A7'E. A"'D. A'E.
(3.17) Ae= ,
AT'E, AD. ATIE,
—11 —1
ATTE. AT D M x M
and
T -1 -1 -1 T
(3.18) b=(A""bg,A by, -, A by )"

We now assume that the ratio ha/hq is bounded:

(319) (H2) hQ S Iihl.

We then notice that

ch

ho’

indeed, from the entries of the matrix A, shown in (3.5¢), using the hypotheses
(H0)-(2.6), (H1)-(2.7) and (H2)-(3.19), after some elementary calculations, we find

that the entries of the block A, are majorized by xehy/hs. Furthermore, since A,
is banded, (3.20) follows from estimate (3.12). Similarly, from (3.5d)-(3.5g) we find

(3.20) JAdl < &

- ~ . ehy
(3.21) IBell, NCell, Eell, [Dell < 77
From (3.3) and (3.5b), we find
3.22 A< ZsTY < =
(322) A7 < s <
Using estimates (3.20), we then find

1R 1k ehy
(3.23) IATH AL < [JATH[[AC < "I
and similarly, by (3.21), we find
15 1A 1 _ €hy
(3.24) IATT Bl [IATICell, IATME], IAT'De]| < ms.
2
Hence, from Lemma 3.1 and (3.17), since A, is banded, we easily find
h

(3.25) IAdl < w77

2
h2
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and it is not hard to see that

(3.26) 1Bl < A7 1bll2 < - I1bll>
Taking the norm of each side of equation (3.15), we find

(3.27) [(Ao +Adjall = [B]l2 < 5 [bll2.

We are now able to estimate the norm ||al|2 as follows. Firstly,

K —
1Aoall> < [I(Ao + Ac)all + | = Acalla < 7=[bll> + [[AdllllAo HlAoallz

(3.28) K €
< (by (3.25) and Lemma 3.2 below) < h—Hng + "ilﬁHAOaHZ
2 2

Note here that we named the constant x; and we now assume that

(3.29) (H3) S < ore< B
' "2 = =2 )

We then deduce from (3.28) that

K
(3.30) [Aoallz < thbHQ,
2
and hence
_ K
(3.31) lallz < [Ag [ Aoallz < +——IIbll2-
hiho

We now justify the estimate of the norm of Aj 1 and derive the relations between
lall2 and |up|z2, and between ||bl|z and |f|L2 in the subsequent lemmas.

Lemma 3.2. The inverse Agl of Ao is given by formulas (3.33) below and we
have:

_ K
(3.32) IAgH < -
1

Proof. The inverse matrix Ay ! can be found recursively as follows. Set

(3.33a) EW) =1, E(2) = ( _01 5 ) '
Then we claim that

EM-2) =
(3.33b) Ayt =E(M) = ( _ - ) '

=3 =2
where
_ o 0o 0 - 0 o 0\~ = 0 I

(3.33¢) :1:(1 I 1 - I I I>2X<M72>’:2:( =1 I)2><27

and for M = 2m and M = 2m + 1, respectively,

1)
1 2% (2m—2) )

(3.33d)
- 7( 0 0 0 - 0 0 O ) .
=3 = )
r-rr . I -I1 2x(2m—1)
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note that the minus sign is alternating'. Then since the entries of Ay I are 0 or
+171 blocks, the estimate (3.32) follows from (3.13).

To prove that the matrix Z(M) in (3.33) is indeed the inverse of the matrix Ao,
we first consider the case M = 2m and use an induction on m (the case M = 2m+1
can be done similarly). For m = 1, we easily verify that Z(2) is the inverse of Ay.
Suppose that for M = 2m, m > 1, E(M) is the inverse of Ag. We then verify that
for M = 2(m+1), E(M) is the inverse of Ag: indeed we rewrite Ag in (3.16) in the
form:

AM —2) Ay
(3.34) Ao = A(M) = ,
As Az MxM
where
J
I 0 -I
(3.35) AM —2) = I 0 ,
. I
I 0 (M—2)x(M—2)
and
0 0 0 o o -1\~
(3.36) Ay = ( ) ,
0 0 0 00 0 )y s
0o -I 00 0 - 0 0 I
(3.37) Ao = ( ) L As = ( ) .
o ), 0.0 0 - 0 0 0/, o

Then by explicit calculations, we find that
AM —2)E(M —2) + A1 A(M — 2)Z1 + A1 .
(3.38) AoE(M) = =T
A35(M72)+A253 A3E1] + AxEs Mx M
Indeed, by our assumption, we find that A(M — 2)E(M —2) = j(M_Q)X(M_Q) and
the other entries are computed explicitly. O

Lemma 3.3. Fora, b, up as in (3.1)-(3.2), the following relations hold:

(3.39a) lun| 2 < k(hih2)'/?||al|2,
(3.39b) Iblla < K(h1ha) /2| f|Lz.
Proof. We easily verify that, by the compact supports of the elements ¢; and v,
M—-1N-1 2 M-1N-1
Jun|72 = / SN ae | =33 > ayan
2\ i=0 j=1 i=0 j=1 ke{i—1,i,i+1},
(3.40) le{j—1j,5+1}

M-1N-1

1 1
/ ¢z¢kdx/ ¢j’¢ldy S Khlhz Z Z Clzzj7
0 0 =0 j=1

'For example, for m = 4,

I o I o I 0 I o0 I
o I o I o I o I
o o I o I o I o0 I
-1 I o I o I o0 I
1 -1 I o I o0 I o0 I
o o0 o0 I o0 I 0 I
o o o0 o I o I o0 I
1 -1 I -1 I o I o I
Ayt = , 1 -1 I -1 I o I o0 I
o 0o o0 o0 0 I o0 I
o o o0 o o0 o I o0 I
-1 I -1 I —-I I o0 I
I -1 1 -1 I —1 1 o0 I
o o o o o o0 o0 I
o 0o 0 o0 0 0 0 o0 I
-1 1 -1 I -1 I —I I /g
% I -1 1 -1 I -1 I -1 I
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and this is exactly (3.39a). To verify (3.39b), we notice that
(3.41)

T
b= ( f¢0w1dﬂa 7/ f¢k¢ld97 7/ f¢]\/[—1¢N—1dQ) )
Qo1 Qi Qum—1,N-1

where the (x; are the compact supports of the elements ¢x1;, more precisely,
Qo = (0,h1) x (I — 1)ha, (I + 1)hsy) for k=0,
Qr = (k= 1Dhy, (E+ 1)hy) x (I = 1)ha, (I 4+ 1)hs) for k > 1.

We then find by the Cauchy-Schwarz inequality that

M—-1N-1 2
bl3=>" > (/ f¢>kwld9)
k=0 I=1 8K
(3.42) Mol N_1
<y P40 [ (o < whuha [ s
k=0 1=1 7 Dt Q2
hence, (3.39b) follows. O

Using the estimate (3.31) and Lemma 3.3, we can directly deduce the following
theorem.

Theorem 3.1. Assume that (HO)-(H3) hold, that is [(2.6), (2.7), (5.19), (3.29)].
Let uy, be the solution of problem (1.4) with (2.9). Then for any data f = f(z,y) €
L2(Q) (not necessarily satisfying (2.1)), there exists a constant k > 0 independent
of €, hy, and ha such that

(3.43) [un|r2(0) < K|f|L2 @)

Remark 3.2. For a classical scheme not using a BLE, the stiffness matrix I'. is as
in (3.5a), after deleting the first row and the first column of the matrix in (3.5a).
Hence, since from (3.6), as ¢ — 0, D, — 0, E. — —A and F. — A, it is obvious
that the system tends to a singular system. On the other hand, for the new scheme
(1.4) with (2.9), the entries A, B, and Cc in I'¢ stabilize our system as we have
seen in this section, i.e. the BLE ¢y absorbs the singularity due to the small e of
the linear system (3.2).

3.2. Case nh% < e < khy. If we assume that
(3.44) (H4) koh3 < e < kho, Ko = 1/(2k1),

we easily see that we cannot derive (3.30) from (3.28). We will need some more deli-
cate analysis which we introduce in this section; in particular we need to investigate
more carefully the BLE ¢g introduced in (2.3).

To obtain the L?- stability in this range of values of €, we will utilize quasi-
uniform elements, namely we assume

(3.45) (H5) V/2hy < hy < khy;
the v/2 will be justified later; note that (H5)-(3.45) implies (H2)-(3.19).

We first derive in Lemma 3.4 below, a Poincaré-like inequality for any UEL. For
vy, € Vi, we write vy, = va + vﬁl, where

N-1 M—-1N-1
(3.46) vt =Y agidory, v = D> aiididy,
=1 i=1 j=1

and we have:
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Lemma 3.4. Assume only that (H0)-(2.6), (H1)-(2.7) hold. Then there exists a
positive constant k independent of €, hy, and ho such that, for any vy € Vy,

(347) "U;?L|L2(Q) S Hel/2hi/2‘1}h|H1(Q).
Proof. Firstly, we notice that Mh; = Nhe = 1, and due to the boundary conditions,
(3.48) am, = ago = ag,n =0,
and by explicit calculations,
lhs lhs Lha By
Gao) [ b= [ =2 =
(1=1)hs (I=1)hs (I=1)hs

We now derive the estimates (3.47) as follows. Taking into consideration the sup-
ports of the elements ¢ and 1, we see that

(3.50)
~ 2
3%) / (3%) / d¢>kl dor.i-1
Z2) dO = 0 = + Y —— | d9Q,
where
(3.51) Qui = ((k — 1)hy, khy) x (1 = 1)hg, lhy),
(3.52) Orj = ap b+ ap_1jdk-1, 5 =1, 1 —1.

We find from (3.49) that

2
[ (1/} djliHp A 1) 40
Qg dz

_ 2 _ - _ 2
(3.53) _hy kil dou,; n Ao, dor,i1—1 n ddpi—1 .
3 Jk=1)h, dx dr  dx dx
> Iy + Iry—1,  (using @® + ab+b* > (a® + %) /2),
where
. 2
hy kM dor, ,
3.54 Iy, = 2 de, j=1,1—1.
( ) ki 6 (k 1 d.’l? T J

For k = 1, since fohl(dqﬁo/dx)dx = ¢o(h1) — ¢0(0) =

0,
h - 2 2 h 2
v doy ai 9 /1 dog 5 &1 =2+ My
3.55 —_ dr = —= — | dxz > —
(3:55) /0 ( da ) T T e ) T 0T o

We then notice from (H0)-(2.6) that
(3.56) &1 = {4e — (2e 4 hy)e M/ Ve M/ > (4 — 2 — hy)ee M/ > 0,
and thus using the fact that 2¢ < h;/2 from (H1)-(2.7) we find that

hi (g a2 ho(—2¢ +h h
(3.57) 1—11—*/ ( qs“) 96>0’l21(2hl€1)>a(2),l%i-

For k > 2, we observe that

N
khy _ 2

(3.58) Ty = % % dp = M2lans — an-11)"
(k—1)h X 6h1
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Now using (3.50), (3.53), (3.57) and the positivity of the Ij ;, we find that

Do \ 2 M N N hy X
(3.59) /Q (8;) dQ > ZZ{IM +Ik,z—1} > ;h,z > 27;1;&3’“

k=11=1
and thus
N-1
(3.60) hy Y aj ; < relvalF.
j=1

Thanks to (H0)-(2.6), (H1)-(2.7), we easily verify that fol P3dxr < khy and we thus

have

2
N-1 N-1
BL2
oy |72 :/ Z apjPoty; | dQ = Z Z agjao-
o\ i

(3.61) J=11e{j—1,4,j+1}
1 1 N-1
/ zqu/zldy/ ¢gde < khihy Y ad; < (by (3.60)) < whyelon 3,
0 0 ;
7j=1
and the lemma follows. ([l

Remark 3.3. Later on we will use the following inequality: from (3.58) and (3.59)
with vy, = up, where uy, is the solution of equation (1.4) with (2.9), we can write

h M M N Su 2
3.62 = -2 < Lu< | (Z2) ao.
B0 gl ali <5 has [ ()

We now estimate ||al|2 to obtain the upper bound of |up| 2 as indicated in Lemma
3.3. For that purpose we write the system (3.2) in the more explicit form:

(363&) AeaO +Bea; = bOa
(363b) Ceag + D.a; + Ecas = by,
(3.630) F.a, o+ D.a; 1 +Ea; =b;_q, fori=3,--- ,M—1,
(363d) F.ap_o+D.apy_1 =by_1.
Using (3.5) and setting ap; = 0, we rewrite (3.63¢) and (3.63d): for k =3,--- , M,
(3.64) (A+ Ee)ak,Q +Deag_1 +(—A+ Eg)ak =bi_1.
Taking the inner product of (3.64) with aj_1, using the symmetry of A and E,, and
summing over k =14,--- , M, i > 3, we find after some elementary calculations:
M
(3.65&) < (A + Eé)al;g,az;l >4J = Z <bp_ 1,251 >,
k=i
where
M-1 ) M
(3.65b) J = Z < 2E.ap_1,a; > +Z < Deag_1,ap_1>.
k=i k=i

We then claim that J > 0. We firstly notice that QEE + D, = €hy/hoU, and thanks
to the Gershgorin circle theorem, we find that the eigenvalues of U are nonnegative.
Hence, < Uag_q,a;,_1 > > 0, and

M—1 M
(3.66) J> -2 <Gap 8, >+2) < Gapy,ap1 >,

k=i k=i
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where G = —E,. The quasi-uniform mesh hypothesis shows that G is positive
semidefinite. Indeed, from (3.5f), we have G = —E. = € (ha/6h1)S — € (h1/6h2) U.
Then its Gershgorin discs belong to

L (P2 )| e (2 ML

3 hl hg 3 hl h2
From (H5)-(3.45) we find that hg/h; — 2h;/hy > 0 which guarantees that the
Gershgorin discs belong to C with nonnegative real parts. Since G is symmetric
and thus its eigenvalues are real numbers, all eigenvalues of G are nonnegative. By

the spectral property of G, we then write < G&, 7 >=< G/2¢,G'/25 > and hence
we rewrite (3.66):

(3.68)

(3.67) G= {z e G

M—1
J =z Z 1G22y, — GY?ay||24+ < Ga;_1,a;,-1 > + < Gay—1,an—1 >> 0.
k=i

Hence from (3.65) we find that

M
(369) < (A + Ee)ai_g,ai_l > < Z < bk_l,ak_l >
k=i

Since < UE, € >> 0 and < S, € >> 2[[€]|3, we find that by (H1)-(2.7)

. ho 2¢ hy ha o2
. A E = —(1—— >
(3.70) < (A+E)EE> b ( h1> < 8E, &> +66h1 <UL E>> 12||§||2,

and from (3.69) and the fact that ||A + Ec||s < khy we find

h N
T;\\ailelg << (A+Eoa;_s,a,_9 >

M
(3.71) < Z <bg_j,ar_1> +< (A + Ee)ai,%ai,g —a;_1 >
k=i
ha 2 2
< |lallz[/bl]2 + ﬂ||az‘—2||2 + Khalla;—2 — a;—1[5.

Hence, summing (3.71) over ¢ = 3 to M + 1 and multiplying by 24h;, we find that

M+1 M+1
(3.72) hihy Y llaicall3 < khiM|all2||bllz + khihy Y [lai—s — a1 ]3.
=3 i=3

Thanks to (3.60), adding to (3.72) hihs|agl|3 < rhie|lun|?:, and since |up|%, <

e Y flrzlun|r2 by letting v = uy, in (1.4), we find that

M+1
hihollall3 < xlfalla[bll + rhyelun|3 + Khiha Y llais — a; 1|3

(3.73) , =3 ,
(by (3.62)) < klall2[|bll2 + £(hT + hi€)|un |5

<
< (by (3.44), (3.45)) < kllal|2[[b[[2 + &[f|r2|un|L>.
Hence from Lemma 3.3 valid in all cases:
lun|72 < hahallall3 < khythy bl + | fl L2 un| 2 < &|f[72 + Kl fl L2 |un| L2

By the Cauchy-Schwarz inequality, we thus deduce the following theorem.
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Theorem 3.2. Assume that the hypotheses (H0)-(H1), (H4)-(H5) hold, that is
[(2.6), (2.7), (3.44), (3.45)]. Let up, be the solution of problem (1.4) with (2.9).
Then for any data f = f(z,y) € L%() (not necessarily satisfying (2.1)), there
exists a constant k > 0 independent of €, hy, and hy such that

(3.74) [un|r2) < Kl flr2@)-

Remark 3.4. For the problem (1.1a) with different boundary conditions, e.g. u =0
atx=0,1and du/0y=0aty=0,1,oru=0at z=0,1and u(z,y) = u(z,y+1),
which lead to a slight change of each block A, to F., we can similarly verify Theorem
3.1-3.2.

4. H'- and L?- Approximation Errors

The following Theorem 4.1 - 4.2 give the H' and L2- behavior of the convergence
errors for the approximate solutions.

Theorem 4.1 (H!- error). Assume only that (H0)-(2.6), (H1)-(2.7) hold. Let
u = u® be the exact solution of (1.3), and uy, the solution of (1.4) with (2.9), and
let f be smooth on Q satisfying (2.1). Then

(4.1) |u—uh|H1(Q) < Ii(h+h2€_1>.
Proof. Subtracting (1.4) from (1.3), we find
(4.2) ac(u—up,vp) =0 for all vy, €V},

and thus for an interpolant @y, € Vi, ac(u — up,u — up) = ac(u — up,u — ap). We
thus find by the Cauchy-Schwarz inequality that

(43) |u—uh|H1 §m|u—ah|H1 +H6_1|U—ﬂh‘L2.
Hence (4.1) follows from the interpolation inequalities as in Lemma 2.3. O

Theorem 4.2 (L?- error). Assume only that (H0)-(2.6), (H1)-(2.7) hold. Let
u = u be the exact solution of (1.3), and uy the solution of (1.4) with (2.9), and
let f be smooth on Q satisfying (2.1). Then there exist positive constants X\ and
independent of €, h1, ho such that

h+h3e Y2 if e < Ah3, hy < Khy,
) — <
(44)  Ju —unlr2e) < ”{ h if AB2 < € < kha, V2hy < hy < Khy.

Proof. Set A\ = 1/(2k1) = ko, where K1, ko are as in (H3)-(3.29), (H4)-(3.44). From
(4.2), we have for all v, € Vj,,

(4.5) ac(up, — Up,vp) = ac(u — Up,vp) = €(u — ap,vp) — (U — )z, Vn)-

By the uniqueness of solutions, we can decompose u — up, as:

(4.6a) up — Uy = vp + 07,
(4.6b) ag(vi,vh) = e(u — Up,vp)), Yop € Vp,
(4.6¢) ae(v,zl,vh) =—((u—1ap)z,vn), Yon € V.

From equation (4.6b) with v, = v}, we then easily find that
(4.7) |Ui1L|H1 < |u—’ah|H1.

If ¢ < Ah3, hy < khy, then from Theorem 3.1 applied to equation (4.6c) with
f=—(u—1ap),, we find

(4.8) |v}2L|L2 < k|flp2 < Klu — p| g
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The first estimate in (4.4) follows from the interpolation inequality (2.10b) observ-
ing that due to the Poincaré inequality, (4.6), (4.7) and (4.8), we have
|lu —uplpe < |u—ap|p2 + |up — @nlr2

4.9
(4.9) §|u—ﬁh|Lz+n|v}L|H1+|vi\Lz§/<;|u—7lh\H1.

If A\h3 < € < kha, V2hi < hy < khq, ie. quasi-uniform elements. The second
estimate in (4.4) similarly follows from Theorem 3.2 with f = —(u — @), applied
to equation (4.6¢) again:

(4.10) lu—up|r2 < Klu— | g < K(h+ h2e 1/?) < kh.
(]

Remark 4.1. From Theorem 4.1 and Theorem 4.2, we find that for the new scheme
(1.4) with (2.9) to be effective, we should require the space mesh to be of order
h = o(¢'/?) in the H' approximation and of order h; small, hy = o(¢'/*) in the L?
approximation (thus o(e!/#) in the weighted norm | - ||). These mesh restrictions
come from the approximation errors in y due to ¢¢(y) which appeared in (2.2) un-
like the one dimensional example (1.7). To relax these restrictions, we can employ
higher order polynomials, or to remove the restrictions, we might need a finite el-
ement space slightly different from the V}, as in (2.9) which will appear elsewhere.
Extensive numerical simulations for (1.1) (with various boundary conditions) ap-
pear in [13] - [16] and elsewhere.
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