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Abstract

We consider the approximation of systems of reaction-diffusion equations, with the
finite element method. The highest derivative in each equation is multiplied by a parameter
e € (0,1], and as e — 0 the solution of the system will contain boundary layers. We extend
the analysis of the corresponding scalar problem from [Melenk, IMA J. Numer. Anal.
17(1997), pp. 577-601], to construct a finite element scheme which includes elements of
size O(ep) near the boundary, where p is the degree of the approximating polynomials.
‘We show that, under the assumption of analytic input data, the method yields exponential
rates of convergence, independently of €, when the error is measured in the energy norm
associated with the problem. Numerical computations supporting the theory are also
presented, which also show that the method yields robust exponential convergence rates
when the error in the maximum norm is used.

Mathematics subject classification: 65N30.
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1. Introduction

The numerical solution of reaction-diffusion problems whose solution contains boundary
layers has been studied extensively over the last two decades (see, e.g., the books [5,6,8] and
the references therein). The presence of boundary layers in the solution cannot be overlooked,
and if one wishes to obtain an accurate and robust approximation, special care must be taken
when constructing the numerical method. In the context of the Finite Element Method (FEM),
the robust approximation of boundary layers requires either the use of the h version on non-
uniform meshes (such as the Shishkin [11] or Bakhvalov [1] mesh), or the use of the high order
p and hp versions on specially designed (variable) meshes [10]. In both cases, the a-priori
knowledge of the position of the layers is taken into account, and mesh-degree combinations
can be chosen for which uniform error estimates can be established [2,4,10].

In recent years researchers have turned their attention to systems of reaction-diffusion prob-
lems — see [3] and the references therein for a recent survey. In general, one-dimensional
reaction diffusion systems, like the one considered in the present article, have the following
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form: Find u such that

2

_g2d” 0
€142
L7 = THAT=F i Q=(0,1), (1.1)
0 g2 4
m dx2
w0) = w1)=0, (1.2)

ain(z) ... aim(x) _ fi(z)
a=| | Fo=| | (13)

am1(z) o A () fm ()

The data {¢;},",, A and 7) are given, and the unknown solution is w (x) = [u1 (), ..., um ()]
The functions a;;(x) are such that for any z € Q = [0, 1], the matrix A is invertible (with | A~||
bounded) and moreover

ETAE >a*€T¢ VE eRrR™, (1.4)

for some constant a > 0.
We will restrict ourselves to the case ¢, = ¢ V ¢ = 1,...,m, which allows us to express
(1.1)~(1.2) in vector form as: Find % such that

LT =0 +A7 =f i Q=(0,1), (1.5)
w(0)=w(1)= 0. (1.6)

The presence of the small parameter € in the above boundary value problem causes the solution
W to contain boundary layers of width O(|eIne|) near the endpoints of . To illustrate this,
we consider the case m = 2 with

A= [_21 _ﬂ . f)= m . e=10"2

Figure 1.1 shows the exact solution corresponding to the above data and clearly shows that
both components contain a boundary layer.

Our goal in the present article is to extend the analysis of [4] for the analogous scalar problem,
to show that under the assumption of analytic input data, the hp version of the FEM on the
variable three element mesh A = {0, kpe, 1 — kpe}, k € RT converges at an exponential rate (in
the energy norm defined in eq. (2.6) below) as the polynomial degree of the approximating basis
functions p — oco. Strictly speaking, the method is not an hp version, since the location and not
the number of elements changes as the dimension of the approximating subspace is increased;
a more appropriate characterization would be a p version on a variable mesh. In addition to
extending the results of [4] to systems, our proof does not use Gauss-Lobatto interpolants (like
the one in [4]), but rather we achieve the desired result using the approximation theory from [9]
with integrated Legendre polynomials, something that is of interest in its own right. More
importantly, the present approach allows us to define the constant s used in the mesh in a more
concrete way.

The rest of the paper is organized as follows: In Section 2 we present the model problem and
discuss the properties of its solution. In Section 3 we present the finite element formulation and
the design of the p/hp scheme we will be considering, along with our main result of exponential
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Fig. 1.1. The exact solution with ¢ = 1072

convergence. In Section 4 we present the results of some numerical computations for two model
problems, and in Section 5 we summarize our conclusions.

In what follows, the space of squared integrable functions on an interval 2 C R will be
denoted by L? (), with associated inner product

(u,v)q ::/Qu(m)v(x)dm.

We will also utilize the usual Sobolev space notation H* () to denote the space of functions on
Q with 0, 1,2, ..., k generalized derivatives in L? (), equipped with norm and seminorm ”Hk,ﬂ
and |-|, ¢, , respectively. For vector functions o

[ug (), ..., U (2)]7, we will write

2 2 2
k. = llunll g + -+ lumlli g -

We will also use the space

(@ = {ue i @ uo =0},

where 02 denotes the boundary of Q. Finally, the letter C' will be used to denote a generic pos-
itive constant, independent of € or any discretization parameters, and possibly having different
values in each occurrence.

2. The Model Problem and its Regularity

We assume that the functions a;;j(z) and f;(x) are analytic on  and that there exist
constants C, v¢, Ca, 7o > 0 such that

e

a!

o < Cpygn! VneNg, i=1,...,m, (2.1)

oo,

|

< Coyin! ¥YneNg, i,7=1,...,m. (2.2)
00,82
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As usual, we cast the problem (1.5)—(1.6) into an equivalent weak formulation, which reads:
Find W € [H{ ()] such that

B(uW,v)=F(7), Vv € [Hj (Q)]", (2.3)
where
B(W, V) ="y (uj,v)g+ D> (aijuj,vi)g, (2.4)
i=1 i=1j=1
=2 (fivig- (2.5)

From (1.4), we get that the bilinear form B (-,) is coercive with respect to the energy norm
2
”u”EQ = U 1Q+a ||7||0,Qv (2.6)

ie.,
B (W, W) 2 [Wpe ¥ € [Hg (] (2.7)
This, along with the continuity of B (:,-) and F' (), imply the unique solvability of (2.3). We

also have the a priori estimate

Thea <5 7], (2:8)

We now present results on the regularity of the solution to (1.5)—(1.6). Note that by the
analyticity of a;; and f;, we have that u; are analytic. Moreover, we have the following theorem,
whose proof is a straight forward generalization of the proof of Theorem 1 from [4].

Theorem 2.1. Let u be the solution to (1.5)—(1.6) with 0 < ¢ < 1. Then there exist positive
constants C and K > 1, independent of €, such that

“UZ(?L)

, SCOK" max{n,e '}" VneNy, i=1,..,m. (2.9)

We will now obtain a decomposition for the solution % into a smooth (asymptotic) part,
two boundary layer parts and a remainder as follows:

—

U=uw+u +ut+T. (2.10)

This decomposition is obtained by inserting the formal ansatz

x) ~ Zsiﬂ)i(x), (2.11)
i=0

into the differential equation (1.5), and equating like powers of €, so that we can define the
smooth part W as

M
)= &My, (2.12)
=0

where the terms W o; are defined recursively by

To=A"1TF, (2.13)
UWo = A (W), i=0,2,4, ... (2.14)
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A calculation shows that
L(W — W) = M2 (Wan)"” (2.15)

hence, as € — 0, W () defined by (2.12) satisfies the differential equation, but not the boundary
conditions. To correct this we introduce boundary layer functions w+ and @~ by

LT =0inQ LT =101inQ
T(0) = —w(0) THO) =0 (2.16)
T (1) =0; TH(1) = —w(L).
Finally, we define 7 by
L? = €2M+2 (72]\/[)”, (2.17&)
T0)=7T(1)=0. (2.17b)

The following results follow from the analogous ones for the scalar problem considered in [4],
and their puprose is to provide information on the regularity of each of the components in (2.10).

Lemma 2.1. Let oy be defined as in (2.13);(2.14). Then there exist positive constants
C, K1, Ky, (K3 > 1), depending only on A and f such that for any i,n € Ny

H(E’Qi)(”) < CKZKp(2i)n.

00,02

Theorem 2.2. There exist constants C, K1, Ko € Rt depending only on 7 and A such that
if 0 < 2MeK, < 1, then w(x) given by (2.12), satisfies

H@(n)

e CEKyn! Vn e Ny. (2.18)

00,

Theorem 2.3. Let w™* be the solutions of (2.16). Then there ewist constants o, C; K > 0
independent of € and n such that for any x € Q, n € Ny, and i = 1,...,m,

‘(W)W (x)‘ < CK"e™ "/ max{n,e'}", (2.192)

(3

‘(u;&-)(n) (x)’ < CK"e—(1-®a/e max{n,é‘*l}n. (2.19h)

Theorem 2.4. There are constants C', K1, Ko > 0 depending only on the input data such that
the remainder T defined by (2.17b) satisfies

e

oS CK2e2 " (2MeK, )™, n=0,1. (2.20)

3. The Finite Element Method
For the discretization of (2.3), we choose a finite dimensional subspace Sy of Hg () and
solve the problem: Find % y € [Sy]™ such that
B(Un,V)=F(7) Y7V €[Sn]". (3.1)

The unique solvability of the discrete problem (3.1) follows from (1.4) and (2.7); by the well-
known orthogonality relation, we have

1% - Tnllp< it % - Ty (32)
vESN]™
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The subspace Sy is chosen as follows: Let A = {0 =2y < 21 < ... < xp = 1} be an arbitrary
partition of Q@ = (0,1) and set

I = (zj_1,25), hj =xj—xj_1, j=1,.., M.

Also, define the master (or standard) element Isr = (—1,1), and note that it can be mapped
onto the ;' element I; by the linear mapping

1

Z:Q](t): i(lft)l']_l‘i’%(l‘i’t)xj

With II, (Isr) the space of polynomials of degree < p on Igr, we define our finite dimensional
subspaces as

Sy =857 (A) = {ue H(Q): u(Q;(t)) €My, (Isr),j = 1,.... M},

and

Sha) = [T @) nm@)]", (33)

where D" = (p1, ..., pam) is the vector of polynomial degrees assigned to the elements.

The following approximation result from [9] will be the main tool for the analysis of the
method. As mentioned earlier, the analysis for the scalar problem in [4] relied on Gauss-Lobatto
interpolants (and their approximation properties), which is different from what we present in
this work.

Theorem 3.1. For any u € C* (TST) there exists Tou € 11, (Ist) such that

u(£1) = Zyu (1), 34
O ¥ e e R TR " (32
PRIOIsT = p2 (p + s)! 0Is L .
_ 8! 2
7 a)I1? (p—s)! H (s+1>H Vs=0,1,..0p. 3.6
H(u pu) HO,IST - (p+s)' w O,IST ’ s o 7p ( )

The definition below describes the mesh used for the method: If we are in the asymptotic
range of p, i.e. p > 1/¢, then a single element suffices since p will be sufficiently large to give
us exponential convergence without any refinement. If we are in the pre-asymptotic range, i.e.
p < 1/e, then the mesh consists of three elements as described below. We should point out that
this is the minimal mesh-degree combination for attaining exponential convergence; obviously,
refining within each element will retain the convergence rate but would require more degrees of
freedom — one such example is the so-called geometrically graded mesh discussed in [4] for the
scalar problem.

Definition 3.1. For k > 0, p € N and 0 < ¢ < 1, define the spaces ?(K,p) of piecewise
polynomials by

— .
SR ez
SH(A); A={0,kpe,1—rpe, 1}  if kpe < %

In both cases, the polynomial degree is uniformly p on all elements.

Before we state the main theorem of the paper, we cite a useful computation.
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Lemma 3.1. Let p e N, € (0,1]. Then

11— NN

—Ap)! _
(p D) o /\)(1+/\)] » 22p 2Ap+1

<
(p+Ap)! —

Proof. Using Stirling’s approximation

2mn (E)newlﬂ <n!<vV2mn (ﬁ>neﬁ <+V2mn <E>ne
e e

€

for the factorial (cf. [7]), we have

(1=np) NP
(p—Ap)! < 2r(1 = A)p (f) e
(p+p)! ~ 2r(1+ N)p ((1+>\)p)(1+)‘)p ¢TI NPTT

1
T I2@+N)p+1

=" o
SN

1— )\ 1-x17P

This completes the proof of the lemma. o
We now present our main result.

Theorem 3.2. Let 7 and A be composed of functions that are analytic on Q and satisfy
the conditions in (2.1)-(2.2). Let u = [ul,...,um]lbe the solution to (1.5)-(1.6). Then
there exist constants k,C, (3 > 0 depending only on f and A such that there ezists Ipﬂ) =
[Zput, ..., Zyum )T € ?(/{,p) with T,W = U on 9 and

7~ Ipﬂ)”;g < Cple P,

Proof. We consider three separate cases.
Case 1: kpe > 3 (asymptotic case), A = {0,1}
From Theorem 2.1 we have

Hg(n)

< CK?"max{n,e 1}*",
0,0

—

and by Theorem 3.1 there exists Z,u € S (k,p) such that W = Z,u on 9Q and for any
s=0,1,..,p

p—s)!

7 g, < s e
H(U pu) (p_|_ )' 0.0
(p— )'CK2(3+1) {s+1, 1}2(5+1)
ST max{s €

Let s = Ap for some A € (0, 1] to be selected shortly. Then, since p > 1/(2ke), we have

max{s + 1,5_1}2(S+1) = max{\p + 1,5_1}2(>‘P+1) =(\p+ 1)2(/\p+1) 7
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provided x < A\/2. This, along with Lemma 3.1, gives

| -zay| < P apenen (g 20

0,0 ~  (p+Ap)!
( )‘)(1 Y p—2/\pe2/\p+10K2(Ap+1) (}\p + 1)2()\p+1)
(1400
1— )Y ! 14+ 2\ 2
< CeK? El /\i(l“) ()| (Op+1)° ( p)
)\ (1-X) p 1 2\p
< CeK?p? 3 iy (eK)* ( + )\> :
1 + p
Since
1 2\p 1 Ap 2
<p + )\) = )\QAP (1 + )\p) S 82)\2)\p
we further get
P
2 1-n"Y
H(ﬂ) -,u) < W(e[()\)m .
0,2 (1+X)
Consequently, if we choose A = (eK) ™" € (0,1) we have
H(7 - 7,7) . < COp*e PP, (3.7)
where
(1—n"

B = |IHQ1\, q1 =

)

L+ 0T S
and the constant C' > 0 is independent of . The choice of A\ dictates that the constant x in
the definition of the mesh must satisfy

< (3.8)
k< —. )
~ 2eK
Repeating the previous argument for the L2 norm of (u — Z, ), we get, using (3.6),
|7~ L, 7|2, < Ce PP, (3.9)

Combining (3.7)—(3.9), and using the definition of the energy norm, we get the desired result.

Case 2: kpe < % (pre-asymptotic case), A = {0, kpe, 1 — kpe, 1}

The mesh consists of three elements I;, i = 1,2,3 and we decompose u as in (2.10):
U=w4+u +ut+7T.

The expansion order M is chosen as the integer part of nkp/2, where > 0 is a fixed parameter
satisfying

1 K, <1 L Ki=:6< 1

277 1= 4 o1 =: B%
with K; and K, the constants from Theorems 2.2 and 2.4, respectively. The choice of 1
guarantees that as kpe < %, we have

__ _ 1 —
2MeK ) = nkpeK; < inlﬁ <1
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and

1 1
2MeK, = nrpe Ky < 577K1 =0< 5

Thus the assumptions of Theorem 2.2 are satisfied and the remainder 7 is small by Theorem
2.4 — in particular, we have forn =1,2:

H(?)(") < C2 K2 (2Mek )M < Ce2ngine < Ce2ne 0, (3.10)

0,0

where 8a = [Ings|, g2 = 6™ < 1.

We next analyze the approximation of each of the remaining three terms in the decomposi-
tion (2.10).

For the approximation of w, we have, by Theorem 3.1, that there exists Z,w € E)(/ﬁ, D)
such that W = Z,w on 09 and for any s =0,1,...,p

2 — ) 2 —3)!
< (p S) HE)(‘SJFUH < (p S)CK2(5+1) ((S + 1)')2 7
0,0~ (p+s)! 0,2~ (p+s)!

where we used Theorem 2.2. Letting s = Ap, for some A € (0,1] to be selected shortly, and
using Lemma 3.1, we get

H(m - Ipm)/ i

0,0
(1 —X)(lix) R 5 ~ Ap+141/2 X ?
< _ p—2/\p62>\p+1CK§/\p+2 ()\p+ 1) e~ p—1
(1 +X)(1+)\)
i —1-07" <\ 2X
<c (w1 [N P (1)
=2\ o | 2
1+ p
[ a1 - ap]?
_ 1—A Ty P
<C(p+1)° E )\;(H’\) KPR (1 + ;p) ]
1+
T 1% 17
<o | L2 (K 2)*
U aenem
Thus, we choose A = 1/K, € (0,1) and we have
H(E> - 7,w) o S CplePsp, (3.11)
where
T 1=
1—A
B3 =|Ings| , g3 = (77)(1_@) <1
1+ )

Repeating the previous argument for the L? norm of (w — Z,w), we get, using (3.6),
P g g
1@ — 2,5, < Cpe . (3.12)

We now approximate the boundary layers. We will only consider @ ~, since @ T is completely
analogous. In view of Theorem 2.3, we will construct separate approximations for %~ on
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the intervals I; = I, = [0, kpe], and I = [kpe,1]. Let i € {1,...,m} be arbitrary. Then, by
Theorem 3.1 there exists Z,u; € S(k,p) such that Z,u; = u; on 01 and for any s =0,1,...,p

_ Ik 25 (p— 3)! )+
i e | H : H 3.13
H(u’ i) 0L ~ (rpe) (p+s)! (s 05 (3.13)
Now, by Lemma 2.3, we have
iy / ) o e
i 0 e
< Cnp5K2(s+1) max{s + 1,6 1}26H) max {e72we/e}
z€[0,kpe]
< Crpe K2+ max{s 4 1,e71}26+D, (3.14)

Choose s = Ap for some X € (0,2x] to be selected shortly, with « satisfying (3.8). Then, since
kpe < 1/2, weget s+1=Mp+1<2kp+1<1/e+1< 2/e and by Lemma 3.1, (3.13) and
(3.14), we have

— N/
| (7 = 7u7) ok, (3.15)
SCKQ(}\p+1)K:2;\p+1p2;\p+122;\p+1€71 (p— ép)!
(p+ Ap)!
~N(1-077
_ _ - (1 - )\) o

<022/\p+1 KQ(kp+1)H2/\p+1p2)\p+1€—1 _ —2)\p62)\p+1
- ~\ (1+X)

(1 v A)

~a-017
(1-%) 5
<CeK?kpe? (2Ker)™"
\ (14X)
1+ A)
<Cpete Pp, (3.16)
where N
— (1=2)
(1-)
ﬂ4:|lnq4| , Q4:m<1
(1 + A)

Now, on the interval Ir = [kpe, 1], u

R, 2 ! B 712
|, = /|
' KpE

Thus, we approximate u; by its linear interpolant Z;u; , and we have

u,; is already exponentially small, and by Lemma 2.3

dr < Ce 2 (1 — kpe) max {672:”&/6} < Ce2em2mpe,
z€l

o -3

2 12 12 -
. < H -+ H(Ilui ) H _ < Ce e P,
0,[2 012 0712

which along with (3.16) give

2
H(u: —Ipui_)/Ho o < COpe~2e PP, (3.17)

)
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for some 5 > 0 independent of . Repeating the previous arguments for the L? norm of
(uj —Zpu; ), we get
Hu: —Ipui_H(Q) o < Ce PP, (3.18)

Using the same techniques, similar bounds can be obtained for u*.
Combining (3.10), (3.12), (3.17), (3.18) and the analogous bounds for @ *, we have

% -Z,7% 5
=|(@+W +T) (L@ + LT +T,at + 7,
<~ L@ o0 + [T L o + 7~ LT o0 + 1T llog
<Cpe™ "7,
for some § > 0, independent of . Similarly,
|ui —Ipuiﬁ’ﬂ

2 — 2 2 2
< |w; _Ipwi|1,9 + |“z —Ipu; ‘1,9 + |“j _IP“HLQ + |ri|1,Q

<Ce?pPe PP,
so that
2
17— Z,7% | 5
m
:gzz lu; — Ipuiﬁﬂ +ao?|u — Ipﬂ)Hgﬂ < CpPe PP

i=1

as desired. O

Remark 3.1. In contrast to the analysis for the scalar problem carried out in [4], our approach
allows for the choice of x in the definition of the mesh, to be made more specific, even when
the data of the problem is not constant. As was shown in the proof of the above theorem,
can be chosen based on the constant of analyticity of the input data.

Using Theorem 3.2 and the quasioptimality result (3.2) we have the following.

Corollary 3.1. Let u be the solution to (1.5)—(1.6) and let W pr € ?g(A) be the solution to
—
(3.1). Then exist constants k,C,o > 0 depending only on the input data f and A such that

17 — @ el < Cp*2eom.

4. Numerical Experiments

In this section we present the results of numerical computations for systems of 2 equations
(i.e., m = 2), having as our goal the illustration our theoretical findings; we refer the interested
reader to [12] for a detailed numerical study in which several other cases are considered.

4.1. The constant coefficient case

First we consider the constant coefficient case, in which

e[ 2] T[] =[]
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An exact solution is available, hence the computations we report are reliable. We will be
plotting the percentage relative error in the energy norm, given by

W Exact — Wremlpq
100 x :

B , (4.1)
|7 exactlpq
versus the number of degrees of freedom N, on a semilog scale.

To illustrate the necessity to resolve the boundary layers, we first consider the p version
FEM on the uniform mesh {0,1/2,1}. Figure 4.1 shows the performance of this method, which
for relatively large values of € (i.e. € > 1/p), exponential rates are achieved. As e decreases,
the convergence rate deteriorates to an algebraic one due to the fact that the layers are not
resolved.

p version with mesh {0, 0.5, 1}, £ = 107
10 T T

Percentage Relative Error in the Energy Norm

107 L L L
0 5 10 15 20 25
Degrees of Freedom

Fig. 4.1. Energy norm convergence for the p version.

Figure 4.2 shows the performance of the p/hp version on the 3 element mesh {0, kpe, 1 —
kpe, 1} for different values of € and we observe that the method not only does not deteriorate
as ¢ — 0, but it actually performs better, when the error is measured in the energy norm. This
suggests that there is a positive power of € in the error estimate of Corollary 3.1. In fact, for
the corresponding scalar problem with constant coefficients and polynomial right hand side,
this was shown to be true in [10], where the estimate

| ExacT — E)FEMHEQ < Cel?pr. C eRY, Be(0,1)

was proven. This allows for the derivation of an analogous estimate in the maximum norm
which, although will not contain any positive powers of €, will show that the method converges
at an exponential rate independently of €. (See [13] for a proof of this fact for high order h
version FEM on Shishkin meshes.)

To illustrate the above claim, we show a final computational result, in which the error is
measured in the maximum norm

17 exact = WremMllog = max {I[%af]( W pxacT — 7FEM|} -
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hp version with mesh {Ok pe, 1 -k pegl}, k=1¢€= 10’j
10 T T T T

1

oUuhwWN

Percentage Relative Error in the Energy Norm

L L
0 5 10 15 20 25 30 35
Degrees of Freedom

Fig. 4.2. Energy norm convergence for the p/hp version.

As Fig. 4.3 shows, the method is robust and converges at an exponential rate.

4.2. The variable coefficient case

Next, we consider the variable coefficient case, in which

) 7(””):[101611]’ 7(0):[8]

An exact solution is not available, and for our computations we use a reference solution

2 +1)7  —(1+2?)

A =
—2cos(mx/4)  2.2el77

obtained with a large number of degrees of freedom on a very fine mesh which includes expo-
nential refinement near the endpoints of the domain (see [12] for more details). We are again
interested in the (now estimated) percentage relative error in the energy norm, as given by
(4.1).

In Figure 4.4 we show the p/hp version on the 3 element mesh {0, kpe, 1 — kpe, 1}, for
different values of £, and we observe that the method performs better as € — 0, in the variable
coefficient case as well. This, does not, strictly speaking, agree with the theory and it could
very well be due to the fact that we used a reference solution instead of an exact solution for
the computations. Nevertheless, the exponential convergence is visible. Finally, in Figure 4.5
we show the performance of the method when the error is measured in the maximum norm,
which again shows its robustness and exponential convergence rate.

5. Conclusions

We have studied the finite element approximation of systems of reaction-diffusion equations
whose solution contains boundary layers. We showed that under the assumption of analytic
input data, the p/hp version on the variable three element mesh {0, kpe, 1 — kpe, 1} yields
exponential convergence as p — oo, independently of ¢, when the error is measured in the
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energy norm. The constant x in the mesh was shown to depend on the constant of analyticity

of the input data.

Through two numerical experiments, we verified the established exponential rate and ob-
served that, for the problems under consideration, the method performs better as ¢ — 0, as was

the case for the corresponding scalar problem with constant coefficients and polynomial right
hand side studied in [10]. Finally, we illustrated that when the error in the maximum norm is

used, the method retains its robustness and exponential convergence rate.
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