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Abstract

In this paper, local multiplicative and additive multilevel methods on adaptively refined
meshes are considered for second-order elliptic problems with highly discontinuous coeffi-
cients. For the multilevel-preconditioned system, we study the distribution of its spectrum
by using the abstract Schwarz theory. It is proved that, except for a few small eigenval-
ues, the spectrum of the preconditioned system is bounded quasi-uniformly with respect
to the jumps of the coefficient and the mesh sizes. The convergence rate of multilevel-
preconditioned conjugate gradient methods is shown to be quasi-optimal regarding the
jumps and the meshes. Numerical experiments are presented to illustrate the theoretical
findings.

Mathematics subject classification: 65F10, 65N30.
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1. Introduction

During the last two decades, adaptive finite element methods (AFEM) have been developed
very rapidly and have become a popular and powerful tool in numerical solution of partial
differential equations (PDEs). Quasi-optimal approximation results can be achieved by mesh
adaptivity based on a posteriori error estimates (see, e.g., [6,16,32,36]). In this paper, we also
pursue asymptotically optimal methods for computing the solution of the discrete problem. By
“optimal” we mean that the computation of the solution asymptotically only requires O(N)
operations where N is the number of degrees of freedom (DOFs) on the underlying mesh.
Multigrid or multilevel methods are among the most efficient and widely used methods for
computing the approximate solution.

The uniform convergence of multigrid methods for conforming finite elements has been
widely studied by many authors. We refer to [7-10, 12,25, 33, 43] for a multigrid convergence
theory on uniformly refined meshes. Since in AFEM the number of DOFs may not grow expo-
nentially with the mesh levels, as Mitchell pointed out in [31], traditional multigrid methods,
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which perform relaxations on all nodes, may require O(N?) operations for certain meshes. In
order to overcome this issue, local multigrid methods adopt the idea of local smoothing, which
restricts relaxations to new elements of each level. Local smoothing turns out to be very effi-
cient on adaptively refined meshes (see, e.g., [26, 46,48, 50] for elliptic problems with smooth
coefficients). Motivated by the recent work of Xu and Zhu [49], we study local multiplicative
and additive multilevel algorithms (LMMA and LMAA) for second-order elliptic problems with
highly discontinuous coefficients. Different from the works of Chen, Holst, Xu and Zhu [18§]
for second-order elliptic problems with discontinuous coefficients and Hiptmair and Zheng [27]
for Maxwell equations, our algorithm does not reconstruct a virtual refinement hierarchy of
meshes. We assume that the meshes are generated by using AFEM based on a posteriori error
estimates.

Given a bounded, polygonal or polyhedral domain Q C R%(d = 2,3), we consider the
following second-order elliptic problem:

—div(p(z)Vu) = f in Q, (1.1)
u=0 on 01, (1.2)

where the source function f € L?(). The coefficient p is positive and piecewise constant and
may have large jumps in Q. The homogeneous boundary condition in (1.2) is not essential to
our theory and can be replaced with more general boundary conditions. Although problem
(1.1)—(1.2) seems to be simple, it plays an important role in many practical applications: such
as steady state heat conduction in composite materials, electromagnetism, and multiphase flow.

It is well known that the solution of problem (1.1)—(1.2) may have singularities near reentrant
corners of the domain and jumps of the coefficient. The AFEM based on a posteriori error
estimates is very efficient to capture local singularities of the solution. A considerable amount
of work has been devoted to a posteriori error estimates for such problems. We refer to Bernardi
and Verfiirth [5], Petzoldt [35], and Chen and Dai [20] for residual-based error estimates, to Luce
and Wohlmuth [29] for equilibrated error estimates, and to Cai and Zhang [14] for recovery-based
error estimates. For adaptive nonconforming or mixed finite element methods, a posteriori error
estimates have been studied by Ainsworth [1,2] for equilibrated error estimates, by Chen, Xu,
and Hoppe [19] for residual-based error estimates, and by Cai and Zhang [15] for recovery-based
error estimates.

The purpose of this paper is to study local multilevel solvers for the adaptive finite element
discretization of (1.1)—(1.2) and to prove the quasi-optimality of these solvers. It is known that
the condition number of the discrete system of the problem (1.1)—(1.2) depends on the jumps
of p and on the mesh sizes. To reduce the condition number, multigrid methods and domain
decomposition methods have been studied for quasi-uniform meshes (see, e.g., [17,24, 30, 37,40,
44]). In general, the convergence rate of local multilevel methods depends on the jump of the
coefficient, the mesh sizes, or the mesh levels due to the lack of uniform stability estimates for
the weighted L2-projection (see, e.g., [11,34,42]). The convergence rate can be improved for
some specific scenarios (see, e.g., [22,23,34,45]). Recently, Xu and Zhu (see, e.g., [49,51]) have
proved quasi-uniform convergence of conjugate gradient methods preconditioned by multilevel
methods and overlapping domain decomposition methods, respectively.

The objective of this paper is to extend the results of [49] to adaptively refined meshes which
are generated by the “newest vertex bisection algorithm” [31,46]. Using the abstract Schwarz
theory, we prove that except for a few small eigenvalues, the effective condition numbers, i.e.,
the ratio of the maximum to the minimum of the remaining eigenvalues of the multilevel-
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preconditioned algebraic system, are bounded by C' |loghmin|2. Here the constant C' is indepen-
dent of the jumps, the mesh sizes, and the mesh levels, and hpi, is the minimum diameter of
the triangles or tetrahedrons on the finest mesh. The main difficulty is how to obtain a stable
multilevel decomposition of the finite element space on the finest mesh and how to prove the
strengthened Cauchy-Schwarz inequality regarding this decomposition. We should point out
that both local Jacobi smoother and local Gauss-Seidel smoother apply to the local multilevel
methods.

The remainder of this paper is organized as follows. In Section 2, we introduce some no-
tation, finite element spaces, and the preconditioned conjugate gradient method. In Section 3,
we propose the local multiplicative and additive multilevel algorithms, i.e., local multigrid V-
cycle and the local BPX preconditioner. In Section 4, we study the convergence of LMMA, the
preconditioned conjugate gradient method by LMMA (LMMA-PCG), and the preconditioned
conjugate gradient method by LMAA (LMAA-PCG). In Section 5, we study the multilevel
decomposition of the finite element space on the finest mesh and prove the so-called strength-
ened Cauchy-Schwarz inequality. In Section 6, we present several numerical experiments to
demonstrate our convergence theory.

2. Preliminaries

Throughout this paper, we denote by (-,-) the standard inner product in L*(Q), by || - |l1.0
and | - |1, the norm and semi-norm in H'(Q). Let C' with or without subscript stand for a
generic positive constant which is independent of the jumps of p, the mesh sizes and the mesh
levels, but depends on €2 and the shape regularity of the meshes. These constants can take
on different values in different occurrences. We also introduce the weighted inner product and
weighted norm in L2(£2):

(w,0)p = (pu,0), ol ey = (0,0)F Vw0 L(Q).
The weak formulation of (1.1) and (1.2) is: Find u € Hg(Q) such that
a(u,v) = (f,v) Yo € HE (D), (2.1)
where a : H}(Q) x H}(2) — R! is a bilinear form defined as follows
a(u,v) = (p(x)Vu, Vo) Vu,v € Hy ().

The existence and uniqueness of the solution u follow from boundedness and coercivity of a(-, -)
by the Lax-Milgram lemma [21]. It is obvious that the weighted H!-semi-norm coincides with
the energy norm induced by a(-,-), namely,

lvlla = Va(,v) = Vol aq — YveH(Q)

Let 7, be a conforming triangulation of €, that is, any two elements in 7j are either
nonintersecting or intersecting with a common vertex or a common edge. Throughout the
paper, we assume that any triangulation of € takes care of the discontinuity of p, namely, p|r
is constant for any T € T,. We define the linear Lagrangian finite element space on 7; by

Vi = {Uh € H&(Q) : vh|T S Pl(T), VT € 771}
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The Galerkin approximation to (2.1) is: Find up € V3, such that
a(un,vn) = (f,vn) Vop € V. (2.2)
Let the linear operator Ay : Vi, — V}, be defined by
(Apwn, vn), = a(wp,vp) Ywp, vy € Vi

Clearly Ay, is symmetric and positive definite (SPD) and (2.2) is equivalent to the following
operator equation

Apup = f, (2.3)
where f;, € V3, satisfies (fx,v), = (f,v) for any v € V.
Let Nj, be the dimension of V}, and {a:él, i =1,...,Np} be the set of interior vertices of

Th. We denote by ! € Vj, a natural scaling of nodal basis function (cf. [4]) belonging to =,
1 <4 < Np,. Then the operator equation (2.3) is equivalent to the following algebraic system

AUy =Fp, (2.4)
where the entries of the matrix Ay and the vectors Uy, F}, are defined by

(Ah)’ij = a(@?a@?)a (Uh)z = uh(w?)a (Fh)l = (f) (10?) VZ)J: 1)"'7Nh-

Using the arguments in Bank and Scott [4], we know that the £2-condition number k(A}) can
be estimated as follows:

k(Ap) < CT(p)Np (1 + |log(Nph2,,

)|) if d=2, _ MaXgeq p(x)

2/3 . P minweg p(m)
K(An) < CT(p)N? if d=3,

The following lemma is to estimate the convergence rate of the PCG algorithm for the
operator equation (2.3) (cf. e.g. [3,49]).

Lemma 2.1. Let By, be an SPD preconditioner of Ay, such that the spectrum of By Ay, satisfies
0<)\1§"'§)\m0<<>\m0+1§"'§>\]\]h. (25)

Let uy, be the k-th iterate of the PCG algorithm. Then

k—mg
. v — 1
M < 2|k(BpAp) — 1|™ Nu/Amo+1 Yk > mg. (2.6)
[[un — uolla VAN, Ame+1 + 1

Remark 2.1. If the integer mg is very small, the convergence rate of the PCG algorithm
will be dominated by Kmg+1(BrAn) = AN, /Ame+1 which is known as the “effective condition
number”. In the following we shall study the spectral distribution (2.5) of the preconditioned

system, where the preconditioner By, will be defined by a local multilevel solver.

3. Local Multilevel Methods

Let {7]}{;0 be a family of nested conforming triangulations of €2 such that 7y is a quasi-
uniform initial mesh and 7; is a (local) refinement of 7;_1, I > 1, using the “newest vertex
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bisection” algorithm. For any 0 <[ < L, we denote the linear Lagrangian finite element space
on 7 by Vi C HE() and define 4, : V; — V; by
(Aiv,w), = a(v,w) Yo, w e V.
Then the operator equation (2.3) on 7; can be written as: Find u; € V; such that
Alul = fl7 (31)
where f; € V; satisfies that (f,v;), = (f,v) for any v; € Vi. For 0 <1 < L, we also define the
energy projection P;: H} () — V; and the weighted L?-projection Qf: L?(Q) — V; by
a(Pw,w) = a(v,w) Yo € HY}(Q), we W, (3.2)
(Qv,w), = (v,w), Yo e L), we V.
For 1 < < L, denote by N the set of interior nodes of 7; and by J\~/l the set of nodes on
which local relaxations are carried out. We shall give the exact definition of A; in Section 5.

For brevity, we set ./\7l = {mi, i =1,...,7;} with 7; being the cardinality of ./\75, and we refer
to ¢! as the nodal basis function of V; belonging to the node x!

i

V0 := Vj and 7y := 1. We define the energy projection and the weighted L2-projection onto

For notational ease we set

the one-dimensional space V;! := span{¢.} as follows:
Pl Ho(Q) = Vi, a(Plv,¢) =a(v,¢) Vv € Hy(9),
QL LX) = VY, (@7, 4l), = (.6, Vv e LX)
Let Al : V! — V! be defined by
(Afv, ¢)), = alv, ;) Vv e V.
Then the well-known relationship holds:
QP A = AP},

Let Ri] V=V, and RZG : Vi — V; be the local smoothing operators which perform Jacobi
and Gauss-Seidel relaxations at the nodes in N, 1 <1 < L. Moreover, we set Rj = RS = Ay*!
on the initial mesh 75. Then R; defines an additive smoother (cf. [8]):

ng
R =7 (A)7'Q,  1<i<I, (3.4)
=1

with a scaling factor v > 0, while RlG defines a multiplicative smoother:
R :=(I-E)A', E,=(I-P,)--(I-P), 1<I<L (3.5)

With Ril and RlG at hand, we construct the local multilevel algorithms for the adaptive
finite element approximation to (2.1).

Algorithm 3.1. (Local multilevel additive algorithm (LMAA))
Given an initial guess @ € Vi, the k-th iterate of LMAA applied to (3.1) on Ty, is defined
by:

G = @1 + B (fr — Apip—1), k21

where Bf = ZLL=0 R;QY is an additive multilevel operator and the smoother R; can be either
the local Jacobi smoother R; = Ril or the local Gauss-Seidel smoother R; = RlG.
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Algorithm 3.2. (Symmetrical local multilevel additive algorithm (SLMAA))
Given an initial guess g € Vy,, the k-th iterate of SLMAA applied to (3.1) on Ty, is defined
by:

i = g1 + By (fr — Apig—1),  k>1,

where E? = (Bf + (B#})!) /2 is the symmetrization of By

Algorithm 3.3. (Local multilevel multiplicative algorithm (LMMA))
Given an initial guess 4y € V1, the k-th iterate of LMMA applied to (3.1) on 77, is defined
by:

g = tg—1 + BY(fr — Aptig_1), kE>1.

For any g € V;, the multiplicative multilevel operators BlM : Vi — Vi, I > 0 are recursively
defined as follows: B}! := Agl and BMg = z3,

1. pre-smoothing: z1 = (R;)tg;
2. correction: x9 = x1 + BlIV_Ile_l(g — Ajxy);
3. post-smoothing: xz3 = z2 + Ri(g — Ajz2),

where the smoother R; can be either the local Jacobi smoother R; = Ril or the local Gauss-
Seidel smoother R; = RZG.

4. The Abstract Schwarz Theory

In this section, we present an abstract Schwarz theory for the local multilevel methods. We
shall adopt the abstract theory (cf. [41,43]) to the LMMA, LMAA algorithms and the PCG
algorithms for which LMMA and LMAA serve as preconditioners.

Let M > 1 be the smallest integer such that there exists a family of open polygonal or
polyhedral subdomains {Q; C Q: 1 <i < M} satisfying

C=x

=09, QnNQ=0if i#j, and p;:=plo, = Constant.
1

.
Il

We introduce the set of indices of subdomains which do not touch 9€2:
IT={i: 09;,NIY =0, 1<i< M} (4.1)

As in [49], we define a subspace VicV by

‘Zz{vé%:/{l/.v(z)dw:QieI}. (4.2)
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Then using Poincére’s inequality and Friedrichs’ inequality we have

2
[0llz2 () = szllvl\m ay = 2 rilloliaey + Y pillvllie, (4.3)
i€z i€{1,...MIN\T
< c(zpi Volaay+ D pilVUlag, ) SCIIL, Yoel
(= i€{l,...M}\Z
where the constant C depends on Q1,..., Q).

The abstract Schwarz theory depends greatly on two important properties of the finite
element spaces {VZ}ZL:O7 that is, the existence of a stable multilevel decomposition of V7, and the
strengthened Cauchy-Schwarz inequality regarding the space decomposition. At this moment
we simply state the two properties and postpone the proofs to the next section.

(A1) Stability of the multilevel decomposition. For any function v € V,, there exists a decom-
position of v:

ng
v:voJrZva, vo € Vo, vl € V7, (4.4)

=1 i=1

and a positive constant Csiap independent of J(p), L, and hyi, such that

L m
ool + 7S [[e] < CatanCl ol (4.5)

=1 1i=1

where d is the dimension of 2 and

o min{|10g Amin|?, T (p)}, if d =2,
d T Inln{hmm7 (p)}7 it d=3.

In particular, there also exists a positive constant 5stab independent of J(p), L, and hmin
such that

L my
2 ~ ~
looll + D2 Y [1vflly < Cotanllog humin 0]l ¥ € Vi, (4.7)
1=1 i=1
(A2) Strengthened Cauchy-Schwarz inequality. For any functions

vl wl e VY, 1<i<m, 0<I<L,

there exists a constant Cop, independent of J(p), L, and hpin such that

L n; -1 ng L mn 5 % L m 5 %
>33 athu) < Con (XD IHE) (2D edl)" @)
=0 1=1 k=0 j=1 1=0 =1 =0 =1

Lemma 4.1. LetT; = R AP, where R; = RJ or RZG, 0 <1< L. Then the following statements
hold with a constant C' > 0 only depending on the domain and the shape reqularity of the meshes:
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(E1) Let Ty = ZzL:o R; AP, be the additive operator. Then

[v]|% < CClPa(Tav, v) Vo e Vi,
o], < C|10g hmin|*a(Tav, v) Vo e V.

(E2) For any v, wy € Vi, 0 <1,k < L, we have

>

=0 k=0

~

-1

=

L L 1
a(Tyvy, Trwy) < C(Z a(Tyvy, vl)) (Z a(Trwy, wk)) ?
1=0 k=0
(E3) There exists a constant 0 < w; < 2 independent of J(p), L, hmin such that
||Tlv||?4 < wa(Tiv,v) YvoeVy, 0<I<L.
If Ry = Ri], 1 <1< L, the scaling factor should be so chosen such that w; < 2.

(E4) For any v, w; € Vi, 0 <1 < L, we have

L L
Za Ty, wy) < C(Za Ty, vy )
1=0 =0

N
N

L
(Za Tywy, wy )
=0

Proof. The lemma can be proved upon using (Al)—(A2) and similar arguments as in [50].
We omit the details here. g

For Algorithm 3.3, we can easily derive a representation of the multigrid error propagation

operator
—BMAL = EnEy, (4.9)

where [ is the identity operator on Vi, E}, is the conjugate of the operator E)s, and
Eyo=(I—-T)(I-Tp1)-(I-Ty), T,=RAP, 0<I<L. (4.10)

Using Lemma 4.1 and similar arguments as in [43], we obtain the following theorem.

Theorem 4.1. Let Bg/f be the multiplicative multilevel operator in Algorithm 3.3 and Cg’p be

the constant defined in (4.6). There exists a constant C > 0 only depending on the domain and
the shape regqularity of the meshes such that

a((I — BMAp)v,v) < §a(v,v) Yv e Vg, (4.11)
a((I = B¥Ap)v,v) < da(v,v) Vo€ Vi, (4.12)
where 5 5
—w ~ —-—w
5—1—@7 5—1—m7 w = Or%llaéXLWZ<2.

Since a((I — BMAp)v,v) = a(E}v, Ejv) > 0, we have Apax(BM AL) < 1. From the
estimate (4.11) the minimum eigenvalue of BM Ay, reads

BMA 2 —
Ain(BY A = i 2Bpdrvn) 2w
VeV, ,w#£0 0]l 4 ch,p
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Denote by mo = #Z the cardinality of the index set Z in (4.1). Obviously mg < M and
dim (V) = dim(Vy) — mg from (4.2). Then by (4.12) we have

) a(BM Apv,v) 2—w
Amor1(BMAL) > inf L > .
mot1 (Br ) VeV ,v#0 vl 4 C|log hmin|?

Since w is independent of J(p), L, Amin by (E3) of Lemma 4.1, the ¢3-condition number
k(BM AL) and the effective condition number kmy+1(BM AL) can be bounded as follows:

)\max (Bgl AL)

— L 27 < (Cllo hmin 2.
Ao (BI A, = €108

K(BMAL) <COWP K1 (BYAL) =

Lemma 4.2. Let B and E? be the additive multilevel operators in Algorithm 3.1 and 3.2
respectively. Then the operators T4 = ZIL:O RIAP = B’L4AL, R, = R;] or RZG, and T4 =
%(TA +T3) = EfAL admit the following stability properties

ITavlla < Cllvlla, [Tavla <Cllvla Vo€ Vi,
where the constant C > 0 only depends on the domain and the shape regularity of the meshes.

Proof. The lemma is a direct consequence of (E2) of Lemma 4.1. 0

If R/ is symmetric, then T is symmetric with respect to a(-, ). From Lemma 4.2 and (E1)
of Lemma 4.1, we know that

K(BfAL) <CCYP. Kmgr1(BEAL) < C|log huin .

If T4 is nonsymmetric, we have the following estimates for Algorithm 3.2:
-4 h,p =4 2

H(BLAL) SCCd , Hm0+1(BLAL) §C|1Oghmin| .

For convenience, we denote by LMAA-PCG, SLMAA-PCG, LMMA-PCG the PCG algo-
rithms with Algorithm 3.1, 3.2, 3.3 as preconditioners respectively. Notice that Theorem 4.1
presents the convergence rate of Algorithm 3.3. To end this section, we conclude the con-

vergence of the multilevel-preconditioned conjugate gradient methods, namely, LMAA-PCG,
SLMAA-PCG, and LMMA-PCG.

Theorem 4.2. Let uy, be the finite element solution of (2.2) on Tr, and uy be the k-th iterate
of the LMMA-PCG algorithm, or the LMAA-PCG with local Jacobi smoothers, or the SLMAA-
PCG algorithm. Then there exists a constant C independent of J(p), L, hmin such that

||Uh - Uk”A h mo 2 k—mg
——————§2@7W7Q @f———————q .k >mo,
[ un — o]l 4 d 1+ C|10g hnin| 0

where mg = #I is the cardinality of T in (4.1) and

ol min{|log Amin|?, T (p)}, if d =2,
| min{hg k. T ()} if d=3.

min’
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Remark 4.1. In Theorem 4.2, the integer mg only depends on 2 and the distribution of p. It
may happen that mg = 0 for some instances. Thus for any k > kg with kg satisfying

mo 2 k—mg
(V) S (R B
d 1+ C|log hmin] -

the convergence rate of the PCG algorithms is
[ —
1+ C|log hmin|
Remark 4.2. If the coeflicient p is quasi-monotone, the convergence of multilevel methods can
be proved independent of J(p), L, hmin (see [47]). We do not elaborate on this issue in this
paper.

5. Verification of the Two Properties (A1) and (A2)

This section is devoted to the verification of the two properties (A1) and (A2) of the finite
element spaces. The key ingredient is to construct a local multilevel decomposition of V,
regarding the adaptively refined meshes {7;}£ .

5.1. Quasi-interpolation operator

Local quasi-interpolation operators play an important role in the analysis of multilevel
decomposition. In this section, we introduce an interpolation operator I1;: L2(2) — V; which is
a modification of the one studied by Hiptmair and Zheng in [28]. For any T' € 7}, we define the
dual basis function ] € Pi(T) by the L*(T)-duality to the barycentric coordinate functions
Ai, i=1,...,d+ 1 on T which satisfies

/ O] (@) Ni(z)dz = i fori,j=1,...,d+1. (5.1)
T

By computing the explicit representation of d)jT we have
Co < T11¥] 22y < C1 and Co < [[9] lli(r) < Cu, (5.2)

where Cy and Cj only depend on the shape regularity of 7;, 0 <1 < L.
For 0 < [ < L, the local quasi-interpolation operators II; : L2(£2) ~ V; are defined as follows:

o= [ ur(@p(@)de-¢, WoeL(Q), (5.3)
pe-/\fz Tfl’

where <Z)£, € V} is the nodal basis function belonging to p, Tzl, € 7T, satisfies T}, C Qi, = supp(qbi,),

1
and wg" is the dual basis function defined in (5.1) and belonging to p € N;. In view of (5.1),
it is easy to see that
Mv=v Vve. (5.4)

It is clear that the definition of II; depends on how to select Tll, for each p € N;. We shall adapt
the selection of Tll, to our multilevel theory regarding the discontinuous coefficient p. Notice
that p is constant on any element of 7g. For any p € Ny, we select TI(,J € 7o such that

Ty C Q) and plpg = max{plr: T C Q) T € T} (5.5)

For 1 <1< L and p € NV, we select Tzl, successively according to the following policy:
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1. For any vertex p € N; N N;_1, we choose a T}, € 7 such that T}, C T},‘l.

2. For any vertex p € N \ M;_1, we choose Tzl, € 7; such that

Tzl, C Q;, and  plpy = max{p|r, T C Qi,, T e T}

Lemma 5.1. There exists a constant C > 0 only depending on the domain and the shape
reqularity of the meshes such that

IMov]l < CCY [lvll; Vv € Vi,

Mol < C ol Yo e Vi,

where C! = |10g huin| if d = 2 and Ch = h} if d = 3.

min

Proof. For any T € Ty with vertices p;, 1 <1 < d+ 1, we denote by ¢; = (bgi, T; = Tgi,
P; = 1/)5? the nodal basis function, the selected element, and the dual basis function belonging
to p; respectively. From (3.3) we have

2 2 2
[Movlly < [Mo(f = Q)vlla + lQGvII%s -
By the definition of Iy, direct calculations show that

2
VI (I — Q,O))’UHL?J(T) = pr| VI (I - Q,O))’UH%Q(T)

d+1 2
<Cor Y| [ wi(@)d - Qpia)de| [V6ler,
=1 i
d+1
< Cprhg T 31T~ Q)ell3ecn,
=1

_ 2
< ChT2 (1 - QS)UHL;;(DT) ’
where Dy = U?:ll Qgi. Summing the above estimate over all elements in 7Ty leads to
2 _ 2
Mo (I = Qf)vlls < Cho? |11 — Q0)vll Lz

where hg is the mesh size of the initial mesh 7y. By the argument in [11, Theorem 4.5], we
obtain the following estimate for the weighted L2-projection:

2 _ 2 ~ 2
1QGvILs + ho* I — QE)vllLa () < CCa vl Vo e Vi,
2 - 2 2 =
1QGvI + ha* (T — QB)vllLa () < ClIvIly Vo e V.
Combining the above estimates concludes the proof. O

5.2. Local multilevel decomposition

For any v € Vi, (5.4) indicates the following multilevel decomposition of v :

L
v = ZU[, Vo = H(ﬂ), v = (Hl - Hlfl)’l), 1 § l S L. (56)
=0
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From the definition of II;, it is clear that

v =04 —I_1)v = Z vé, vé =u(p),, 1<I1<L, (5.7)
PEN,

where A is the set of smoothing nodes defined by

M= NANC) P e NN s ol #ob ™ o Th AT

) ) o
o 9, o d 4 d 4 //
o, o o w4

|/ |/
<A TR" /// 4

Fig. 5.1. The first figure shows the domain 2 and the distribution of p such that p1 < p2 < -+ < pg <
po. The second figure shows the mesh 7;_1. The third and fourth figures show the mesh 7;. The black
dots in the third figure show the nodes in (NV; \ Nj—1) and {p € N N Ni_1 : ¢} # ¢, '}. The black
dots in the fourth figure show the nodes in N, to which local relaxations are restricted.

The local multilevel algorithms in [46,50] perform local relaxations on the nodes in (M \N;_1)
and {p e \NN;_1 : qbé, #+ d)éjl}. Our algorithms perform additional relaxations on the nodes
in {p e N Ni_1: T}, # TL'} (see Figure 5.1 for the 2D case). Actually, these incremental
relaxations do not have an impact on the optimality of the algorithms.

5.3. Stability estimate

The purpose of this section is to prove that the multilevel decomposition (5.6) satisfies the
stability in (Al). The analysis relies on two assumptions on these meshes.

(H1) The shape regularity measures of the meshes 7, -+, 7 are uniformly bounded, that is,
o(T;) < Cforall 0 <! < L. Here o(7;) stands for the shape regularity measure of 7; and
the constant C' is independent of the mesh sizes and the mesh levels.

(H2) There exists a constant integer z > 0 such that
(hphz')/In2] <z VT eT, 1<I<L,

where T" € T;_; satisfying T C T” and for any & > 0, [¢] stands for the largest integer less
than or equal to &.

Assumption (H1) always holds for the popular bisection algorithms. Assumption (H2) im-
plies that the adaptive refinement strategy should stop in finite bisections and is usually satisfied.
We refer to [46] for a detailed proof of (H2) for the two-dimensional bisection algorithm.

Our theory depends on a close relationship between the adaptively refined meshes {7{}%:0,
and a sequence of quasi-uniformly refined meshes {’?}} j>0. Here ’7} is generated by connecting
the edge midpoints of each element in ﬁ—1 starting from 7A6 = Ty. For d = 2, each triangle in
ﬁ—1 is subdivided into four congruent triangles by connecting the midpoints of the four edges.
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~

For d = 3, each tetrahedron in 7;_; is subdivided into eight subtetrahedra by connecting the
midpoints of the six edges.
For any [ > 0 and T € 7T;, there exists a Ty € Ty satisfying T' C Ty. We define

n(T) = [In(hp,hy')/In2] . (5.8)

~

It is easy to see that n(T") = j for any T € 7; and j > 0. The following lemma describes the
relationship between {7;}£ , and {7;};>0 which is used in our analysis.

Lemma 5.2. For any 0 <I< L and T € 7T, there exists a Te ’?}L(T) such that
TcT and hg < Chr,
where C' only depends on the shape regqularity of the meshes.

Proof. First we consider an arbitrary simplex 7" and define an initial mesh of T' by M (T) =
{T}. Let M(T) be generated by a unform refinement of My(T'), namely, by connecting the
midpoints of the edges of T'. Thus M(T') contains smaller elements:

M(T)={EK;, -+, K4} for d=2,  M(T)={K;, ---, Ks} for d=3.

Clearly hz = 27 'hy for any K e //\/\I(T) (see Figure 5.2 (right) for a 2D illustration).

K1 Kl

Fig. 5.2. Two elements satisfying K1 C [?1, K> C K> in two dimension.

Furthermore, we generate a family of conforming meshes {My(T)}L_, by successive bi-
sections of T, where My (T) is a refinement of My_1(T). On the final mesh M;(T), each
triangular face of T is subdivided as in the left picture of Figure 5.2. In this case, M;(T') has
6 elements for d = 2 and 22 elements for d = 3:

M[(T):{Kl, ey KG} for d:2, M[(T):{Kl, ey K22} for d=3.
It is easy to see that for any K € M (T), there exists a K € M, (T') such that
KCcK and [ln(hrhyg')/In2] = 1. (5.9)

According to (5.9), for any 0 <! < L and T € T, there exist two sequences of elements
{T;}, and {T;}*, such that Top = Ty € Ty and

T, c T, e M(Ti—1), M(Ti-)CTi, 1<i<m, (5.10)
I-1

Ty € My(Ti-1), [n(hphy!) /2] =i, 1<i<m, Te|JMi(Tn) (5.11)
k=0
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From (5.10)—(5.11) we conclude that

m = [In (hg, by ) /In2] = [In (hg,hy ") /In 2] =n(T),
TCT, C Tm S Tm and hfm = 2_tho < ChTm < Chr.

The proof is finished. O

Lemma 5.3. Let v = Zlel ZPGKG ’uﬁ, be the decomposition in (5.6)—(5.7). There exists a
constant C' > 0 only depending on the shape reqularity of the meshes such that

L

Z 3 bl < cchol; Vv e Vi, (5.12)
=1 peN,

L ~

35T b < Cliog huinl? [l0l% VeV, (5.13)
=1 p€./\~G

where C! = |log huin|? if d = 2 and C = h{ if d = 3.

min

Proof. For any 1 <1 < L and any vertex p € ./\71, we choose an element 7" € 7;_; such that
p € T’ and define

Tilp) ={Te€Ti_1: T'NT #0} and n(l,p) =min{n(T): T € T;(p)},

where n(T) is defined in (5.8). From Lemma 5.2, for any T € T;(p), there exists a T € ﬁ(l,p)
such that
TcT and hy > Chy > C2 " bPhy,

Let @p L?(Q) — V.. be the weighted L2- -projection and Qp = QO if m < 0, where Vi, is
the linear Lagrangian finite element space on Ton. Clearly Q n(lp)? 18 linear on each element of
Ti(p). By the definition of II;, we have

Hlel(l,p)U(p) = Qfl(l,p)’u(p) = Hl—leL(lm)U(p)- (5.14)

Notice that
L% = @) || 6b)% < Cpryhiy 2lu(p),

where T, is the element in (5.3). Combining the above estimate and (5.14) yields

Z > Il < CZ >~ prghiy *(IL = iy)o(p)
PE 1

= 1176/\/1

o

= CZ Z PT,ghTL ‘(Hz ;1) (U - @Z(l,mU) (p)r

=1 peN;

Set w =v — @Z LoV for convenience. Then the definition of the quasi-interpolation operators
(5.1)—(5.3) yields

Mw(p)| < ‘/ b (@u(@) da|, I w(p) < > ‘/Tlilwgé’l(w)w(m)dw,
g€Sp a
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where Sp = {q : ge NiNN,_1, pe interior(Q2,')}. Then using (H1) and (H2) we have
d—2 2
prihi (I = i—1)w(p)|
P

1 2 1—11—1 2
| lwllz2 1) + Z Tg HMHL%(Té’l)}
qeSy

d—2 [
<Chp {‘Tp
<Ch;} ||w||L2 (pL) < Cc22nPIpg? HwHL2(Dl)7

where the constant C' depends on the integer z in (H2) and DY is the union of elements in 7;(p).
For any fixed m > 0, the sub-domains in {Di7 c1<I<L,peN, n(l,p) = m} are locally
overlapping and their diameters are of the order 27™hg. Thus the union of these domains is
also a subset of (2. It follows that

SN ey Y wr o~ @2 e

= 1176/\/1 =1 peN;

<szo4mz > o

L2(DL)

2
<oy amfo-@Qne|
L2(Dl - Z v mU L%(Q)

= pENu
n(l,p)=

where L = max{n(l,p) : p € Nj, 1 <1 < L}, and we have L < C [1og hunin|- Recall the estimates
for the weighted L2-projection on quasi-uniform meshes (cf. [11], Lemma 3.1-3.3 in [49]) :

L R 5
E : m |y — OP

= £2(9)

L 2
4™ lv — QP v
> Q||

0

m=

<cCh|}  YveWv,

)

mSmemeﬁ Yo € Vi

This concludes the proof. ]

In [50], it is proved that any v € Vj, admits a multilevel decomposition

L
v =79+ Z Z 5;,, vy € Vo, 5;, € span{qbi,}

=1 peN;

satisfying

Iol% +Z S a7 < T ol (5.15)

= IPEM

Clearly assumption (A1) follows from (5.15), Lemma 5.1, and Lemma 5.3.

5.4. Global strengthened Cauchy-Schwarz inequality

The strengthened Cauchy-Schwarz inequality has been established in [43] on quasi-uniform
meshes. On adaptively refined meshes we need to establish a global strengthened Cauchy-
Schwarz inequality. The following proof is different from [46] and [50] and does not elaborate
on the meshes.
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Lemma 5.4. There exists a constant C' > 0 only depending on the shape regularity of the
meshes such that, for any functions

ol wh e V, 1<i<m, 1<I<L,
the global strengthened Cauchy-Schwarz inequality holds

9 zz< <o(zzuvluA> (zzuwl\u)

i=1 k= =1 i=1 =1 1i=1

ny

Proof. For convenience we introduce the generation G(T') of an element T by the number of
bisections for generating T' from one element in 7y. It is reasonable to assume that

L
Cob™ < hp < C10™, m=G(T), VT e|JT,
1=0
where 0 < 6 < 1 is a constant that only depends on 7y and the shape regularity of the meshes.
For the bisection algorithm that we are considering, 6 ~ 917,
Then, we have

Bl
T
R
]
Eal

a(vj, w})
1j=1

i YOOY Y o (5.16)

1 k=1mn=0TeT\Ti—1 KETK\Ti—1 PEN(T),
g(T)=m G(K)=n qeN(K)

p”qh

Il
-
=~
Il

—~ .
= =

p“qh

where NV (T') is the set of vertices of T" and

5l _ {Ué/Nl(p)a lfpej\’\//‘l )

P .
0, otherwise,

and N;(p) is the number of elements contained in 7; \ 7;—1 which share p € ./\7l We note that
wk is defined analogously. Suppose m < n and set

=Y Y Y@

k=1 K€Ti\Tr—1 gEN (K)
G(K)=n

For any T' € T/ \ Ti—1,G(T) = m < n,p € N(T), we can derive that

n— 771.

a( Wy) <CO =

‘V |L2(Qz)|\an||L2(Qz) (517)

Indeed, there exists a constant ty depending only on the shape regularity of the meshes such
that

max G(T') < min g(T") + to.
T'eT;, T CQ T'eT;, T CQ,

If n —m < tg, (5.17) holds true by the Cauchy-Schwarz inequality. For the case n—m > tg, we
note that @, is piecewise linear in any TV € 7;,T’ C Qi, and set

-1
Wy =&y = Z Z Z @2 on 0T .

k=1 KeTi\Ti—1 gEN (K)NOT'
G(K)=n
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It is clear that
supp(&,) NT' C T = {K € T, : K T’ and 0K N T # 0}

is a narrow strip along the boundary of T". Since '17; is linear in T, using Green’s formula we

have
ol ol
Wl.vwn:/ —L2w :/ —Pgn:/ Vil - Vén
// p p a1’ 07?, a1 p an T'OT g p p

< |pTl| va ||L2(FT/)HV§TIHL2(FT/) < 09 vfﬁl HL2 ") ||v£n||L2(T’ :

Summing over all TV C Qg, gives (5.17). Applying (5.17) and the local overlapping of the
supports of @’; and '17;, we have

[e%e) e} L
=2 > X Z @ 72 > Z
m=0n=m I=1 T€T;\T;_1 pEN (T k=1 KeTi\Tk—1 geN (K
g(T)=m G(K)=n

D30 Sasb D oD Sl LT IR0 SD SRD ol L2

I=1TeT\Ti—1 PEN(T) k=1 K€Tp\Trp—1 9N (K)
g(T)=m G(K)=n

IN

1
2
LZ(0L) ) ’

It is known that the matrix (0""7"‘/2) has a finite radius of the spectrum depending only on 6.

m,n=0
Thus,
TEEDD LN OID VIS Wil 1 ) (Z >3 v,
m=0n=m I=1TeT\T;_1 PEN(T) k=1 KeTp\Tr—1 aEN (K)
G(T)=m G(K)=n
o L T % oo L %
o(2X > % fvaf,,) (XX 2% fval,,)
m=0 =1 TeT;\T;_1 pEN(T) ° n=0k=1 Ke€T\Tr_1 gEN (K)
G(T)=m G(K)=n
L ny
go(zz ) (ZZH“’ ) . (5.18)
I=1 i=1

If m > n, the same arguments show that the remaining terms Ip — I; of the left hand side of (5.16)
can also be bounded as follows

L n
Io—1 < C(Zi‘
=1 i=1

Inserting (5.18) and (5.19) into (5.16) yields the stated result. This completes the proof. O

Ui

)%. (5.19)

1 L my
I (S|
w;
A =1 i=1 A

Now we come to the property (A2) in the previous section.

Theorem 5.1. There exists a constant C' > 0 only depending on the shape regularity of the
meshes such that for any functions

vl wl e V, 1<i<n, 0<I<L,
the global strengthened Cauchy-Schwarz inequality holds

zzziwwmdziwm%;iwm?

=0 i=1 k=0 j=1 =0 i=1 i=1
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Proof. Note that

i

|
—_
3N
ES

ny n ny

Z a(v f) :Z a(v +Zi:a (5.20)

1=0 i=1 k=0 j=1 =1 1=1 1j5=1 =1 11=1

=~
Il

<.
Il

Since the supports of {vf :1,...,7m;} are locally overlapped, an application of Lemma 5.4 shows
that

ny

l
2

=1

’rLl

>3

=1 11=1

’rLl rLk

-1 L
DD alvh )+
=1

1k=1j5=1

2 ny

<CZZHUI|IA

=1 1=1

L
fQZ
=1 i=

We complete the proof by combining the above estimate, (5.20), Lemma 5.4 and the Cauchy-
Schwarz inequality. O

6. Numerical Results

We present several numerical examples to demonstrate our convergence theory of multilevel
methods. The implementation is based on the FFW toolbox [13] and the adaptive finite element
package ALBERTA [38], [39].

Table 6.1: Example 6.1: Average error reduction factor and the number of iterations of PCG.

Level 6 7 8 9 10 11

DOFs 10153 22745 48440 101376 199012 408490

R=10 LMMA o 0.0907 0.0960 0.0860 0.0937 0.0849  0.0885
-PCG iter 6 6 6 6 6 6

SLMAA o 0.4743 0.4802 0.4744 0.4996  0.4893  0.5056
-PCG iter 19 19 18 20 19 20
Level 7 9 10 12 14 16

DOFs 28811 69568 94270 128905 169872 220619

R— 10 LMMA o 0.2656  0.3177 0.3349 0.3852  0.4311  0.4598
-PCG iter 12 13 14 16 17 19

SLMAA o 0.6324 0.7125 0.7311 0.7686  0.7928  0.8092
-PCG iter 33 46 47 55 61 67
Level 7 9 10 12 14 15

DOFs 28745 73571 96955 137204 196927 224420

R—10° LMMA o 0.2356  0.2805 0.3006 0.3509  0.3854  0.4007
-PCG iter 13 14 15 15 18 19

SLMAA o 0.6339 0.6886 0.7033 0.7445 0.7665  0.7755
-PCG iter 40 48 49 54 63 66
Level 7 9 10 12 14 15

DOFs 28744 73533 96913 139119 182107 208732

R— 108 LMMA e 0.2140 0.2521 0.2748 0.3161  0.3515  0.3688
-PCG iter 14 15 16 17 18 19

SLMAA o 0.6163 0.6723 0.6831 0.7240  0.7494  0.7594
-PCG iter 43 51 53 59 66 69

In real computations, we have used the newest vertex bisection algorithm and the local
error estimator defined in [20]. Given a finite element approximation uy, for any T' € Ty, the a
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posteriori error estimator is defined as

hr

W= ATl flery + o S Arllor? oVunl - vlacey, (6.1)
Fcor

where F' is a face of T if d = 3, and F is an edge of T if d = 2, [pVuy] is the jump of pVuy
across F'. The parameters Ap, Ap, pr in (6.1) are given by

A — maxT/EQT{[f—TT,}, if T has one singular node (cf. [20]),
=

1, otherwise,

Ap = maxreq,{Ar}, pr = maxrcq.{pr}, where Qr = {T" € T, : T'NT # ()} and
Qp={T €T, : OT'NF #0}. The global a posteriori error estimator on 7y, is defined by

1

2

T :z( > n?r) -
TET

Based on the above a posteriori error estimator and the AFEM algorithm in [16], we can mark
and refine 7, adaptively.

(™

4 08 06 04 02 0 02 04 06 08 | -
Nrof Nodes 19616 dogms i 150

Fig. 6.1. The distribution of p (left). A locally refined mesh of 2 (middle). The surface plot of the
discrete solution (right).
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Fig. 6.2. Average error reduction factor of LMMA-PCG (left) and SLMAA-PCG (right).



242 H.X. CHEN, X.J. XU, AND W.Y. ZHENG

™
<

Fig. 6.3. A locally refined mesh with 1,537,132 elements for the case of € = 1076,

In the following experiments, Algorithm LMMA and LMAA are mainly used as precondi-
tioners for the conjugate gradient method. Let the discrete problem on 77, be

ALUL =F;.

We set the initial guess U% by the solution of the previous level, i.e., U} =1, 1Uj_1, where
I;,_; : RV2-1 s RNL ig the transfer matrix. Let rf = F; — ALU’z be the residual of the
equation at the k-th iteration. The PCG algorithm stops when

=™ /12°) < 1077, (6.2)

where ||v|| is the [2-norm of the vector v. We define the average error reduction factor of the
PCG algorithm by

o = (ver/ V) e,

where iter is the number of iterations required to achieve (6.2) and
€y = (I‘O)tBLI‘O, €L = (I’k)tBLI'k, k > 1.

Here By, can be any of the local multilevel algorithms in Algorithm 3.1-3.3. We shall use local
Gauss-Seidel smoothers in Algorithm 3.1-3.3 for all the examples.

Example 6.1. We consider (1.1)—(1.2) in two dimensions with
f = 272 sin(4mx; ) cos(4mas), Q=(-1,1) x (-1,1).

The coefficient p is piecewise constant and has a checkerboard distribution on €2, where R is a
positive constant (see Figure 6.1).

In Fig. 6.1, the left picture shows the distribution of the coefficient p which takes value 1
in the white regions and value R in the shadow regions. The middle picture shows a locally
refined mesh at the 6-th adaptive iteration for R = 10°, and the right picture shows a surface
plot of the associated discrete solution. We find that the mesh is refined considerably in the
regions where the solution is rapidly varying.

In Fig. 6.2 and Table 6.1, the reduction factors and the number of iterations of algorithms
LMMA-PCG and SLMAA-PCG are shown for different coefficients R = 10¢,4 = 0,4, 6,8. When
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Table 6.2: Example 6.2: Average error reduction factor and the number of iterations of LMMA and

LMMA-PCG.
Level 8 9 10 11 12 13
No, 48572 96612 193596 385880 770316 1537432
o o | 07555 07847 0.8089 0.8289  0.8457 _ 0.8603
e=107" | LMMA —o——5 33 37 40 14 48
LMMA | « | 02963 03255 03472 0.3758 0.4044  0.4200
-PCG [ iter | 12 13 15 16 17 17
Level 8 9 10 11 12 13
No, 48572 96612 193596 385880 770316 1537132
s o | 07556 0.7848 0.8089  0.8290  0.8458 _ 0.8600
e=107" | LMMA ———5 33 37 40 14 48
LMMA | « | 02964 03256 03472 03759 04045  0.4271
-PCG [ iter | 12 13 15 16 17 19
Level 8 9 10 11 12 13
No, 48572 96612 193596 385880 770316 1537132
s o | 07556 07848 0.8089  0.8290  0.8458  0.8600
e=107" | LMMA —o——5 33 37 40 14 48
LMMA | « | 02964 03256 03472 03759 04045  0.4271
-PCG [ iter | 12 13 15 16 17 19

R =1, both algorithms show uniform convergence with respect to mesh sizes and mesh levels.
When R = 10%,i = 4,6,8, the convergence rates of LMMA-PCG and SLMAA-PCG increase
slightly with respect to the number of mesh levels. However we can see that the convergence
rates for these three cases are almost the same regardless the jumps of p. The convergence rates

agree well with our theoretical results, i.e. 1 —

2
Clog hmin|+1"

From Table 6.1, we also note that

the multiplicative algorithm LMMA-PCG performs much better than the additive algorithm

SLMAA-PCG.

Example 6.2. We consider (1.1) with an inhomogeneous boundary condition. Here 2 is the

“L-shaped” domain

Q=(-1,1)> \ (0,1) x (=1,0) x (—1,1).

04

-, o is convergence rate of LIvIMA
= =

= = = &)

S

=
o
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0 0m 004

Fig. 6.4. Convergence of LMMA (left) and LMMA-PCG (right).
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The coefficient function is defined by
( ) {67 if xe (07 1) X (07 1) X (_15 1) U(_LO) X (_170) X (_17 1);
p(x) =

1, elsewhere.

The Dirichlet boundary condition and the right-hand side f are chosen such that the exact
2/3 sin(26) in the cylindrical coordinates (r, 6, z).

Fig. 6.4 and Table 6.2 show that the convergence rate o of LMMA is uniform with respect
the choices of € or jumps of the coefficient. We also observe that 1 — a Nejl/ % where N is
the number of elements of the underlying mesh. We also note that the LMMA-PCG converges
much faster than the LMMA. Figure 6.3 shows a locally refined mesh with 1,537,132 elements

for € = 107 featuring pronounced local refinements near the reentrant corner.

solution is u = r

Example 6.3. We consider (1.1) defined on a domain with an inner screen:
Q:i=(-L’\T, T={0,9,2): y,z €[-1/3, 1/3]}.

We choose the right-hand side according to f = 1.0 and consider the Dirichlet boundary con-
dition by ul[r = 0, ulpo\r = 1.0. The coefficient is defined as follows (cf. Figure 6.5):

. 4
e, in J,_; %,
p(w)={ Ui

1, elsewhere,
where

0 =(-1/3, =2/3) x (0, 1/3) x (0, 1/3), Q3 = (-1/3, —=2/3) x (—=1/3, 0) x (—1/3, 0),
Q3 = (1/37 2/3) X (07 1/3) X (07 1/3)a Q= (1/3a 2/3) X (71/3a 0) X (71/3a 0)

Our computations show that the LMMA needs more than one thousand iterations to achieve
(6.2) for € < 107*. Thus the LMMA is unfavorable for this example and we only show the
numerical results from the LMMA-PCG.

Fig. 6.6 displays four sections of a locally refined mesh with 1,154, 472 elements for ¢ = 1076,
three of which are at = 2/3,0,—2/3 and the other one is at y = 0. We observe that the mesh
is locally refined near the boundary of the “screen” and the sub-domains 2q,...,€4. Table
6.3 shows the convergence results of the LMMA-PCG. Although LMMA shows an unpleasant

Fig. 6.5. The domain €2, subdomains 1, ..., 4, and the inner screen I'.
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Fig. 6.6. A locally refined mesh with 1,154,472 elements for ¢ = 10

2/3,0,—2/3 (left). The section at y = 0 (right).

.

—6

245

Three sections at =z =

Table 6.3: Example 6.3: Average reduction factor and the number of iterations of LMMA-PCG.

Level 4 6 8 10 12 13
¢ 10-2 N 16944 45056 121944 266196 984020 1350936
LMMA « 0.2029 0.2396 0.2623 0.2571  0.2830 0.2967

-PCG iter 9 10 11 11 11 12

Level 4 6 8 10 12 13
¢ — 10~ N 19460 38104 118468 321120 853716 1158312
LMMA a 0.3860 0.3800 0.4001 0.4361  0.4420 0.4649

-PCG iter 15 17 19 21 21 21

Level 4 6 8 10 12 13
c—10-6 N 19532 38176 118932 320388 852004 1154472
LMMA « 0.4507 0.4380 0.4785 0.4969  0.4059 0.4313

-PCG iter 21 24 26 27 19 21

Level 4 6 8 10 12 13
¢ 10-8 N 19532 38176 118932 320388 852004 1154472
LMMA « 0.5107 0.4837 0.5301 0.5685  0.4470 0.4565

-PCG | iter 26 31 33 33 25 21

convergence behavior for € < 1074, it proves to be an efficient and robust preconditioner for
the conjugate gradient method. This again justifies our theoretical analysis.

Remark 6.1. After the submission of this paper, we found another work on the same topic
by Chen et al. [18] which appeared on the internet in June 2010. The two works are fully
independent. The local multilevel method in [18] is based on the mesh hierarchy obtained by
some coarsening strategy for bisection grids, while our method is based on adaptively refined
meshes using a posteriori error estimates. This also results in different proofs for the uniform
convergence of the multilevel method.

Acknowledgements. The work of the second author was supported by the National Basic
Research Program under the Grant 2011CB30971 and National Science Foundation of China
(11171335). The work of the third author was supported in part by China NSF under the



246

H.X. CHEN, X.J. XU, AND W.Y. ZHENG

grants 11031006 and 11171334, by the Funds for Creative Research Groups of China (Grant
No. 11021101), and by the National Magnetic Confinement Fusion Science Program (Grant
No0.2011GB105003).

(1]

References

M. Ainsworth, Robust a posteriori error estimation for nonconforming finite element approxima-
tion, SIAM J. Numer. Anal., 42 (2005), 320-2341.

M. Ainsworth, A posteriori error estimation for lowest order Raviart-Thomas mixed finite ele-
ments, STAM J. Sci. Comput., 30 (2007), 189-204.

O. Axelsson, Iteration number for the conjugate gradient method, Math. Comput. Simulat., 61
(2003), 421-435.

R.E. Bank and L.R. Scott, On the conditioning of finite element equations with highly refined
meshes, STAM J. Numer. Anal., 26 (1989), 1383-1394.

C. Bernardi and R. Verfiirth, Adaptive finite element methods for elliptic equations with non-
smooth coefficients, Numer. Math., 85 (2000), 579-608.

P. Binev, W. Dahmen, and R. DeVore, Adaptive finite element methods with convergence rates,
Numer. Math., 97 (2004), 219-268.

D. Braess and W. Hackbusch, A new convergence proof for the multigrid method including the
V-cycle, SIAM J. Numer. Anal., 36 (1983), 967-975.

J.H. Bramble, Multigrid Methods, Pitman, Boston, 1993.

J.H. Bramble and J.E. Pasicak, New estimates for multigrid algorithms including the V-cycle,
Math. Comput., 60 (1993), 447-471.

J.H. Bramble, J.E. Pasicak, J. Wang, and J. Xu, Convergence estimates for product iterative
methods with applications to domain decomposition, Math. Comput., 57 (1991), 23-45.

J.H. Bramble and J. Xu, Some estimates for a weighted L? projection, Math. Comput., 56 (1991),
463-476.

S.C. Brenner, Convergence of the multigrid V-cycle algorithms for the second order boundary
value problems without full elliptic regularity, Math. Comput., 71 (2002), 507-525.

A. Byfut, J. Gedicke, D. Giinther, J. Reininghaus, S. Wiedemann et al., FFW Documentation,
Humboldt University of Berlin, Germany, 2007.

Z. Cai and S. Zhang, Recovery-based error estimator for interface problems: conforming linear
elements, STAM J. Numer. Anal., 47 (2009), 2132-2156.

Z. Cai and S. Zhang, Recovery-based error estimators for interface problems: mixed and noncon-
forming finite elements, SIAM J. Numer. Anal., 48 (2010), 30-52.

J.M. Cascon, C. Kreuzer, R.H. Nochetto, and K.G. Siebert, Quasi-optimal convergence rate for
an adaptive finite element method, SIAM J. Numer. Anal., 46 (2008), 2524-2550.

T. Chan and W. Wan, Robust multigrid methods for nonsmooth coefficient elliptic linear systems,
J. Comput. Appl. Math., 123 (2000), 323-352.

L. Chen, M. Holst, J. Xu, and Y. Zhu, Local multilevel preconditioners for ellip-
tic equations with jump coefficients on bisection grids, Arxiv preprint, June, 2010,
http://arxiv.org/abs/1006.3277.

H. Chen, X. Xu, and R.H.W. Hoppe, Convergence and optimality of adaptive nonconforming
finite element methods for nonsymmetric and indefinite problems, Numer. Math., 116 (2010),
383-419.

Z. Chen and S. Dai, On the efficiency of adaptive finite element methods for elliptic problems
with discontinuous coeficients, SIAM J. Sci. Comput., 24 (2001), 443-462.

P.G. Ciarlet, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam,
1978.



Local Multilevel Methods for Elliptic Problems with Discontinuous Coefficients 247

(22]
23]
(24]
25]
(26]

27]
(28]

29]
(30]
(31]

32]

M. Dryja, B.F. Smith, and O.B. Widlund, Schwarz analysis of iterative substructuring algorithms
for elliptic problems in three dimensions, SIAM J. Numer. Anal., 31 (1994), 1662-1694.

M. Dryja, M.V. Sarkis, and O.B. Widlund, Multilevel Schwarz methods for elliptic problems with
discontinuous coefficients in three dimensions, Numer. Math., 72 (1996), 313-348.

M. Dryja and O.B. Widlund, Schwarz methods of neumann-neumann type for three-dimensional
elliptic finite element problems, Commun. Pur. Appl. Math., 48 (1995), 121-155.

W. Hackbusch, Elliptic Differential Equations Theory and Numerical Treatment, Springer,
Berlin-Heidelberg-New York, 2003.

R. Hiptmair, H. Wu, and W. Zheng, Uniform convergence for adaptive multigrid methods in
H'(Q) and H(curl, Q), preprint, 2010.

R. Hiptmair and W. Zheng, Local multigrid in H(curl), J. Comput. Math., 27 (2009), 573-603.
R. Hiptmair and W. Zheng, Local multigrid in H(curl), LSEC Research Report 2007-04,
http://www.cc.ac.cn/2007research_report.html.

R. Luce and B.I. Wohlmuth, A local a posteriori error estimator based on equilibrated fluxes,
SIAM J. Numer. Anal., 42 (2004), 1394-1414.

J. Mandel and M. Brezina, Balancing domain decomposition for problems with large jumps in
coefficients, Math. Comput., 65 (1996), 1387-1401.

W.F. Mitchell, Optimal multilevel iterative methods for adaptive grids, SIAM J. Sci. Comput.,
13 (1992), 146-167.

P. Morin, R.H. Nochetto, and K.G. Siebert, Convergence of adaptive finite element methods,
SIAM Rev., 44 (2002), 631-658.

P. Oswald, Multilevel Finite Element Approximation: Theory and Applications, Stuttgart: Teub-
ner Verlag, 1994.

P. Oswald, On the robustness of the BPX-preconditioner with respect to jumps in the coefficients,
Math. Comput., 68 (1999), 633-650.

M. Petzoldt, A posteriori error estimators for elliptic equations with discontinuous coefficients,
Adv. Comput. Math., 16 (2002), 47-75.

R. Stevenson, Optimality of a standard adaptive finite element method, Found. Comput. Math.,
7 (2007), 245-269.

R. Scheichl and E. Vainikko, Additive Schwarz with aggregation-based coarsening for elliptic
problems with highly variable coefficients, Computing, 80 (2007), 319-343.

A. Schmidt and K. Siebert, ALBERTA-An adaptive hierarchical finite element toolbox, Website,
ALBERTA is available online from http://www.alberta-fem.de.

A. Schmidt and K. Siebert, Design of Adaptive Finite Element Software: The Finite Element
Toolbox ALBERTA, Lecture Notes in Computational Science and Engineering, Springer, Heidel-
berg, 2005.

B.F. Smith, A domain decomposition algorithm for elliptic problems in three dimensions, Numer.
Math., 60 (1991), 219-234.

A. Toselli and O. Widlund, Domain Decomposition MethodsAlgorithms and Theory, Springer,
Berlin, 2005.

J. Xu, Counterexamples concerning a weighted L? projection, Math. Comput., 57 (1991), 563-
568.

J. Xu, Iterative methods by space decomposition and subspace correction, SIAM Rev., 34 (1992),
581-613.

J. Xu and J. Zou, Some nonoverlapping domain decomposition methods, STAM Rev., 40 (1998),
857-914.

J. Wang, New convergence estimates for multilevel algorithms for finite-element approximations,
J. Comput. Appl. Math., 50 (1994), 593-604.

H.J. Wu and Z.M. Chen, Uniform convergence of multigrid V-cycle on adaptively refined finite
element meshes for second order elliptic problems, Science in China, 39 (2006), 1405-1429.



248
(47]

(48]

(49]
[50]

[51]

H.X. CHEN, X.J. XU, AND W.Y. ZHENG

H.J. Wu and W. Zheng, Uniform convergence of multigrid V-cycle on adaptively refined finite
element meshes for elliptic problems with discontinuous coefficients, submitted, 2010.

J. Xu, L. Chen, and R. Nochetto, Optimal multilevel methods for H (grad), H (curl), and H (div)
systems on graded and unstructured grids, In Multiscale, Nonlinear and Adaptive Approximation,
Springer, 2009, 599-659.

J. Xu and Y. Zhu, Uniformly convergent multigrid methods for elliptic problems with strongly
discontinuous coefficients, Math. Mod. Meth. Appl. S., 18 (2008), 77-105.

X. Xu, H. Chen, and R.H.W. Hoppe, Optimality of local multilevel methods on adaptively refined
meshes for elliptic boundary value problems, J. Numer. Math., 18 (2010), 59-90.

Y. Zhu, Domain decomposition preconditioners for elliptic equations with jump coefficients, Nu-
mer. Linear Algebra, 15 (2008), 271-289.



