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Abstract

In this paper we design and analyze a class of high order numerical methods to two
dimensional Heaviside function integrals. Inspired by our high order numerical methods
to two dimensional delta function integrals [19], the methods comprise approximating the
mesh cell restrictions of the Heaviside function integral. In each mesh cell the two dimen-
sional Heaviside function integral can be rewritten as a one dimensional ordinary integral
with the integrand being a one dimensional Heaviside function integral which is smooth on
several subsets of the integral interval. Thus the two dimensional Heaviside function inte-
gral is approximated by applying standard one dimensional high order numerical quadra-
tures and high order numerical methods to one dimensional Heaviside function integrals.
We establish error estimates for the method which show that the method can achieve any
desired accuracy by assigning the corresponding accuracy to the sub-algorithms. Numeri-
cal examples are presented showing that the second to fourth-order methods implemented
in this paper achieve or exceed the expected accuracy.

Mathematics subject classification: 65D05, 65D30, 65D32.
Key words: Heaviside function integral, High order numerical method, Irregular domain.

1. Introduction

We study in this paper a class of high order numerical methods to the two dimensional
Heaviside function integrals
[ 7w H o, )dsdy, (11)
R
where f(z,y) is an integrand function, u(z,y) is a level set function whose zero points de-
fine certain curve in the two dimensional space which compose the boundaries of an irregular
bounded domain Q = {(z,y)|u(x,y) > 0}. The Heaviside function integral (1.1) is equivalent
to

| sy, (1.2)
Q

We consider that the functions f, v have sufficient smoothness and their values are only provided
at grid points of a regular mesh. The domain € is defined implicitly by the level set function
u. Studying the computations of Heaviside function integrals in two and three dimensions
in the above context is applicable to many problems. One example is computing immiscible
multiphase flow [2,9,11]. In such applications the unknown quantities such as density and
viscosity are generally discontinuous across interfaces separating the immiscible fluids. One
convenient strategy is to employ fixed computational mesh and allow the moving interface to
cut through mesh cells. In this situation the computations by finite element method requires
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evaluating integrals with discontinuous integrands in the variational formulation, which can be
performed by resorting to computations of Heaviside function integrals.

The computation of Heaviside function integrals has much relation with computing delta
function integrals. The latter problem corresponds to evaluating integrals restricted on the
domain boundary 952 which is a codimension one manifold. For the study of numerical methods
to delta function integrals one can refer to [1,3-5,8,10,12-14,16-20]. Most of these methods
have also been extended to study the computations of Heaviside function integrals.

In [10] Tornberg studied the computations of two dimensional Heaviside and delta function
integrals. The approach is to regularize the discontinuous or singular integrand, and then
apply a standard quadrature to the integral with the regularized integrand. This approach
allows the error analysis by separately considering the analytical error from regularization and
numerical error from quadrature. The error of the approach is determined by the moment and
regularity conditions of the regularized delta function and the order of the quadrature method.
This approach can be designed to be of arbitrary high order accuracy. However high order
method requires utilizing regularized delta functions with very high order moment or regularity
conditions which can be complicated and may influence the efficiency of the method.

In [3] Engquist, Tornberg and Tsai studied the regularization of multidimensional Heaviside
function based on regularized one dimensional Heaviside functions and a variable support size
formula. The method is shown to be second-order accurate which improves on the first-order
accuracy of the conventional regularization based on regularized one dimensional Heaviside
functions and the constant support size formula. They also presented a regularized Heaviside
function based on integrating a product formula of one dimensional discrete delta functions.
The product formula method following Peskin [6,7] has the advantage that it can achieve any
desired accuracy by using one dimensional discrete delta functions with corresponding discrete
moment conditions (see the proof in [12]). However the high order version of the product
formula method has not been implemented in the case of the domain 2 implicitly defined by a
level set function.

In [4,5] Min and Gibou designed a geometric integration method for computing Heaviside
and delta function integrals. The approach to Heaviside function integrals is to decompose the
domain €2 into simplices on which the numerical quadrature can be applied. This method gives
second-order results.

In [15] Towers proposed a type of methods for discretizing multidimensional Heaviside func-
tion based on approximating the Heaviside function by finite differencing its first few primitives.
This idea has been adopted to study the approximation of delta function integrals in [13,14,16].
Two variants of the methods are presented in [15] for computing Heaviside function integrals.
The first method gives second-order accuracy. The second method is shown to give third-order
accuracy for a specific one dimensional example and behave fourth-order convergent for general
multidimensional computations. Error analysis for the second-order version method is given
in [15]. We will give a comparison between the numerical results of the high order version
method in [15] and our high order methods in this paper, which shows the advantage of our
third- and fourth-order methods.

In this paper we design and analyze a class of high order numerical methods to the two
dimensional Heaviside function integrals (1.1). We construct these methods by considering the
approximation of the restriction of the two dimensional Heaviside function integral in each mesh
cell. Such a natural strategy of approximating mesh cell restrictions of integrals has already been
adopted in [17] for designing high order methods to delta function integrals of full codimension
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type, in [4,5] for designing geometric integration method for computing Heaviside and delta
function integrals and in [19,20] for designing high order methods to two and three dimensional
delta function integrals of codimension one type. By applying this strategy we need to check
the intersection between mesh cells and zero points of the level set function u representing the
domain boundary 9f2. In a mesh cell away from 02 the computation of the Heaviside function
integral (1.1) is straightforward. The strategy to approximate the restriction of the Heaviside
function integral (1.1) in a mesh cell intersecting with 9 is inspired by our design of high
order methods for computing codimension one delta function integrals in [19,20]. The method
is based on that the two dimensional Heaviside function integral in the mesh cell intersecting
with 992 can be rewritten as a one dimensional ordinary integral with the integrand being a one
dimensional Heaviside function integral. We select the transformed one dimensional integral
from one of two forms according to the comparison of the two components of gradient of w in
the cell which can be checked from the mesh point values of u. With this treatment, the one
dimensional Heaviside function integral as the integrand is well-defined and can be computed
by standard numerical quadrature. The one dimensional Heaviside function integral being the
integrand however can be not sufficiently smooth on the integral interval. This issue is resolved
by showing that the integral interval of the one dimensional ordinary integral can be divided
into subsets so that the integrand is smooth on each of the subsets. Thus we construct our high
order methods by approximating each subset of the integral interval of the one dimensional
ordinary integral on which the integrand is smooth and applying standard high order numerical
quadratures to the resulting integrals on these subsets and to the evaluation of the integrands
which are the one dimensional Heaviside function integrals. The algorithm so designed to
approximate the mesh cell restrictions of the two dimensional Heaviside function integral (1.1)
comprises the numerical method developed in this paper. We carry out error analysis for the
method in this paper and prove that the method can achieve any desired accuracy to the two
dimensional Heaviside function integrals (1.1) by imposing corresponding accuracy in the sub-
algorithms in the method. The key point of the error estimates is that the approximation
of the two dimensional Heaviside function integral (1.1) in any given mesh cell may not be
accurate enough, while for such a mesh cell there exists certain neighboring cell so that the
approximate two dimensional Heaviside function integral restricted to the union of the mesh
cells has sufficient accuracy. We implement second- to fourth-order numerical methods in this
paper and the numerical examples show that these methods achieve or exceed the expected
accuracy indicated by the error analysis. In this paper we consider the computation of two
dimensional Heaviside function integrals (1.1). It is of interest to adopt similar idea to further
study high order methods to three dimensional Heaviside function integrals in the future.

This paper is organized as follows. In Section 2 we discuss the main strategy, numerical
implementation and algorithm description of the method proposed in this paper. In Section 3
we establish the error estimates for our method which show that the method can achieve any
desired accuracy by choosing corresponding accuracy in the sub-algorithms. In Section 4 we
present numerical examples in which second- to fourth-order methods are shown to achieve or
exceed the expected accuracy. We conclude the paper in Section 5.

2. High Order Numerical Methods

2.1. Main strategy and numerical implementation

Assume R? is covered by a uniform mesh (z;,v;), (i,7) € Z* with the mesh size h on which
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the values of f and u are given. Denote

Yi+1 Ti41
L, = / / F () H (i, ) ddy. (2.1)
Yj T

Then the Heaviside function integral (1.1) is given by

JRCHLCTR E S 2.2

(i,5)€Z?

Therefore the Heaviside function integral can be computed by approximating each I; ;. Let
IZ ; be the approximation to I; ;. Then our goal is to provide algorithm to yield Il e

If the vertex values of the level set function are the same sign for a cell C; ; = [z, Ti+1] X
[yj,yj+1), indicating the cell is away from 0, then the computation of fz] is straightforward.
If the vertex values are all positive, mainly corresponding to the cell being contained in {2,

then naturally f” is computed as fyy”l [ f (2, y)dady. If the vertex values are all negative,
J

ez
mainly corresponding to the cell being outside €2, then naturally we set f” = 0. Moreover we
also treat a special case that two vertex values of u are zero and the other two vertex values
of u are negative. This case implies the cell is totally or nearly outside {2 and naturally we
also set E ; = 0. This treatment is related to achieving high order accuracy of our method and
the reason will be further explained in this subsection after the presentation of Strategy I and
Algorithm I. Therefore we need to consider the computation of E j in other nontrivial cases not
belonging to the above situations, mainly corresponding to that the cell essentially intersects
with 9. Inspired by the approach in [19], our strategy for the computation in the nontrivial
cases is based on the observation that the two dimensional Heaviside function integral (2.1) can
be rewritten as the following two forms

L = / ( / " s, y))dy> dr, (2.3a)

= [T e ) dy (2:30)

Y5

Namely the two dimensional Heaviside function integral I; ; can be regarded as a one dimen-
sional integral with the integrand being a one dimensional Heaviside function integral. Therefore
in principle high order approximation to I; ; can be achieved by applying standard one dimen-
sional high order numerical quadratures and high order methods to one dimensional Heaviside
function integrals.

One issue is that we need to choose one of the two forms (2.3a) and (2.3b) as the formula
for designing numerical methods in each mesh cell. It is convenient to choose the form so that
the level set function w is monotone with respect to the integral variable of the one dimensional
Heaviside function integral which in such case is well-defined and easy to compute. In fact
at 0Q at least one of u, and u, is O(1) away from zero since +/(uy)? + (uy)? is the normal
derivative of u(x,y) at 92 which should have O(1) positive lower bound for a well-defined level
set function u (see also the discussion in [19]). Therefore we can compare u, and u, in the cell
C;,; to check which one of them is away from zero. In practical computation, we compare the
difference approximations to |uz| and |u,| at center point of the cell. Namely we compare the
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quantities
Ui ;= Wit 41 + Uig1,j — i1 — Ui, (2.4a)
;= w1 g1+ i1 — Wit — ). (2.4b)
If wf ; > @y ;, then u, is away from zero near the cell C; j, and we choose (2.3b) as the formula

for performing computations. Otherwise u, is away from zero near the cell, and (2.3a) is chosen
as the formula for computations.

For the convenience of description, we discuss the case that the form (2.3a) is chosen for
computations. Denote

Fo) = [ " f ) Huy)dy, m <o < v, (2.5)

Yj
Then (2.3a) is written to be

Tit1

Im-:/ : F(z)dx. (2.6)

z;
In order to get high order numerical results by applying numerical quadratures to the one
dimensional integral (2.6), the function F'(r) needs to have sufficient smoothness. However
F(z) generally can have discontinuous first derivative on [z;,2;4+1]. For example, consider
f(z,y) = 1 and the situations shown in Fig. 2.1, which have been similarly considered in [19]
for illustrating situations in computing delta function integrals. In the left part of the figure,
the derivative of F(x) is zero on [z;,2*) while nonzero on (z*,x;1], thus is discontinuous at
x = x*. The right part of the figure shows a situation that the derivative of F(z) has two
discontinuity points at x = z’,2” due to 9 having multiple intersection points between the
horizontal side of C; ;.

YD) eyt (Xi41Yje1) (*pYj,0) 00 Xiy1Yjer)

X=X’ X=X"

0Q

oY) (XY (Y XY
Figure 2.1 Situations in which F'(z) has discontinuous derivative on [z, Z;+1].

Since F(x) can have discontinuous derivative on [x;,z;4+1] with one or more discontinuity
points, it is improper to directly apply numerical quadrature to (2.6) in order to obtain high
order numerical results. Nevertheless, we can show that the interval [x;,2;11] can be split
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into subsets so that F'(z) is smooth on each subset. Since u, is away from zero near the cell,
introduce the definitions:

Y; ;i () satisfying that (x,Y; ;(z)),z € [xi,xi+1] are points on 052, (2.7a)

b U (y;, Yij(@)),  if wijpn <wij,
(Yi2).00 Viga) = _ (2.7h)
(Yij (@), yj41) s i wgjpn > wig,

U

Fm(l‘) = / f(ma y)dya Zq S X S Li41, (27C)
LESON
ij+1
Y
Aij = {93 € [, Tit1] | Y j(z) € [yjaijrl]}a (2.7e)
A= {f” € [zi,zi] | Yij(2) Elys, yjliu (fc, %) < 0}, (2.7f)
A= {f” € [zi,zisa] | Yij(2) Elys, yial,w (ﬂ?, %) > 0}. (2.7g)

Notice that Fy,(z), Fa () are smooth on [2, 7;41] and that [z, xi41] = A; j UA; ;U A;rj. The
three sets A; j, A, AZ]- are nonoverlapping. We can show that F(z) is smooth on each of these

4,50
sets since
Fm(x)a meAi,ja
F(z) = 0, T € A;j, (2.8)
Fyu(z), =€ A;{’j,
Therefore
Tit1
L= / F(z)dx = / Fo(z)dx —|—/ Fy(x)de. (2.9)
, P

With formula (2.9) I; ; is split into two parts, each of which is a one dimensional integral with
smooth integrands. Thus (2.9) is a suitable formula for designing high order numerical methods.

In order to construct numerical methods based on (2.9), we need to provide approximation
to the integral domains A; ;, A;fj. The domain A; ; is the projection to z-axis of 92 restricted
to the cell C; ;. Constructing approximate A; ; has been studied in [19] for designing high order
methods to two dimensional delta function integrals. Here for completeness we present the
approach provided in [19] yielding the approximate A; j. One can refer to [19] for more details
on the design of this approach.

:Ef,j, xfj] contained in [x;, z;11]. By using the fact that

the boundary points of A; ; are the z-component of the intersection points between 02 and the

We approximate A; ; by an interval |

edges of the cell C; ;, we have the following strategy to obtain xﬁj, xf‘j.



High Order Methods to Heaviside Function Integrals 311

Strategy I: give I'il:jaxﬁj

L _ .
Tij = Tit1

O

if u; ju; j41 <0, then xZL] = x;
O else
0 if i jy1vip 41 <0
Let (Z,yj+1),2; < T < ;41 be one zero point of u, set zf] = min(:ci{j, )
O if Ui jUi+1,5 < 0

Let (Z,y;),x; < T < x;1+1 be one zero point of u, set ac{“] = min(xi%j, x)
0 end
R _ ...
Tig = Ti
. R
O if Ui4-1,5Wi4-1,5+1 § 0, then xi,j = Ti+1
O else

03 wi j1uit,j41 <0

Let (Z,y;+1),2; < T < ;41 be one zero point of u, set :Ef'j = max(xfj, )

O if Uj jU+1,5 < 0

Let (Z,y;),x; < T < x;4+1 be one zero point of u, set acf'j = max(xfj, x)

O end

The computation of = in Strategy I when w; pu;416 < 0,k = j or j + 1 is given by the
following algorithm in which we let z. denote the computed .

Algorithm I: give computed =
e Choose an Rth-order interpolation polynomial to u(x,yy) near the interval [z;, x;11].

e Let the initial guess x;,; to be the root of the first-order interpolation polynomial
and use Newton iteration to compute the zero point of the Rth-order interpolation
polynomial.

o If the iterated values of the zero point during the Newton iteration come outside the
interval [z;,2;41], then quit the Newton iteration and set T, = Tip;.

e Otherwise set T. = T nNew, Where e, denotes the computed zero point by the Newton
iteration with given tolerance Ep. Namely the absolute value of the polynomial at
TNew 1S less than Er.

The reason of setting . = x;,; when the Newton iteration comes outside the interval
[i, 2;41] is that this implies that the derivative of u(x,ys) is close to zero on [z;,x;41], and
as will be shown in Section 3 in the error estimates for our methods that in this case it is not
necessary to obtain accurate approximation to Z. This has also been discussed in [19].

With Strategy I and Algorithm I, we can compute xi%j, acf'j and obtain their approximate

values @%j,@fj. We remark that it is possible that [acf,j,xfj] provided by Strategy I is not
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accurate enough for approximating A; ; for certain cells. One example is shown in the right
part of Fig. 2.1 in which A; ; = [z;,2'] U [2”, ;1] while Strategy I gives [acf’j,xfj] =[x, Tit1]-
See more discussions in [19]. Therefore it is possible that a single E ; computed based on formula
(2.9) with inaccurate approximation to A; ; is not accurate enough to approximate I; ;. The
key idea in designing high order methods in this paper, in similar spirit to that adopted in [19]
for treating delta function integrals, is that although the approximation to the two dimensional
Heaviside function integral in a single cell may not be accurate enough, for such a cell there
exists certain neighboring cell so that the approximation to the Heaviside function integral in
the union of the cells has high order accuracy. As an embodiment of this strategy we explain
the treatment for the special case mentioned at the beginning of this subsection. For the special
case that two cell vertex values of u are zero and the other two vertex values of u are negative,
our treatment is to set f” = 0. To explain the reasonableness of this treatment, we consider
the case that u;; = ui+1,; = 0 and u; 41 < 0,%i41, 541 < 0. Thus uy, < 0 near the cell Cj ;.
Consider the neighboring cell C; ;1 in which u;; = us;11,; = 0 and u; j—1 > 0,u441,j—1 > 0.
For this cell Strategy I gives fCiL,jq = x;, :Ef-?jf1 = x;4+1. As shown in the subsequent part of the
paper, in this case the integral on A;rj in formula (2.9) is approximated by zero. From (2.7b)

one has for this case (yfj_l,x,ygj_l,x) = (yj—1,Y:j—1(z)). Therefore fi,j_l can be designed to

be high order accuracy to the integral [+ f;/_"’jl’l(m) f(x,y)dydx which is I; j + I; j—1. Thus
i =

the setting of I; ; = 0 enables that I; ; + I; j_1 is the high order accurate approximation to

1; ; + I; j—1 and our strategy of achieving high order accuracy in the union of neighboring cells
takes effect in this situation.

With zF ffj provided by Strategy I and Algorithm I we can also construct the approxima-

1,57
tion to the domain Aj'j. Let A;-"j be approximated by an interval [EZ—L]-, Efj]. From the definition
of A:j in (2.7g) we can set
30'ZLJ = xi,ifj = @-L,j, if @L] > x; and u; ; > 0, (2.10a)
.Afi%j = /I\fjff] = Tit1, if /I\fj < Ti41 and Ujt1,5 > 0, (2.10b)
E{‘] = Ef’j, otherwise. (2.10c)

Note that the two cases @Lj > xi,ui; > 0 and ffj < Xiy1,Ui+1,; > 0 do not happen simulta-
neously. The third case in (2.10c) implies the integral on A:j in formula (2.9) is approximated

by zero.

+
VA
(2.9) which yields the value of [; ; is written to be

With the construction of approximate A; ;, A7, the numerical quadrature to the formula

K
(@ —255) D we P (B + e (21 - 215))
k=1
K

+ @ - 7)Y weFu (3 +ni (B - F5)) (2.11)
k=1

where wy, and ng € [0, 1] are weights and nodal points of the quadrature rule respectively.

Therefore for computing f” we need to compute the values of F,,(z), Far(z) at several
quadrature points belonging to [x;,z;11]. The computation of these function values are per-
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formed using the standard numerical quadrature similarly to (2.11) as follows

K
F(a) ~ (0 = v52) Y wf (@,yl 0 +nk (b0 — vDi2)) (2.12a)
k=1
K
Far() = (Y1 — 45) D wef (2,95 + i (41 — ) 5 (2.12b)
k=1

where yP, . yY;  are defined in (2.7b), in which the computation of Y; ;(z) is achieved using
Newton iteration. We notice that since [@L’j, @}-?j] can be insufficiently accurate approximation
to A, j, it is also possible that a quadrature point z € [Efj, Efj] does not belong to A; ; and thus
Yii(x) ¢ [yj,y;+1]. This leads to that yZij < ygm in (2.12a). In this case the computation
of F,,(x) is still performed using formula (2.12a). As mentioned before, although in this case
the approximate Heaviside function integral (2.11) can be not accurate enough to approximate
1I; ;, our method is designed in such a consistent way that certain neighboring cell also gives
inaccurate approximate Heaviside function integral, and the approximation to the Heaviside
function integral in the union of these cells can be high order accurate. In Section 3 we will
give error analysis for our methods showing that our methods can achieve any desired accuracy

by choosing the corresponding accuracy in the sub-algorithms.

In summary our procedure to yield f” is as follows. If the cell vertex values of u are all
positive then I; ; is set to be the standard numerical quadrature to fyy”l f;““ f(z,y)dzdy. 1If
¥ i

the vertex values of u are all negative then set f” = 0. If two vertex values of u are zero and
the other two vertex values are negative then we also set f” = 0. For other nontrivial cases,
we check which one of the two forms (2.3a), (2.3b) is chosen for computation according to the
comparison of two quantities (2.4a), (2.4b). In the case that the form (2.3a) is chosen, we firstly
compute @%j, @}-?j, 5{“,]4,

the integral domains A; ;, A;fj in (2.9). Then we set EJ to be the numerical quadrature to the

ffj which are the boundary points of the intervals for approximating

formula (2.9) as given by (2.11), with the evaluations of F,,(x), Fas(z) at nodal points using
the numerical quadratures (2.12a), (2.12b). We also use the Newton iteration to solve Y; ;(z)
for evaluating yijx, yZU o 0 (2.12a). Similar strategy can be adopted in the case that the form
(2.3b) is chosen for computations.

We mention the bandwidth issue of our method. Considering numerical efficiency, the level
set function u only needs to be defined at grid points in a narrow band around the domain
boundary 0. The integrand function f is defined at grid points in the domain 2 and in the
narrow band on the outer side of the domain. Similarly to the analysis given in [20], this narrow
band can be determined from the cells whose distance to a mesh cell intersecting with 02 is
no more than Dy = [£52]F mesh cells, where R is the order of interpolation polynomial. For
example our methods A, B, C which have second- to fourth-order accuracy tested in Section 4

correspond to R = 1,2,3 which gives Dy, = 0, 1, 1 respectively.

2.2. Algorithm description

With the discussions of strategy and numerical implementation of our method in the above
subsection, we now present the algorithm of our method. The algorithm is given by
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Algorithm I*
e For each cell C; ; compute f” which is the approximation to I; ;.

e Sum up f” for all mesh cells to give the numerical approximation to the Heaviside
function integral (1.1).

In the above algorithm the key algorithm to compute IAZ ;j for each cell is given as follows

Algorithm IT*: give f,-,j

e If the cell vertex values of u are all positive then set E ; to be an Sth-order numerical
quadrature to fyy_j“ [+ f(@,y)dxdy, in which the values of f not at grid points are
5 ;

approximated by an Rth-order polynomial interpolation.

o If the vertex values of u are all negative then set fm = 0.

e If two vertex values of u are zero and the other two vertex values of u are negative
then set I; ; = 0.

e In other cases first compare the quantities uf ;, u} ; defined in (2.4a), (2.4b).

If uf; <y,
Set f” to be the quadrature formula (2.11), with fi%j,ﬁc\fj given by Strat-

egy I and Algorithm I in Subsection 2.1, z¥ E,f'j given by (2.10c), and val-

i
ues of Fy,(x), Far(x) at nodal points comp]uted by numerical quadratures
(2.12a), (2.12b), in which the values of f not at grid points are approximated
by an Rth-order polynomial interpolation. The computation of Y; ;(x) for
evaluating yﬂi, yLU ;o in (2.12a) is achieved using an Rth-order polynomial

interpolation and Newton iteration with tolerance E7r.
> Y

T
If Ui g 4,57

I; j can be computed in similar principle based on the form (2.3b).

Algorithm IT* include the following parameters: R, Er,S, where R is the order of inter-
polation polynomial, Er is the tolerance in Newton iteration and S denotes the order of the
quadrature rule used in the algorithm respectively. In the next section we will investigate error
estimates for our method given by Algorithm I* and Algorithm IT*. We show that our method
can achieve any desired convergence order by selecting corresponding parameters.

3. Error Estimates

In this section we give error estimates for our method given by Algorithm I* and Algorithm
IT* which show that our method can achieve any desired convergence order.
The main Theorem we will prove in this section is as follows



High Order Methods to Heaviside Function Integrals 315

Theorem 3.1. Let mg = min(R + 1, 5), where R, S are parameters in Algorithm II*. Assume
parameter Er in Algorithm IT* satisfies Er = O(hFH1), the integrand and level set functions
fyw in (1.1) have bounded max(R + 1,S)th, R+ 1th derivative respectively. Then the method
given by Algorithm I* and Algorithm II* is mgth-order accurate, namely

Z I,] / fz,y)H (u(z, y))dedy| = O(h™). (3.1)
(i,9)€Z2

In the following we present some lemmas. We firstly give some definitions which have also
been adopted in analyzing the numerical methods to two dimensional delta function integrals
[19].

Consider a cell C; ; having intersection with 89 Recall the definition of Y; ;(z), x € [acz, acH_l]
n (2.7a), which is defined if the quantities uf ;, @y ; given in (2.4a), (2.4b) satisfy a7, < u
Similarly if @f ; > @} ;, we can define the smooth function X; ;(y),y € [y, yj+1] as follows

X, ;(y) satistying that (X, ;(v),y),y € [y, y,+1] are points on 0. (3.2)
Introduce the quantity
0, if uf ;< u! o
dij = (3.3)
L, ifa, > a

Define the sets

{ {(Z,l)| E'LL‘ S [l‘i,l‘iJrl], S.t.(l‘,Y;"j(CL')) S Ci,l}; lf di,j = 0, (3 4)
i = ' , :
{(k, )| 3y € [y, yjs), st.(Xij(y),y) € Cryy}, if dij =1,

B D, ;, if di; = di,j,V(k,l) € D, j, (3 5)
" {G.5)},  if 3(k,1) € Dy s.t. dpy # dy . '

We see that if the elements of D; ; yield the same relation between the two components of the
gradient of u, then E; ; is the same as D; ;. Otherwise E; ; contains only the element (i, 7).
Denote

My = inf /(@) + (uy(29)*, (3.6)

which is a positive quantity for a well-defined level set function w.
The following Lemmas 3.1 and 3.2 can be directly checked.

Lemma 3.1. Assume parameters Er, R in Algorithm II* satisfy Er = O(hT*Y), the integrand
and level set functions f,u have bounded max(R + 1,S5)th, R+ 1th derivative respectively, the
cell C; ; belongs to nontrivial cases for computing f” and d; ; = 0. Then fz] given by Algorithm
II* satisfies

~R ~R

EJ —/ " F(z)dx —/ " Fy(x)dz = O(R™ 1), (3.7)

= B
where mo = min(R + 1, 5) is defined in Theorem 3.1.

Lemma 3.2. For a cell C; ; satisfying dz-j =0, it holds

Z . leﬁl fy $ y dydx if Uj 41 < U 5, (3 8)
il = .

i, fx;+1 yzzg) f(z,y) dydzx, if w41 > w5,

where j1 = min [,jo = max [.

(1,1 €D; 5 (i,1)€D; 5
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With the above lemmas we prove the following Lemma 3.3. The proof is classified according
to E;; = D;; and E; ; # D, ;. For the latter case one has E; ; = {(i,j)}. The former case
includes that F; ; can contain the index (4, j) as well as its neighboring ones. Therefore Lemma
3.3 ensures that the summation Z(k,l)e B, Iy is the high order accurate approximation to
ZWDE& ; I}, 1, while each I} ; is not necessarily accurate enough to approximate Iy ;. This is

the key point in the proof of error estimates for our method, as mentioned in Introduction and
Subsection 2.1.

Lemma 3.3. Assume parameters Er, R in Algorithm II* satisfy Er = O(hT*1Y), the integrand
and level set functions f,u have bounded max(R+1,S)th, R+ 1th derivative respectively. Then
Iy for (k,1) adjacent to (i,7) yielded by Algorithm II* have the following error estimates

> (= da) = O, 3.9

(k,D)EE; ;

where mg = min(R + 1, 5) is defined in Theorem 3.1.

Proof. We prove (3.9) for the case that d; ; = 0. The case d; ; = 1 can be similarly analyzed.

We firstly prove (3.9) in the case of E; ; = D, ;. According to (3.5) this implies dy; =
d; ;,¥(k,l) € D;;. Let N;; denote the number of elements in the set D; ;. According to
Lemma 3.1 in [19], we have that INV; ; < 3 for fine enough mesh. The following discussions are
classified according to value of N; ;.

If N;; =1, namely D;; = {(i,7)}, then y; <Y, ;(x) < yj+1,for z € [z;,2;41] and thus

Ay =[x, Tig1], A:j = (). In this case Strategy I gives xfj = xf] = x;, mfj

from (2.10c) one has Z}; = Z}';. According to Lemma 3.1 and formula (2.9) one has

_ R _ ..
=T = Tit1, and

R,

:Ei,j

_ / Fon(@)da + O™ = I + O(h™+Y), (3.10)
N g

If N; ; = 2, then the two cells corresponding to the elements in D; ; are adjacent since 02 is
smooth. Without loss of generality we assume the two elements in D; ; are (¢,7) and (4,7 + 1).
Denote Y; =Y, ;(2;),Yiy1 = Yi j(zit1). There are four cases for Y;, Yijq1:

i) Y=Y = Yj+1;5

ii) one of Y;, i}i+1 is 941, the other is not;

iii) (ﬁ - yj+1) (ﬁ'ﬂ - yj+1) > 05
iv) (ﬁ - yj+1) (ﬁ'ﬂ - yj+1) < 0.

For case i), without loss of generality we discuss u, < 0 near the cell C; ;. Namely uy j2 <
0,ur,; >0,k =14,i+ 1. The cell C; ;41 belongs to the special case that two vertex values of u
are zero and the other two vertex values of u are negative. Thus Algorithm II* gives I; ;11 = 0.

For cell C; ; Strategy I and (2.10c) give ffj = ac{“] = x;, @}-?’j = acf'j = Tit1, 5{“] = 5{-3. Using
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Lemmas 3.1 and 3.2 and expressions (2.7b), (2.7c¢) we then have
ff,j

Lj=[ = Fu(x)de +O(hm")

L

i+1 i 1(3«)
/ / f(z,y) dydz + O(h™ 1)
Y

=Ij + Lijy1 + O™ ") (3.11)

which leads to (3.9).

The analysis of case ii) is similar to case iii). For case iii), without loss of generality we
discuss 12, ?i+1 < yj+1. For the case u, < 0 near C; ;, the four vertex values of u for the cell
C; j+1 are all negative. Thus Algorithm II* gives fi,j_l,_l = 0. Similarly to the deduction of
(3.11) for this case one has

Tij = Iij + L + O(h™ ),
which leads to (3.9). For the case u, > 0 near C; ;, the four vertex values of u for the cell C; 41
are all positive. Algorithm IT* gives

Cit1 ya+2
”H = / / (z,y)dydz + O(h™0+2),

Yi+1

For cell C;; Strategy I and (2.10c) give T L xz,fﬁj = xP”J = xi+1,5c'£ = xZP”J Then

=z
using Lemmas 3.1 and 3.2 and expressions ( .7b ) 2 7c) we have

i+1 Yji+1 Tit1 yJ+2
IJ +1; i1 —/ / (x,y dydac—i—/ / (z,y)dydx + O(R™ 1)
y

1](93) i+1

= Iij + Lijr1 + O(R™ ). (3.12)

For case iv), without loss of generality we discuss }7; > Y+, }A/;-H < yj41 and uy < 0 near
C; ;. For this case Strategy I, Algorithm I and (2.10c) give z; = ¥ i1 < =k 1 = zk ;< 55
Zi+1 and ffjjﬂ = Efjﬂ, 5{“] =z, @RJ = x . Then using Lemmas 3.1 and 3.2 and expressmns

(2.70), (2.7¢), (2.7d), we have

~ ~ 2 Y@ Y i
Lij+ Iij1 =/AL / f(z,y) dydr + /~L / f(z,y) dydx

zg+1 1J(93)
/ / f(z,y) dydz + O(h™ 1)

id+1 Yji+1

Ei,j i, (x) Tit1 Y; i (x)
:/ / f(z,y) dydr + /A / f(z,y) dydz + O(h™ )
xT; Yj quJ Yj

=Iij + Lijr1 + O(h™*). (3.13)

If N;; = 3, without loss of generality we assume the three adjacent elements in D; ; are
(,7), (4,5 +1), (4,5 +2). Since the curve (z,Y; ;(x)),z € [x;, xit1] occupies three cells, one has
that Y; ;(x) is monotone on [z;, z;+1]. Without loss of generality we discuss 171 > Yita, 2-4_1 <
Yj+1 and v, < 0 near C; ;. If at least one of }/}i,}/}i_l,_l equals y;+1, then we can deduce (3.9)
similarly to the cases N; ; = 1 or 2. For the case }7; > Yjt2, }A/;-H < y;+1 and reasonably fine
mesh, as discussed in the proof of Lemma 3.7 in [19], Strategy I and Algorithm I give

AL ~R AL ~R AL ~R _ ..
Ti =Tj 40 < Tijio = Tijp1 < Tijpn = Tijj < Tjj = Tigl.
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Formula (2.10c) gives

~L ~R ~L L ~R _ ~L
,j+2 =T 1,7+2» 'L]Jrl =T, T z]+1 = j+1a %,7 mzaxz] xz]

Then using Lemmas 3.1 and 3.2 and expressions (2.7b), (2.7¢), (2.7d) we have

=N =N =N Eﬁj Y;,j(x) ’ifj Yit1
Lij+ Lij+1 + Lij1o :[L / f(z,y) dydx + /~L / f(z,y) dydx

T, J+1 i J(I) i J+1 y]+2
/ flz,y dyd:ch/ / (z,y) dydx
Yj+1 Yji+1

i, J+2 Yi J(l)
/ f(z,y) dyds + O(h™ 1)

Yj+2

1J+1 lﬂ(x) 1J+1 Y j(x)
:/ :cydyd:ch/ / f(z,y) dydx

Qg1
i+1 i J(x)
+ / / f( ) dydz + O™ 1)
z Y

L .
Ty g fi

=Ii;+Liji1+ L jio + O(R™H). (3.14)

From the above discussions, we have proved that in the case of F; ; = D; ;, for all possible
cases INV; j = 1,2 or 3 the estimate (3.9) can always be proved.

We then prove (3.9) when E; ; # D; ;. From (3.5) for this case one has E; ; = {(4,7)} and
3(i,1) € D; j s.t. diy =1 # d; j; = 0. From the deduction in the proof of Lemma 3.7 in [19], one
has that for this case and reasonably fine mesh it holds

lua (2, Y ()| > %;%, V(,Yij@)e |J Cix (3.15)

(i,k)ED;,;

where M is defined in (3.6). Therefore Y; ;(x) is monotone on = € [z;, x;4+1] which implies
Aij = [z}, ], There are three cases for A+ :
i) :ciyj > z; and A;-',’j = [:cl,:cf]] ;
ii*) :cfj < xi4+1 and A;-',’j = [acfj,aciﬂ] ;
ii*) A7, =10
We discuss the case i*). The other two cases can be similarly analyzed. For case i*), formula
(2.9) gives

I :/ ’ F(z)dx —|—/ ' Fy(x)dx. (3.16)
zL . x4
i,j
Utilizing (3.15), according to Lemma 3.5 in [19] one has
il =al, + O™, 2 =af, + oW, (3.17)

Case i*) implies u; ; > 0. Thus (2.10c) gives T, = z;, Z,,; = T};. Combining (3.16), (3.17)
and using Lemma 3.1 gives
zh L
I, = / Y B(x)dz + / " Fu(@)dz + O(RF2) = T ; + O(h™+1). (3.18)
z T

L
ij
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Thus we prove (3.9) in the case of E; ; # D; ;. O

We now give the proof of the main Theorem on the error estimates for our method.

3.1. Proof of Theorem 3.1

Proof. Denote

Sy = {(k, l) ‘ the cell C; contains points on 89}. (3.19)

According to definition of I; ; and Algorithm IT*, for any (4, j) ¢ Sy one has

L = f” =0, ifu;; <O, (3.20a)
Yi+1 it+1 .
Iij = / / f(x,y)dedy, 1 ; =1I;; + O(h™T2), if u;; > 0. (3.20b)
Yi T
Therefore
Z (fkl - Ik,z) = O(h™). (3.21)

(i.4)¢ Su

By Lemma 3.2 in [19], the set E; ; satisfies the following properties:
i) (4,5) € By 5 ;
ii) Ep; =FE;;,VY(kl) €E;;;
i) EpyNE;; =0,if (k1) ¢ E; ;.

Then according to the proof of Theorem 3.1 in [19], the following equalities can be deduced:

Yo L= Y. L > Lul, (3.22)

L . NZ J
(4,9)€Sv (i,5)€Sy ~ (k,))EE; ;
~ 1
Z L, = Z N Z Tui | (3.23)
(4,9)€Sv (i,5)€Sy ~ (k,))EE; ;

Now utilizing (3.21)-(3.23) and (2.2), applying Lemma 3.3 and noticing that the number of
elements in Sy is O (%) one obtains

S G- /fxy w(z, y))dady

(i,5)€Z2

1Y | () )| o) = o), (3.24)

4 N; ;
(4,5)€Su (kD)EE;,;

which completes the proof of Theorem 3.1. g
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4. Numerical Examples

In this section we present numerical examples to show the accuracy of our methods. In the
following examples we use Simpson rule in the numerical quadratures (2.11)-(2.12b), namely
we choose S = 4 in Algorithm IT*. For other parameters in Algorithm IT* we test the following
three set of choices:

Method A: R =1, Ey = h?,

Method B: R = 2, Er = h3,

Method C: R = 3, Er = h*.

According to Theorem 3.1, if the integrand and level set functions have sufficient smoothness
then methods A, B, C have second-, third- and fourth-order accuracy respectively. We will
show that these methods achieve or behave better than the expected accuracy in our numerical
examples. We also give a comparison on numerical accuracy between the high order version
method in [15] and our high order methods in the last example, which shows the advantage of
our third- and fourth-order methods.

Example 4.1. This is an example tested in [5]. Let

2?+5xyt—1023y?
u(z,y)=— (2 r?4y? — 2 — (22+y2)25 ) ’ f(z,y) =1.

The set Q = {(z,y)|u(z,y) > 0} is an irregular domain represented in the polar coordinates as
r < 1+ £ cos(50), which is shown in Fig. 4.1. The exact value of (1.1) corresponding to the
%w. For a given mesh size we randomly shift the uniform mesh in the z and y
directions and rotated for 50 times. Table 4.1 presents the averaged relative errors of the three

area of €2 is

methods over the 50 trials. The last column in the table presents the estimated convergence
rates from the numerical errors. In this example methods A, C achieve the expected second-
and fourth-order accuracy, while method B also behaves fourth-order accurate, better than the
third-order accuracy ensured by Theorem 3.1.

15

051

-15 -1 -0.5 0 0.5 1 15
X

Fig. 4.1. The domain 2 for Example 4.1.
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Table 4.1: Example 4.1, averaged relative errors of methods A, B, C

Mesh size 0.1 0.05 0.025 0.0125  0.00625 0.003125 | R.
method A | 3.41E-3 1.01E-3 2.59E-4 6.61E-5 1.65E-5 4.14E-6 | 1.95
method B | 1.19E-3 9.63E-5 5.68E-6 3.73E-7 1.91E-8 1.12E-9 | 4.03
method C | 1.31E-3 9.58E-5 6.22E-6 3.91E-7 247E-8 1.59E-9 | 3.94

Example 4.2. This is an example tested in [5]. Let u(z,y) = 1 — a2 — y2, f(z,y) = e = V.
The exact value of (1.1) is 7 (1 — 1). In [5] the authors considered defining f(z,y) only inside
the domain {(z,y)|u(z,y) > 0} and extending the values of f outside the domain by extrapo-
lation to simulate the situations in the application of evaluating singular source terms. In this
paper we do not examine this issue while only focus on illustrating the high order accuracy
of our methods. Table 4.2 presents the averaged relative errors of the three methods over 50
trials in which the uniform computational mesh is randomly shifted in the = and y directions.
Similarly to the previous example methods A, C achieve the expected second and fourth or-
der accuracy, while method B also behaves fourth-order accurate. Method B however is not

generally better than third-order accuracy as shown in the next example.

Table 4.2: Example 4.2, averaged relative errors of methods A, B, C

Mesh size 0.1 0.05 0.025 0.0125 0.00625  0.003125 | R.
method A 3.88E-3 9.68E-4 2.42E-4 6.06E-5 1.52E-5 3.79E-6 | 2.00
method B 5.93E-5 2.76E-6 1.34E-7 7.29E-9 3.92E-10 2.23E-11 | 4.26
method C  1.64E-5 1.01E-6 6.25E-8 3.89E-9 2.42E-10 1.52E-11 | 4.01

Example 4.3. Let

_ a? y2 (IE*O.E))Q y2 B %4_%
e == (asp e ) (T e ) Sew =T

The domain Q = {(x,y)|u(z,y) > 0} is enclosed by two elliptic curves as shown in Fig. 4.2.
The exact value of (1.1) is approximately 5.29117243471186. Table 4.3 presents the averaged

Fig. 4.2. The domain 2 for Example 4.3.
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relative errors of the three methods over 50 trials in which the uniform computational mesh is
randomly shifted in the x and y directions and rotated. The methods A, B, C are observed to
be second- to fourth-order accurate respectively as ensured by Theorem 3.1. We also compare
our results with that using the high order version method proposed in [15] which is called
method D in this test. As shown in [15] method D generally behaves fourth-order convergent
for computing multidimensional Heaviside function integrals. The results in Table 4.3 verify
that method D behaves fourth-order convergent for this example. The comparison shows that
our third- and fourth-order methods B, C are more accurate than method D up to the mesh
sizes tested in this example.

Table 4.3: Example 4.3, averaged relative errors of methods A, B, C, D

Mesh size 0.1 0.05 0.025 0.0125  0.00625 0.003125 0.0015625 | R.
method A | 1.55E-2 3.87E-3 9.76E-4 2.44E-4 6.09E-5 1.52E-5 3.80E-6 2.00
method B | 6.84E-4 6.78E-5 893E-6 8.95E-7 1.11E-7 141E-8 1.66E-9 3.10
method C | 1.41E-4 1.01E-5 7.65E-7 5.07E-8 3.56E-9 2.22E-10 1.38E-11 | 3.88
method D | 4.53E-2 9.03E-3 2.20E-4 1.40E-5 9.19E-7 5.61E-8 3.47E-9 4.05

5. Conclusion

In this paper we studied a class of high order numerical methods to two dimensional Heavi-
side function integrals. Inspired by our approach for computing two dimensional delta function
integrals [19], the methods were constructed by considering the approximation of the Heaviside
function integral restricted to mesh cells. In each mesh cell the two dimensional Heaviside
function integral can be rewritten as a one dimensional ordinary integral with the integrand
being a one dimensional Heaviside function integral. The form of the one dimensional integral
takes one of two choices according to the comparison of the two components of gradient of the
level set function which can be checked from the mesh point values of the level set function.
Under such choice, the one dimensional Heaviside function integral being the integrand of the
one dimensional ordinary integral is well-defined and smooth on several subsets of the integral
interval. Consequently the mesh cell restriction of the two dimensional Heaviside function in-
tegral were approximated by constructing approximate subsets of the integral interval of the
one dimensional ordinary integral and applying standard one dimensional high order numerical
quadratures and high order numerical methods to one dimensional Heaviside function integrals.
The algorithm designed under such principle to approximate the mesh cell restrictions of the
two dimensional Heaviside function integral (1.1) comprises the numerical method proposed
in this paper. We established error estimates for the proposed method which show that the
method can achieve any desired accuracy by choosing the corresponding accuracy in the sub-
algorithms of the method. We presented numerical examples in which second- to fourth-order
methods were implemented and shown to achieve or exceed the expected accuracy indicated
by the error analysis. We considered the computation of two dimensional Heaviside function
integrals in this paper. It is interesting to consider applying similar idea to the design of high
order methods to three dimensional Heaviside function integrals in the future.
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