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Abstract

For two-dimensional boundary integral equations of the first kind with logarithmic ker-
nels, the use of the conventional boundary element methods gives linear systems with dense
matrix. In a recent work [J. Comput. Math., 22 (2004), pp. 287-298], it is demonstrated
that the dense matrix can be replaced by a sparse one if appropriate graded meshes are
used in the quadrature rules. The numerical experiments also indicate that the proposed
numerical methods require less computational time than the conventional ones while the
formal rate of convergence can be preserved. The purpose of this work is to establish a
stability and convergence theory for this fast numerical method. The stability analysis
depends on a decomposition of the coefficient matrix for the collocation equation. The
formal orders of convergence observed in the numerical experiments are proved rigorously.
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1. Introduction

Consider the first-kind boundary integral equation of the form
- [loglx - yluty) dsy = Fx. xi= (zra) €T, (1.1)
r

where I' C R? is a smooth and closed curve in the plane, u is a unknown function, f is a given
function, |x — y| denotes the Euclidean distance between x and y, and dsy is the measure
of arclength. The boundary integral equation (1.1) arises in connection with the single layer
potential method for

Av(x) =0, x€Q; v(x) =u(x), xeT, (1.2)

whose solution can be represented by
v(x) = — / log |x — y|u(y) dsy, x € Q. (1.3)

r

Thus sampling of (1.3) on the boundary leads to the boundary integral equation (1.1). If
the boundary IT" is sufficiently smooth, then the solution v(x) can be very smooth due to the

* Received November 13, 2006 / Revised version received May 30, 2007 / Accepted June 6, 2007 /



Error Analysis for a Fast Numerical Method to a Boundary Integral Equation 57

connection of the solutions of (1.2) and (1.3). The applications and some numerical aspects
of the boundary integral equation (1.1) can be found in Sloan [14]. A more relevant paper
by Bialecki and Yan [3] introduced a rectangular quadrature method for (1.1). More recently,
Cheng et al. [6] proposed a new quadrature method for (1.1) based on a graded mesh approach.
Unlike the quadrature method in [3] and other traditional numerical methods, the resulting
system of equations in [6] contains a sparse coefficient matrix. It was demonstrated numerically
that the proposed approach can not only preserve the formal rate of convergence but also save
a significant amount of computational time.

The purpose of this paper is to provide a convergence theory for the method proposed in
[6]. To begin with, let T be parameterized by the arclength:

v: [-L/2,L/2] =T,
where L is the length of T,
|dv/ds| = 1 and v(o) is a periodic function with period of L. (1.4)

Then the integral equation (1.1) is equivalent to

L/2
/L/2 log [v(s) — v(o)|u(v(o)) do = f(v(s)), se€[-L/2,L/2]. (1.5)
The conventional way in solving Eq. (1.5) is to obtain n collocation equations by using n
collocation points. Then for each fixed s the integral in (1.5) is approximated by an appropriate
quadrature rule using the information on the n collocation points. This approach will lead to
a linear system with a full matrix. In [6], the integral term in (1.5) is approximated by using a
subset of the n collocation points. More precisely, let us consider the case when the unknown
function w is reasonably smooth and the curve I' is smooth and closed. In this case, some
suitable graded-meshes can be used as the quadrature points to handle the logarithmic kernel,
which yields a linear system with a sparse matrix. The graded-mesh concept was proposed by
Rice [12]. It was then used to improve the formal order of convergence when solutions have
weak singularity, see, e.g., [7, 19] for boundary integral equations and [4, 5, 15, 16] for weakly
singular Volterra equations. However, with a smooth solution we just need to use a uniform
mesh for the collocation points; while the graded mesh which is a subset of the uniform mesh
is employed to evaluate the integrals.
To be more specific of numerical techniques, let us first introduce some notations. Set the
uniform mesh with the mesh points
2 = 1)/2 (=12, (16)

n—1 2

A= {ai}a o =

where n is supposed to be odd; and set the graded mesh with the mesh points
L

9 (jz*m/2a"'af]-a]-a"'vm/Q)v (17)

B}, 5 =satp) ()
m
where ¢ > 1 is the grading exponent. For ease of finding the mesh point set B C A, the value of
q is usually taken as even. In this paper, we analyze the result for ¢ = 2 and ¢ = 4. For ¢ = 2,
it is assumed that m = /n — 1. It can be verified that B C A. Transforming the negative
index in (1.6) and (1.7) to positive one, we obtain the equivalent mesh-point sets:

A= {@i}7 O = Q(—1)—(n—1)/2 (’L =1,--- ,n), (1.8)
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and
_ _ _ B—1)-my2, J=1,--+,m/2
B:=1{8}, = J T b ’ 1.9
{6]} ﬂj { ﬂj—m/Q; j:m/2+1,,m ( )
Rewriting Eq. (1.5) using the variable substitution p = o — s and the periodicity property of v
gives
L/2
—/ log [v(s) — v(o + s)|u(v(o +s)) do = f(v(s)), se[-L/2,L/2]. (1.10)
—L/2

Applying the trapezoidal rule with the point set B to the integral involved in (1.10) and col-
locating the resulting equation with respect to the point set A, we obtain the following system
of equations:

> pigun((B + @) = f@(@),  i=1,m, (1.11)

where u,(v(s)) is the numerical solution to Eq. (1.5) (or to its equivalent form (1.10)) for
s € [-L/2,L/2], and the values of p; ; (i=1,--- ,nand j=1,---,m) are given by

: (52 - Bl)a

Hi1 = —% log |v(B1 + &) — v(a;)
Wim = —% 1Og|V(Bm + o) —v(a;)| - (Bm — Bm—1),
Mij = —% log|v(B; + a;) — v(ay)| - (Bjr1 — Bj—1) (2<j<m—1).

We find that the number of nonzero elements of the coefficient matrix in the (1.11) is equal to
Card(B) - Card(A) =m -n=n-yn— 1.

We finish the introduction by outlining the rest of the paper. In the next section, we
will study the stability properties of the numerical method (1.11), which is done by using the
kernel-splitting ideas. The convergence results will be established in Section 3. Some concluding
remarks will be given in the final section.

2. Stability

In this section, we will employ the splitting kernels technique to study the stability for
(1.11). This technique has been used in many cases (see, e.g., [1, 2, 3, 10, 17]). Let us split the
kernel in (1.5) into the form

—log|v(s) = v(o)| = K)(s — 0) + k(s ), (2.1)
where
kM(s — ) = —log|sin[r(s — 0)/2L]], (2.2)
(s o) — —log (2L/7), ifs—o=2jL, j=0,%£1,---
R (s, 0) { —log|[v(s) — v(0)]/sin[r(s — o)/2L]|, otherwise. (23)

Note that the kernel k!l is convolutional and the kernel k[ is symmetric: kPl(s, o) = kP (0, 5).
Inserting (2.1) into (1.10) yields

L/2
/L/Q[k[l] (0) + k3 (s,0 + 8)Ju(v(o +5)) do = f(v(s)), se[-L/2,L/2]. (2.4)
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Applying the same process for deriving (1.11) to Eq. (2.4) gives

S (i u) un (B + @) = fw(@)),  i=1, ., (2.5)
j=1
(1] 2 ¢ _ C_ :
where the values of y; ; and p1;; (i =1,--- ,nand j =1,--- ,m) are given by

il = %k[ll(ﬁl) (B2 =) = f% log | sin(x 1 /2L)| - (B2 — A1),

Mo = %km (Bin) * (B = Bmn—1) = f% log | sin(m8m /2L)| - (B — Brat),

tu = %km (B5) - (Bj+1 — Bj—1) = *%10g|sin(7r5j/2[/)| Byo1 —By1) 2<j<m—1),
and

MH = %km (@iagl + di) (B2 = B1),
W = Sk (@5 Bt 8) - (B — Bonc),
N?y] = %km (@i, B; + @) - (Bjs1 — Bj—1) (2<j<m-—1).
Write (1.11) and (2.5), respectively, into the matrix forms:
DU =F, (2.6)

and
(D“] + D[2]> U=F, (2.7)

where U = (un,(v(@1)), - s un(v(én)) | and F = (f(v(a1)),--- , f(v(@n)))T. The matrices
D, DM and D? are sparse with non-zero elements:

i fn=2Ak-D—m/2R k=1 m2,
dl,j?éo for]{ (n+]_)/24»2(1677”/2)27 k:m/2+17...’m;

if sz,] 7é 0, then Ji+1,j+1 (mod n) # 0.
Moreover, the matrix D := (dglj])szl is a circulant matrix (see e.g., [8]) with the elements
described by the following expressions:

e (1): In the first row, d[ll]J = u[ll]k for

[ n=2[(k—1)—m/2% k=1,---,m/2,
‘7_{ (n+1)/2+2(k—m/2)% k=m/2+1,--- ,m,

and d[ll]j = 0 otherwise;

1 _ d[l]
i,J i+1,j+1 (mod n)"

o (2): d

It can be verified that
D =DM 4+ D, (2.8)
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As will be shown below, the circulant property helps us to verify that D! is invertible. It also
allows us to derive the upper bound of its condition number. As a result, we can rewrite (2.8)
into the form

D =D (1+ (DY) 'DH). (2.9)

Therefore, the stability of (1.11) is then proved by verifying that the matrix I 4+ (D[l])_le
is invertible (cf. Lemma 2.2).

Lemma 2.1. For the matriz D[l], we have the following estimation for its inverse:
-1
[(DM) 17 < Cm,
where || - || 7 is the Frobenius norm and the positive constant C' is independent of m and n.

Proof. Since D is a circulant matrix, it follows from [8, Theorem 3.2.2] that the eigenvalues
A; are given by

n
- Zei(j—l)(é—l)%/nd[ﬁ]e (G=1,--,n),
=1
where i? := —1. Using the expression of d[ll,]e, we can formulate \; as
m/2
)\j _ Zel(] 1) n—2[(k—1)—m/2]? 27r/n + Z 1(] 1) (n+1)/242(k—m/2)? )27r/n'ul[117]k
k=1 k=m/2+1
1nﬂ2
or . 2 — — —
— 5 D2 Ul 22 og | sin(mf /2L - (Buss — Bu-1)) (2.10)
k=1
1 % i(j— n —m 2or/n : 2 2 2
ty DD AUk 220 g |sin(r e /2L)] - (Bt — Gre-1)),
k=m/2+1

where $_1 := 1 and By41 := Bm. The modulus of A; can be bounded from below by

m/2
1 _ _ L _
N2 5 min (B — Beor) | D 0Dk D=m/ 202w/ (o0 | in(nfy /2L))
2 k=1,---,m Pt
+ Z D (e D/242(k=m/22)2m/m( _og | sin(wfBy /2L)]) | - (2.11)

k=m/2+1

Using a formula from [9, 1.441.2], we have

log |sin(mfy /2L)| = —log2 — 3 cos(¢mfu/L)

=1 ¢
n—1 oo n—1
cos Ewﬂk/L cos({m B/ L)
=—log2 -} —— —— ZZm- (212)
{=1 p=1¢=1

Inserting (2.12) into (2.10) and noting that

16L

lglélm(ﬁkﬂ Br-1) = o
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give
8Llog2 [ <2 m
) i(j—1)(n—2[(k—1)—m/2]?)2n /n i(j—1)((n+1)/24+2(k—m/2)?)27/n
D el DL D DIl )
k=1 k=m/2+1
8L n—1 Vi oo n—1 Yie
— RER J: 2.13
= p_ =
where
m/2
Yik = Z ei(j—l)(n—2[(k—1)—m/2]2)27r/n (eiéﬂ—ﬁk/L + e—iéﬂ-ﬁk/L)
k=1
n Z pl—1) )((n+1)/2+2(k—m/2)?) 27 /n (eiéwﬁk/L+e—i£ka/L>
k=m/2+1
m/2
_ Z ei(j—l)(n—2[(k—1)—m/2]2)27r/n (eiéﬂ-2[(k—1)—m/2]2/(n—1) + e—i@wQ[(k—l)—m/2]2/(n—1))
k=1

4 Z A=) ((n+1)/2+2(k—m/2)?)2m/n (eiéﬂ'Q(kfm/Q)Q/(nfl)+67i€7r2(k7m/2)2/(n71)).
k=m/2+1

It is straightforward to verify that

m/2
Zel(] 1) n—2[(k—1)—m/2]? 27r/n+ Z 1(] 1) (n+1)/242(k—m/2)? )27r/n
k=m/2+1
LIS if j =0 mod m
> i(j-1)(k=1)27/mn _ m, if j ) 2.14
- ;e 0, otherwise. ( )

By a simple calculation, (2.14) and (2.13) lead to
1 1 1 C
Mﬂzc(_+f+——f)z—, (2.15)
m m

where in the last step we have used

Thus the proof of Lemma 2.1 is complete. O

Furthermore, we derive an upper bound of the inverse of the matrix I+ (Dm) "D in the
following lemma.

Lemma 2.2. Let DY and D! be the matrices involved in (2.9). Then for sufficiently large n
and m, we have

<C,

_ 1
(s 07

where the positive constant C is independent of n and m.
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Proof. Recall the form of the splitting kernel (2.1):
—log|v(s) — v(o)] = k(s — o) + kP(s, 0),
and define the restriction operators H!Y and H!? by

L/2
HWw(s) ;:/ kM(s — o)w(o) do,
—L/2

L2
HPly(s) ::/ kB(s, 0)w(o) do.
~L/2

Then the original problem (1.5) can be written in the equivalent form
(H[l] + H[Q]) w(s) = f(v(s)), (2.16)

where w(s) := u((s)). It is known that the operator HI! is invertible and I + (HM)=*H? is
a compact operator (see [2]). Hence, (1.5) and (2.16) are also equivalent to

(I + EH) T HEw(s) = (HY) 7 f(u(s). (2.17)

The key to the proof of this lemma is to view I 4 (Dm)_lD[Q] as the approximation of I +
(HM~=1HE, Denote G := (HIM)~'H[. Corresponding to the operator G, the kernel g(s, o)
is given by

g(s,0) = (HIM ' kPl(s, 0). (2.18)
be defined by

n

Let the matrix T := (ti’j)ijzl

1 _
tij = 59(0@70@)(5“1 — Br-1),

,{n—2[(k—1)—m/2]2+(i—1), k=1,---,m/2,
TZV m+1)/2+20—m/2)2 +(i—1), k=m/2+1,--,m,

t;; =0, otherwise.

We now derive the upper bound for || T — (DM)~'DP | £. Let t; and d, represent the ¢-th row
of the matrices T and D, respectively. Define

%9(5;544)(@@“ — Br—1),

(s, au) = /— n—2[(k—1)—m/2]?+ (i — 1), k=1,---,m/2,
(n+1)/2+2k-m/2)?+(G—1), k=m/2+1,--- ,m,
0, otherwise,
and

%k[Q](S, ao)(Brs1 — Br—1),

123[2](570_42): ! = n_2[(k_1)_m/2]2+(2_1)7 k:17"'am/2a
n+1)/2+2k-m/2)2+(G—1), k=m/2+1,--- ,m,
0, otherwise.

Moreover, define a restriction operator r by

ro(s) = [v(a), - ,v(an)]’, veC([-L/2,L/2]). (2.19)
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It is obvious that t, = rg(s, @) and dy = rkll(s, @s). Then using Lemmas 2.1 and 3.1 (see the
next section) gives

Hte‘*(I)[l])—leH2 ::H(I)UJ)—l (I)Dltl"de)HQ
= H(D[ﬂ)—l (Dmrg(s,&g) _ rHU]@(&@))HQ - C%,

where || - ||2 is Euclidean norm. Therefore,

<[22 [lee = DW= l1vlz < Cﬁ%ogln. (2.20)

|(z-@p) | g
(=1

2

Now we are ready to derive the lower bound for ||[I+ T| . The following inequality is known
from [18]:
I+ Golle 2 Cllells, v e LA(-L/2,L/2), (2.21)

where the notation || - || 2 stands for || - || L2~ /2,1/2)). The kernel g(s, o) in (2.18) is Lipschitz
continuous with respect to the variables s and o, respectively. Define a map

pn: R — L*([~L/2,L/2))
bY7 for v = [vla T 7vn]Ta

(an)(S):’Ui, forse(aiaaiJrl)a Z:]-a 7”71,

ie., (pn(v))(s) is a piecewise constant function. It is easy to verify that

[vllz = llpnvl|L2. (2.22)
Define a matrix T := (fi7j)?j:1, where
Br—1
/ g(a, o) do,
- Br—1
ti; = . n—2[(k—1)—m/22+ (i — 1), k=1,---,m/2,
)= m+1)/2+2(k—m/2)*+(i—1), k=m/2+1,---,m,

0, otherwise.

Since g(s, o) is Lipschitz continuous with respect to s and o, we can verify that

. 1
HGpnv —pn(Tv)‘ SOV, (2.23)

~ 1
T-T H <= vl 2.24
|[@=mpv| <= iv, (2:24)

Applying (2.22) and the triangle inequality, together with (2.16) and (2.17), we derive

1
>C <1 - —) [v]2-
L2 n

o B, = |

PnV + pn’i‘v‘

L2

> (2 + Gpuvil,z = || Gpav = puTv]
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Then it follows again from the triangle inequality that
I@+ T, = @+ Dyv| ~ @ -Tv| = Clvi (2.25)
Combining (2.20) and (2.25) leads to
o+ 010%), = 0 e - o1

> (1- L) (2.26)

This completes the proof of Lemma 2.2. [
The following stability result follows directly from Lemmas 2.1 and 2.2.

Theorem 2.1. The numerical method using the graded mesh for the numerical integration, i.e.,
(1.11), is stable in the sense that the matrix D for the corresponding matriz equation DU = F
is non-singular. Furthermore, the sparse matrix D satisfies the estimate

| D7 < CVn—T1, (2.27)

for sufficiently large n, where n is the total number of collocation points.

3. Convergence

The following two lemmas are important in establishing the convergence result for the scheme
(1.11).

Lemma 3.1. Let J(s,0) := —log|v(s) —v(s+ o) and W (s,o) := u(v(s + o)), where v(s) is
subject to the condition (1.4) and assume that u(v(s)) € C3([~L/2,L/2]). Then the error of
the trapezoidal rule is given by

L/2 m B B B B
Q(s) = / J(s,0)W (s,0) do — %ZJ(S,@)W(S,@)(@H —Bi1)

L2
= G(s) + E(s), (3.1)
where
G(s) = 13 - (s B)W (5. 5) ., (B — ), (3.2
m Bi+1
B =3 [ [% | 5.0 (s.0)),, 0 =2 do
77’76]' e s,0)W(s,o o—n)do
5T / (J(5,0)W(5,0)) 0 (0 — 1)? do | dn. (3.3)

In (3.2) and (3.3), B; € B with B given by (1.9), and we also set 3_1 := 31 and Bimi1 := B
Furthermore, G(s) and E(s) can be bounded by

logn

logn
m2 "’ '

G(s)| < C [E(s)| < C (3-4)

m3
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Proof. Applying the Euler-Maclaurin theorem to the integrand with 3; and 3;41, respec-
tively, gives

Ts,0)W (s,0) = J(s, B)W (5. 5) + (Js. B)W (5.5,)),, (0 — ) (35)
31 (B3 (7 003 [0V 50y 0 0 .
and
T(5,0)W(s,0) = (s, By )W (s, By + (T(s, By W (s Bsn),, (0~ Byn)  (36)
1 LB 0,3 (0 =Bty [ oW )y 00 .

Multiplying (3.5) and (3.6) by (o — 3j41)/(B; — Bj+1) and (o — B3;)/(Bj+1 — B;j) respectively,
and adding the resulting quantities, yield (3.1). Moreover, similar to the proof of Lemma 3 in
[6] we can obtain (3.4). The proof of Lemma 3.1 is thus complete. [

Lemma 3.2. Assume ¢ € C*([0,2n]) and is 2r-periodic. Let vectors {€/} (j =1,---,n) be

given by
[1,exp (i27[j — 1]/n),exp (i27[2(j — 1)]/n),--- ,exp (i27[(n — 1)(j — 1)]/n)]T .
Then
Cn~2, j=1,
<ry’(s),e >| < 1 1 2
=1 n—=0G-1)

where r is the restriction operator defined in (2.19) and < -,- > denotes the Euclidean inner
product.

Proof. Tt is known from [8] that the vectors e’ are the eigenvectors corresponding to the
eigenvalues Ay in (2.10). Then the remaining proof is exactly the same as that of Lemma 2.4
in[3]. O

Due to the orthogonality property,
<el el >= 2n8; (1 <j,k<n),

where ¢, , is the Kronecker delta function, we may write the following expansion
1 n
ry’(s) = — <y (s),el >el.
v(s) = o ; v(s)

It then follows from Lemma 3.2 that

2 1 & )
H(D[”)*lmp” =5 SN <y e > (3.7)
j=1
Applying Lemmas 3.2 and 2.1 gives
|y <c (3:8)
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where the constant C' is independent of n and m.
To provide error bounds of our numerical schemes, we use a discrete L? norm defined by
(see, e.g., Cheng et al. [6])

1/2
Jus) s = | = < vuls)ru(s) > = —=lru(s)]a (39)

Theorem 3.1. Let w(s) = u(v(s)) and wy(s) := u,(v(s)) be the solutions of (1.5) and
(1.11), respectively, where v(s) is subject to the condition (1.4). Moreover, assume w(s) €
C*([~L/2,L/2]). Then the a priori error estimate of the scheme (1.11) to the integral equation
(1.5) is given by

logn
lw(s) = wn(s)ll gis < C——

where the discrete norm || - || 3i5 s given in (3.9).

Proof. Tt is observed that
1 1
l[w(s) = wn(s)llgis = %Hrw —rwy |2 = %Hrw = Ullz, (3.10)
where U is given in (2.6). Therefore, it only needs to estimate ||rw — Ul|2. It follows from
D(rw—U) =rQ

that
rw—U=D""'rQ=D""'rG(s) + D 'rE(

s).
Using the inequality (3.8) with the change of the variable s = T% — %, together with the
stability results Theorem 2.1 and the quadrature error estimates in Lemma 3.1, yield

1
rw — Uy < CM,
n

Combining the above estimate and (3.10) completes the proof of this theorem. O

Theorem 3.2. Assumew(s) € CH[—L/2,L/2]), where w(s) := u(v(s)) is the solution of (1.5).
Assume the Simpson’s rule is employed to approximate the integral involved in (1.10) and the
graded mesh B is used such that Bji1/5 := (B; + Bj11)/2 € B for all B;,3;41 € B. Denote
the resulting numerical solution by w,(s). Then the a priori error estimate of the numerical

scheme is given by
logn
lw(s) = wn(s)llqis < €= 5~

Proof. Since the proof of the above theorem is similar to that of Theorem 3.1, it will be
omitted here. The detailed description of the numerical scheme using Simpson’s rule can be
found in [6]. O

Remark 3.1. In our main theorems, Theorems 3.1 and 3.2, we require a quite strong regularity
assumption, i.e., the solution of the underlying integral equations belongs to the space C* which
implies that the boundary I' as well as the function f should be sufficiently smooth. However,
this requirement can be justified by noticing the equivalence between the solutions of (1.2) and
(1.3) (see also [2] and [20]).
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4. Concluding Remarks

This paper gives a rigorous convergence and stability proof for the collocation method
proposed by Cheng et. al [6]. The underlying idea is to use graded meshes in the quadrature
to approximate the singular integral involved. This approach allows fewer mesh points in the
quadrature without decreasing the accuracy. As shown in the numerical tests in [6] and then
confirmed by the rigorous proof in this paper, this method is more efficient than some traditional
methods. For the benefit to the reader, a brief comparison with other methods, based on the
first order accuracy, is listed in the following table.

Table 4.1: Comparison with other methods based on first order accuracy.

Discretization method Preconditioning | Operations required
Trigonometric spectral method [11] | No O(n?)
Trigonometric spectral method [13] | Two-grid O(nlogn)
Traditional collocation method No O(n?)

Method based on mesh grading No O(n*?)
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