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Abstract. A class of steady-state metal-forming problems, with rigid-plastic, in-
compressible, strain-rate dependent material model and nonlocal Coulomb’s fric-
tion, is considered. Primal, mixed and penalty variational formulations, containing
variational inequalities with nonlinear and nondifferentiable terms, are derived and
studied. Existence, uniqueness and convergence results are obtained and shortly
presented. A priori finite element error estimates are derived and an algorithm,
combining the finite element and secant-modulus methods, is utilized to solve an
illustrative extrusion problem.
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1 Introduction

The computational and experimental study of metal-forming processes has shown
that the flow theory of plasticity [1-3] adequately approximates the material behaviour
for most of them [4-7], as the frictional contact conditions also significantly influ-
ence the results. Due to similarity with the the contact problems in elasticity [8-15],
corresponding metal-forming, or plastic flow contact problems, could be formulated
and mathematically analysed. This direction of analysis has been followed for exam-
ple in [16-20] and references therein, where steady-state wire-drawing, extrusion and
rolling problems, with linear rigid-viscoplastic Bingham material model [3,8-10], or
nonlinear rigid-viscoplastic material models [4-7] and normal compliance, or nonlo-
cal contact and Coulomb’s friction models [11-15], have been formulated and studied.
Variational inequality formulations have been derived and existence and uniqueness
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results have been obtained. The solution of the resulting nonlinear variational prob-
lems, requires appropriate succesive linearization methods [9, 11,12, 21], finite ele-
ment methods and computational algorithms [11,21,22], to be applied. In [17-20] for
example, the secant-modulus method, proposed by Kachanov [9] for solving nonlin-
ear variational problems in the deformation theory of plasticity, has been extended to
nonlinear variational inequalities, as in [20] a finite element-secant-modulus compu-
tational algorithm is proposed and used.

In this work, a class of metal-forming problems is considered, describing steady-
state drawing and extrusion, with nonlocal Coulomb’s friction through a rigid die,
of an isotropic, rigid-plastic, strain-rate sensitive incompressible metallic strip (work-
piece). Primal, mixed and penalty variational inequality formulations, with strongly
nonlinear and nondifferentiable terms, are derived and studied. Under restrictions
on the material characteristics, existence, uniqueness and convergence results are ob-
tained and shortly presented. Finite element approximations are performed, a priori
error estimates are derived and an algorithm, combining the finite element and the
secant-modulus method, is utilized to solve an illustrative extrusion problem.

2 Statement of the problem

We suppose that a metallic workpiece occupies the domain QC RF (k=2, 3), with suffi-
ciently regular boundary I', constituting of six open, disjoint subsets (Fig. 1). By I'; and
I's the vertical rear and front ends of the workpiece are denoted. A constant process
velocity is prescribed on I'; at extrusion, as I's is assumed free of tractions, or on I's at
drawing, as then I'; is assumed tractions free. The boundary I'; U T}y is also assumed
tractions free. The contact boundary is denoted by I's. Due to the symmetry, only one
half of the workpiece is considered, as by I's the boundary of symmetry is denoted.
We shall further identify the points of Q=0 UT by their cartesian coordinates x={x;}
and shall use the standard indicial notation and summation convention. Let us denote
by
u(x) ={ui(x)}, o(x) ={oi(x)}, &x)={&(x)}, (1<ij<k),

the velocity vector, stress and strain-rate tensors respectively and by

_ /3 N 2,
0 = Esijsij/ &= gei]-ei]-, (21)

r
F2 FS F4 — 2 F4
Iy 9] D5, uy =1 I Q s
Ls Ls

Figure 1: Strip drawing and extrusion problems.
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the equivalent stress and strain-rate, where

Sij = 0ij — Oyijs  Gij = &ij — 3€,0ij,
are the components of the deviatoric stress and the strain-rate tensors and
1 ) )
UH = ggii/ SV = &jj,

are the hydrostatic pressure and the volume dilatation strain-rate.
Consider the following problem: find the velocity u and stress o fields, satisfying:

equation of equilibrium

U'ij,j = 0, in Q, (2.2)
incompressibility condition
¢, =0, in Q, (2.3)
strain-rate-velocity relations
. 1
&ij = 5 (i + 1), (2.4)
yield criterion and flow rule
. _ . ) 3¢
F(oij, &) =0 —0p(8) =0, &= 5 55 (2.5)
boundary conditions
oy = 0, 0, = 0, on F1(5) U 1"2 U F4, (26a)
o, =0, u,= ugl, on 1"5(1), (2.6b)
c, =0, u,=0, on I, (2.6¢)
u, =0, (2.6d)

and

if |o(u)| < 1f(u), then u, =0,
if |0 (u)| = 1¢(u), then dconst A >0, suchthat u, = —Ao;(u), on Ts.

Here ¢;; is the Kronecker symbol; n={7;} is the unit normal vector outward to T;
u, =uyn, u ={u,}, and o, =0yn, o, ={0,}

are the normal and tangential components of the velocity and the stress vector on T,
where

Uy = Ui, Uy, = Ui — UyT,, (2.7a)
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Oy = 0'1']'711'1’1]', Oy = 0'1']’7’1]' —oyn;, (27b)

u) is the process velocity; T/(u) is the shear strength limit for the interface material on
I'3, defined by the nonlocal Coulomb friction law

7 (w) = pr(x)7y (w), (2.8)

where p¢(x) is the coefficient of friction, 7, (u)>0 is the appropriately mollified nor-
mal stress (see [11,19,20]),

7, (u(x)) !

- Tl Jr, wp(x —y)(—0oy(u(y)))dy, x€Ts, (2.9)

where | |
1, i x=y|<h,
wh(x - Y) - { 0, if |X _ y| >h, (210)

0y (£) is the strain-rate dependent, uniaxial yield limit, assumed increasing, almost
everywhere differentiable function of £, such that

- da;’éé) < ‘7”;5) < VEE[0,00), 2.11)

where 71, 172 are positive constants.

m < o,(€)

3 Variational formulation and solution method

Let us denote by V and H the following Hilbert spaces

V= {v:v € (Hl(Q))k, v, =0, on Fé},

H = (H(0))" = (L())",

VCH=H cV,

where V' and H' are their dual spaces. By (H"(Q))*, with m nonnegative integer, we
denote the Hilbert space of vector-valued functions defined in () (see [8,11,14,22,25])

(H"(0)" = {v = {0;} :D%; € [,(Q), 1<i<k 0<|a| < m},

endowed with the inner product and norm

(u,v)m:/Q i (iD“uiD“vi>dx,

‘a‘:o i=1

m

b = k= ([ 3 (L 0f)ax)’,

O ‘[x|:0 i=1
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where

a|a|’()i
ox19x52 - - 9xik’
1 9% k

o= (a,a0 - ,0) €25, 2, >0, |a|=a1+agt-o-+a

D“Ul' =

We equip V with the following inner product and norm
1
(u,v), = /Q () (v)dx + /r w0 dl, lull, = (wu)?, YuveV. (31)
3
Remark 3.1. It can be shown, with the help of Korn's inequality (see [8,11])

/Qéij(u)éij(u)dx+/0uiuidx > cxful}, Vue (H'(Q)

where cx>0 is a constant, that for all v€V, the norm ||v||, and the usual (H'(Q))*

norm ;

2
Ivlh = { [ (@05, +vax}”,
are equivalent.

Let us further denote by U and K the following closed, convex subsets of V

U= {V:VEV, Uy =u°, on 1"5(1)},

N/

K:{V:VGU, v,; =0, in ), v, =0, on F3}.

Then for ueK and all vekK, after multiplying (2.2) by (v — u), in the inner product
sense, applying Green's formula and taking into account the boundary conditions, we
obtain

/Q 03 (w) (&7 (v) — &5 (u) )ax + /r () v Jar /r T(wluldr >0, (32)

Let us suppose that y f(x) €L« (T'3) and introduce, for all w, u, v € V, the notations

a(w;u,v) = /Q ;wéﬁ(u)éii(v)dx’ jlu,v) = /Fs T¢(u)|v,|dT. (3.3)

Then the following variational problem is associated with the problem (2.2)-(2.6d):
find uek, satisfying

a(w;u,v—u)+j(u,v) —j(u,u) >0, Vvek (3.4)

Let us also introduce the space

A= {q tg € Ly(Q), (g,1)0 = o}, A C Ly(Q),



T. A. Angelov / Adv. Appl. Math. Mech., 6 (2010), pp. 722-745 727

equipped with L, (Q) inner product and norm, the space S=H'/2(T'3) CL(T'3) of traces
v,=7,(v) - n, on '3 of all v€V and its dual S'=H~!/2(T3), with norms correspond-

ingly
loylls = inf {[Ivll, : oy = 10(v) -},

T, 0
It lls = sup (Ty, N>r,
v, €5\{0} loylls

where vy, : (H'(Q))* — (HY2(T))* is the trace operator and (-, -);- denotes the duality
pairing. Then the following mixed variational problem is associated with the problem
(2.2)-(2.6d), or problem (3.4) correspondingly: find ucU, 0,,€A and 0, €S/, satisfying

a(w;u,v—u)+ (0,,é,(v—u)),+juv)

—j(uu) > (o, vy —uy)p, VveDT, (3.5a)
(9.6,(w), =0, VgeA, (3.5b)
(ty,uy)r =0, Vr1,€8. (3.5¢)

Assuming further the following relations between the hydrostatic pressure and the
volume dilatation strain-rate in () and between the normal stress and velocity on I's

y(u) = éV(u), oy (u) = — 28, (3.6)

where d and d,, are small positive (penalty) constants, we obtain the following per-
turbed formulation of the mixed variational problem (3.5): find ueU, 0, Aand 0, €5/,
satisfying

a(wu,v - w) + (0,8, (v — w)o + (1, v)

—j(wu) > (o, v, —uy)p, VveL, (3.7a)
(9.,¢,(0)), —d(q,0,)0=0, VqgeA, (3.7b)
(T, uy)p +dy (ty,00)r =0, V1,€8. (3.7¢)
Let us now denote
. . 1
b(w;u,v) =a(w;u,v) + A aev(u)sv(v)dx + L EquNdr’ (3.8)

then we obtain the following penalty formulation of the variational problem (3.4): find
ucU, satisfying for all veU the variational inequality

b(w;u,v—u)+j(u,v)—j(u,u) >0. (3.9)

It can be shown, as in [17,19,20], that the following properties, of the introduced above
functionals, hold.
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Proposition 3.1. For any fixed weU, b(w;u,v) : V x V=R is a symmetric, bilinear form
and there exist positive constants By and B such that

b(w;u,u) > Bollully, [b(w;u,v)| < Biflull, vl (3.10)

Proposition 3.2. For all u,v,weU, there exist positive constants m and M, such that
b(v;v,v—u)—b(w;u,v—u) > mHv—uH‘Z/, (3.11a)
|b(v;v,u) —b(w;u,u)| < M|v—ul,|ul,. (3.11b)

Proposition 3.3. There exist positive constants cy and c, depending on the friction coefficient,
such that for all u,v,weuU,

0 < j(u,v) < efllull, ], (3.12a)
(0, W)+ j(w,v) — j(u,v) — j(w,w)| < clw —ull, [w—v],.  (312b)

Proposition 3.4. If ucU is a solution of the above stated problems, there exists a positive
constant cg, such that
lall, < colul]. (3.13)

Remark 3.2. If the nondifferentiable at v, =0, functional j(u, v) is replaced by some its
convex regularization [11,20], e.g., by

. 2
o, (0,v) = [ (), 2, (3.14)

where d,.>0 is a constant, then the following result holds.

Proposition 3.5. The functional j;_(w,v) is Gateaux differentiable

<J';T (wu),v) = /r 3 Tf(u)\/;}%@dr, (3.15)
and such that

(ja, (ww),v =) <ja (u,v) = jo (u,u), (3.16)

<J'ZzT (wv)— J';T (w,u),v—u) >0. (3.17)

Thus we obtain the following regularized penalty problems: find ucU, ¢,€A and
o, €S, satisfying

a(w;u,v—u)+ (0,,€,(v—u)), + <j;lT(u,u),v —u)

= (0, Uy —Uy)p, YVEL, (3.18a)

(9.2,(w),—d(g0,)0=0 VqgeEA, (3.18b)
(Ty, uy)p +dy (ty,00)r =0, V1,€8, (3.18¢)
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and find ueU, satisfying for all veU,
b(w;u,v—u) + <j:iT (w,u),v—u)=0. (3.19)

It should be also noted that the solutions of the problems (3.7), (3.9), (3.18) and (3.19)
depend on the introduced penalty and regularization constants.

Let now upc€U be an arbitrary element and consider the following problem: find
u,1€U,n=0,1,- -, satisfying

b(uy; uyi1,v—uy41) +j(uy, v) —j(uy, upgq) >0, VveU. (3.20)

Then, assuming that the properties established by Proposition 3.1-Proposition 3.4
hold, the following results can be obtained, analogously to [17,19,20].

Proposition 3.6. The problem (3.20) has an unique solution u,+; € U.

Theorem 3.1. If the the coefficient of friction is sufficiently small, the sequence {u, }, defined
by problem (3.20), converges strongly to the unique solution u of problem (3.9).

Since the solution of problem (3.9) depends on the penalty constants, for all suffi-
ciently small >0 and d, >0, we obtain a sequence {u®~} of solutions, bounded in
UCV. Taking then, without loss of generality, 4, =c, d, where c, is a positive constant,
we can construct by diagonalization a subsequence {u?}, which is weakly convergent
in U, such that the following result holds.

Theorem 3.2. At d tending to zero, the solution u? € U of problem (3.9) tends to the unique
solution u € K of problem (3.4).

Remark 3.3. Existence and uniqueness results for problem (3.19) can be obtained anal-
ogously to problem (3.9). Since the solution depends on the regularization constant,
the sequence of solutions {u’r}, obtained for all sufficiently small d, >0, is bounded
in UCV and therefore there exists a subsequence {u‘r }, weakly convergent in V, such
that the following result holds.

Theorem 3.3. Let ueU and u’r €U be the solutions of the problem (3.9) and problem (3.19)
respectively. Then there exists a positive constant Co, independent of d.., such that

[u—u'r|, < Co\/d,. (3.21)

Let us now suppose that there exist constants a;>0 and B,>0, such that the fol-
lowing stability (Babuska-Brezzi) condition holds [11]

<TN' UN>F + (l], €y (V))O

, Vt, eS8, VgeA. (3.22)
vl

ap[| Ty [l + Bollgllo < sup
velU

Let us also assume d,,=c, d. Then the following result holds:
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Theorem 3.4. Let {u,0,,0,} € Ux A x S and {u?,0%,0%} € U x A x S be the unique
solutions of the problem (3.5) and problem (3.7) respectzvely Then there exist, independent of
d positive constants Cy, Cg, C, such that

lu—u?l|, <Cud, o, —0lllo <Cpd, oy —0lfls <Cyd. (3.23)

Proof. From problem (3.5) and problem (3.7), for all veU, we obtain correspond-
ingly

[2(wu,u) +j(u,u )+(U €y (u))o — (o, ty)r]

+ (0, Oy ) — (04,8, (V))o < a(wu, v) +j(u,v), (3.24)
[a(u®;u,u )+](“r“d)+( ¢, (u))o — (e, u”’>r}
< >r a,év(v) <a(u%ul,v) +j(ul,v). (3.25)

Since the quantities in brackets in the left-hand sides of (3.24) and (3.25) are nonnega-
tive, we obtain correspondingly

(o 0 )p + (=048, (V))o < a(wiu, v) +j(w,v) < Cilfull, |Iv]],, (3.26)
(08 v+ (=op, 8, (v))o < a(u’su’,v) +j(u?,v) < Gl |Iv],, (3.27)

where C;, C; are positive constants. We have then

/\

{7, 0y )r + (=04, 8, (V))o

sup < Cylul|,, (3.28)
veU vl

sup <0-1?I’UN>1“ + (—O'Z,év(v))o < C2||udH (329)
veu vl - Y

and after applying the Babuska-Brezzi condition and taking into account that ||ul|,
and [|u?||, are bounded in UCV, we obtain

wylloylls + Bolloyllo < Cs, - aplloglls + Byllosllo < Ca, (3.30)

where C; and Cj are positive constants. Therefore from the sequences {¢“} and {¢},
obtained for all sufficiently small 4>0, can be extracted weakly convergent subse-
quences, such that at d—0, {¢9}—0, €A and {0?}—0, €S'. Setting further v=u‘ in
problem (3.5) and v=u in problem (3.7), adding the inequalities and taking into ac-
count (3.6), Propositions 3.1-3.4 and that ¢, (u)=0 and 1, =0, we obtain

mllu—u?|? <a(wu,u—u’) —a(uu’,u—u?) <j(uu?) +j(uu)

_j(u/ u) _j(ud/ ud) + <‘7N - UzluN - uz>r - (UH - Uglév(u) - év(ud))o
d d d d d
< cllu—u|? +cydlloy —ollls | Reglls +dlla, —adllolled o, (3.31)
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where R : §'—§ is the Riesz map. Since by the Riesz representation theorem we have
| Uf] ls=]| Raf] Ils, using (3.31), at a sufficiently small coefficient of friction, we obtain

(m = c)llu— w2 < Csd(lloy, —oflls + lloy, = ofllo), (3.32)

where Cs is a positive constants. From (3.24) and (3.25), for any veU, we have that
holds either

0 < a(uhu’,v) +j(u?,v) — (4, Oy )+ (o, (),
<a(w;u,v) +j(u,v) = (0, 0,)p + ((TH,SV( ))O, (3.33)
or
0 <a(wu,v)+j(u,v)— (0,0, )+ (o, f'z())0
<a(uhu?,v)+jul,v) = (%, 0,) + (¢4,¢,(v)),. (3.34)
Therefore, for all veU, we have that
<:|: Oy _U N>]" ( Oy _Ui)'év(v))o
<Ja(wr%) —a(usu, )] 4 [inv) — )] < Colla—wl, vl (335)
where Cg is a positive constant. Then, after applying the Babuska-Brezzi condition to

<:i:(UN - U£>IUN>1" + (:F((TH - U'z),é‘/(V))

sup 0 < Cellu—u’]l,,  (336)
veU ||V||v
we obtain
wplloy —oflls + Bollo, —opllo < Collu —ulll,. (3.37)
Finally, from (3.32) and (3.37) we obtain
lu—u?||, < Cud, (3.38)
and from (3.37) and (3.38) it follows that
oy —olls < Cpd, o, — o < Cyd, (3.39)
where C,, Cg and C, are positive constants. ]

Remark 3.4. At some regularity conditions, stronger forms of the Babuska-Brezzi sta-
bility condition (3.22) might be expected to hold, for example

(Nf vy)or + (,€,(v))o )
<
ilelg I, , V1,eS8NL(0), VgeA,

or

& ||y llor + Bl Vallo
< sup (TN’UN)O,F + |(VC], V)0|

, V1, €S8 NL(Q), Vg€ ANHQ),
velU ||VHV

where &y, B, and B, are positive constants.
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4 Finite element approximation

Let Cj, be a regular partition of Q=Ugc¢, K into finite elements K and construct the
finite element spaces

v, = {V v evn (), v =¥, ¥ e (QR)],
where } is the mesh parameter approaching zero, F,: K—K, F, €(Q;(K))¥ is the isopara-
metric transformation, K is the reference element and (Q;(K))* is the space of polyno-

mials on K of order not greater then /=1,2 in each variable [16]. Let us also suppose
that the following standard approximation properties of V;, hold (see [11,22,25]):

Vve (H"(Q)knvV, ' ev, such that
v —v"s < c |V, 1 =min{l+1—s,m—s}, m>s, i1
if yo(v) € (Hm*%(l“))k, then (41)

lro(¥) = 9o (v")ls—1.r < ek Vo (V)1 rv

where ¢, >0 and ¢, are independent of & and v positive constants. Then from prob-
lem (3.8) we obtain in U, CVy},, the following finite-dimensional problem: find u"cUy,
satisfying for all v €Uj, the inequality

busu, v = ) + (V) — (u, u) > 0, 42)

Remark 4.1. Existence, uniqueness and convergence results for the discrete problem
(4.2), at fixed h, can be obtained analogously to the continuous problem (3.9).

Remark 4.2. Essential, for the considered class of problems, is that they are usually
defined in domains, ranged from nonconvex L-shaped up to convex conical, almost
rectangular ones. Therefore, if all other data of the problems are sufficiently smooth,
the following range of regularity of their solutions should be expected

uc€ (H“(Q))kﬂU, g—egag?)—e, e >0,

small, [23-25].

Theorem 4.1. Let u € (H*(Q))* N U and u” € Uy, be the solutions of problem (3.9) and
problem (4.2) respectively and let also

oy (u) € H32(T3), and o, (u) € (H3/2(T3))"

Then there exists a positive constant C, independent of h, such that

lu—u"|, <CH, r=min{l,a—1}. (4.3)
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Proof. Adding (4.2) to (3.9) with v=u", we obtain after rearranging

b(w;u,u —u") — b(u";u", u—u")

<b(w;u,u—v") —b(u";u", u —v") 4+ j(u", V") + j(u,v)
—j(u,v") = j(u",w) + j(u,u") + (", w) — j(u, )
—j(u",u") + b(u;u, v" —u) +j(u, v") — j(u,u). (4.4)
Applying then Green’s formula to the terms in last line of (4.4) and using relations

(3.6) and properties (3.10)—(3.12), for a sufficiently small coefficient of friction such
that m>c, we obtain

(m—c)llu—u"||?
<M+ ) fu—u"[|, flu =", +Cilloy ()], g plluy = VEI| s r
h
+ C2H0-N (u) Ha—%II‘HuT - VT ||—0H—%,F’ (45)

where C;, C, are positive constants. After using the finite elements approximation
properties (4.1), we obtain

lu—u"|? < Gl [ullaflw —u"|, + Cah[|ulla, (4.6)

where C3,Cy4 are positive constants. Applying then, to the first term in the right hand
side of (4.6), the e-inequality

2
lab] < ea® + Zs’ Ve >0, a,beR,
with appropriately chosen ¢, we conclude that there exists an independent of /1 positive
constant C, such that (4.3) holds. O

Let us consider the finite element approximation of problem (3.7). We introduce
the finite dimensional spaces

Av={d"q" e n gt e Ri(K) ],

Sp={th:thes'nC(fy), T =thor !, #en(l)},

N|L

where R;(K), j=0, 1, is the space of constants Py(K), or the space of bilinear polynomi-
als Q1(K) defined on K, P;(L) is the space of polynomials of order not greater than I,
=1, 2, defined on the line element [, with the following approximation properties:

Vg € H’”’l(Q), m>1, Elqh € A\, such that
lg—q"llo < LB gllm-1, r2=min{j+1,m—1}, (4.7)
V1, € H" 3(I3), 31" € S}, such that

It =l < Tl yre 73 =min{l+1,m 1}, 438)
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where ¢/ and ¢/ are positive constants, independent of & and g and & and T, corre-
spondingly. We state the following finite dimensional analog of problem (3.7): find
u"cU, U'EEA;[ and (71’3 €S), satisfying

a(u;u, v —u") + (O‘Z,év(vh — uh))O + j(u",v")

—j(a" ") > (ol —uly vV e, (4.9a)
(qh/ ‘év (uh))() - d(th (TZ)O =0, V qh € Ah/ (49b)
<T:’], ui’,>r + dN<T£,0'Z>r =0, V TS €S, (4.9¢)

Let us further assume that the following discrete analog of the Babuska-Brezzi condi-
tion (3.22) holds:

I Tills + B9 lo
<T£' v}z\lz>r + (qh/év(vh))o

TV , Viles, Vi en, (4.10)
|4

< sup
vh S

where uc’g and IBZ are positive numbers [11,24]. Then the following result holds.
Theorem 4.2. Let
{w,0,,0,} € UN (H(Q)" x AnH*1(Q) x §' N H*3(T3),

and
ho ho_h /
{u ,U'H,O'N} eU, x A\, xS,

be the unique solutions of problem (3.7) and problem (4.9) respectively and let also
o, () € (H3(T3))".
Then there exist independent of h positive constants Co, Cy and Cyj, such that
Hu - uh Hv
1 1 s - -
<Col x |(1+af *+ B *)(1+17) +a Lyl 1}, (4.11a)
loy — oyl
11 B[ s—r h—3 h—1 =t
<Golt" X {1+"‘b [h +(14ay “+p P)(1+h7)
-1 -1
+ap 48|} (4.11b)
lo, = e llo
- 1 _1 .
<Cyh" x {hs—f +BL [hs‘r +(1+ap +Bp )(A+RET)
-1 -1
+ap 48|} (4.11c)

where
r=min{l,a —1}, s=min{j+1,a—1}.
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Proof. For all v € Uy, from problem (4.9) we obtain

[a(u";u", u") + j(u", uh)+(0hé(h) — (o uly,
+ <U£,vg>r (o, e, (v )) <a(u;u" V") + j(u", V"), (4.12)

Since the quantity in brackets in the left-hand side of (4.12) is nonnegative, we obtain
(0,0 + (~0l e, (V) < alulsul, v9) 4 (el V1) < Gl W], (413)
where C; is a positive constant. Applying then the discrete Babuska-Brezzi condition

to
<‘7£’ v}z\lz>r + (_‘71};/ év(vh))

0 <" 4.14
Vigg v, < Gilju?(],, (4.14)
h
and since ||u"||, is bounded in U;,C V), we obtain
apllells + Billelllo < Ca (4.15)

where C; is a positive constant. Setting further v=u" in problem (3.7) and adding it to
problem (4.9), we obtain

a(wuu—u") —a(u;u",u—u") + (0, — ¢, (u) - év(uh))o

— (o — f], u, Z>r a(u,u,u—vh) a(uh;uh,u—vh)
+ (0, =0l (n) —&,(v")), — (o, — o) +j(u, V")

j(u,u) —j(u, v") - ](“h/u)+](uu) ( "u) —j(u,u)
—j(u",u") +a(wu, v —u) + (0,,¢,(v") — &, (w)), +j(u,v")
—j(u,u) —<0’N,UN—uN>r. (4.16)

Using then properties (3.10)-(3.12), relations (3.6) and applying Green’s formula for
the terms in last two lines of (4.16), for a sufficiently small coefficient of friction, we
obtain

h
(m —c)|lu—u"|}
h h h h
<M +o)lu—uly [lu=v", +Csllo, —ollolju = v,
+ Calloy, — oy llsrllu =", + Csllo (w)ll—g pllwy = vyl s r
+ Colloy (W lo-3 rlwr = VI i3 0 (4.17)
where C3, C4, Cs5 and Cg are positive constants. Applying then the finite elements
approximation properties (4.1) we obtain
hy2
[u =[5
<G [ —u"l|, + Cel[loy, — " lo + Colloy — o [ls + Cuol®,  (4.18)
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where C7, Cg, Cg and Cy are positive constants. Further, replacing v with v in (3.7),
we obtain

[a(w;u,u) + j(u,u) + (0, ¢, (u
+<‘7N'UZ>F (0,8, (v )) =

Then, from (4.12) and (4.19), taking into account that quantities in brackets are non-
negative, for any vheUh, we have that holds either

))o — (O tty )y

(w;u, v") 4 j(u,v"). (4.19)

0 <a(u;u",v )—l—](u v < h>r ( vh))0

<a(wu,v") +j(u, v < h>r (00 )0' (4.20)
0 <a(wu, vh) +j(u,v") —< h>r + (0,8, (V)

< a(u";u, V") +j(u", ") — (o h>r ( vh))0 (4.21)

Therefore, after adding and subtracting additional terms, it follows that

(£(Th =), ")+ (F(g" =), , (")),

<|a(w;u,v") —a(uh'uh v+ 1w, v") = j(a", v | + [(= (o = T), 0" )]
+[ (o — "8, (v"))o| < Clllu—u"[|, [V"[|, + Chlloy — Thlls [v"]l,
+Cyllo, — 4" ||0HVhHw (4.22)

where Cj, C}, and Cj are positive constants. Applying then the discrete Babuska-
Brezzi condition to

(@ —a0) o + (F(@" = ), &, (V1)
"1,

sup
vl cUy,

<Cillu—u"[|, + Gllo, — T lls + Cilloy, — "o, (4.23)
we obtain

aylltt = oylls +Bylla" — oy llo
h o h
<Cillu—u'[l, + Golloy, — 7ills + Cslloy, — " [lo- (4.24)

Using then the triangle inequality, the inequality (4.24) and the finite element approx-
imation properties (4.7), (4.8), we have correspondingly

loy, = ahllo < llo, — 4" llo + llg" = e llo

C/ !/
< Cgh5+ﬁ—,f(h5+h’)+ﬁ—;uu—uh|\v, (4.25)
b

b
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h h h h
loy = oylls < lloy = tylls + [Ty = oy lls

/ C/
< CLh™ + C—,Z(hs +1) + Hua—d", (4.26)
Xp Xp

where C}, Cf, C;, and C;, are positive constants. Replacing (4.25) and (4.26) in (4.18),
we obtain

C/hr C/hr
[u—u"|2 < Gl [|u —u"[|, + jh [u — ", + Zh [u — |,
b b
Cio 2r s+r Cﬁl 2r s+r / 2r s+r
+?(h + 1) + S (BT +BT) + Clp (BT + BT, (4.27)
b b

where Cg, C, Cj,, C1; and C}, are positive constants. Applying to the first three terms
in the right hand side of (4.27), the e-inequality

2
|ab| gsaz—i-zs, Ve>0, abeck,

with appropriately chosen ¢, we obtain (4.11a), where Cy is a positive constant. From
(4.25), (4.26) and (4.11a), we then obtain (4.11b) and (4.11c), where Cj and C{ are posi-
tive constants, which completes the proof. O

Remark 4.3. It could be easily checked that, if a] and /! are independent of &, the finite
element solutions {uh, O'f[, Ui’,} are convergent and the derived error estimates (4.11)
are of optimal order. Despite that it could be shown that ! is independent of  for
the used here combinations of finite element spaces {U;, A, S}, B} is independent
of h however only for the space using {Qa, Py, P,} finite elements, providing error
estimates of suboptimal order, or for the space using {Q1, Py, P; } finite elements, such
that on every macroelement, constituting of (2 x 2) — P elements, the pressure filter
property
N e

holds [11,24]. For the finite element combinations {Q2, Q1, 2}, {Q1, Q1, 1} and gen-
eral {Q1,Qo, P1}, /3’; = O(h) as in the first case, despite that {u”, (Tf]} converges, {UZ} is
numerically unstable, while in the other cases {u", 0"} is unstable and {¢"} diverges.
Since the rectangular meshes may define a certain kind of pressure filter, satisfactory
results can be obtained for some fixed mesh. The instabilities and divergence however,
can be easily observed at changing, or refining the mesh.

Remark 4.4. If 7,€S' N L,(Q)) and also the following discrete Babuska-Brezzi condi-
tion is assumed to hold:
& |17 llor + Bylla"llo
(Tgf U;;;)O,r + (th éV (Vh))o
V"1l

< sup , VTl es, Vi en, (4.28)

VhGUh
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where & and ! are positive numbers, then it can be proved that &} = O(h'/2) and a
priori error estimate of suboptimal order for o, — ¢ [|or also can be derived.

Remark 4.5. If in the finite element approximation of problem (3.7) the following finite
dimensional space is used

Ay ={q":q" e ANCY(Q), g} € Qi(K)},

where Q1 (K) is the space of bilinear polynomials defined on K, with the approxima-
tion properties (4.7), if T,€S' N L(Q)), geA N H}(Q) and also the following discrete
Babuska-Brezzi condition is assumed to hold:

&yl 7 llor + By Va"llo
(e, o0 )or +1(Vg", v")o

< su
V],

vh cUy,

, Viltes, V' en, (4.29)

where &/ and f}! are positive numbers, then it can be proved that

. 1 5
&y, = O(h2), By =0(h),

and following [11] a priori error estimates of optimal order can be derived.

5 Algorithm and results

Applying the secant-modulus method to the regularized problems (3.18), (3.19), after
a finite element discretization, we obtain the following, formally equivalent, finite
dimensional problems:
1. Find {unH, 1
initial u/l€ Uy, the system of equations

Nn+1}€Uh X Ap x S;,n=0,1,2,- -, satisfying for arbitrary

ﬂ(uﬁ;uﬁﬂz h— Z+1) + ( gn—i-l/' (Vh - Z-s—l))o

<]d (un,uﬁﬂ) n+1> < nn+1s7 Nn+1>r/ Vv e, (5.1a)
(q/ ( n+1)) - d(q/ Hn+1)0 =0, v q € Ah/ (51b)
(ol ) +dy(th ol ) =0, VTles), (5.1¢)

2. Find uZ €Uy, n=0,1,2,- -, satistying for arbitrary initial ugeUh, the equa-
tion

h J h . h h h h
b(whwyp v —wiy) + (g (W wig), v —wlg) =0, ¥V eU,  (52)
until i
oy —will
[l
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where || - || is a vector norm and J is the accuracy tolerance. Problem (5.2) then defines
the following algorithm [20].

Algorithm: Find {u! ,}, n = 0,1,2,- -, satisfying for arbitrary initial {uf}} the
system of equations
K(uy) {ttn1} = F(ur), (5.3)
until ||”Z+1 - ”ﬁ”/””ﬁ-}-l” < 0.

Here K and F are the velocity dependent stiffness matrix and load vector, {u” 1)
is the vector of nodal velocities.

Remark 5.1. It is important to note that, using some special integration technique for
the volumetric strain-rates term in (5.2), we may obtain a complete equivalence be-
tween problems (5.1) and (5.2), i.e., the finite element solutions of (5.1) to be also solu-
tions to (5.2) and vice-versa. Thus for example, when (1 x 1)-Gauss integration of the
volumetric strain-rates in (5.2) is used, then Q; approximation of (5.2) is equivalent
to the unstable {Q1, Py, P } approximation of (5.1). Q, approximation of (5.2) with
(2 x 2)-Gauss integration of the volumetric strain-rates is equivalent to {Q,, P;, P>}
approximation of (5.1) only on rectangular meshes. Even on rectangular meshes how-
ever, Q, approximation of (5.2) with (1 x 1)-Gauss integration of the volumetric strain-
rates is not equivalent to the stable {Q, Py, P, } approximation of (5.1). In this case, the
lower order of integration, leads to a lower order of approximation. Since, if the inte-
gration rule, applied to the volumetric strain-rate - hydrostatic pressure terms in both
problems, is such that obtained auxiliary problems are equivalent and approximate
the continuous problems at h—0, the order of inexact integration defines the order
of approximation, the integration rules may serve to define approximation spaces. A
theory for such problems have been developed in [11].

The algorithm (5.3) is applied here, with complete (3 x 3) and reduced (2 x 2), or
(1 x 1)-Gauss integration of the volumetric strain-rate term, for solving the following
dimensionless extrusion problem [4,5], with known analytical slip-line solution [1,2].

Example: A two-dimensional workpiece with length 20, initial and exit thicknesses
10 and 5 respectively, is extruded through a square die with ram velocity u%=1. The
following yield limit, satisfying (2.11) for all £€[0, c0), is used

oy (81)8/81, if E€[0,3],
0,(8) = A#, if &€ 2,8, (5.4)
0, (8)E/8, if € [5,00),

where A>0, x€(0,1], €, and &, are material constants, depending on the process con-
ditions, with values in our case taken A=+/3, a=10"3; g, =103 and 52:103. Friction
coefficient values #=0.0,0.1,0.2 are used.

Two regular finite element meshes have been constructed, meshl and meshll in
Fig. 2, containing quadrilateral finite elements, with sides h;~1.667 and h;;=1 corre-
spondingly. The values of the regularization and penalty constants are taken, on the
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mesh I mesh 11

Figure 2: Finite element meshes.

base of computational experiments, respectively d.=10"°, d=10"3, d,=107°. Further
decreasing leads to computational instabilities and overconstraining, which is due to
the mesh dependence of the penalty parameters in the discrete penalty method.

In the computations, a simple averaging of the effective strain-rates, contact and
hydrostatic pressures and friction stresses at finite element nodes (centers) is used.
The computed equivalent strain-rates are further multiplied by v/3, to simplify the
comparisons with the results presented in [4,5], where they are defined by the expres-

sion
E= 4 /Zél’]‘éij,

in contrast with the used here expression (2.1). Since also the analytical slip-line solu-
tion for the extrusion pressure is p=2.67,, where p=|c,,| and 1,=0,/ /3 is the shear
yield limit [1-4], for the same reason in (5.4) Up:\/g is taken, which gives p=2.6.
The computational experiments show that the algorithm is fast, results are obtained
for about 25-30 iterations, depending on the used friction coefficient, within accu-
racy 6=10"%. A common practice to simulate singularities, such as the singularity
in the strain-rates due to the corner node in our case, is the usage of special finite el-
ements [24], ensuring the corresponding behaviour, or local mesh refinements. The
computational experiments performed on meshl, on a modified, refined around the
corner node, meshl and on meshIl show, as mentioned in [4], that singularity only lo-
cally affects the results. The distribution of the effective strain-rates in (), obtained for
these three meshes for the frictionless case, using bilinear finite elements with com-
plete integration, are illustrated on Fig. 3 and Fig. 4(a). These results also support

- mesh | - modified

—ro—"

(T

Figure 3: Equivalent strain-rates for mesh | and modified mesh I, using bilinear finite elements with complete
integration and friction coefficient y1¢ = 0.0.
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mesh Il

SR \ mesh Il

(©)

Figure 4. Equivalent strain-rates for
mesh I, using bilinear finite elements
with complete integration and friction
coefficients yr = 0.0,0.1,0.2.

the obtained theoretical convergence result for the discrete pure penalty problem. Ob-
tained results for the hydrostatic pressure, which is an external variable for the pure
penalty problem, show however an overestimation of the analytical result for the ex-
trussion pressure. For the frictionless case on meshlIl, an average hydrostatic pressure
value p,;,=3.7 is obtained. The influence of friction is illustrated on Fig. 4 and Fig. 5,
where the obtained distributions of the effective strain-rates and velocity vectors in (),
using bilinear finite elements with complete integration for meshII and friction coeffi-

> > - mesh Il K =0.0 s T > > -+ meshll 1 =01
— s e T T N T TR T e s d Sl
e e e Ty B \ Heferfnﬂm:rs Sy sy My R S 5 Reiefnce;\leﬂ:rs
el ek B R Ny \ 0.006 1.820 — M Ya “ 0.001 1.781
— > N\, 4 Y T T S N\ \
e e e T Ny Ny e e — e —— T T T T T T e —
— — e T T T —— —— —— — e e i T e e
— = T T T T > — > —. T T T T —— ——> —— > > P
el A Sl (e e > —> » B “lia-s s o e e e > —»
G G —> —> ——> ——> ——» » » > »> >

(a) (b)
— - - .
£ mesh Il ne =02
~a T —a - - x
Ta TR T T - - Reference Vectors

-

e T ki Figure 5: Velocity vectors for mesh
i R T ) S— Il, using bilinear finite elements with
R complete integration and friction co-
NG GRGRGEGEN efficients py = 0.0,0.1,0.2.
T T T e —— —F —— ——> ——
FISR AT SR ST S e s
— —> —> —> —> > —> > > >

(©
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f
mesh Il /
(1x1)-Gauss integration //
=00 {

f

mesh |

(1x1)-Gauss integration

H=00

b -
3 3 = /
\' | > ( [
(b)
/) |
mesh |
/ \ (2x2)-Gauss integration

\ @0 H=00 Figure 6: Equivalent strain-rates us-
| ing, biquadratic for mesh | and bilin-
f } / ear for mesh |, finite elements with
L Ve \ / reduced integration and friction coef-
s ‘.\ (A ficient us = 0.0.
g “ g )f/
\ | LAY

(c)

cients 11y=0.0, 11y=0.1 and p;=0.2, are presented. Fig. 6 and Fig. 7 contain the obtained
distributions of the effective strain-rates and velocity vectors in (2 for the frictionless
case, using bilinear finite elements with reduced (1 x 1)-Gauss integration for meshII
and biquadratic finite elements with reduced (1 x 1) and (2 x 2)-Gauss integration
for meshl. For the average hydrostatic pressure the following values are correspond-
ingly obtained: p;,=2.573, ps,y=2.795 and p,;,=2.65. It should be mentioned that the
results presented on Fig. 6(a), Fig. 7(a) and on Fig. 6(b), Fig. 7(b) are very good for

. o . meshll  ug =0.0 T — mesh| 1y =0.0

e e S B T N (1x1)-Gauss integration ey ey ey SSE PRE \ (1x1)-Gauss integration

T e s R, N N Reference Vectors — s Reference Vediors

s T oils o AR e

. L - \ \ \¥ .| 4 . . . \ \ \\ 0.009 1.837

e e S e e o e e T N Ny o — —— ——

s T TR TRy magn P 4 > > —s > s T Ty T —— > ——> ——> —— >

—s s T Ty T — > > > > —s > T T e > > — > —— >

> s e T e > > > . T ——p > > > >

i il il . A, AR SO A . A | —> —> —> —> —> ——> > ——> ——> —>
(a) (b)

gy oog  wesp g — - mesh | I-J-1 =0.0

— —p = o~y S5 N\ (2x2)-Gauss integration

— — \

. — i: : Ré:;;%’::'s Figure 7: Velocity vectors using, bi-

e S N quadratic for mesh | and bilinear for

e e S N e — e ey mesh Il, finite elements with reduced

ey oy ey g g e e e e g integration and friction coefficients

s T e T T e — > — > —— > —— > ‘uf =0.0.

— > — T — > > > >

—> > — —— —— > P
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these particular rectangular meshes, despite obtained by using discrete penalty meth-
ods that correspond to unstable and stable, but nonequivalent discrete mixed meth-
ods, Remark 4.3, Remark 5.1. Fig. 8 and Fig. 9 contain the obtained distributions of
the effective strain-rates and velocity vectors in (), using biquadratic finite elements
with reduced (2 x 2)-Gauss integration for meshIl and friction coefficients y;=0.0,
#r=0.1 and p;=0.2. These results also support the obtained theoretical convergence
resuts and show the influence of friction. For the frictionless case, the obtained aver-

\ mesh Il —\A \
5 mesh Il
% inegrat I i
(2x2)-Gauss integration % (2x2)-Gauss integration
\\
\\ By =00 s g ;
) 7 4

[ =

\ A

mesh Il

(2x2)-Gauss integration

Figure 8: Equivalent strain-rates for
mesh |, using biquadratic finite el-
ements with (2 x 2)-Gauss integra-
tion and friction coefficients pf =

0.0, 0.1,0.2.

(©
— —> — — ~- - mesh Il uf =0.0 — » — - - - mesh Il }lf =0.1
e S e G w (2x2)-Gauss integration ~ T ~a ~- - e (2x2)-Gauss integration
TSR TR TR N R Reference Vectors TR T e W * k] Reference Vactors
— - > e “a % > —

e \ \ R 0.000 1.837 - < 0.000 1.897

e T L e e T ~ L —
— e T e T T > > > > ~ T S TS T e —— ———— ——
— s T TNy T — » > > > T T T T T » » »> >
—s — T Ty e —— — ——> ——> —— T TR TR T — > — > — > ——
s T T T T —— — > —— > —— —— > T T T > —— > — P — P — P — > P
S e O S O VN — > > > > > > > >

(a) (b)

~ - - - x mesh Il K= 0.2

(2x2)-Gauss integration

B TR W - = Reference Vectors
T T T e Py g Figure 9: Velocity vectors for mesh II,
T T T N using biquadratic finite elements with
) (2 x 2)-Gauss integration and friction
coefficients W= 0.0,0.1,0.2.
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age hydrostatic pressure p,;,=2.675 is very close to the analytical extrusion pressure
value. It should be mentioned here that, for the frictionless case, the obtained results
for the velocities and strain-rates are also very close to these presented in [4,5]. Finally,
the computational experiments and comparisons performed, clearly support the ob-
tained theoretical results and demonstrate the applicability and the effectiveness of
the proposed method of approach for solving the considered class of metal-forming
problems.

6 Conclusions

In this work a variational inequality approach is proposed for analysis of a class of
contact problems with friction in the flow theory of plasticity, describing continuous,
steady-state metal-forming processes. Existence, uniqueness, approximation and con-
vergence results are obtained and an algorithm, based on the finite element and secant
modulus methods, is proposed. The theoretical results are supported by numerical re-
sults, which shows the applicability and the effectiveness of the proposed method of
approach.
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