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Abstract

Asymptotic error expansions in H'-norm for the bilinear finite element approximation
to a class of optimal control problems are derived for rectangular meshes. With the rectan-
gular meshes, the Richardson extrapolation of two different schemes and an interpolation
defect correction can be applied. The higher order numerical approximations are used to
generate a posteriori error estimators for the finite element approximation.
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1. Introduction

The aim of this paper is to discuss the asymptotic behavior of the finite element approxi-
mation for a model optimal control problem described as follows:

.1 1
min | =y = zdll% + 5 |lullz
—div(AVy) = f+ Bu in Q, (1.1)
y|8Q = 07

where  is an open bounded domain in R™ with Lipschitz boundary 99, L?(Q) stands for the
usual L2-inner product space, K is a nonempty closed convex set in L3(2), f, zq € L*(Q), B
is a continuous linear operator from U = L?(Q) to L?(Q), H = L?*(Q), and

A() = (@05 ()) e € (L(Q)"",
such that there is a constant o > 0 satisfying that for any vector X = (1, 22,...,2,) € R"

XTA(z)X > o||X||%. for almost all z € €,
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n 1/2
|| X = <Z%2> «
=1

In this paper, we only consider the two dimensional problem, i.e., n = 2.

where

Problem (1.1) is crucial in many engineering applications see, e.g., [26,32]. Finite element
method is one of the efficient numerical methods for solving (1.1); the literature in this aspect
is huge (see, e.g., [1-3,13]). Systematic introduction to the finite element method for partial
differential equations and optimal control problems are available in, for example, [10,26,32]. At
present there are extensive theoretical studies of the finite element approximation for various
optimal control problems, see, e.g., [1,8,35] for a priori error estimates, and [2,3,9,28,29] for a
posteriori error estimates. Very recently, superconvergence has been considered in [8,11,27,31]
for Galerkin finite element methods and in [8] for mixed finite element methods.

In the present paper we study two numerical approaches of higher accuracy, namely, [11,27,
31] the Richardson extrapolation schemes and an interpolation defect correction method in the
H'-norm.

As an efficient numerical method to increase the accuracy of approximations, the Richardson
extrapolation has been demonstrated in [30] for the difference method, in [5-7,12,14,15,17-
22,24,25,33,34,37-39] for the (Galerkin and Petrov-Galerkin) finite element method and the
mixed finite element method, in [16,36] for the collocation method and the boundary element
method, respectively.

The defect correction of (Galerkin and Petrov-Galerkin) finite elements by means of an
interpolation postprocessing technique is another numerical method to obtain approximations
of higher accuracy, which has been studied for a wide variety of models. See, for example,
[4,6,17,18,21,23] and the references cited therein.

This paper is organized as follows. In Section 2, the approximation subspace and the vari-
ational formula of (1.1) are provided. Also, the asymptotic expansion of the finite element
approximation is presented in this section for the future need. To the best of our knowledge,
the asymptotic expansions are new in that they are obtained under the condition that the
mesh is uniform in 2- or y-direction (not both z- and y-direction), which is different from those
presented in the previous literatures (see, e.g., [7]). Section 3 is devoted to investigating the
asymptotic expansions of the exact solution to the model problem in the H'-norm. Two numer-
ical approaches of the Richardson extrapolation schemes are presented in Section 3. Section
4 deals with an interpolation defect correction approximation in the H'-norm based on the
results given in Section 3. Furthermore, at the ends of Sections 3 and 4, a posteriori error
estimators are furnished as by-products of these numerical solutions with higher convergence
rates. Some related problems are addressed in Section 5.

2. The Asymptotic Expansion

In this section we first give the weak variational formula and the finite element method for
the convex distributed optimal control problem (1.1). To this end, we denote the standard
Sobolev spaces by W 4(Q2) on the domain € with the norm || - ||, and the seminorm | - |, 4.
Also, we denote W™2(Q) by H™(Q) with the norm || - ||,, and the seminorm | - |,,,. We set
HYQ) = {v e H(Q) : v|pa = 0}. In addition, throughout the paper, C stands for a generic
positive constant, independent of the mesh size h, whose specific value depends on the context
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in which it appears. Then, the weak form of (1.1) is

. 1 1
mip { 31y~ zall + 31l }

a(y(u),v) = (f + Bu,v), Vv e H}(Q),

where
a(yo) = [ (AVe. Vo, Vv H'(@)
Q

(u,v) = / uv, Vu, v € L*(Q).
Q

It has been proved in [26] that Problem(2.1) is equivalent to the following optimality conditions:
Find the triple (y*, p*, u*) such that

a(y*,v) = (f + Bu*,v) Yo eY = H}Q),
a(p®,q) = (y* = 24, 9) Vg €Y = Hy(9), (2.2)

(u* + B*p*,w —u*) >0 Vwe K CcU = L*Q),

where B* is the adjoint operator of B.

In this paper, we only consider the unconstrained case, that is, K = U = L?(f2), which is
the special simple case, but the ideas used in analysis are quite general [26]. Thus, it is easy
to deduce from (2.2) that u* = —B*p*. For the sake of simplicity of analysis, we take B = I,
and 2 a rectangle in R?. Then (2.2) can be rewritten into (we denote y* by y, and p* by p for
simplicity)

{ a(y,v) + (p,v) = (f,v) Yo € Hy(), 23)
a(p,q) = (y,9) = (~za,9) Vg € Hg(9),
which is the weak form of the following problem:

—div(AVy)+p=f in €,

—div(AVp) —y = —=z inQ,

(4¥p) . -
y=0 on 082,
p=20 on 0f).

Now let us consider the finite element approximation to (2.3) in two-dimensional case. To this
end, let Tj, n, be a finite element partition of € into regular rectangles, where hy and hy are
the mesh sizes in x1- and zs-axis, respectively. Denote the finite element space by

Vhy he = {v €C(Q): vl €Qra(e), Ve e Thl,hz};

where @), represents the space of polynomials of degree no more than m and n in x; and x>
on element e, respectively. Moreover, we let

Vit ha = Vi ne N HG ().

Then the finite element approximation of (2.3) is: Find yn, hys Phy by € V}?17h2 such that

{ a’(yh17h2’vhl7h2) + (phhhzvvhl,hz) = (f7 vhl,hz) vvh17h2 € Vf?l,hrz’ (2 5)

a(phl,hwth,hz) - (yhhhw thah2) = (_Zd’ Qh17h2) thhhz € Vi?l,hz’
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which, together with (2.3), leads to the following finite element error equation:

_ 0
a(y ~ Yhi,has Uhhha) + (p - phl,hzvvh1,h2) =0 vvhth € Vhl,hzv

(2.6)
a(p - ph1,hzvvh1,h2) - (y - yh11h27qh17h2) =0 thl,h2 € Vf?l,hZ'
From [25] we recall the following lemmas.
Lemma 2.1. Assume that a € H*(Q) and u € H?(Q). Then, we have
/ a(u - ih17h2u)wlvh1,h27$1
Q
% 2
Z 3 / aufElIQIQ @1Vhy by T Z . /O‘Iluxlxl (Uhl,h2)l’1
€€Thy ,ny €€Thy hy €
4
+ O [[ulls|[ony hollts  Vhy ke € Viy pys
where h = max {Rh1 e, hoe} and iy, n, stands for the bilinear interpolation operator.

€€Thy hy

Lemma 2.2. Assume that o € H3(Q), u € H5(Y), and the mesh is uniform in x- or y-

direction. Then, we have

/ a(u - ihl,hzu)Iz (Uhl,h2)frl
Q
E /OéuIIIlIZ vh17h2 E /auﬂﬁzﬂﬁz z1 vh17h2) 2

€€Thy hy €€Thy ,hy

=+ O(h’4)||u||5||vhl7h2||17 Uhy,he € Vhl,hzv

where h = r%lax {P1,e,h2e} and in, n, stands for the bilinear interpolation operator.
€€Thy hy

Lemma 2.3. Assume that a € H'(Q) and u € H*(Q). Then, we have

/ a(u — ihl,hQU)%,hz
Q

2
2
= /auililvhl,hz 3 /auwzwzvhl,hz

GETh1 ho eET’n hao

+ O(h4)”u||3”vh1,h2||1’ Vhy,hy € Vhl,h27

where h = I%laX {P1,e; ha,e} and i, n, stands for the bilinear interpolation operator.
€€Th hy

Theorem 2.1. Assume that a;; € H*(Q) (1 <14, j <2), y € H*(Q), and the mesh is uniform
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in - or y-direction. Then, we have

a(y — ihl,hgyavhl,m)

E / all xlyzlzl (Uhl h2 T E / a22yz2z1r1 Izvhl,hz

€€Thy hy CeThl ho
+ E / a’22 ZL’QyCEQ:EQ vhl,hz o E / a11y211212 xlvhl h2
PEThl ho eEThl ho
2
1
E a21y$1$1 T2 vhl,hz 1 § 3 a12yI1I2I2(vhl,h2) 1
e€Thy ,hy e€Thy hy
2
2
E a12ya:2932 z1 Uhl,hz T2 E 3 a21y$2$1$1 (Uhl,h2) T2
€€Thy ,hy €€Thy hy
4 0
+ OMI)yllslvny hallts  Vhihe € Vi ny- (2.7)
Proof: The desired result (2.7) follows directly from Lemmas 2.1 and 2.2. O

Corollary 2.1. Ifu € H3(Q), a;; € H(Q), and the mesh is uniform in z- or y-direction, then
we have

|a(u - ihl,hzu’ ruhhhz)‘ < Oh2‘|u||3”vh17h2||17 Uhy,ho € ‘/}?1,h2'
Corollary 2.2. If u € H*(Q), then we have
|(u - ihl,h2u7vh17h2)‘ < Ch2”u||2”vh1,h2”07 Vhy,hy € Vi?l,h2'

In addition, we also need the following lemma.

Lemma 2.4. Assume that the matriz A is positive definite. Then the seminorms

o ::/(VU7VU)32 and |o|% ::/(AVU,VU)Rz
) Q

are equivalent.

3. The Richardson Extrapolation

On the basis of Theorem 2.1 and Lemma 2.3, we discuss in this section the asymptotic
expansion of the error between the finite element solution and the bilinear interpolation of the
exact solution of (2.3) in order to establish the asymptotic error expansion of the finite element
approximation in H!'-norm. The Richardson extrapolation of two different schemes will be
performed to generate high order approximations to the exact solution of (2.3).

3.1. The Richardson extrapolation in two directions

We first discuss the global extrapolation method of finite element approximation for (2.3) in
both x7 and z9 directions in this subsection. In order to do it, we first consider the asymptotic
expansion of finite element approximation for (2.3) in both x1 and zs directions as follows.
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Theorem 3.1. Suppose that (y,p) and (Yn, hysPhy hy) 6re the exact solution of (2.3) and its
finite element solution, respectively, and a;; € H*(Q) (1 < i,j < 2), y, p € H*(Q). Then, in
the sense of the H'-norm we have the following asymptotic expansions:

Yhi,he = ThyhoY = h2£h1,h2 + O(h4)7

Phyhy = Ghy haD = W2 1ny ny + O(hY),

where (Eny hys Mhy he) € Vf?l,hz X V}?l’h2 and will be specified in the proof, and in, n, is the bilinear
interpolation operator.

Proof. Set

Phi,hy *= Yhy,hy — ihl,th and ehl,hz ‘= Phy,hy — ihl,th'
Then, it follows from (2.6) that
a(phhhz ’ vh17h2) + (9h17h27 Uhl,hz)

:a(y - ih17h2y7 Uh],hz) + (p - Z.h1,h2p7 /l}h17h/2) Vvhhhz S Vi?l,hgv (31&)

and
a(9h1,h27qm,h2) - (phlth’ qh1,hz)

:a(p - ih17h2p7 qh17h2) - (y - ihl,h2yv th,h2) thl,hz € V}'?l,hg' (31b)

Furthermore, from Theorem 2.1 and Lemma 2.3 we know that

a(y - ih17h2y7 vh1,h2) + (p - ih17h2p7 Uhl,h2)

:h2Gh1,h2 (Uh17h2) + O(h4)”y”5”’l)h1,h2”1 Vvhhhz € Vf?l,hza (3.2&)
and
a(p - ih1,h2pv th,hQ) - (y - ihl1h2y7 th,h2)
:hQthhz (thth) + O(h4)”p”5||q}n7h2”1 thlle € V}'?17h2’ (32b)
where
1/ hie\ 1/ hie\”
Ghl,hz ((b) Z g ( h’€> /(all)ﬂhywlll(bﬂm + Z g ( h7€> /(a22y121111)$2¢
eeThlth € eeThl‘h,z ¢
h2,e 2 1 h2,e 2
+ Z =5 < h ) /(a22)m2y1212¢12 + Z g ( h /(a11y$1$2$2)11¢
€€Thy hy € €€Thy hy ¢
1 /(e 1/ e\
_ Z g ( A > /(a21yzlzl)m2¢x1 - Z g ( A /a12ya:1x212¢x1
€€Thy hy ¢ €€Th hy €
1 (hye\> 1 (hye\>
_ Z g ( he> /(a12ymzwz)w1¢w2 Z g ( h /a2lyw2m1w1¢z2
e€Thy ny ¢ e€Thy ,ny ¢
1 /o> 1 (hye\>
_ Z g < h, ) /ym1m1¢ Z g < h /ymgm2¢’
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and
1o\ 1 /(e
th,hg (¢) = Z g < Z€> /(all)xlpxwmw;m + Z g ( ;,e) /(a22px2x1x1)x2¢
€€Thy ,ny ¢ €€Thy ,hy ¢
1 hg e 2 1 h2 e 2
+ Z g h’ /6(022)12171212%2 + Z g h7 ) /e(allpmlﬂaﬂa)xﬂ/]

€€Thy hy e€Thy hy

eeThl,hQ €€Th1 ho
2 2
1 (hae 1 (hae
- E g }17 (a12p$2$2)$1 1/)552 § g h’ a21p$2$1$1¢£2
€€Thy ,ny ¢ €€Thy ,hy ¢

(%)

S ;(’%)2 A(azlpwﬂl)m%— 3 ;(h;)Q / 12D 33V
(%)
(%)

2 1 h2 2
/pmll’lw—’_ Z g (hje) /p12121/}‘

€€Thy ,hy

Obviously, we have

Ghyj2.h2/2(9) = Ghiny(9)  and  Li, y2 nys2(¥0) = Liny ny (). (3.3)

Let (§,1) € Hy(Q) x Hy(Q) and (Eny hys Mhy hy) € Vi) py X Vih 1, e the solution and the finite
element solution of the following auxiliary problem, respectively,

{ a(f’ 'U) + (77»1)) = Gh17h2 (U) Vv € H(}(Q)v (3 4)
a(n,q) = (&,9) = Ln,no(9) Vg€ Hi(Q).
Then, from (3.1), (3.2), and (3.4) one finds that
a(phl,hz - h2€h1,h2; Uhl,hz) + (ehl,hz - thh17h27vh1,h2>
:O(h4)||y||5”vh1’h2||1 Vvhth € Vhol,h27
a(ehl,hQ - hznhhhgaqhhh’z) - (ph1,h2 - h2§h1,h2a qh1,h2)
=O(h)Ipllsllgn, mallt Von, e € Vigs gy
Let
le,hz = Phy,hy — h2§h1~,h2 and 921,112 = th,hQ - h277h1,h2~
Thus, we have
a(PZI,hza vhhhz) + (ezl,hgvvhhhz) = O(h4)”y||5||vh17h2”1 vvhl,hz € V}?l,hQ’ (353)
a(ezl,hqu}thhz) - (le,hQ»th,hg) = O(h4)||p”5||q}l1,h2”1 V(thhg € Vi?l,hg' (35b)

Moreover, take vp, ph, = py, 5, and qn, n, = 0 4. in (3.5) to obtain

@Dy hys Py ) + 6Oh, s Oy ) = OB (ylls 1105, o1 + 112115105, 4,111),

which, together with Lemma 2.4, Poincare inequality and Schwartz inequality, yields that there
are positive constants o and 3 such that

a (1, mo 1T+ 1105, 1, |17)
S‘le,hzﬁ + |9;1,h2|§
<B(a(Phy has P sns) + @05y s O 1)
<CR®((llyll3 + llplI3) + %(HPR,MH? + 165, 5, 111))-
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This implies
9%y o lIE + 1107, w17 < CRE(Jlyl1Z + 1Ip1]3)-

Therefore, we have
10hy nallt < CR*(Ilylls + 11pll5) +

165, 1l < CR* (Ilylls + [Ipl]s) - H

Following the procedure for Theorem 3.1 and utilizing Corollaries 2.1 and 2.2 we can also
prove the following result.

Lemma 3.1. If (£,1) € Hy(Q) x Hy(Q) and (ny has My he) € Vid iy X Vies 1, are the solution
and the finite element solution of (3.4), respectively, and if the mesh is uniform unidirectionally,
then we have the superconvergent estimate

||§h17h2 - ih17h2€||1 + ||77h1,h2 - ihl,h277”1 < Oh2(||£”3 + H77||3)

Now we use the interpolation postprocessing technique to get a global extrapolation approx-
imation of higher accuracy. Let us consider the global extrapolation method of finite element
approximation for (2.3) in both x; and x5 directions. Analogous to [12], [15], [17], we need to
define a postprocessing interpolation operator IzilhlAhz to satisfy

Iih1,4h2ih1yh2 = Ijllhl,llhz’ (36&)
3, any Vi b llt < Cllvn,nallt Yon, he € Vi s (3.6b)
i, an,w —ulls < CRYulls  VYu € HY(Q). (3.6¢)

To this end, we assume that the rectangular partition T}, 5, has been obtained from Tyn, an,
with mesh size 4h by subdividing each element of Ty, 4pn, into 16 small congruent rectangles.
Let 7 := Ullil e; with e; € Th, p,. Then, we can define a postprocessing interpolation operator
Iffhl Ahs associated with Typ, ap, of degree at most 4 in x; and x2 on 7 according to the following

conditions:
Ijllhl ,4h2u|‘r € Qa,4(7),

(Hanate) () = ulz),  i=1,2,...,25,

where z; (i = 1,...,25) is one of the 25 vertices of the 16 small elements e; (i = 1,...,16). It is
easy to check that the operator ijhh 4h, defined by (3.7) is of the properties described in (3.6).
We are now in a position to assert our main result in this section.

(3.7)

Theorem 3.2. We have under the conditions of Theorem 3.1 that
Izh1,4h2yh1,h2 —Yy= h2€ + Thy,ha> ||Th1,h2||1 < Ch4’
Liny anaPhoshe =D =120+ 15 g [l g, Il < CRY,
where (&,m) € Hi(Q) x HL(Q) is the solution of (3.4).

Proof. Let
_ L . 2.
Thi,ha = Yhy,hy = Chy,hoY — h Zh17h2£'

Then, it follows from Theorem 3.1 and Lemma 3.1 that

||Fh17h2||1 < Ch*.



Extrapolation and Defect Correction for Optimal Control Problems 63
Thus, we find from (3.6) that

4
I4h1,4hzyh1,h2 -y
4 . 4
:I4h1,4h2 (’yhl,m - Zhl,hzy) + (I4h1,4h2y - y)
4 2 — 4
=3y any (Biny 100§+ Thy hy) + (Lipy an,Y — )

274 4 = 4
:h I4h1,4h2€ + I4h1,4h2rh1;h2 + <I4h1,4h2y - y)

:h2§ + h2 (Iilhl,llhzg - g) + ijh1,4h2Fh17h2 + (Iih174h2y - y)

=h2E + Ty o
where
Thyhg = B2 (L, an,€ — &) + Liny anoThohe + (14 )
hi,ha - 4hy,4hso 4hy,4hoThi ha 4hy 4k Y — Y
with |7, n,|l1 < Ch*. Analogously, we can also get the second equality in the theorem. O

Theorem 3.2 guarantees that we can use low order finite element solutions to generate high
order approximations by the Richardson extrapolation. And thus, we employ, in addition to
Vhol,hz X Vh(l)hh27 the finite element space Vhol/Q,hg/Q X V,?l/2’h2/2 gained by subdividing each
element e; € Top, 2p, into 16 small congruent element é; € Ty, 2. 1,72 (7 = 1,2,...,16). Denote
bY (Uhy /2,ha /2 Pha J2,h2/2) € V}?1/2,h2/2 X V}?1/2,h2/2 and I3, . the finite element approximation
and the postprocessing interpolation operator of degree at most 4 in x; and xo with respect to
this new partition. From Theorem 3.2 we know under the H'-norm that

h 2
Ighl,thyhl/g,M/Q —y= (2> £+ O(hY),

which produces by applying the Richardson extrapolation that under the H'-norm
1
5 (4I§h1,2h2yh1/2,h2/2 - Iih1,4h2yh1yh2) = y + O(h4) (38)
Similarly, we have under the H'-norm that

1

3 (4I§h1,2h2ph1/2,h2/2 - Iffhl,4h2ph1,hz) =p+ O(h4)- (3.9)

It is very important for a finite element method to have a computable a posteriori error
estimator so that we can assess the accuracy of the approximate solutions. The superconvergent
approximations generated above in (3.8) and (3.9) can be used naturally to produce efficient a
posteriori error estimators. In fact, we can obtain by using the same way as Theorem 5.3 in
[12] the following result.

Theorem 3.3. Under the assumptions of Theorem 3.2, we have

lly — I§h1,2h2yh1/2,h2/2||1

1
:§|\I§h1,2hzyh1/2,hz/2 - Ijllhl,4h2yh1,h2||1 + (’)(h4), (3-10)
and

1D = I3h, 2haPhi 2,021

1
:§|\I§h1,2h2ph1/z,h2/2 — I, anyPhahall1 + O(RY). (3.11)
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In addition, if there exist positive constants C1, Cs, €1, and €3 such that

|y = I3, onoYni j2.ma 2]t > C1A* ™, (3.12)
llp — I§h1,2h2ph1/2,h2/2”1 > Cah*™, (3.13)

then we have

| ‘I§h1,2h2yh1/2,h2/2 - Ijllhl,4h2yh1,h2 I[1

lim =1, (3.14)
h—0 3|y = Ign, anyYnaj2.ha /2|1

4 4
lim lehl,zi@phl/i,hgﬂ - ]4h1,4hgph1,h2||1 1 (3.15)
h—0 3|lp — 12h1,2h2ph1/2,h2/2”1

From (3.10) we see that the computable error estimator

1
g|\I§h1,zh2yh1/z,h2/2 — Iihy anyYnoho |1

is the principal part of the error ||y — I§h172h2yh,1/2,;,,2/2||1, and can be used as an a posteriori
error indicator to assess the accuracy of the finite element error ||y — I§h172h2yh1/2,h2/2 |1. Mean-
while, the condition (3.12) seems to be a reasonable assumption because O(h?) is the optimal
convergence rate of ||y — I3, o Un, /2,n,/2/[1 according to Theorem 3.2. Then, it can be further
seen from (3.14) that the a posteriori error estimator

1
g|\I§h1,zh2yh1/z,h2/Q — Iihy anyYnoho |1

is quite reliable. The same comments are also valid for (3.11), (3.13), and (3.15).

3.2. The Richardson extrapolation in one direction

The approach introduced in the last subsection has a limitation in that it requires a global
and uniform refinement in both the z1- and zs-directions, and hence, it wastes computing
time and memory. To overcome this shortcoming, here we propose an extrapolation method
of a partial refinement (see [17] and [38]), in which the meshes are refined just in either the
x1- or xo-direction. Thus, this method is more efficient and is also more suitable for parallel
computations.

Theorem 3.4. Under the conditions of Theorem 3.1 we have in the sense of the H'-norm that

Yhi,ha — ihhhzy = h%§i17h2 + h’%gﬁl,hg + O(h4)a
Phyhe — hy hoD = W30 0+ h305 4, + O(RY),

1 1 2 2 0 0
where (ghhhz’nhl,’m)’ (ghl,h2’nh17h2) € Vhl;hQ X Vhl,h2'

P’f’OOf. Let (517771)’ (5277]2) € H&(Q) X H&(Q) and (gllzl,hynfltl,hQ)’ (5}27,1,]7,2’77}27,1,}12) € Vl'?l,hg X
V’?17h2 be the exact solutions and the finite element solutions of the following two auxiliary
variational problems, respectively:

{ A€ 0) + (' v) = Lu (v), v € HY(S), (3.16)

a(n',q) = (§',9) = Lan, (), g€ Hy(),
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and
a(£271}) + (77271)) = L2,h2(v)a v E H(}(Q)a
2 2 1 (317)
a’(n 7(]) - (5 7Q) = L4,h2(q)7 q € HO (Q)7
where
1/ he\” 1/ hie)”
Ll,hl (¢) = Z 9 (all)rlymlﬂﬁl(bl’l + Z 9 (a22y121111)1’2¢
3 hl e 3 hl e
€€Thy ,ny €€Thy ,ny
1 (hie)\? 1 /(e
_ Z g <hl’> /(a21y1111)w2¢w1 - Z g (;) /a12yI1I2m2¢w1
€€Th1‘h2 1 € €€Th17h2 1 €
1 /e
— Z — <}i7) /y$1$1¢5
1 e
€€Thy hy
1 (hae)” 1 (hae)”
L2 ho (d)) Z 9 2 /(022)z2ym2m2¢x2 + Z 9 % /(allyzlz2z2)l’1¢
3\ ) L 3\ ) ).
€€Thy ,ny €€Thy ,ny
1 (hoo)? 1 (hye\>
— Z g (}i) /(a12y1212)w1¢w2 - Z § (;) /a21y$2$1:131¢w2
eGThl‘hz 2 € GGT},,]’},? 2 €
1 (hye\>
_ Z g < h; ) /eyxzx2¢a
€€Thy hy

2 2
L3,h1 (1/]) = Z % <h1’6> /(all)z1pwlfb1w11 + Z % (hl’e) /((122]9;1;2;1;1951)127/)

e€Thy hy h e€Thy hy h
1/ he\” 1 (hie\”
- Z - L /(a2lpm1m1)x2wml - Z o L /a12p111212w$1
3\ ) L. 3\ ) L.
e€Th ny €€Thy ,hy
1 /e
s 3<h1> o
€€Thy ho
1 (hoe\’ 1 (hae)”
L4,h2 (1/]) Z 9 ( h ) /(a22)12pw2z2wx2 + Z g ( h /(allpm1m21’2)zl¢
2 e 2 e
PEThlth €€Thlyh2
1<h26>2/ 1 (hae)”
- Z . — (a‘12pI2I2)1‘1w1}2 - Z S —= /a21p$2$11‘1w1’2
€€Thy hy 3 ha ¢ €€Thy,ny 3 ha c
1 (hye\?
+ 3 < e ) /epmmw-
€€Thy hy

From (3.1) and (3.2) one finds that

a(phuhw vhl,hfz) + (9h1,h2 ) Uh1-,h2)
=hTL1n, (Vhy o) + B3 L2 ks (Vhy )5 Vhyhs € Vi iy
and
a(9h15h2’ qh1,h2) - (phl,h27 th,hz)

_ 12 2 0
=hiL3 hy (Vny,hy) + h5Lany (Vny ks )y Ghaihe € Vi pys
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which, together with (3.16) and (3.17), implies

a(ph17h2 - h%f}ltl,hg - h%flzn,hg’ Uh17h2) + (Ghl,hz - h%n}lzl,hz - hgnil,hyvhhhz)
:O<h4)”y||5”vh17h2”17 Uhy,hy € V}?l,hgv (3188‘)

and

a(ehhhz - h’%nilzl,hg - h%n}%l,hzv Qh17h2) - (ph17h2 - h%é.}Ll,hg - h%é}%l,hza th,hz)
=O(h")||pll5]|any hal |15 Ghy e € Vi hys (3.18b)

where (& 4, 7h, p,) and (&7 1., m7 5,) are the finite element solutions of (3.16) and (3.17),
respectively.
Set

ﬁh1,h2 ‘= Phy,hy — hfgilzhhz - h%f}%1,h27 ehhhz = ehhhz - h%nilzhhz - h%nil,h2'
Then, it follows from (3.16)—(3.18) that
a(ﬁhlvh27vhlah2) + (9h17h2’vh17h2) = O(h4)||y||5||1}h1,h2||1, Uhy,he € Vhol,hzv (319&)
a(ehl,hmqhhhz) - (ﬁhl,hwqhhhz) = O(h4)”p”5||thyh2”1’ qh1,ho € Vi?l,hz' (319b)

Following the steps for the estimates of pj, ;. and 6} , in the proof of Theorem 3.1 yields by
means of (3.19) that

[15hs hallt < OB and  [|0p, py |l < Ch. O
By the same argument as that for Theorem 3.2, we can establish the following result.
Theorem 3.5. We have under the conditions of Theorem 3.4 that

Ijllhl,4h2yh1,h2 —Yy= h%£1 + h%§2 + ’thhz’ Hfhl,]le < Ch4a

4 __ 12 2 5 o 4
I4h1,4h2ph17h2 —p=him +han + Tha,ha» HrhthHl < Ch%,

where (&1,m1), (§2,m2) € HE(Q) x HE(Q) are the variational solutions of (3.16) and (3.17),
respectively.

From Theorem 3.5 one can obtain the following unidirectional Richardson extrapolation
results under the H!'-norm:

4 5
g(I§h1,4h2yh1/2,h2 + Ijllhl,thyhl,hz/2) - g(ljllhlAhzyhl,h?,) =y+ O(h4)7 (3203)
4 5
g(I§h174h2ph1/2,h2 + 12h1,2h2ph17h2/2) - g(IjllhlAhgphl,hQ) =p+ O(h4)7 (3.20b)

where (Yn, /2,has Phiy /2,h2 )y (Yhy b /2> Phi ks y2) @0 (Yhy hys Phy hy) are the finite element solutions
corresponding to the meshes Ty, /2 1oy Thy hoy2 and Ty, p,, respectively. Here, T}, /25, and
Th, hsy2 are the meshes gained by subdividing each element of T}, , into two small congruent
rectangles in z1- and xs-direction, respectively.

Similar to (3.8) and (3.9), we can also construct a posteriori error estimators by virtue of
(3.20).
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Theorem 3.6. Under the conditions of Theorem 3.5, we have

Ny = I3n, anyUni j2.h0 |11
La 4 4 4
:§H12h1,4h2yh1/2,h2 + 414, onyYhy hay2 — 9iny anyYha ko |1 + O(RY),
4
P = I31, 4k, Phy /2,02 |1
L 4 4 4
=§H12h1 AhaPhy/2,he T AL, onyPhy e /2 — DLin, anyPha bt + O(R7),
lly — Iﬁ%hl,thyh17h2/2||1
1
:§\|Ifh1,2h2yh1,h2/2 + 4I§h1,4h2yh1/2,h2 - 5I§h1,4h2yh1,hz|\1 + O(h),
llp — Ifhl,QhZPhl,hg/zﬂl
La 4 4 4
:§‘|I4h1,2h2ph1,h2/2 + 4L, anyPhi 2,0 = 5Lany anyPh bl + O(R7).
In addition, if there exist positive constants C1, Co, C3, Cy and €1, €3, €3, €4 such that
|y — I3, anyUnij2.hsll1 = CrhA—er,
||p - Ighh4h2ph1/2,h2||1 > 02h4_627
Iy — ijhl,zhzyhl,hgﬂ”l > C3h'=,

||p - Ijllhl,thpthz/QHl > C4h4_64’

then we have

4 4 4
||I2h1,4h2yh1/27h2 + 4I4h1,2h2yh17h2/2 - 5I4h174h2yh1,h2||1 B

il 3010 — L, any /2l -
- 113,40 Phs /2.8 + iy 20Phs o /2 = Sy angProiallt .
h—0 3|lp — I§h1,4h2ph1/27h2||1 ’
lim ||4I§h1,4h2yh1/2,h2 + Ijllhl,Qthhl,hg/Q - 51§h1,4h2yh17h2||1 -
h—0 31y — Iy, 2n,Yha ko2l 7
lim ||4I§h1,4h2ph1/2,hz + Ijllhl,thphlvh2/2 - 5If;z1,4hgph1,h2|\1 —1
h—0 3P — Ly, on,Phy ko2l

4. The Interpolation Defect Correction

In this section we propose and investigate an interpolation defect correction scheme (see,
e.g., [18,20, 21, 23]) applied to the finite element solution (yn, h,,Pr k) € V}?hhz X Vhohh2
to obtain approximations with higher convergence rate. Also, these new approximations are
naturally used to form a posteriori error estimators in order to estimate the actual accuracy of
the finite element solutions.

First of all, for the future need we construct another interpolation operator 122h1,2h2 associ-
ated with the mesh Tbp,, 25, to satisfy

122h1,2h2ih17h2 = I22h1,2h27 (41&)
13, 2ny Vi hallt S Cllvnynallt YR, 1y € Vi 4y (4.1b)
113, 2nyu — ulls < Ch?|[ul|3 u € H(Q). (4.1c)
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Then, similar to the last section, it is again assumed that the rectangular partition T}, », has
been obtained from 75y, 25, With mesh size 2h by subdividing each element of T, 2, into
four small congruent rectangles. Set é := U?:l e; with e; € T, n,. And thus, the interpolation
operator 1'22,1172,12 of degree at most 2 in 1 and z2 on € is defined as follows:

122h1,2h2u|é € Q22(¢),

122h1,2h2u (z:) = u(z), i=1,...,9,

where z; (i =1,...,9) are the nine vertices of the four small elements e; (i = 1,2,3,4). We can
also check that the interpolation operator 122,1172,12 defined above is of the properties indicated
in (4.1).

In addition, we also need a pair of finite element projection operator Rp, n, X Shy h, :
H(Q) x HY(Q) — V}?hhz X VhOh,12 defined by

a(Rh17h2y - Y vh1,h2) + (Shhth - b vh1,h2) Uhy,hy € V}?l,hza

=0,
a(Shy haD = Py Qhyhy) — (Rhy ho¥ = Y5 Qi hy) = 05 Ghyhy € Vi gy

Then, (Rp, hyY, Shy,hyp) is the solution of (2.5) if (y, p) is the solution of (2.3).
Theorem 4.1. Suppose that the conditions of Theorem 3.2 are fulfilled. Then, we have

Hyihhz - y||1 + ||p;k7,1,h2 _p||1 S Ch’47

where
* 74 2 2 4
Yhi,ho = I4h1,4hzyh1,hz + I2h1,2h2yh1,hz - Izh1,2h2Rhl,hzf4h1,4hzyh1,hz>

* 74 2 2 4
Phihy = I4h1,4h2ph17h2 + 12h1,2h2ph17h2 - I2h1,2h2‘8h17h2]4h1,4h2ph17h2'
Proof. 1t has been proved in Theorem 3.2 that
I} —y=h%*+ ith || I, < Ch?
4hy,4hoYh1ihe — Y = Thy,hy W1 Thyhaolll = .

Then, multiplying this equality by the operator (I — I22h1’2h2Rh17h2), where [ is the identity
operator, yields in H'-norm that

(I - ‘[22h1,2h2Rhl,h2)<12h1,4h2yh1,h2 —Y)
=h*(I — 122h1,2h2Rh17h2)§ + O(h*)
=h*(¢ — I22h172h2§) + h2(122h1,2h25 - 122h1,2h25h1,h2) +O(h*)
:h2122h1,2h2 (ihyho€ = &haony) + O(RY),

where we have used
1€ — I22h1,2h2§”1 < Ch2||§||3 and 122h1,2h2ih1,h2 = 122h1,2h2

according to the properties of the operator I22h1,2h2 described in (4.1). Furthermore, it follows
from Lemma 3.1 and the inequality

||I22h1,2h2 (ihl,hzg - ghl,h2)||1 < CHihthE - §h17h2||1

that in H'-norm
(I - 122h172h2Rh17h2)(Ijllhl,zkhzyhl,hz - y) = O(h4)7
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and the left-hand side is nothing but

2 4 *
(I - I2h1,2h2Rh1,hz)(l4h1,4h2yh17h2 - y) =Yhi,he — Y-
Similarly, from the equality
Ijllhl,ﬁlthhl,hQ —-p=hn+ Thy by With [|rh, 5ol < cnt

we can derive that
p;ﬂu}hz —p= 0(h4) in H'-norm. 0

Analogous to Section 3 we can utilize the superconvergent approximation provided in Theo-
rems 4.1 to establish a posteriori error estimators for the finite element solution of the problem
(2.3). In fact, we have

Theorem 4.2. If the conditions of Theorem 4.1 are satisfied, then
||y - yhl,h2”1 = Hy;;l,hg - yhl,h2”1 + O(h4)7
||p 7ph1,h2”1 = szl,hQ 7ph17h2”1 + O(h4)

Furthermore, if there exist positive constants Cy, Ca, €1, and €z such that

Ny = Yy mollt = CLA* ™ [Ip = phyno |1 = Coh* =2,
then we have . .
||yh1»h2 - yhl,h2||1 —1, lim thl,hg _phl,h2”1

1 =1.
h=0 ||y = Y, ho|l1 h=0 ||p = Phyholl1

5. Discussions

In this paper, we derived asymptotic error expansions in the sense of H'-norm for the bilinear
finite element approximation to a class of optimal control problems under rectangular meshes.
Based on the asymptotic error expansions, the Richardson extrapolation of two different schemes
and an interpolation defect correction are provided. Furthermore, as a result of all these higher
order numerical approximations, they can be used to generate a posteriori error estimators
for the finite element approximation. It should be pointed out that in order to obtain the
asymptotic error expansions, the high regularity of the solution to the state and adjoint equation
is assumed. This assumption is too strong for many practical problems. However, it is still
significant to provide these numerical schemes with high accuracy for optimal control problems
in either theory or practice.

There are many important issues remaining to be addressed in this area, including high
accuracy analysis for more complicated control problems. Moreover, many computational issues
have to be addressed for designing high accurate numerical methods for the optimal control
problems.
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