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Abstract

We consider a new subgrid eddy viscosity method based on pressure projection and
extrapolated trapezoidal rule for the transient Navier-Stokes equations by using lowest
equal-order pair of finite elements. The scheme stabilizes convection dominated problems
and ameliorates the restrictive inf-sup compatibility stability. It has some attractive fea-
tures including parameter free for the pressure stabilized term and calculations required
for higher order derivatives. Moreover, it requires only the solutions of the linear system
arising from an Oseen problem per time step and has second order temporal accuracy. The
method achieves optimal accuracy with respect to solution regularity.
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1. Introduction

The flow of an incompressible fluid is governed by the incompressible Navier-Stokes equations

u —vAu+ (u-Viu+Vp=£f in (0,7]x 9,

V-u=0, in [0,7]x €,

u =0, in (0,7] x 99,

U(O, Z) = Uo, in Q,

/pdaczO7 in (0,7, (1.1)
Q

where 2 C R? is a bounded domain with boundary 92, [0, 7] is a finite time interval, u(t, z) is
the velocity of the fluid and p(¢, z) is the pressure. The viscosity v > 0, which is inverse pro-
portional to the Reynolds number Re = O(v~1). The body forces f(¢, z) and the initial velocity
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field ug are given. Generally speaking, for the transient Navier-Stokes equations which govern
viscous fluid flow, the natural and important Galerkin approximation is a mixed method, how-
ever the Galerkin mixed finite element approximation of (1.1) may suffer from three problems:
violation of the discrete inf-sup (or Babuska-Brezzi) stability condition, dominating advection,
and how to make fully discretization which is a simple, second order temporal accuracy.

The subgrid eddy viscosity model is a numerical stabilization of a convection dominated
and underresolved flow. This approach adds an artificial viscosity only on the fine scales, and
is referred to artificial viscosity model, which is inspired by earlier work of Guermend [4]. In [4]
subgrid scales are augmented by bubble functions. Later, Layton generalized the concept for
the stationary convection diffusion problem. In the work of Kaya and Layton [9], this model
has been connected with another consistent stabilization technique, also known as variational
multiscale method. The model has been analyzed for time-dependent Navier-Stokes equations
by John-Kaya [8] and Kaya-Riviére [10]. In [11], Kaya-Riviére gave algorithm and numerical
experiments for variational multiscale method. However, these works require velocity and
pressure finite element spaces satisfying the so-called inf-sup condition.

It is well known that the simplest conforming low-order elements like P, — P; triangular
element is not stable. This impacts on efficiency, since local mass conservation, the simple logic
and regular data structure associate with low-order finite element methods are very attractive
and useful on many occasions. To counteract the lack of LBB stability, low-order pairs are usu-
ally supplemented by stabilized procedures. Stabilized mixed finite element methods are often
developed by using residuals of the momentum equation, e.g., Douglas-Wang method [2], least
squares Petrov-Galerkin finite element method [14]. These residual terms must be formulated
using mesh-dependent parameters, whose optimal values are usually unknown. Particularly,
pressure and velocity derivatives in this residual vanish or are poorly approximated, causing
difficulties in the application of consistent stabilization. Other stabilized mixed methods involv-
ing non-residual stabilization are also developed, e.g., pressure projection method, it has been
applied to the Stokes problem by Bochev [1]; He-Li [6], Li-He-Chen [12] extended this method
to the Navier-Stokes problem. Pressure projection method does not require approximation of
derivatives, specification of mesh-dependent parameter, or nonstandard data structures. The
paper [12] only counteracted the lack of LBB stability condition and made a semi-discrete
analysis; the solution has oscillation when the viscosity coefficient is small.

When (1.1) is fully-discretized by accurate and stable methods, well stabilized methods with
second-order temporal accuracy are Crank-Nicolson scheme (see Heywood and Rannacher [7]),
Crank-Nicolson extrapolation scheme (see Girault and Raviart [3]), and two-level method based
on finite element and Crank-Nicolson extrapolation (see He [5]). However, all these discrete
forms are nonlinear, and the approximation can still fail for many reasons. One common mode
of failure is non-convergence of the iterative nonlinear and linear solvers used to compute the
velocity and pressure at the new time levels. We consider herein a simple, second order accurate,
and stable method for temporal discretization which addresses the failure cases mentioned
above. The method requires the solution of one linear system per time step.

In this paper, we propose a new stabilization finite element method which is combined
subgrid eddy viscosity with pressure projection method for the spatial discretization and ex-
trapolated trapezoidal rule for the temporal discretization by using lowest equal-order pair of
finite elements. The scheme stabilizes convection domination and ameliorates the relstrictive
inf-sup compatibility stability, which has second order temporal accuracy of O(At? +v2 H +h),
where the constant in the estimate does not depend on the Reynolds number but on the reduced
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Reynolds number. When vp = O(h), H = O(h?) (or vp = C, H = O(h)), the method achieves
optimal accuracy with respect to solution regularity. The method can be easily extended to
higher equal-order pair of finite elements. Numerical results and the comparison with other
stabilized finite element methods will be presented in our forthcoming paper [13].

2. Notation and Scheme

We define the spaces V = (H$(Q))?, Q = L3(Q) and L = {L € (L*(2))?*?} and consider
a variational formulation of (1.1): find u: [0,7] — V,p: (0,7] = Q and G : [0,7] — L such
that (see [11])
(ug, v) +a(u,v) + bs(u,u,v) — b(v,p) + vp(Vu,Vv) —vr(G,Vv) = (f,v), VYveV,
b(ua Q) =0, Vg € Q,
(G —Vu,L) =0, VL eL, (2.1)

where the parameter v > 0 is the eddy viscosity parameter, (-,-) denotes the L? inner-product
and the bilinear forms are defined below

a(ua V) = V(Vuv VV); VU,V S V,
bs(u,V,W):%(U~VV,W)7%(U~VW,V), Yu,v,w € V,
b(v,q) =(¢q,V-v), VW EV, VYgeQ. (2.2)

In the continuous case, this method reduces to the standard Navier-Stokes equations. However,
in the discrete case it leads to different discretizations. In this paper, we consider multiscale
finite element approximation of (2.1). Our approach can be understood as LES (Large Eddy
Simulation) model.

We now introduce the finite element discretization of (2.1). Let Tj, and Ty be two regular
triangulations of the domain €, such that h (or H) denotes the maximum diameter of the
elements in T}, (or Ty) and satisfies h < H. The boundary 0K of an element consists of edges
E. We assume that each edge is oriented by selecting a normal direction ng. The set of all
interior faces will be denoted by I'y,. The norm

%
ulle, = (Z /u2ds>
Eely, 2

will be used. This paper focuses on the analysis for the unstable velocity-pressure pair of the
lowest equal-order finite elements,

V5= {vh € (C°(0)*NnV: Vh‘K € (P(K))? VK € Th};

Qh::{thCO(Q)ﬂQ:qh|KePl(K),VKeTh}. (2.3)
L; C L contains piecewise linear polynomials,

Ly = {LH € (CO(Q)7* : L, € (PL(K))** VK € TH}, (2.4)
Let Pp, : L — Lg be the L? orthogonal projection onto Lz. Thus, we have

(PLHL,GH)Z(]L,GH), VGy GLH, V]LGL,
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I(I = Puy,)Vullo < CH|[ul[2, Vu € (H?*(Q))% (2.5)

We will also use the fact that
|II - Pp,l <1.

It is well know that the lowest equal-order finite element pair does not satisfy the so-called
inf-sup condition, we define the following stabilized form G(p",¢"). Let 7, : Q — Ry be the
standard L? orthogonal projection onto Ry with the following properties:

(p.q") = (mnp, q"), Vp € Q, ¢" € Ry,
l|lmrpllo < C|lpllo, Vp e Q,
lp — mhpllo < Chllplly,  VYpe H'(Q)NQ, (2.6)

where Ry = {¢" € Q : ¢"|k is a constant, VK € T},}. Then we can define the bilinear form

G(p,q) = (p — ™hp,q — ThY).

Using the above notation, the variational stabilized formulation of problem (2.1) reads: find
u":[0,T] = Vy, p": (0,T] — Qy, satisfying

(uf V") au V) 4 by v St V) b = (£, W eV,
b(uh,qh) + G(ph,qh) =0, V" € Qp, (2.7)

where the bilinear form S is
S(u",v") = vr((I — Po,)Vu", (I — P,,)Vv"), vu", v e V. (2.8)

The eddy viscosity parameter v > 0 is to be defined later. Since Py, is an L?— projection, it
follows for v € V and ||Vv]|p > 0,

vrll(I = Pu,)VVI[§ = ve([[VVIG = 11 Pr, VVIG) = vr(1 - %)HV"H%
=: Vaaa(V)||VVI[5- (2.9)
In addition, from
0 < 1Py Vvllo < [IVvllo,
it follows that
0 < Vadad(v) < vrp. (2.10)

In the following, we consider extrapolated trapezoidal rule on the time.
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Algorithm 1 (consistent stabilized, extrapolated trapezoidal rule).
Let u} be the Stokes projection of ug(x) onto Vy,. At the first time level, (u?, pf) € (Vi, Qn)
are sought to satisfy

h h h h h h h h
Uy 4 _»n up +uy uy +u; uytu;
N - a8 bS b )
(P V) (TR vy g (R BTN oy
h
+S(u1;u0 ) b( h pl;pO)
h
=(f(t1),v"), W' e Vh;b<ulT+uO >+G<p1 ;povq”) =0, V¢"€Qa (211)
Given a time step At > 0, the method computes u%, u%, --- ph ph ... where t; =

JAt, u;?(ac) = u(z,t,), p?(x) =~ p(x,t;). For n > 1, given (ul,ph) € (V,,Qu), find
(uzﬂ,pzﬂ) € (Vp, Qp) satisfying

h h h h h h
u, —u u, + u, u +u
( n+1 7L7vh)+a( n+1 nvvh)+bS(A[uZ’uZ_1]7 n+1 n’Vh)
At 2 2
h h h h
u + u, Ppa1 TP
S n+1 n7 h _ b h, n—+ n
(et gy Pt
h h h h
u +u +
(6t 1) V)W € Vi (TR ) 4 GO ) — 0, vg" € Qn,
(2.12)
where, A[ul,ul_,]:= 3u” — Lul_, is a extrapolation to byl =t + tng1/2.

Remark 2.1. At first time level, linear treatment of the nonlinear term can be used: find
(ul, ph) € (Vi, Qn), satisfying

uh —uh u’ +u uf +uf
(71At 0 vh) + a(i1 5 © v + by(Afug,u’], %vvh)
h h h h
FSEE Gt B — @), eV, )
ul +uf +
b=+ Gt 2 % gty —o, vt eQn  (219)

where u*; = 0.

We can show that this modification affect neither the stability of the method nor the con-
vergence order of the velocity approximation by uniform proofing method.

We shall show that Algorithm 1 is stable and is of second order temporal accuracy O(At? +
spatial error) in next sections.

3. Stability of the Extrapolated Trapezoidal Rule

We start with the proof of stability, which is the mathematical key to the good properties
of the method. The stability of Algorithm 1 is proven in the following proposition.

Definition 3.1. Re,cq := (v + infie (0,1 Vaad(9(t))) 7L, Vo(t) € V.
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Proposition 3.1. ([1]) Let Vi and Qp, be the spaces defined in (2.3). Then, there exist positive
constants Co and C3, whose values are independent of h, H and At, such that

fQ phv. ,Uh dx
sup —————
wev, IVl

Proposition 3.2 (stability of extrapolated trapezoidal rule) Let f(t;, 1) € (H™'(Q))?,
t=1,---,n (n <T/At). The stabilized extrapolated trapezoidal rule (2.11)—(2.12) is uncondi-
tionally stable. For any h, H, At >0 and n > 0, we have

<7’+1+u ) +2ZAt

0 1=0
<+ C2Rerea o ()| (3:2)

=0

> Collp"llo = Csll(7 = 7n)p"llo,  ¥p" € Q. (3.1)

2
pm — p?)

||’u’n+1||0+ReredZAt 2

0

h h h h
Proof. Taking v = ul;uo =0 ;rpo in (2.11) gives

h_ o h 43k b h ik
uy —uyp ’ uy+ug v uy +up
At 2 2

h h 2
+
+ H(I”h) (%> -

0

2 2

ul +ul
+vr (IPLH)V<71 5 0>
0

<f (t%) : @) . (3.3)

Applying the Cauchy-Schwartz inequality and Young’s inequality, this gives

2 2
u — + + h+ h
H IHOQJ o (Hyadd (UI 2 uo)) H (UI 2 uo) ! H(I—m) (pl 2p0)

0
2 h h -1 2 V+Vadd 2
Sﬁ v+ Vadd i} Hf(t;)H + uf +u0
2 2 2/ |1 0

0

2

(3.4)

Thus, on the first time level we obtain
2 h h 2
+th<1_m (P52)
0

h+ h h+ h
b+ (vt v (S58) ) e (M) 0
h h -1 9
<C} (V + Vadd (u1 ‘;uo)) At Hf(t%>H_1 + ||ug||(2) (3.5)

Now, we consider (2.12) for n > 1, setting v = (ul,, + ul)/2 € V}, this gives

2

h h h h
U1 — Uy un+1 + u, n+1 + u, n+1 + u
_n+l = n I — P, _n+l = "n
(gt o) oo () [ i v () |
h R |2 h h
+ +
*H””h(%) (f@w),w) (3.6)
0

Applying Cauchy-Schwartz inequality and Young’s inequality leads to

h h h h
s o+ (s (272 ) ) e (Pt

2

0
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P i | w4 ul\ 2
v |- m) () | <0 (v (25 ee(n)| e
0 i

2
Summing (3.7) over the time levels gives

- i, Ul o wh e (Vi P
[l 11§+ D A4 + vadal “2 NIIV( “ ||<)+22At|| %)II%
i=1
hp2 e ufy +uf 2
<[Juy|l5 + C1 Z(VJrVadd(f)) ALt 1)]1Z4- (3.8)
i=1

Finally, using the bound on ||[uf||# from (3.5) and Definition 3.1, we obtain that for all n > 1

ul, +u pz +pf
I all + Rey 3 Ayt ||0+22At|| m) (PR 2
=0
<||af|[5 + CF Rerea Y O£t 1)1 (3.9)
i=0
This completes the proof. O

4. Convergence of the Extrapolated Trapezoidal Rule

4.1. Convergence of velocity

We assume that for the finite element spaces (Vp,, Qp), the following approximation prop-
erties hold: For (v,p) € ((H?(Q))2 NV, H(Q) N Q), there exist approximation I,v € V}, and
prq € Qp, such that

v = Invllo + hl[V(v = Ihv)l[o < CR?[|v]|2, (4.1)
llg — prallo < Chllql|1,

where the L2— projection pj, : Q — Q), satisfies
(@ —png,qn) =0,  VgEQ, qn€ Q. (4.3)

Throughout the paper we use the following projection.
Definition 4.1. The projection operator (Rp, Np,) : (V,Q) = (Vi,Qn) is defined by

B*((Ru(v, q), Nu(v, )); (v", "))
=B((v,q); (v",q")),¥(v,q) € (V,Q), v(v", ¢") € (Vi,Qn), (4.4)

where the bilinear forms are defined below

B((u,p), (’U, Q)) - a‘(u’v ’I)) - b(’l),p) + b(ua Q)v
B*((uh,ph); (’Uh,qh)) _ B((uh,ph); (’Uh,qh)) T G(ph,qh). (45)

The projection operator is well defined and satisfy the following approximation properties.
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Lemma 4.1. Let (Vy, Q) be defined above. Then there exists a positive constant /3, indepen-
dent of h, and H, such that

|B*((w, p); (v, q))]

C(ﬁIIVUIlo+%|Ipllo)(ﬁllwllo+ i lldllo) ¥(w.p), (v,0) € (V. Q), (4.62)
B(WIIVU”IIHIIIP [lo)
< sup |B*(( P )( thh))| V(uh )G (Vhth)- (46b)

T (oh,gM)E( Vi, Qi) \/_||V’Uh||0+f||qh||0

Under the assumptions of (4.6), the projection operator (Rp, Ny,) satisfies

VIV (o= Ra(o.a)llo + lla = Na(o.0)l
<c <ﬁ||w||o n \%ano) , V(v.q) € (V. Q); (4.73)

[lv— Rn(v,9)llo + h(v/V[|[V(v = Ru(v,0))llo + \/—Ilq Ni(v,9)llo)

<ow? (ﬁllvlh g+ ﬁ>||q||1) C V(mg) € (BP@QPNV.HQ)NQ).  (4TH)

Proof. Step 1. We will construct a pair (ffh, "), such that
1
B (s .)€ (VAI9W o+ =l ) (VB Gll+ ldl)  (48)
‘ N N
Setting (v, ¢") = (u", p") yields
|B*((u", p"); (0", p")| = v||Vu[[§ + [|(T = m)p"[[5- (4.9)
For an arbitrary given but fixed pressure p* € Qp,, let w and w” be the functions that satisfy

/p’lV-w dz = C1|[p"([o]| VW] lo,
Q

lw — w"||o + hZ ||w — w"||r, < Ch||[Vwllo, (see [3], p.217). (4.10)
Assume that w” is normalized so that
1
V" llo = ~11"lo (411)
From proposition 3.1, we have
Co Cs
/QphV cwdz > —={|p"|I§ = =17 = m)p" ol Ip"[lo- (4.12)

Setting (v", ¢") = (—aw",0), where « is a real, positive parameter, together with (4.12), yields

B* ((uh,ph); (—aw}l,0)> = —Va/ vu” - Vw" dz + a/ p"V - wh do
Q Q
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Y

Co Cs
val T ol 9wl + o (118 = 21 =m0 ol o

Y

Co Cs
~al[wallllll + @ (11 - S - mpt ol o) - (413
Using Young’s inequality, we have that
02 14

[[Va"[Jo][p"[0 < EHPhHg + FQHVU}LH%;

Cs h h Co\ g2 C?? hi2

— (I = < = —||(I — . 4.14

2117 = ) ol lo < T2 + (T =)o (1.14)
In combination with (4.9), these inequalities lead to

B*((u",p"); (0" — aw", p"))

« aCy C2a
>v(1— —)||[Vu"||2 + —==|p" |2 + (1 — =29)[|(I — 7)p"||3. 4.15
>0(1 = NIV + 213 + (1= NI = w3 (1.15)
Choosing o = min{%, %} guarantees that 1 — & > % and 1 — Sé‘; > %

h — aw” and ¢" = p". It is easy to see that

* ~ ~ 1 0602
B ((u",p"): (¥",¢") = S IV |+ =" 17 + 11— m)p" 1)

1 OLCQ
> g(ﬁIIVuhllo /=, 1" lo + 1T = mn)p"0)?

228" 10 (1.16)

where the last bound follows from (a + b+ ¢)? < 3(a? + b + ¢?). Finally, we have that

We now set ¥ = u

> C(Vv||[Vu"||o +

) 1 1
VIV ()]0 + —=l1d"llo = V¥V (" = aw")llo + —=IIp"lo

Nz Nz
1
< V[[Va|lo + Val[Vw|o + ﬁllphllo
1
< C(ﬁIIVuhlloJrﬁllphllo)- (4.17)
This proves (4.6).
Step 2. Using the triangle inequality, we have that
1
VVIIV(v = Ri(v,))llo + \ﬁllq = Nn(v, 9)llo
1 1
<VVIIVvlo + VVIIV(R (v, 9))llo + WIIQIIO + WHNh(V; ?llo
1 — B*((Rh(VaQ)aNh(VaQ));(Vhaqh))
<VI[Vvlo + —=llallo + 87 sup
Vv whamevin  VPIVYIlo + Z=llg" o
1 _ B((v,q),(v",q"))
<Vl[Vvllo + —=llallo + 87 sup
Vv i amevi,u VPIIVVElo + —=llg"lo
1
<C(WVY|IVvllo + WHqIIo)- (4.18)
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Step 3. It follows from the definition of (Rp, Np), the triangle inequality, and (4.6) that
VVIIV(v = Ru(v, 9))llo + \/—||q Nu(v,q)llo
1 1
<VYIV(v = Inv)llo + VIV (Inv — R (v, )0 + WHQ — pngllo + ﬁ”ﬁhq = Nu(v,9)l[o

VY|V (v = Iv)llo + \/_||q prdllo

B*((Inv — Ry (v, q), — Nu(v,q)); (vP, ¢"
e sup [ B™((Zn n( q)hphq 1 h(h 9); (v*,q"))l
(v’L,q’L)e(Vh,Qh) VPV o + —=lla*lo

V||V (v = Iv)llo + \/_||q Prdllo

|B*((Inv — v, prg — q); (v, ¢")| + |G(q, ¢")|

+ 47t sup
(vh g E(Vh,Qn) VIIVVRo + —=lla" lo
1
<Ch(Vv|[vll2 + (Vv + —=)llall1)- (4.19)

NG

To derive the estimate in L2-norm, we consider the dual linearized problem for (¢,) €
(V, Q) satisfying

B((Wv T); ((ba T/))) = (Wa v = Rh(va Q))a V(W, T) € (Va Q)a (420)
which satisfies
Vol + =l < Cllv = Ru(v. )l (4.21)

Obvious, setting (w.r) = (v — R(v.q).q — Na(v.q)) in (4.20), and (v*,q") = (Iu6. pre)) in
(4.4), respectively, we see that

lv = Rin(v,q)|[3
=B*((v—Rn(v,9),¢ — Nn(v,q)); (¢ — Ing, ¥ — prep)) + G(q, pny) — G(q¢ — Nau(v, q), ¢)

C(WVIIV(v = R(v,a))llo + \/—||q Nu(v, 9)llo) (VV|IV (¢ — Ing)llo + \/—||1/J pridllo)
+ G(q,pntp — ) + G(q, ¥) *G(Q*Nh(v ),%)

SCH{(VV|IV(v = Ru(v,0))llo + J—|quNh(V )lo)(Vrl|gll2 + \/—||1/J|| 1) + hllall1 ][9]}

<CH{(VV|IV(v = Ru(v,0))lo + \/—||q — Nu(v, @)llo + Vvhllgl[) (Vo2 + %Hd}“l) (4.22)
Thus, we deduce
1

v = Ru(v, llo < CR*(VAIv]la + (W n ﬁmqm) | (1.23)
This proves (4.7). O

For the finite element error analysis, we will require upper bounds on the nonlinear term.
The nonlinear form by(-, -, -) satisfies the following bound, gived in the following lemma.
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Lemma 4.2. ([12]) Let Q C R?, for all u, v, we V,

|bs(u, v, w)| < C(Q)|[Vul|o][V][o][Vewllo, (4.24a)
|bs (u, v, w)| + |bs(u, w, V)| + |bs(w, v, uw)|
<C)ullg [IVullg ([[Vllolwllg [[Vwllg + [[Vwllol|vllg [VI[§), (4.24b)
and
|bs(w, v, w)| < CQ)V/|[ullo|[Vullo][Vol[o|[Vw]o- (4.25)
If v,Vv e (L>®(Q))?, then
b5 (w, v, w) < C(Q)([[v]| (Lo ())2 + [Vl (L @))2)l|ullo][Vwl|o, (4.26)
|bs (u, v, w) < C(Q)([|ullo|[Voll(Le(@))2 + [[Vullol|vl] (L= (@))2)[Vwl|o. (4.27)

Ifuec V, ve (H3(2)2N V and w € (L*(N))?, then
[bs (u, v, w)| + [bs (v, u, w)| + [bs(w, u, v)| < Cllul[2][v]]2][w]]o- (4.28)
We also recall the following property of bs: bs(u, v, v) = 0.

Lemma 4.3. Let At = t, 41 —t, for all n and denote t, /5 = (tny1 +1n)/2. Let Y(-,t) be a
function such that 1. (-,t) € C°(0,T; L?(Q)). Then there exists an § € (0,1) such that

Hw tni1) = ¥(tn)

= < Cllastuso)ll (4.29)

If Yy, 1) € C°(0,T; L*(Q)), then there exist 61,05 € (0,1) such that
H w n+1 + w( )

w('athr%)

\ < OO tuson)l (4.30)

|3000t) = 300 tacn) = 00y

\ < AL (s tosar)|. (4.31)

If e (-, 1) € CO(0,T; L%(R2)), then there exists 03 € (0,1) such that

l/} nJrl)A ( ) _wt("tn+%)

< OOl s (432

If Yigee (-, 1) € CO(0,T; L2(KY)), then there exists 04 € (—1,1) such that

w(-,tn+1A);’¢i(-,tn) _ ¢t(',tn+%) B ’éb(-,tn)x('vtn—l) _ wt(-,tn%) |
At At

SCO [Pt (- turo,) |- (4.33)

Theorem 4.1. Let (u",p") € (V,,,Qn), w € L*(0,T;(H?*(Q))?), w, € L?(0,T; (H2(Q)) ),
U € LQ(O,T, (HQ(Q)) ); Pt € L2(0,T,L2(Q)) Uit € CO(O T (LQ( ))2), utttt S C ( (L2
(2))?). Then there is a C = C(Reyea, u,p,T) < 00, such that ¥n € 0,1, - —1(N= Al)
the error of Algorithm 1 satisfies

| (1) = wipall + (Reridzm v

=0
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2

+

o (( p(ti1) = i) + (p () ﬁ))

0

<C (Rered, U, p) (h + Z/%H + AtQ) )

Proof. Consider the variational formulation corresponding to the Navier-Stokes equations
(1.1), for any time ¢,

(e, v") + B((w,p), (v",¢")) + bs(u,u, v*) = (£,v"), V(v",¢") € (Vi,Qn). (4.34)

Then subtract (2.12) from (4.34), taken at ¢ =, 1, to get

h h h h h
U,11 — Uy u, 1+un DPn 1+pn
(0t y) = L)+ B((atgy) — ST ) — P (o0 g1
ut .. +uh b+l
_ S(%,Vh) _ G(%,qh) + bS(u(tn-i-%)au(tn-i-%)th)
h h
u +u
= bs(Afu, wy ], =2 v") = 0. (4.35)

Let the velocity error be decomposed as
Gt =ulty) —uy = (ulty) — Ru(u(tn), p(tn))) + (Ru(u(ta), p(tn)) —up) =: & + ey, (4.36)

Let ! := Ny (u(tn),p(tn)) — pl. For a =¢, e, ( or n", we define Upgt = (@ny1 +an)/2. By
adding and subtracting

(vah) +B*(( ( n+1)2+ ll( ),p( n+1)2+p( ))7 (Vh,qh))"‘rbs( ( n+1)
2 Y

u(tni1) +u(tn

+5( V) Alu(t). o) + Al ufy ], Sl 20Dy )

0 (4.35), we obtain the error equation

n n * n + Z JFZ Y
(S0 ) 4 B(Gyyy, POt Pt TP, (1 g 4 51,4 ")

= - bs(A[uga uZ—l]a <n+%vvh) — by (A[Cna Cnfl]a Ma

V") + T (u,p; v, ¢"), (4.38)
where

Tn(uvpa Vh’ qh)

:(%;“(tn) (1) V") by(ult ), % —u(t,,1),v")

_ bs(A[u(tn),U(tn_ﬂ] _ u(tn+%) w Vh) + S(%,vh)
. a(% alt )V - b<% —pltyes) V)
Pltn+1) £ P(tn) 1y (4.39)

+ G( 5
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Using the velocity error decomposition (4.36) and setting v/ = eZ+l gt = 772+l in (4.38) yield
2 2
h h
(|| niallo = lenlld) + (v + vagalel, DIV (el DIIE + 11— 7n)n), 1 115

fn &n
( — e ) - S(£n+%)e2+l) - bs(A[u'Za uzfl]afnJr%veZJr%)

At 0ty
nt1) + U1
_bs(A[CnaCn—l] %aefﬁ.%) +Tn(uap;e2+%7n2+%)
Plin +p
_G(( +1)2 (tn )7772%), (4.40)

where the conclusion follows from

B*((gnJr%a p( n+1) +p( ) _ Nh(u(tn+1)7p( n+1)) +Nh( ( ) p(tn)))

I\?lH

2 2 ’

)

G< (n+1)2+p( )’"n+) 0.

We estimate the terms on the right hand side of (4.40). All bilinear terms are estimated
essentially in the same way: using the Cauchy-Schwartz inequality (or the estimate for the dual
pairing ) and Young’s inequality.

(=8 o < oSS vel,

1/+1/add(eh 1)
<« el R+ o S E  (aa)
14 n+3 v+ Vadd(eZ+l)
2
Moreover, S is treated as follows:
S h <M v 247 v 2 4.42
15(Entgr izl < ——— Il (4 DIIE + TVada(€n IV (&g 2115 (4.42)

We estimate the first nonlinear term in (4.40) next. Adding and subtracting the quantity
bs(Alu(tn), u(tn—1)], §n+% , eZJr%), and using Lemma 4.2, and the Young’s inequality, we get
(Al ) 6yl )l
<|bs(Aley, e 1), €ny g en i)l + 05 (Albn En1], €ny 101l
+ [bs(A[u(t,), u(tn—l)]7€n+%veﬁ+%)|

V+Vadd(ez+%) C

< 11 1V (eq )IIE + WHV(A[U(%),u(tn71)])||<2)||v(§n+%)||<2)
C 2 2
T veaa(e +2)||V( [€ns En—1DIGIIV (& r)IIG
C
n 1 Ale, en_]llol IV (Alerr, e Dllol IV (€ 2[5 (4.43)
v Vadd( +2)

The second and third terms in (4.43) involving the operator A[-, -], which can be controlled by
using its definition and regularity assumption on u,

IV(Afu(tn), u(tn-1)]llo < C
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3 1
IV (Algn, &n-1Dllo < 511V (&a)llo + 11V (&n-1)llo- (4.44)
For the fourth term of (4.43), we apply the inverse estimate, resulting in

14ler,. €5 ]llolIV(Afer;. 5 1D)llo
<C(llenllo + llef 1 1lo)([1V(ex)llo + [V (€5 —1)llo)
<Ch™'(|lenllo + llen 1 1l0)?, (4.45)
so that
[1Alen, en 11110l [V (Aler,, e, _1])llol| V(€1 2115
<ChHIV(Enr I3 (lenlld + llen 1 113)- (4.46)
Putting (4.44) and (4.46) back into (4.43), we have
|bs(A[u27uZ 1]a<n+%ae2+%)|
1)
n—+ C
1V (e, Il +

= 14 2 + el
v Vadd( " %)
C

2 2 2
vt vaantel ) 1 el IV IV G o

C
V + Vadd (e

v+ Vgda(e

[

[

IV Eng IR len 1[5 + eRl13)- (4.47)

n+%)

For the second nonlinear term of (4.40), using Lemma 4.2, the assumption that u(t), Vu(t) €
(L*°(9))? and ||Vu(t)||o are bounded for any t € [0, T], together with the Young’s inequality,
we have

(n+1)+u( ) h )|

|bs(A[<n7Cn71] f’ewﬁ
<loy (Al o], BN by el ), Rl T gy
V+Vadd(e2+%) . C )
§T||V(en+%)||(2)+W(||v(fn)||0+||V(€n71)||(2))
C
(lenlld + llen—1113)- (4.48)

U+ Vaqa(el +%)

What is left is to |T,(u, p; 324_%,7724_%) - G(WW,}Q%”- Each of four bilinear terms
can be controlled by the Cauchy-Schwartz inequality and Young’s inequality, together with the
estimates in Lemma 4.3. We estimate one at the same time

u(tni1) —ua(tn) h
(% —w(tyy1) €pi1)
VJrVadd(eZJr;) C
S IIV(eZ+%)II3+ At [ugee (tro, 121, (4.49)

v+ Vadd(ez+%)
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14||V(eh ;)II%+VCN4||V(utt(tn+e2))II3, (4.50)
n )+p

(Pl 220y ) vl

v+ Vadd(ethl) C

< "I y(el DR+ ———— At tn 2 4.51

< 14 Il (en+§)llo+y+yadd(eh 5 |[pet(tnros)lo (4.51)

n+3

for some 6, 63, 05 € (0,1). Using (2.5), S is treated as follows:

s(le) A 0ll) gy <z - o (M G BTGl
< ) G I+ o M )
For the nonlinear terms of |7, (u, p; e2+%,ng+l) - G(W, nn+ )|, using Lemmas 4.2,
4.3 and Young’s inequality, together with ||V (u(t))|lo < C for any t € [0 T, we obtain
oyt y), WO el )
HlbelAR(tn), 0l 1)) — ), L)
COIIV (a(ty, Il V(L) ) ol1v el )l
COIVCu(ta) — Lult ) - u(tn+%))||0||V(w)||o||v(eﬁ+%)||o
h
)l IR+ ——C AV s, I (4.5)

v+ Vadd(en+%)

for some 04 € (0,1). Combining (4.49)—(4.53) gives

p(tnt1) +p(tn)
|Tn(uap; eZJr%;ﬂZJF%) - G(f;ﬂhﬁ”
h h
<(Z 4+ Bt vaaa(en, ) n Vadd(e”+%))||V(e’l DIIg
14 14 28 n+3 /110
C
—— At ([ (tngo)|” 1 + l[pee(Engos) 15 + [V (e (Enro,)l15)
1/+1/add(en+%)

u(tni1) +ultn) o
altnss) J ultn)

Now, putting (4.41)-(4.42), (4.47)-(4.48) and (4.54) backing into (4.40), we have

+ vC A |V (gt (tnse,))| |2 + Cor H?|| (4.54)

hyhy LT Vadd (e n+2)
Sl a3 = lehl15) + —— 2 [V ey I+ 1T — )il 41
C én &n
S A R Tl )1V 6 I
@ +
#IIV( Wt —— (V)R IVERDIT En I
v+ Vaaa(el +§ €t 1)llo V+Vadd(ez+%) n—1)110 n)llo n+3/110
C — L
e IV IRl + ekl
a n+%
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¢ C
V(e IR+ IVEIR) + ——C (el 13 + 1ok
T e, ) IV @D HIVER) + o o lenall + lleal i)
C
At tn 2 t 2 . 2
V+Vadd(ez+%) (et (Enro, 1121 + et (Enro) o + |1V (et (Ente.))16)

u(t,y1) +u(ts) 2

VOV (g by, I + Cop 2| 2

(4.55)

Multiple both sides of (4.55) by 2At and use Lemma 4.1, then sum over the time levels from 1
to n, choosing Ry, (u(to),p(to)) = ul, which gives e = 0, to get

el 16 +ReredZAt||V ||0+2At2|| w1113
<|le}|ls + CReredh4||ut||L2(0,T;(H2(Q))2) + Ct S;PT] Vadd(E®)P2]|l[Z2 0 7. a2 (02
elo,

+ CRereah|[ullZ2(0 7.(m2(0))2) + CRereah® (|07 (0 (a2 (00)2y + CvrH2 720 1 (112 (2))2)
+ CReredAt4(||uttt||2L2(O,T;(L2(Q))2) + ||ptt||%2(0,T;H2(Q)) + ||V(utt)||2L2(O,T;(L2(Q))2))
+ VC AV (W) 720,74 22(0)y2) + CRereah Y Atlult;1)|3(1ef 1[5 + [lef']]3)
=1
+ CRepea Y At([le] 1[5+ |lel]]3). (4.56)
1=1
Since u € L*(0,T; (H?(£2))?), the last two terms in (4.56) can be combined as CReycq(h +

n
1)At S ||ef||2. Using the regularity of u and p, the error equation finally gets
i=1

IIen+1llo+Re,edZAtIIV ||o+2AtZ|I =) 119
=1
<||e?||2 + CRereah® + C sup veaa(&(t))h? + C(v 4+ Repeq) At* + Crp H?
t€[0,T]
n
+CALY (Rerea + Reyeah)||e}|[5. (4.57)
=1

To complete the proof, the bound of ||e?|| is needed in the above estimate. The bound
depend upon the way the first time step is taken. The error equation for e1 is the same as
for eﬁ except for the nonlinear terms, and is treated in the same way except for the nonlinear
terms. Therefore, we go directly to the treatment of the nonlinear terms.

Adding and subtracting

n ul +ul n u(to) + u(t1) ulto) +u(t)

h
bs(u(ty) 5 5 : 5 V)

to the nonlinear terms, we obtain

ug—i—u}f ug—i—u}f

ba(u(ty) u(ty). V") = be(=—, = V")
ul +uf u(ty u u(ty
:bs(% C% v + b (Cl M,Vhwrbs(u(t%),u(t%) _ w’vh)
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u(to) + u(tl) u(to) —+ u(tl)
2 ’ 2
Taking v = e17 the first term in (4.58) can be treated as (4.43)—(4.47); the second term can
be treated as (4 48); the third and fourth can be treated as (4.53). This leads to upper bound

+bs(u(ty) - ) (4.58)

€115 + AtRe, gl V(eI + Atl|(I — m)nt[[
<CORepeah® At +C sup vaqa(E(1))h2At + C(v + Repeq) Nt° + Cop H* At (4.59)
t€[0,T]

We thus substitute the bound of ||e}||2 into (4.57) to get

||en+1||0+ReredZAt||v ||0+2At2|| — )N 1||0
1=0
§C’{Reredh2 +C sup Vaaa(&(t ))h2 + v+ Rered)At4 + v H?
te[0,T)
+ AtY (Rerea + Repeah)|le] I} (4.60)
i=0

Hence, it follows from the discrete Gronwall inequality that there exists C' = C(Reyeq, 2, T,
u, p), such that for any n > 0,

||en+1||O+ReredZAt||v ||o+2AtZ|I n)i 1 11
<C{h? + Ot + VTH2}. (4.61)
Finally, the statement of the theorem follows from the triangle inequality.

Corollary 4.1. If one choose (vp,H) = (h,h%), or (vp,H) = (C,h), we obtain the optimal
error estimate:

(w(tivr) — wlyy) + (u(t;) — )

[w(tni1) = w0 + AtZRedeIV( 5 )II3)?
n ) _ . h Nk )
(ST - ) (p(tit1) pz+12) + (p(t:) — pi') JII2)A
<CO(Repeq, Q, T, u,p)(h + At?). (4.62)

Remark 4.1. If one choose (vr, H) = (h,h?), or (vp, H) = (C, k), we obtain the error in the
following:

s —~ (utiv1) —ufyy) +(a(t) —uf) o0
a(tnr1) = Wiy llo+ (At Re h?||V( “2 )IE)*
=0
<C(Rered, Q, T, u, p)(h? + At?). (4.63)

4.2. Error estimate for the pressure

In order to prove pressure convergence, we need to derive a bound on time difference of
velocity error
(u(tni1) — uerl) — (u(tn) — uﬁ)
I L lo-
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Let the pressure error be decomposed as

Py, == p(tn) — pfi = (p(tn) — Np(u(tn), p(tn))) + (Nn(u(ts), p(tn)) _pﬁ) = ¢n + 772- (4.64)

Lemma 4.4. Let (u",p") € (Vi,, Qn), u € L2(0,T; (H2())%), w € L2(0,T; (HA(Q))?), ug €
L2(0,T5 (H2(Q))2), pus € L2(0,T5 LA(Q), wr € CO(0,T; (LA())?), weer € CO(0, T3 (LA(R))?)

and h ~ At. Then there is a C = C(Rered, 2, u,p, T) < 00, such thatVn € 0,1,--- N — 1, the
error in Algorithm 1 satisfied
h h
€nt+1 € 1 — € 771 =) 1
|Mﬁrwﬁ-mwzmw S ey Zmn—w T ety

SC’{h2 +uvpH? + At4}

Proof. Subtracting n time level of (4.38) from (n — 1) time level of (4.38) and setting

vh= (el —el_)/Ate Vy, ¢" =, —nh_1)/At € Qn, we obtain

h h

enii € o en—en 1, VT Vadd(%)At v ehi1—en
|2 = == > V(=
At mh — by
+ S = m) (L 2
_ (gnJrl - 2€n + gnfl eZJ,-l - eZ—l) - S(gnJrl - fnfl eg-}-l - eZ—l)
At ’ At 2 ’ At

h h h

h
e —e e — e, _
—bs(A[uZ7uZ—1]7Cn+%’n+lT)+b ( [ U, 17u7};—2]a€n—%7%)

U(tny1) +ulty) eh,—eb )
- bS(A[CTHCTL—l] 2 ) At )

h  _ ah
+ bs(A[Cr—1,Cn—2] u(ty,) +u(tn—1) (S en_l)

2 ’ Nt
h h h h h A h
_e - oh _eh o
+ T, (u, p, n+1At nol 77n+1At77n 1) T (u,p, n+1At -t 77n+1At77n 1)
Pltns1) +2(tn) Mhs — My s plt) + pltnr) nluy — 0l
¢ G . 4.65
( 2 ’ A\t )+ ( 9 ’ N ) ( )

We estimate the two bilinear terms on the right-hand side of (4.65), using the Cauchy-Schwartz
inequality and Young’s inequality to get

|(§n+1 - an + é‘nfl e'}rl1,+1 — e,271 )|

At ’ At

<oy bl oSt e,
h eh
SR Y e s MR (s
V+Vadd(%t")
. h _ _h
(bt S —eact

_eh

_Vadd(?)AtHV(eZHgtez_l)||g+3Vadd(§n+1;t£n_l)AtHV(%)Hg' (4.67)
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For clarity, we analyze each of the nonlinear terms of (4.65). Using Lemma 4.2 and Young’s
inequality gives

h .k eZ+1 —ep h h eﬁ+1 —epr
| - bS(A[una un—l]a Cn-i-%a T) + bS (A[un—lv un—Q]a Cn— 7”

1
3!

At
Cnt1 —Cno1 epir — e
§|bs(A[u7};au¢L—l]7 K 2 R ) +1At 1)|
h h h o h €hi— e
+ |bS(A[un71aun72] - A[unaunfl]vng%a At )| (468)
We estimate the first nonlinear term of (4.68),
Cng1 —Cn1 €pir — €
|bé(A[u7}”lL7 u:”lb—l]’ “ 2 z ’ +1At ! )|
— &y el —el
e R e ]
Cnp1—En1 €ni—en_ §n1 —En1 €np1 —€n
+ [bs(Alef €], St S b (Al ], Tt )
h h
U+ Vgaa( L) el —el C Ent1 — &n—1
< 51 —— AtV ( HAt G+ T OV Il
v+ Vaad(—FH )
C Ent1 — En—1
+ e AUV EDIE + 1V (en DIV ()6
V 4 Vadd(—H571)
C
_l’_

V4 Vagq(—+

e,w,1)At<||v<en>||8+||v<en_1>||3>||v<%m8.
G

(4.69)

For the second nonlinear term of (4.68), using Lemma 4.2, Tayler expansion and the assump-

tion that [|utllo < C and ||[Vue|lp < C for any t € [0,T]. Then we apply Young’s inequality,
resulting in

bo(Alu” h 1 Al u? efLH—eﬁ_l
|S( [un—lvun—Q] [unvu ]agn—%v

n—1 At )l
3 1 enii—en s
<Ibe(S (ta) = 0ltn-1)) = 5 ((tn-1) = u(tn-2)),G, 3, L))
3 1 el —el_
+ Ibs(g(eﬁ —epn_q) - 5(9271 - ef‘zfQ)aCnf%v %tnlﬂ
3 1 el —el_
+ |b6(§(€n - gn—l) - 5(&"—1 - gn—Q)agn—%7 %”
[y (e:;+1_e:;71) h h C
add\ ™ A7 e —€,_
< - (S AVl
U+ Vaga(—
Ch='At el —eh_ el | —el ,
- (2= B 12222 ) 196 IR
V+Vadd(%)
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gnfl - £n72
At

C fn 75717
+ h_ah At(HV(Tl

e — )12+ 119(
V‘f’%zdd(%)

MDY (G I (4.70)

For the third and fourth nonlinear terms in (4.65), we also use Lemma 4.2, and the assump-
tion that [[u(t)||o to obtain ||V (u(t))|lo, [|Ve(u(t))|lo are bounded for any ¢ € [0,T],

nt1) Fu(tn) eny —el
| _ bs(A[Cn;Cn—l] ( +1)2 ( ), JrlAt 1)
u(tn) + u(tnfl) e'ZJrl - 9271
+ bs(A[Cn717<n72]a 9 ’ At )|
U(tni1) +u(tn) e —en g
< —
_|bs(A[CnaCn71] A[Cn71a<n72] 9 ) At )|
u(tng1) +ultn)  ultn) +ultn-1) eniy —en_y
+ |bS(A[Cn—1aCn—2] 2 2 ) At )|
h h
U+ Vgaq( L) el —el C — &
< o A v (S e AV g
VJFVadd( "+1At 71.71)
gnf - gnf C ez - ezf eﬁf — eﬁf
vy o (| 2 g S
v+ Vadd( "+1At 71.71)
C
+ n h t('lv(Cn—l)H% + ||V(Cn—2)||(2)) (4'71)

V+Vadd( 7L+1A_fn 1)

What is left is to estimate

h h h h h h h h
e, —€,_ Mn+1 = Mh-1 n+1 —€, 1 77n+1 —Mn-1
o =|T, + L Int — T
n | n(ll,p, At ) At ) n 1(u7pa At 9 At )
_ G(p( nt1) +p(tn) 772+1 - 772—1) i G(p(tn) + p(tn—1) 772+1 - 772—1”
2 ’ At 2 ’ At '

Using Taylor expansion, the bound of J,, is obtained as the proof of Theorem 4.1.

_ eh eh _ eh_

el _
Jn =C{IA3 (st (tnso), %) + Aths(u(tn—k%)? Wyt (tnye), nHAt - 1)
el —el_
- At2bs(u(tn7%), Wit (tn—140), %)
U(tn1) fultn) ehis —eh
— At?b, n )
(uet (tn+o), B N )
ulty) +ultn_1) e, —el_ el | —el_
+ AtPbg (g (tn—140), (t) 5 (t 1), nHAt ) +At3a(uttt(tn+9)7%)
b _eh oh ol
— A3 Zntl  “n—l A Cnt1 = Cn1
t°b(peet (tnso), 7 )} + AtS(uy, X )
At° 9 2 2
< o Cl[aeee (tnro) |15 + [V (et (tnro)) 116 + [|peee (o) [5)
V + Vadd (2
h h
V + Vgaa (2L el  —el
CurH2NAt ¢ 2 v t At Zntl  Fn-l
+ Cvr ||V(ut(n+9))||o+(24+ 7 YAV ( N i
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h
Vadd Cnt17C%n—1 R _h
S oSSy (@.72)

+ CvA ||V (gt (tnro))| I3 +

Putting (4.66)-(4.72) back into (4.65), we have

h h

||eg+17ez||27||e¢z7eh V+Vadd(M)A
0

n—1,2
At A o 1

¢ v eZ+1 *eﬁ—1 2
v (S Cesty 2
At 772+1_77271 2
=T — Intl  n—1

I =yt 2

C €n+1 _2§n +€n—1 2
efﬁl_ebi)AtH At2 ||7
C Ent1 — &1

- e MV

_¢h —
Sttt Sttty

1+ Svaad( 1 At

g

gn 75717
+ e, AT DI+ V(e IRV

o AHIvEI + (G

I3

snrl Sn—1y2
)|

I3

AtV (G-

( 7L+1_ten71) 2

Ch~ At el —el | el el ,
e (1 R IS I G
7

(em_enl)m<||v<—§" oy vy 9 ¢, )R
T

c n - Sn— n—1 — Sn—
t

+ h Z 1)At(||V(Cn71)||g+ ||V(<n72)||3)

C eh _ e}171 eh71 _ 6}172
- o ()| 2 2
V+Vadd( 7L+1At nfl)

N AN
Tl
v+ Vadd( +1At L )

+ Cop H? AtV (e (tnso)|I3 + CvAL ||V (et (tn0) 13 (4.73)

C(l1agsee (tnro)|[5 + 11V (et (tnro )G + [[Peee (Envo)lI5)

Summing over the time levels from 2 to n, we obtain

h h h _ oh " h »
eh —eh_, el _e 1 B €l — e’
||%||(2)*|| 2At 1||(2)+Z g AtRer;d”V(HTz)”g

1=2

+ lzn:AtH([_ﬂ )(M)”?
2 4 At 0

<C{Recq(h® + AtY) +vp H? + vAt!
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h? + At> +vrH el —eh |
I R,

+ Y At(Rereq + Rerea (4.74)

i=1

h h h h
In the following, we estimate || <2+ |[o. The bound of |[%22||o depend upon the way the
first time step is taken.

h h

el et el e IR g e el Bty gy
S th e &S e (gl gy 2

N bs(ul +uf <, h;teh) (Al Gl u(ty) 42r u(tl)’ egA—teS)

G, u(t1) J;u(to), e’;A—teS) + Ty(u,p, egA—teQ USLA—t%l) _Ty(up, egA—teQ UgAtnh)

_geltz) ;p(tl)’ n?;tnc’f) + et ;P(to)7 773&’73), (4.75)

The bilinear terms are treated in the same way except for the nonlinear terms. Therefore,
we go directly to treatment the nonlinear terms,

C eg_e(})L)_i_b)(u}ll—’—ug eg_e()”
3 AL 9 27 At
G—C eh—e
2 7 At

| —bs(A [upuo]

3
<|b5(§u}11 -

h
g O)|+|b5(u}f*uga<lvi

%u , (4.76)

We estimate the first nonlinear term of (4.75). The term is treated as (4.69).

3 h h €2 CO eg_e8)|

20’2’At

_eh 13
)Ilo+—hh)AtIIV( :

e,
V + Vaad (B2

C &2 — &
+ e MV (DS IV (I
V+Vadd( 2At0)

c
+ ﬁAt

e, —e,
v+ Vadd(Zart

all

IV EDIR + V(@) RV (E oy, ). (4.77)

For the second nonlinear terms of (4.76), using lemma 4.2 and Young’s inequality, we have

ehfeh
b (0 = ug, ¢y, )]
)~} . ¢ e, o e
§|bs(u(t1) - u(to)@ At )| + |bs(e eOvcl At | + |bs( anC— )l
h h

V+ Vada(Z2) el C §&1—§

gTAtnw —20)llo + T MV IRV C)IR
V + Vadd(Zx72>)
C C el —eh
+ e AUV + Ath™H|= OII%IIV(Cé)H%- (4.78)

V+Vadd(M) V+Vadd(JL)



A Stabilized Subgrid Eddy Viscosity Method for NS Equation 437
For the third and forth nonlinear terms of (4.75), we assume that ||V (ut(¢))|]o, ||V (u(?))|lo
are bounded for any ¢ € [0, 7).

u(tz) +u(t) e} —eg G +C ulty)+u(to) eb —eb
|_bs(A[€17CO]7 2 ) At )+b6( 2 ) 2 5 At )l

u(tz) +u(t1) e’ﬁfeél”ﬂb (<1+<o u(t1) —u(ty) eb —ef
2 BERWAN’ o9 0 2 AN

<|bs(¢1 — Co, )l

v+ Vadd(eé i) — el C — &
<M At A 0 A
< o1 tIIV( )| tIIV( AL

C
t AtV + 11V ()IIE) +

U+ Vaad(=2x7 V + Vadd

We have

h 2
|| I (4.79)

92 79 )

h

h
— e e e
|| Ljg — 1= i+ R@,«edﬁtllv( :

h h
g 1)
IE + Altll( =) (Z Mg

h? At2 H h
<C{Rerea(h® + AY) + vrH? + v + AtRepeq(L+ hAZF T Ateo 12}, (4.80)

h2 4 At H
Assume 5+

< C. Then it follows from the discrete Gronwall lemma

h
el —el
13 + R redZAt”V +1 I3

eo

1
| v ”+ ||0*||

77 e
+3 Zmn (L

gC{Rered(h + AtY) + v H? + v, (4.81)

Finally, we estimate the bound of ||el i 12,

GGy 4 (g, POLEROD PR (o g 1y, v

G 2T 2
(M oy g (R0 WO IR gt g, s
where
To(u,p;v",q")

:(7“(“)&““0) — (), V") + ba(u(ty ), 2 . U0 ugry). vt
(TR0 g MO L) gy g alf) Eulh)
e R S L LU
N G(p(tl) ;‘p(to)’qh). (4.83)

Set vh = L% € V), gh = LM €, in (4.82) to obtain
IS8+ A + 1 E L2 o) (v S,

195
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% 2
=118 1981+ VL el
§1— 50 el —ef &i+& el —ef +u0 el —ef
< — _
S N’ ) S ) bs( S =Ry )
G+ ¢ u(ty)+ulty) el —ef e?—eg n' —ng
bs( ) ) 2 ) At )+ﬂ)(uap7 At ) At )
p(ty) +p(to) ni' —ng
—G( (1)2 (0)7 lAt 0). (4.84)

Applying the Cauchy-Schwartz inequality and Young’s inequality to the bilinear terms on the
right hand side of (4.84), we have

&—& el —ef 1 e}f—eg 2 51—50 2
<= :
| —( NIN, )|_8|| 15 + 2l 165 (4.85)
Li+& el —ep 1 &1+ 8o §1+§0 B el —ej el —ef. o
— < — — . .
| = S( T A7 )|_25Vad( NIV( )||o+2 dd( . NIV( N Mo- (4.86)

We start with the first nonlinear term of (4.84). Adding and subtracting the quantity

bs (u(tl);u(m) , C_ elgteo ), and using Lemma 4.2, followed by Young’s inequality, we have

h
+ uo — €

|7bs( 7< ) At )|

u(t1)+u(t0) &1+ & el *93”

- 2 o2 T AL

ef +eff &4+& ef —ef
2 o2 T At
__h

Ateo 15 + CUIVEDI? + IV (E€)IIE) + CHVEDIFUIVEIS + IV (&)

+ C(IIV (€5 + 1V (€)I15)- (4.87)

ho h
= byt o ) tullo) e ey o Lol by v+ V(IR (459)

§&1+& &1+6& e}f*egﬂ
2 72 7 At

+ 1bs(

+ (b (2 )|

Using Taylor expansion, we have

el —ef ' — 778) B G(p(tl) +p(to) nt' — 778)

VAN ZVAN

To(u, p;

oA e —eg > 1 —ef
=CNAt (um (te), )+ CAt bs(u(t ), utt(tg),

At
u(ty) +u(ty) ef —eb u(ty) +u(ty) ef —eb
2 At )+ 5( 2 VAN )
h _ ah h h

e e — €
+ C At a(uy(ty), 1At 0) + C A D(pu(te), 2 N %)

1
2

+ CAtQ bs (utt (te ),

h h
+ Vadd(éL)
4
h h

e, —e
Vadd( ) el —el

5 6||V( 1At 9)[|2 + C(At + vpH?) (4.89)

BIIV(

h
115+ v (=SS
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for some # € (0,1). Combining (4.84)-(4.89), we have

h V4 Vaad(S %) —eh
2 4 min{8,1} — At||V(e1AteO N2 < CIR% + At + vpH?Y. (4.90)
Therefore
h+1 +1 77+1 77h 1412
||n7||0 ZAtReredIIV ZT 15 + ZAtII #)Ho
<C(Rereq, 1, p, ){h2 +urH? + At} (4.91)

Theorem 4.2. Let (u?,p") € (V,,Qn), u € L*0,T;(H?*(Q))?), wy € L*(0,T;(H?(Q))?),
wy € L2(0,T; (H?(2))? ), peer € L2(0,T; L2(2)), wwe € C°(0,T; (L3(Q))?), wuee € C°(0,T; (L2
(2))? ) and h ~ At. Then there exists an C = C(Reyeq, u,p,T) < 00, such that Vn €
0,1,---,N — 1, the error in Algorithm 1 satisfied

h h 1
ZAtH i) P00 PEEPR 3y} < Ry T)(h 4 vEH + A7), (492)

Proof. From (4.38), we can see that

((Cn+1/27 ‘I)n+1/2)5 (Vha qh))
(Cn-l-l C’n 3 Vh) - S(<n+1/27vh) - b (A[uh un 1]7 Cn+1/2avh)

At
u(tni1) +u(tn)

5 ")+ T(u,py v, ). (4.93)

- bs(AKna Cnfl]

Using Lemma 4.1, we get

1172l < B 1B (Gt 2 Oy (V2. 7)) (4.94)
n -_— .
vz wramevi@y  VPIIVVEo + —=lla"lo
From (4.94), using Lemma 4.4 and Theorem 4.1, we have
b h
z 2] + 1 1 1
{Z 22 *1 o) v B < C(Rerea,u,p, T)(h+ v H + AF2).

This proves (4.92). O
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