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Abstract

In this paper, we analyze the transmission and reflection properties of a high order dis-
continuous Galerkin method for dispersive Maxwell’s equations, originally proposed by Lu
et al. [J. Comput. Phys. 200 (2004), pp. 549-580]. We study the reflection and transmission
properties of the numerical method for up to second-order polynomial elements for one-
and two-dimensional Maxwell’s equations with rectangular meshes. High order accuracy
has been shown for reflection and transmission coefficients near material interfaces.
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1. Introduction

Wave propagation in inhomogeneous and dispersive media can be found in many scien-
tific and engineering applications such as evanescent waves in surface plasmons, and ground
penetrating radar detection, and optical devices. In those situations, the need for accurate
numerical modeling calls for continuing advances in the development of high order numeri-
cal algorithms. An important desirable feature is the capability of the numerical methods in
predicting accurately the reflection and transmission of waves across material interfaces. For
electromagnetic scattering in a dispersive media, the frequency dependent constitutive relation
between displacement field D and the electric field E entails a time domain relationship via a
time convolution. In [1,2], the Auxilary Differential Equation (ADE) method is proposed to
address this issue in the framework of discontinuous Galerkin methods for dispersive Maxwell’s
equations, and various applications of the resulting dispersive discontinuous Galerkin method
have been conducted for the modeling of ground penetrating radar [3], resonant microcavity
waveguide [4], and plasmon coupling of nanowires [2].

In this paper, we will elaborate the transmission and reflection properties of the above
mentioned discontinuous Galerkin method for Maxwell’s equation in a dispersive media with
material interfaces. The reflection/transmssion near a material interface has a great effect on
the quality of the simulation of wave propagation in a dispersive inhomogeneous media. Many
physical phenomena involves waves near material interfaces, such as evanescent plasmon waves
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near dielectric and metals, which decay exponentially away from interfaces, and diffractive
optics with gratings, to just list a few. Numerical modeling of the waves near material inter-
faces requires high fidelity in replicating the reflection and transmission of waves near material
interfaces and the resolution power of approximating exponentially decaying field distributions.

In this paper, we are mainly concerned with the reflection/transmission property of the
discontinuous Galerkin method proposed in [1,2] for the dispersive Maxwell’s equations. Such
an analysis is important for selecting numerical algorithms for studying electromagnetic waves
near material interface and in dispersive media such as soil and metals and even in artificial
dispersive media of PML for truncating computational domain [5]. The rest of the paper is
organized as follows. In Section 2, we give an introduction of dispersive Maxwell’s equations. In
Section 3, the analysis of reflection/transmission properties of discontinuous Galerkin method
for 1-D Maxwell’s equations is given. In Section 4, we investigate the reflection/transmission
properties of discontinuous Galerkin method for 2-D Maxwell’s equations with rectangular
meshes. Section 5 contains the conclusion.

2. Dispersive Maxwell’s Equations

Maxwell’s equations are fundamental equations of electromagnetism, which are of the form

0
E=—-——B 2.1
VxB=-oB, (21)

0
H=—-—-D-+j 2.2
V x 50 T (2.2)
V-D=p, (2.3)
V- B=0, (2.4)

where E is the electric field and B the magnetic induction, D electric displacement, H the
magnetic field, p the free charge density and j the free current density.

Egs. (2.1)-(2.4) are not closed in themselves; they must be supplemented with constitutive
relations

D=¢E, B=uH, j=0E, (2.5)

where € is the permittivity, p is the permeability, and o is the conductivity. For dispersive
media, € in (2.5) is a function of the frequency w.

For a lossy and dispersive media, a typical single-pole Drude medium [6] has a relative
frequency dependent electric permittivity as

w2

mwzam—aa%ﬁ, (2.6)
where w,, is the plasma frequency, v is the damping constant, €., is the relative electric
permittivity at infinite frequency. Fourier transforms are needed to get an expression in time
domain.

In [1,4], a discontinuous Galerkin method employs ADE for auxiliary variable J, which is
introduced to handle the time convolution resulting from the frequency dependent constitutive
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relation (2.6)

0 1
EE(IayWZ?ﬁ): [vxH(x7yazat)_']($ay7zat)]7
€r,00

0

EH(Iaywzat) =-Vx E(Iayvzaﬁ)a (27)

0

50 (@0, 2,1) = = (@9, 2,t) + wiB(, y, 2, 1).
Here we assume j7 = 0, p = 0, and the non-dimensionalized variables are introduced in the above
equation

%—wc, %—w, %—wﬁ, ZoH—H, E—E, (2.8)

where L is the reference length associated with a given problem, c is the speed of light in free
space, and Zy = 1/ o/€o is the free-space impedance.

3. Reflection/Transmission Properties of 1-D Maxwell’s Equations

First, we consider an one-dimensional problem where only E,(x,t),H.(z,t), Jy(z,t) are
sought to satisfy the following equations

O0E, 1 ,0H,
_ 1
ot Gr,oo( ox + Jy)a (3 )
OH, 0E,
=—— 3.2
ot oz’ (32)
0J,
é)—ty = —Jy +wiE,. (3.3)
Assuming a time-harmonic form for the solutions
E, = e(x)exp(—iwt), H, = h(z)exp(—iwt), J, = j(z)exp(—iwt). (3.4)
Using (3.1)-(3.3), an equation for e(z) is obtained
() = [ﬂ ~ W }e(x) = —w2e (w)e(z) (3.5)
o+ ~ r,00 r . .

The plane waves exp(ikx) is a solution of (3.5) if the wave number k satisfies the following

dispersion relation
2

—iWw
k? = — [ﬁ - w2€,.7oo} = w6 (). (3.6)
Consider an interval I = [—h, h], denote x;, = —h , xr = h, all solution values at these two

points will be given a subscript ;, or g. Let + denote the limit values taken from outside and
— from inside of I, respectively. For example,

ff =lim f(=h—¢), fg=lmf(h-e).

The discontinuous Galerkin solution of (3.1)-(3.3) is to find H,, E,, J, € P¥(I), such that for
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any vy, (x) € P*(I) (k-th order polynomials defined on 1),

0H,
/1 (th — Eyvﬂb)dx + Fp.

oFE
/ (67'7008—;}’11}1 + Jy’Uh — HZ’U;L>dx + FEy
I

vlan) + P | o(ag) =0, (3.7)

rL

xRU(acg) + Fg,| wv(zy)=0, (3.8)

TL

/ (%vh — wiEyvh + 'nyvh)d:c =0, (3.9)
Lot

where the numerical flux F' has the form [1,7]

Py — (Yn,Ey,+ H.)” + (Yn,E, — H,)*

z Y+ + Y_ Y
b _, (ZH. 4 noE)” +(ZH. —naB,)*

Here n, is the outward unit normal to the interval. Z* and Y+ are the local impedance and
admittance respectively, defined as

Z*=1)Y* = (7 /)2,

For simplicity, we will assume that Z =Y =1 (€, o = 1) for the rest of this paper.

Now we study the reflection and transmission of discontinuous Galerkin method for a 1-D
Drude media. Assuming z < 0 is the vacuum with ¢, = 1, and x > 0 is the Drude media with
e(w) =1—w2/(W? +iw).

An incident plane wave E, = exp(iwz — iwt) impinges on « = 0 from vacuum, the total
electric field can be expressed as

B - exp(iwx — iwt) + I exp(—iwz — iwt), =z <0,
Y| Texp(ikr —iwt), x>0,

where k = w+/€,(w). Using (3.2), we can get the magnetic field. Using the boundary conditions
of Maxwell’s equations at © = 0, the reflection coefficient is

w)—1
I — er(w) :
Ver(w)+1
and transmission coeflicient is
-

2
Ve + 1

Next, we analyze the reflection and transmission coefficient of the discontinuous Galerkin
method, assuming the basic solution of the discontinuous Galerkin method has the form [8]

Uj=MNu, U=EH. (3.10)

Here A can be obtained similarly as in the dispersion analysis in the appendix, j corresponds to
space discretization cell, neighboring cell in the same media differs by a factor of A. Replacing
€-(w) with 1, we can get the dispersion in vacuum.

The key idea of the reflection/transmission analysis is based on the assumption that the
solution has the form (3.10) in 1-D case (or (4.10) in 2-D case). We first write the total wave
in different domains with numerical wave number (these are got from dispersion analysis in the
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appendix). The numerical reflection and transmission coefficients are used in these formulas.
Then these expressions are put back into the discontinuous Galerkin scheme to get the error
of reflection and transmission coefficients. Different basis will require different form for u. For
piecewise constant elements, u is a constant while u will be a linear function for piecewise linear
elements and a quadratic function for piecewise quadratic elements, respectively.

3.1. Piecewise constant elements

In this case, u in (3.10) is constant. We consider two cells [-2h, 0) and [0, 2h) around z = 0.
Then, by (6.6) in Appendix I, A in the Drude media satisfies

(kh)?

2—- A+ H=4 3.11
A+27) —2iwh 4 w2h/(—iw +7) + 1 (3:11)
while, A in the vacuum satisfies
2—(>\+>\—1)—4ﬂ (3.12)
- —2iwh+1° '

Let (+), (—) indicate right travelling wave and left traveling wave, respectively, and [, r indicate
left and right side of z = 0. Eq. (3.12) has two solutions denoted as )\l(i) = exp(£2hk;i) while
the two solutions of (3.11) can be written as AE) = exp(£2hk,i). Also the error of wave
number is O(h), as will be shown in (6.7).

From the form of the solution (3.10), we can write the numerical solution as (ignoring the
time dependence of exp(—iwt))

exp” (—2hk;i)E + cexp™(2hki) Ey,
x € [-2nh,—2(n—1)h), n > 1,
Ey = 1
Y Bexp™(2hk.i) By, (3.13)

x € [2(n —1)h,2nh), n > 1,

exp™(—2hki)Hy + avexp™(2hkyi) Hy,
x € [-2nh,—2(n—1)h), n > 1,
H. = ; 3.14
Bexp™(2hk,i) Hyr, (3.14)

x € [2(n —1)h,2nh), n >1,

where the subscript ,,- represents the right traveling wave of right side, ;. is the right traveling
wave of left side, ;; is the left traveling wave of left side, corresponding to )\£+),)\l(+),)\l(_),
respectively.
Assuming Fj. = Ej = E,, = 1. The value of H can be solved as (from (6.3) or (6.4) in the
appendix)
Hy=-1+ O(h), H, =1+ O(h), H.. =/ 6,-((4)) + O(h) (315)

Denote the solution on [—2h,0) as Hy, Ey, on [—4h, —2h) as H_1, E_1, on [0,2h) as Hy, E;.
Using (3.7)-(3.9) (e, = 1 in vacuum) on [—2h,0) gives

(Eo + Ho) + (E1 — H1)  (Eo — Ho) + (E—1 + H_1)
2 2

(Ho + Eo) + (Hi — Ev)  (Ho— Eo) + (H-1+ E_1)
2 2

—2iwhHy + =0, (3.16)

—2iwhEy + =0. (3.17)
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We note that the following O(h) approximation expressions of (3.13) and (3.14)

Ey=Ei +aEy +O(h), Hy= Hj, +aHy; + O(h), (3.18)
FE_4 :Elr+aEu+O(h), H =H,+aHy +O(h), (3.19)
E, =pBE..+O(h), Hy=pH, + O(h). (3.20)

Plugging (3.18)-(3.20) and (3.15) into (3.16)-(3.17), we obtain an equation for «,

—a+ 17fe’°(“1)5=0+0(h). (3.21)

Repeating the same analysis on cell [0,2h) and using the discontinuous Galerkin method in
the Drude media, we have the second equation of o and /3

1+ ve) V;"(‘*’) B-1=0+0(0h). (3.22)

Combining (3.21) with (3.22) yields

er(w) —1

B = ﬁ +O(h) =74 O(h). (3.24)

Therefore, the reflection coefficient and transmission coefficient is first order accurate.

3.2. Piecewise linear and quadratic elements

Considering two cells [-2h,0) and [0,2h) around = = 0, w in (3.10) is assumed to be a linear
function. From (6.12) in the Appendices, A satisfies

—4CDRh?(9 + 3(C + D)h + CDh?)

2 — = .
A+A") = 53¢ 1+ D)h— 20 DI2 — 20D(C + DI

(3.25)

Let the two solutions of (3.25) be A = exp(£2hk,i). When w, = 01in (3.25), the two solutions
are written as )\l(i) = exp(£2hk;i) (case of vacuum), (+), (—) and [, have the same definition
as before. It can be shown in (6.14) of the appendix that the wave number error in the piecewise
linear element case is of O(h?).

In view of (3.10), we can write the solution as

%[eXp"(—2hk:li)(exp(2hk:li)(g + hn) — 30-1-2(71%1)}1)
+a expn(Qhkzi)(exp(72hkﬂ‘)(g +nh) — W)L

By, = x € [-2nh,—2(n—1)h), n > 1,

% [ﬁ eXp”(thr)(exp(—Qhkri)(_Tx +nh) —
x € [2(n — 1)h,2nh), n > 1.

Similar form for H, can be obtained. We are now ready to solve o and (3. Consider the interval
[-2h,0). Assume the solution on this interval as Hy with left value Hyy, and right value Hyg,
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solution Hy on [0,2h) with Hyp, Hig, solution H_; on [—4h,—2h) with H_i;, H_1r. The
definition of E is similar. From the expression above, we have

Eor, = exp(—2hkii) + aexp(2hkii), Eor =1+ q,

Hyp, = exp(—2hkii) — aexp(2hkii), Hor=1-—a,

E_11 = exp(—4hkii) + aexp(4dhki), E_1r = exp(—2hki) + aexp(2hk;i),
H_y;, = exp(—4hk;i) — aexp(4dhki), H_1p = exp(—2hk;i) — v exp(2hk;i),
Eip =B, Ein = Bexp(2hk,i), Hip = B\/e(w), Hin = 3 exp(2hk,i)y/en(w),

with terms of order O(h?) ignored. Substituting above equations into discontinuous Galerkin
equations (3.7)-(3.9), we can get a relation between « and 3

1- T
B VA O]

5B =0+0(). (3.26)

Repeating the same procedure on [0,2h), we get

Irvew) V;’“(“’)gf1:0+0(h2). (3.27)

Combining (3.26) with (3.27) gives

er(w) —1

“= Ver(w)+1
g2
Ver(w)+1

So, the reflection coefficient and transmission coefficient is of second-order accurate.
The process for piecewise quadratic elements is similar though u will be a quadratic function.
For example, on the interval [—2h, 0), the value at —2h is exp(—2hk;i), at —h is exp(—hki), at

+O(h?) =T + O(h?), (3.28)

+O(h?) =7+ O(h?). (3.29)

0 is 1, and the form of incidence wave is

exp(—2hk;i) — 2 exp(—hk;i) + 1:432 n exp(—2hk;i) — 4exp(—hk;i) + Sz

2h? 2h RS

We can handle other intervals and wave numbers in the same way, the resulting error of reflection
and transmission coefficient is found to be O(h?).

We have addressed the case of wave propagating from vacuum to metal, the cases of metal
to vacuum, vacuum to PML, metal to PML can be handled, similarly.

4. Reflection/Transmission Properties for 2-D Maxwell’s Equations

Assuming a time harmonic form, the non-dimensionalized 2-D Maxwell’s equations for the
TE wave of Drude media are given as

H
aayz = —iwe, (w)Ey,
OH. .
% = —iwer(w)Ey, (4.1)
E, OE,
—8 LS g = —iwu,-H,.

Or oy
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For plane wave solution of H, in the form exp(if8;x + i8,y), the wave numbers S, 5, satisfy a
dispersion relation
B2+ B2 = wier(w). (4.2)

Electric fields E,, E, can then be obtained from the Maxwell’s equations.
The discontinuous Galerkin method has the following form

—iwer(w)(Ez,v) + (Hz,v)) +/ Fg,vdS =0,
oK

iwer (W)(Eyyv) — (H., o)) + / Fp,vdS =0, (4.3)
oK

—iwpir(Hz,v) 4 (Eg,vy) — (Ey,v)) —|—/ Fy_vdS =0,

0K

where K is a cell of domain discretization. (,) denotes inner product over K, 9K is the boundary
of K, v is the test function, and F' is the numerical flux [4] given by

o [ZH. + (noEy —nyE,)|” + [ZH. — (nuEy — nyE,)|"
E; Y Z, +Z+ 9

Fo o ZH A+ 0By —nyBy)]” +[ZH. — (na By — nyE)]" (4.4)
By = 0 Z-+ 2+ ’

po Y (aBy —nyBe) + H]™ + [V (0o By — nyBy) — H,]*
= Y- +Y+ ’

where g = (ng,n,) is the outward unit normal to 0K, Z * and Y+ are the local impedance
and admittance, respectively. Similarly to 1-D case, the definition of 4, — is shown in Fig. 6.2.
In the z-y plane, assuming that the half plane of x < 0 is the vacuum, and = > 0 is the

Drude media with

w2

67'((41) =1- m

Time harmonic wave with time-dependence exp(—iwt) is assumed.
Take TE (Transverse Electric) wave as an example. In this case, the total magnetic field
wave in 2 < 0 (incidence plus reflection wave) can be written as

H, = Hy(1 + T exp(—2iS152)) exp(ifizT + i514Y)- (4.5)
The transmitted magnetic field in x > 0 is
H, = Ho7 exp(if2z2 + i82yy). (4.6)

Here, T is the reflection coefficient and 7 is transmission coefficient, electric field can be gotten
by magnetic field through Maxwell’s equations. Now we let

Biz = ki1cosf, [y =kisind, ki =w, (4.7
Bow = \/ k3 — B3, ka=w\e(w), (4.8)

where 0 is incidence angle. Using boundary conditions of Maxwell’s equations that I, and H,
are continuous at the interface, we get

e=(Tsom)/(Geaim) - CR)/(Fesdm) e
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From the Snell’s theory [9], we have (s, = 81, = k1 sin6.
Next, we discuss the reflection and transmission coefficients for the discontinuous Galerkin
solution. Assume the solution has the form (see [8])

where A;, Ay can be obtained as in the dispersion analysis in the appendix, j, ! are the indices of
space discretization, neighboring cell in the same media differs a factor of A, in z-direction and
Ay in y-direction. Replacing €,(w) with 1, we can have the dispersion relation in the vacuum.

4.1. Piecewise constant elements

In this case u in (4.10) is assumed to be constant. We consider cells [—2h,0) x [0,2h) and
[0,2h) x [0,2h) along interface z = 0. Cell [0, 2h) x [0,2h) lies in the Drude media, Az, Agy in
(4.10) satisfy (6.16), i.e.

(D?h? + 4Dh + CDh?)(Agy + Ay, —2) — CD?h?

Aow + A —2 = , 4.11
e e (8 + 2Dh + Ch)(Azy + Ay, — 2) — (D2h2 +4Dh + CDh2) (4.11)
where C' = —idwp, D = —idwe, (w).
As [—2h,0) x [0, 2h) lies in vacuum, A4, A1, satisfy
D'?h2 + 4D'h + CD'h?)( A1y + A7) —2) — CD'2h3
Mo+ A —2= ( Sy + Ay —2) (4.12)

(8+2D'h + Ch)(Ay + A, —2) — (D'2h? +4D'h + CD'h?)’
and D' = —idw. Let
Mo = exp(2ihfhi), Aty = exp(2ihBary), Asw = exp(2ihBas), Aoy = exp(2ihBasy),
where Bnia, Briys Bhoz, Br2y are numerical wave numbers, which are given by
Bhoz = kancosl, Bnay = kopsing, Bpiz = kincos, OBriy = kinsind. (4.13)

From the dispersion analysis in appendix, errors between k1, and k1, and ksp, and ko are of
the order O(h).

Assume (4.12) has two solutions
)\;(Cli) = exp(£2hikyp cosb), )\le[) = exp(£2hikiy sinb),
while (4.11) has two solutions

AE) = exp(£2hikop, cos 6), )\SE) = exp(£2hikaoy sinb),

xrr
l,r present left side and right side of z = 0, respectively. As material has no discontinuity in y
direction, we only need to consider the case of AL )\3(;).

yl
Using the form given in (4.10), solution can be written as (ignoring the time dependence
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exp(—iwt))

() Hogo + a0 ) Hoyeo)OG)™,
€ [2mh, 2 2h) & € [—2nh,—2(n — 1)h), > 1,

poo] VERWRINE) & relhdn-DR w2l
ﬁ()\zr )n()‘?ﬂ" )mHzr(*ﬂ

y € 2mh,2m+2h) & x€[2(n—1)h,2nh), n>1,
() B + Q) By ) A5,

2mh, 2 2h) & —2nh,—2(n—1)h >1

poo| VEBMAIMT) & pelEhe-UM, n2l
ﬂ()‘ﬂ“ )n()‘?ﬂ" )m zr(=))

y € [2mh,2m+2h) & x€[2(n—1)h,2nh), n>1,
(A By + a0 Byan) 5™,

y € 2mh,2m+2h) & =z €[-2nh,—2(n—1)h), n>1,

E, = - e (4.16)
ﬁ()\;(cr))n()\g(ﬂ)) yr(=)>
y € 2mh,2m+2h) & x€[2(n—1)h,2nh), n>1.
Assuming H,;+) = H,;») = H,,.-) = 1, every component of E can be solved by (6.15) with

different component using different Az, A,. In vacuum e, is 1, €, = €,;(w) in the Drude media.
We get

h 5 1o
E, - = Pny W E, = b L E .- = Bnay ,
wer(w) (4.17)
B _ Prie > _ Bhis > _ Dn2a
o =—— > By === Eyo = Toe (@)

where terms of order O(h) are ignored.

Denote solution on [—2h,0) x [0,2h) as Ho., Eoz, Eoy, on [—4h,—2h) x [0,2h) as H_1.,
E—la;; E—ly; on [0, 2h) X [0, 2h) as le, Ela;7 E1y7 on [—2]1,0) X [—2h,0) as H_QZ, E_gl-, E_gy,
on [—2h,0) x [2h,4h) as Hs,, Ea;, Es,. Using the discontinuous Galerkin method (4.3) on
[—2h,0) x [0,2h) gives

(—tdwh +2)Eoy — E_op — Eop + H_ 3. — Ha, =0, (4.18)
(—idwh + 2)Eoy — E_1y — Evy + Hy, — H 1. = 0, (4.19)
(—idwph +4)Ho, — H_o, — Ho, — H1, — H_1,

By — Bay + Ery — E_y, = 0. (4.20)

Approximating H., E;, E, (4.14)—(4.16) within O(h) errors, we have the expressions for
Hy., Exy, Exy, k = £1,0,£2. Putting them and (4.17) into (4.18)-(4.20), we have an equation
for o and 8

76}111 Jrozﬂhlz 18 Bh2a +8-1—a=0. (4.21)
w w we,.(w)

Next, repeating the same procedure as that on [0,2h) X [0, 2h), we get the second equation for
«a and 3

Pz Brie 3 Bh2a fB-1—a=0. (4.22)
w w wer(w)
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Combining (4.21) with (4.22), we get

o (5h1x B ﬁhQ;c))/(ﬁhlx i ﬁh2x)) L o),

w wer(w w wer(w

3= (252}11)/(5hu+ Bhae )+O(h).

w wep(w)

(4.23)

Comparing with (4.9), we conclude that the reflection coefficient and transmission coefficient
are both first-order accurate.

4.2. Piecewise linear and quadratic elements

Now w in (4.10) is a linear function. We still consider cells [—2h,0) x [0,2h) and [0, 2h) X
[0,2h). Az, Ay in (4.10) can be found by the dispersive/dispersion analysis. Assume Aoy =
exp(2ihfnoz), A2y = exp(2ihBhay) in the Drude media, Az = exp(2ihfhiz), My = exp(2ihfhiy)
in the vacuum.

The numerical wave numbers in the Drude media, 2, and Bhay, can be written as

Bhow = Fkop cos,  Ppay = ko sin b, (4.24)
while 81z, Br1y are numerical wave numbers in the vacuum
Bhiz = £kipcos, Ppiy = £kipsind. (4.25)

Using the results of the last section, the error between ki, and the wave number kq is O(h3),
between koj and ko is O(h?). In view of the form given in (4.10), we can write the solution as

1-—- exp(%hﬁhm)
2h
(y — 2mh) + 1) + aexp(—2ihBh1z)" exp(—2ihBp1y)™

exp(2ihfn1z)" exp(—2ihBr1y)"™ - ( (x + 2nh)

exp(—2ihfr1y) — 1

2h
1- —2i 1z —21 ) —1
( exp(2h ihBn1 )(x L onh) + exp( Z;f} 1y) (v — 2mh) + 1>,
H, = y € 2mh,2m +2h) & =z € [-2(n+ 1)h,—2nh),n >0, (4.26)

B exp(—2ihfhos)" exp(—2ihfh1y)™-

exp(—2ihfhoz) — 1 3 exp(—2ihfhay) — 1 3
( o7 (x — 2nh) + 5h (y — 2mh) + 1),

y € 2mh,2m+2h) & x € [2nh,2(n+1)h), n > 0.

E,,E, can be written as similarly. To solve for «, 3, we assume solutions Hy., Fo., Fo, on
[—2h,0) x [0,2h), H_1,, E_15, E_1y on [—4h, —2h) x [0,2h), Hi,, E15, E1, on [0,2h) x [0, 2h),
H_QZ,E_2x7E_2y on [—2]1,0) X [—2h,0), H227E23;,E2y on [—2]1,0) X [2h,4h) Using the dis-
continuous Galerkin method (4.3)-(4.4) on [—2h,0) x [—h, h), putting H,, E,, E, of the corre-
sponding cell into the discontinuous Galerkin scheme, we get the following equation of « and 3
within error of O(h?)

7ﬂhlz +aﬂhlz +6 ﬂh2z

» ” vl B—1-—a=0. (4.27)

Repeating on [0,2h) x [0,2h), we get another equation for o and

w w wer(w)

ﬁhlx aﬁhlx o ﬁ 5}12;8 + ﬁ —1—a=0. (428)
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Combining (4.27) and (4.28), we get

o — <5h1z _ DBh2ae )/(5h1x+ Bhoz )+O(h2),

w o we(w) w o we(w)
(1.29)
o a3 (B B o .

Comparing with (4.9), we conclude that the reflection coefficient and transmission coefficient
are both second order accurate.

The process for piecewise quadratic elements is similar while u in (4.10) will be a quadratic
function. The resulting error of reflection and transmission coefficient can be found to be O(h3).

5. Conclusions

In this paper, we have studied reflection and transmission properties of a discontinuous
Galerkin method for Maxwell’s equations in dispersive Drude media. The reflection/transmission
error is summarized in Table 5.1. Fig. 5.1 gives the convergence plot for 2-D piecewise quadratic
elements; Fig. 5.1(a) uses w = 1w, = 2,7 = 2,600 = 1, and Fig. 5.1(b) uses w = 1.5,w, =
25,7y=15,€00 = 1.

Table 5.1: Summary of dispersive/dissipative error and reflection/transmission error.

const elements linear elements quadratic elements
1-D reflection/transmission error O(h) O(h?) O(R?)
2-D reflection/transmission error O(h) O(h?) O(h?)

Based on the results for the piecewise constant, linear and quadratic elements, we can rea-
sonably predict that reflection and transmission coefficients error convergence order should be
O(h"*1) for n-degree polynomial elements on rectangle meshes. As the analysis is based on the
plane wave Fourier analysis, dispersion and transmission/reflection results will be difficult to
extend to general meshes. However, our numerical implementations of the concerned discontin-
uous Galerkin method are always carried out on general finite element type meshes (triangles or
quadrilaterals) — all with high accuracy in wave dispersions and accurate field solutions near
material interfaces.
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6. Appendix

In the appendix, we include the analysis of dispersion error for the discontinuous Galerkin
method. Similar results can be found in [10].
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Fig. 5.1. Error of reflection coefficient. (a) w = l,wp = 2,7 = 2,€r00 = 1; and (b) w = 1.5,wp =
2.5,y = 1.5, €00 = L.
6.1. Dispersion errors for 1-D Maxwell’s equations

Our goal is to find a similar dispersion relation for the discontinuous Galerkin method [1]
and evaluate the dispersion error. Assuming a time-harmonic form, the numerical solutions are

E, =e(x)exp(—iwt), H, = h(z)exp(—iwt), Jy = j(z)exp(—iwt).
As we seek plane wave solutions
Ut = exp(i2hkn)Uy = \U;, Ui = exp(—i2hkn)Uz = \"\Ur, U=e,h,j,
with kj, being the numerical wave number. Combining (3.8) and (3.9), we get

(er +hr)” + Mer —hr)™ _

—iw(h(z), vn) — (e(@),v}) + 5 R
+(76L+hL)7+;\*1(—eR*hR)7,UZ —0, (6.1)
w2 er)” —er)”
(—iwen oo + Tz_v)(e(:c), on) — (h(z),v}) + (hr + eR) +2A(hL L) VR
7(h,L*€L)7+;\71(hR+€R)7vZ —o (6.2)

6.1.1. Piecewise constant elements

In this case, we set vy, = 1 in (6.1)-(6.2), e(x) and h(z) are constants denoted as E and H,
respectively. Consequently, all derivative terms are zero. So, (6.1) and (6.2) become

(E4+H)” +XNE—-H)" N (-E4+H)" + X Y(—E—-H)

— 2iwhH + 5 5 =0, (6.3)
2 — — — —1 _
H+FE AMH-FE H-F A(H+E
2<7mm+ “h )hE+( TE) +X )~ ) AN HAE)
’ —iw + 7y 2 2

(6.4)
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Rewritting in matrix-vector form, (6.3)-(6.4) read

AU =0, (6.5)

where U = (H, E)T and
4 —i2wh+1— (A"t +X)/2 A—A"1)/2
= w2 .
(A= A1)/2 2(—iwe,.7oo+ _iwzrw>h+1 ST N)/2
A non-trivial solution to (6.5) requires det(A) = 0, resulting in the following characteristic
equation
2—(A+A1) = 4(M +w2>h2/(—2iwh PG gy 1)
—iw 47y —tw + 7y
4(kh)?
—2iwh + 7iw+'yh +1

where k is the wave number in (3.6). Let —2iw + w2(—iw +v)~' = —C and X = exp(i2hky).
For small hk;, , using Taylor expansion gives

Cl? )
b = k= h+ O(h%). (6.7)

From (6.7), we conclude that the dispersive (real part of (k;, — k)) and dissipative (imaginary
part of (kn, — k)) are both first order accurate.
6.1.2. Piecewise linear elements

In this case, test functions are chosen as v,1 = (h—2)/2 and vp2 = (h+2)/2 while the numerical
solution is assumed to be of the form

Ur(h—2)/2+Ugr(h+x)/2, U =h,e.

Putting vp1 and vps into (6.1) and (6.2), we get

2 _ _ )1
—iw(%-ﬁ-h?}%)fﬂ-i- (et J;eR)h L et iu) QA (erthr)y _ (6.8)
w2 2e;,  er (hy, + hr)h  (hp —er) + X" (hg +eR)
. » 2€L | €R\ ;9 L R L L R R _
( Zw+—iw+’y)( 3 3)h + 2 2 h=0, (69)
- zw(%TR + %L)h? _ e ZeR)h 4 (et hr) EA(eL “h)y (6.10)
w? 2er e (hr + hg)h  (hg+er) + A(hr —er)
o P _R _L 2 L R R R L L _
( zw+7_iw+7)< =t S)h SRR . h=0. (6.11)

Rewritten again as AU = 0, where U = (hy, hg,er,er). A nontrivial solution requires that
det(A) = 0, giving
o _ ()\Jr l) B —4CDh?(9 + 3(C + D)h + CDhR?)
A 9+ 3(C+ D)h—2CDh2 —2CD(C + D)h3’

(6.12)

where )

w
C=—iw+—L D=—iw, CD=—k> X=exp(2ihkp).
—iw + 7y
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Fig. 6.1. Error of 1-D piecewise quadratic Fig. 6.2. Structure of 2-D cell.
elements, z-axis is log(h).
Using Taylor expansion, we have
3\ 2 3\2
2 2
(k,’fh - —) - (k h? — —) — O(hY), (6.13)
2 2
which gives that
kn — k= O(h®). (6.14)

Therefore, we have a third-order accuracy in the dispersion and dissipation for piecewise linear
element.

6.1.3. Piecewise quadratic elements

Following a similar procedure as above, we write the numerical solution as
Ur(h—)/2+ Ugr(h+2)/2 4+ Uc(h* —2?), U = h,e.

By setting test functions vy, = (h—2)/2, vhe = (h+z)/2 and vp3 = h? — 2% in (6.1) and (6.2),
we get six functions. A nontrivial solution requirement gets

kn —k = O(h°),

namely, a 5th-order accuracy in the dispersion and dissipation for second order elements.

Fig. 6.1 plots the error for w = 1,w, = 2,7 = 2, €, o = 1, which indicates that the order of
accuracy for the real part is 4.9, and for the imaginary part is 5.0.

6.2. Dispersion errors for 2-D Maxwell’s equations

Assuming K is [—h, h] X [—h, h], as in Fig. 6.2, we define the value on four boundaries as
Ur(y),Ur(y), Uy (z),Up(x), respectively; the limit from inside labels as —, outside as +. We
seek plane wave solutions and, hence, assume Uzr =Ug /a2 Ug =U; /Ay, U;{ =Up A, U(JJr =
UpAy.
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6.2.1. Piecewise constant elements

Assuming test function v = 1, E,, E,, H, are constants and all of their derivatives are thus
zero. Under the assumption of Z =Y = 1, the discontinuous Galerkin solution (4.4) can be
simplified as

(- idwer(w)h +2 - Aiy ~\)Ea + (A—ly — A ) H: =0,

(= idwer(w)h +2 - Aix — ) By + (e — )\%)H =0, o

(i4wuh+4)\iy)\y)%>\x)Hz '
+(Aiy 0 Eat (A= 50) By =0,

Non-trivial solution demands the determinant of coefficient matrix to be zero, resulting in
(D?h? + 4Dh + CDRh*)(Ay + 5+ — 2) — CD?R?

)\x—l—)\;l—Q: )
(8 +2Dh+ Ch)(Ay + 5> — 2) — (D?h? + ADh + CDh?)

(6.16)

where

C = —tdwp, D= —idwe (w), Ay =exp(2thfhs), Ay = exp(2ihfhy),
Bhe and fBpy, are numerical wave numbers. Next, we will compare the errors between 3, and
Bes Bry and B,. We assume in (4.2) 8, = kcos0, 3, = ksinf, k* = w?e,(w), and, similarly, in
(6.16)

Bha = kncos®,  Bry = kpsing. (6.17)
Denoting A, = exp(2ihfhz), Ay = exp(2ihfhy), and putting (6.17) into (6.16), we obtain
—-CD
ki = O(h) = k* + O(h).
NS Iay oo oW =R om

Consequently, we have
kn — k= O(h), (6.18)

which implies that the dispersion error is first-order accurate for all incident angle 6.

6.2.2. Piecewise linear elements
Assume that the numerical solution has the form
U =Urvp + Urvpa + Ucvpa, U:HZ7Ex7Ey- (619)

Set three basis functions vy = z,vpe = y,vps = h in (4.3), respectively. This yields nine
equations. Again, we assume

Bhz = kncos@, Bry =knsingd, A, =exp(2ihfhs), Ay = exp(2ihfhy). (6.20)

Putting (6.20) into those nine equations, non-trivial solution demands the determinant of coeffi-
cient matrix to be zero. As the determinant is beyond analytical solution, we solve it numerically
for a few typical cases.

Fig. 6.3 is the dispersion and dissipation error convergence result of w = 1,w, = 2.5,y =
1.5, €r,00 = 1, incidence angle 6 takes 0,7/6, /4, 7/3, respectively.

Table 6.1 gives the third-order O(h?) convergence for three cases of parameters. The first
case is w = 1,wp = 2,7 = 2,6, o = 1; the second case is w = 1,wp, = 2.5,7 = 1.5, 6,00 = 1, and
the third case is w = 1.5,w, = 2.5,7 = 1.5,¢ oo = 1.
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Fig. 6.3. Error of piecewise linear elements with w = 1,w, = 2.5,y = 1.5, ¢, 00 = 1, at various values of

the incidence angle 6.

Table 6.1: The convergence order of piecewise linear elements.

parameter =0 0=x/6 O=xn/4 O=m/3
case 1 Real part 2.96 2.97 2.95 3.00
case 1 Imaginary part  2.92 3.13 3.13 3.13
case 2 Real part 2.74 2.99 3.05 2.99
case 2 Imaginary part  3.50 3.77 3.88 3.77
case 3 Real part 2.84 2.98 2.95 2.98
case 3 Imaginary part  3.40 3.48 3.62 3.48

6.2.3. Piecewise quadratic elements

The numerical solution has the following form

U = Ujvy + Usvg + Usvs + Ugvy + Usvs + Ugvg, U = HZ,Ex,Ey.

(6.21)

Setting six test functions v, = h,ve = z,v3 = y,vs = 22, v5 = y?,v6 = xy into (4.3), we get

eighteen equations. Following the similar numerical process for piecewise linear elements, we

can obtain the O(h®) convergence results.
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