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Abstract

In this paper, we consider a hydrodynamic model of the semiconductor device. The
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equation and multistep upwind finite volume methods for the concentration equations.

Error estimates in some discrete norms are derived under some regularity assumptions on
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1. Introduction

Let us consider a system of equations describing the mobil carrier transport in a semicon-

ductor device in a bounded domain Ω ∈ Rd, d = 2, 3:

−∆v = ∇ · u = α[p − e + N(x)], (1.1)

∂e

∂t
= ∇ · [De(x)∇e − µe(x)e∇v] − R1(e, p), (1.2)

∂p

∂t
= ∇ · [Dp(x)∇p + µp(x)p∇v] − R2(e, p). (1.3)

The above system is a hydrodynamic model of the semiconductor device. Three unknowns are

the electrostatic potential v, the electron mobile charge density e, and the hole mobile charge

density p. u = −∇v is the electric intensity. α is a constant related to the magnitude of

electronic charge and the dielectric permittivity. N(x) = ND(x) − NA(x), where ND(x) and

NA(x) denote the donor and acceptor impurity respectively. The diffusion coefficients Ds(x)

(s = e, p) are related to the mobilities µs(x) by the relation Ds(x) = UT µs(x), where UT is the

thermal voltage. The recombination terms Ri(e, p), i = 1, 2 are Lipschitz continuous with the

Lipschitz constant λ. All the coefficients appeared in (1.1)–(1.3) are positive and bounded, and

µs ≥ µ∗ > 0, Ds ≥ D∗ > 0, s = e, p, where µ∗ and D∗ is positive constants.

The equations can be completed by the following initial and boundary conditions

e(x, 0) = e0(x), p(x, 0) = p0(x), (1.4)

v = 0, e = 0, p = 0, x ∈ ∂Ω, t ∈ (0, T ]. (1.5)
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There have existed many works on the numerical solution of the above system. In [5], a

finite difference method was constructed for one or two dimensional cases and the convergence

analysis was given. Numerical procedures based on a mixed finite element method for the

potential equation and finite element methods for the mobile charge density equations were

first presented in [4, 7]. The method was then applied to a mixed initial boundary model

in [12], where under some less smoothness assumptions on the exact solution, a priori error

estimates were obtained. In [13], two kinds of finite element schemes, one being partly linear

and another being nonlinear, were formulated and the existence of the approximate solutions

was proved for both cases. The convergence analysis for the nonlinear scheme was presented in

[14]. Some exponentially converging box methods, named Scharfetter-Gummel methods, were

used in [10] to treat two and three dimensional semiconductor device problems. The stability of

the methods and error estimates for the Slotboom variables are derived. Recently, characteristic

finite element methods have been presented in [11] to avoid nonphysical oscillation and optimal

error estimates were obtained there.

Finite volume method is a discretization tool used extensively in the computations for

conservation laws. The method is suitable in handling general domains, which can keep local

conservation properties of the numerical fluxes. We refer to [3, 6, 8, 9] and the references

therein for some details. In this paper, we study a finite volume method for the semiconductor

devices in multi–dimensions. We use a mixed finite volume method to treat the elliptic equation

(1.1) and upwind finite volume methods to treat the convection–diffusion Eqs. (1.2)-(1.3). A

multistep time discretization is considered to enhance the accuracy in temporal direction. Under

the assumption that the exact solutions possess enough regularity we derive the optimal error

estimates in discrete norms for the scheme.

The rest of the paper is organized as follows. In Section 2, we introduce the admissible

meshes and some necessary notation. Section 3 is devoted to formulating a fully discrete finite

volume scheme for Eqs. (1.1)-(1.5). In Section 4, we derive the priori error estimates for the

finite volume scheme under some regularity assumptions on the exact solutions.

Throughout this paper, we use C and ǫ to denote a general positive constant and a general

positive small constant, respectively, not necessarily the same in different places.

2. Meshes and Notations

Definition 2.1. (Admissible meshes) An admissible mesh Th of Ω is given by a family of

control volumes, which are open polygonal (or polyhedral) subsets of Ω. A family E of subsets

of Ω contained in hyper-planes of Rd with strictly positive measure (the edges of the mesh), and

a family of discrete points in Ω satisfying the following properties:

1. The closure of the union of all control volumes is Ω.

2. For any K ∈ Th, there exists a subset EK ⊆ E, such that ∂K = K\K = ∪σ∈EK
σ.

Furthermore, E = ∪K∈Th
EK .

3. For any (K, L) ∈ T 2
h with K 6= L, either K ∩ L = 0 or K ∩ L = σ. Then, we denote by

σ = K|L.

4. The family of discrete points
{

xK

}

K∈Th
is such that xK ∈ K and, if σ = K|L, it is

assumed that the straight line xKxL is orthogonal to σ.

Let h denote the space step of the mesh Th. For any K ∈ Th and σ ∈ E , we denote by m(K)

the measure of K and m(σ) the measure of the edge σ. If σ ∈ EK , we denote dK,σ the Euclidean
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distance between the point xK and the edge σ. The set of interior (resp. boundary) edges is

denoted by Eint (resp. Eext), that is, Eint = {σ ∈ E ; σ 6⊂ ∂Ω} (resp. Eext = {σ ∈ E ; σ ⊂ ∂Ω}).

Then let dσ = dK,σ + dL,σ if σ = K|L ∈ Eint, and let dσ = dK,σ if σ ∈ EK ∩ Eext.

The mesh Th is quasi–uniform, i.e., there exists a constant C∗ > 0 such that

dK,σ ≥ C∗h, ∀K ∈ Th, σ ∈ EK . (2.1)

Let χ(Th) denote the piecewise constant space on Th. We introduce a discrete H1
0 norm for this

space: for any ϕ ∈ χ(Th),

‖ϕ‖1,h =

(

∑

σ∈E

m(σ)

dσ
(Υσϕ)2

)1/2

, (2.2)

where Υσϕ = ϕL − ϕK , if σ = K|L ∈ Eint, and Υσϕ = −ϕK , if σ ∈ EK ∩ Eext. According to

[2], the discrete H1
0 norm satisfies the following properties.

Lemma 2.1. Let Th be an admissible mesh defined on Ω. For any ϕ ∈ χ(Th), there exists a

constant C > 0 only depending upon Ω such that

‖ϕ‖L2 ≤ C‖ϕ‖1,h. (2.3)

Lemma 2.2. Let Th be an admissible mesh defined on Ω satisfying (2.1). For any ϕ ∈ χ(Th),

there exists a constant C > 0 only depending upon Ω and C∗, such that

‖ϕ‖L∞ ≤ C(ln |h| + 1)‖ϕ‖1,h, if d = 2, (2.4)

‖ϕ‖L∞ ≤ Ch−1/2‖ϕ‖1,h, if d = 3. (2.5)

3. Fully Discrete Finite Volume Scheme

Let N be a positive integer. Let ∆t = T/N and tn = n∆t. Define by

ϕn = ϕ(tn), δϕn = ϕn − ϕn−1, ∂tϕ
n = δϕn/∆t. (3.1)

For any K ∈ Th, we denote by ηK the unit outer normal vector to ∂K. For (1.1)-(1.3), we use

the Green’s formula to obtain the following integral conservation forms:

∫

∂K

u · ηKds = −

∫

∂K

∇v · ηKds =

∫

K

α[p − e + N(x)]dx, (3.2)

∫

K

∂e

∂t
dx +

∫

∂K

[−µe(x)eu − De(x)∇e] · ηKds = −

∫

K

R1(e, p)dx, (3.3)

∫

K

∂p

∂t
dx +

∫

∂K

[µp(x)pu − Dp(x)∇p] · ηKds = −

∫

K

R2(e, p)dx. (3.4)

We denote by V n, En, Pn ∈ χ(Th) the approximations of vn, en and pn respectively. Let UK,σ

be the approximation of u · ηK on the edge σ of K such that

UK,σ = −
VL − VK

dσ
, if σ = K|L ∈ Eint; UK,σ =

VK

dσ
, if σ ∈ EK ∩ Eext. (3.5)
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Let I be an extrapolator on time such that Iϕn+1 = 2ϕn − ϕn−1, n ≥ 1. Iϕn+1 = ϕ0, n = 0.

Define the upwind values En+1
σ,+ of En+1 and Pn+1

σ,+ of Pn+1 on an edge σ as follows:

En+1
σ,+ =

{

En+1
L , IUn+1

K,σ ≥ 0,

En+1
K , otherwise,

σ = K|L ∈ Eint,

En+1
σ,+ =

{

0, IUn+1
K,σ ≥ 0,

En+1
K , otherwise,

σ ∈ EK ∩ Eext.

Pn+1
σ,+ =

{

Pn+1
K , IUn+1

K,σ ≥ 0,

Pn+1
L , otherwise,

σ = K|L ∈ Eint,

Pn+1
σ,+ =

{

Pn+1
K , IUn+1

K,σ ≥ 0,

0, otherwise,
σ ∈ EK ∩ Eext.

Then the multistep finite volume scheme is given by: for any K ∈ Th,

∑

σ∈EK

m(σ)Un
K,σ = αm(K)(Pn

K − En
K + N̄K), (3.6)

m(K)∂tE
n+1
K −

2

3

∑

σ∈EK

(

m(σ)µ̄e,KEn+1
σ,+ IUn+1

K,σ + D̄e,σ
m(σ)

dσ
(ΥσEn+1)

)

=
1

3
m(K)∂tE

n
K −

2

3
m(K)R1(IEn+1

K , IPn+1
K ), (3.7)

m(K)∂tP
n+1
K +

2

3

∑

σ∈EK

(

m(σ)µ̄p,KPn+1
σ,+ IUn+1

K,σ − D̄p,σ
m(σ)

dσ
(ΥσPn+1)

)

=
1

3
m(K)∂tP

n
K −

2

3
m(K)R2(IEn+1

K , IPn+1
K ), (3.8)

where

N̄K =
1

m(K)

∫

K

N(x)dx, D̄s,σ =
1

m(σ)

∫

σ

Ds(x)ds, µ̄s,K = µs(xK),

for s = e, p, and the difference operator Υσ is defined in (2.2).

The initial approximate values {E0
K , P 0

K} can be obtained by E0
K = e0(xK) and P 0

K =

p0(xK), and {E1
K , P 1

K} can be obtained by a single step scheme similar to (3.7)-(3.8). The

algorithm for the whole scheme is described as follows. Assume that the approximate so-

lution {En−1
K , En

K , Pn−1
K , Pn

K} are known. From (3.5)-(3.6), we can calculate {V n−1
K , V n

K} and

{Un−1
K,σ , Un

K,σ} in succession. Then we solve (3.7)-(3.8) independently and obtain {En+1
K , Pn+1

K }.

Repeating this procedure, we can obtain all the approximations.

4. Error Estimates

First the assumptions on the regularity of the exact solutions of (1.1)-(1.5) are collected as

follows

v ∈ L∞(0, T ; W 2,∞(Ω)) ∩ H2(0, T ; W 1,∞(Ω̄)),

e, p ∈ L∞(0, T ; L∞(Ω̄)) ∩ L∞(0, T ; W 1,∞(Ω)) ∩ H1(0, T ; W 1,∞(Ω)) ∩ H2(0, T ; L2(Ω)).
(4.1)
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Lemma 4.1. ([1]) For any ϕ ∈ χ(Th), there exists a constant C > 0 depending upon various

norms of ϕ such that
∥

∥

∥

∥

2

3

∂ϕn+1

∂t
− ∂tϕ

n+1 +
1

3
∂tϕ

n

∥

∥

∥

∥

L2

≤ C∆t2. (4.2)

Lemma 4.2. For any ϕ ∈ χ(Th) and the integer R ≤ N , we have

∆t

R−1
∑

n=1

(∂tϕ
n
K)ϕn+1

K ≤
3

2

R−1
∑

n=1

(δϕn+1
K )2 + (ϕR

K)2 + 2(ϕ1
K)2 +

3

2
(ϕ0

K)2. (4.3)

Proof. Note that

ϕn
K =

1

2
[(ϕn

K − ϕn−1
K ) + (ϕn

K + ϕn−1
K )] =

1

2
[δϕn

K + (ϕn
K + ϕn−1

K )].

We then have

∆t

R−1
∑

n=1

(∂tϕ
n
K)ϕn+1

K =

R−1
∑

n=1

(δϕn
K)ϕn

K +

R−1
∑

n=1

(δϕn
K)(δϕn+1

K )

=
1

2

(R−1
∑

n=1

(δϕn
K)2 +

R−1
∑

n=1

[

(ϕn
K)2 − (ϕn−1

K )2
]

)

+

R−1
∑

n=1

(δϕn
K)(δϕn+1

K )

=
1

2

[

R−1
∑

n=1

(δϕn
K)2 + (ϕR−1

K )2 − (ϕ0
K)2

]

+

R−1
∑

n=1

(δϕn
K)(δϕn+1

K ),

where

(ϕR−1
K )2 = (ϕR

K − δϕR
K)2 ≤ 2(δϕR

K)2 + 2(ϕR
K)2,

R−1
∑

n=1

(δϕn
K)(δϕn+1

K ) ≤
1

2

R−1
∑

n=1

(δϕn
K)2 +

1

2

R−1
∑

n=1

(δϕn+1
K )2.

It follows from above estimates that

∆t

R−1
∑

n=1

(∂tϕ
n
K)ϕn+1

K ≤

R−1
∑

n=1

(δϕn
K)2 + (δϕR

K)2 + (ϕR
K)2 −

1

2
(ϕ0

K)2 +
1

2

R−1
∑

n=1

(δϕn+1
K )2

=
3

2

R−1
∑

n=1

(δϕn+1
K )2 + (δϕ1

K)2 + (ϕR
K)2 −

1

2
(ϕ0

K)2

≤
3

2

R−1
∑

n=1

(δϕn+1
K )2 + (ϕR

K)2 + 2(ϕ1
K)2 +

3

2
(ϕ0

K)2.

Thus, we get the desired result.

Now we define π, ξ, ϑ ∈ χ(Th) such that for any x ∈ K, K ∈ Th,

π = VK − v(xK), ξ = EK − e(xK), ϑ = PK − p(xK). (4.4)

Lemma 4.3. Suppose that v ∈ L∞(0, T ; W 2,∞(Ω)) and e, p ∈ L∞(0, T ; W 1,∞(Ω)). Then there

exists a constant C > 0 such that

‖πn‖2
1,h ≤ C(‖ϑn‖2

L2 + ‖ξn‖2
L2 + h2). (4.5)
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Proof. Similar to (3.5) we define that

uK,σ = −
v(xL) − v(xK)

dσ
, if σ = K|L ∈ Eint; uK,σ =

v(xK)

dσ
, if σ ∈ EK ∩ Eext. (4.6)

Then from (3.2) and (3.6), we can obtain the following error equation.

∑

σ∈EK

m(σ)(Un
K,σ − un

K,σ) =
∑

σ∈EK

∫

σ

(un · ηK − un
K,σ)ds + αm(K)(ϑn

K − ξn
K)

+

∫

K

α
(

[pn(xK) − pn] − [en(xK) − en]
)

dx. (4.7)

Multiply (4.7) by πn
K and sum the result on Th. First, we see that

∑

K∈Th

∑

σ∈EK

m(σ)(Un
K,σ − un

K,σ)πn
K = ‖πn‖2

1,h. (4.8)

The terms on the right hand side of (4.7) will be estimated in sequence. Reordering by interior

edges and using Young inequality, we have

∑

K∈Th

∑

σ∈EK

∫

σ

(un · ηK − un
K,σ)dsπn

K

=
∑

K∈Th

(

1

2

∑

σ=K|L∈EK

∫

σ

(un · ηK − un
K,σ)ds(πn

K − πn
L) +

∑

σ∈EK∩Eext

∫

σ

(un · ηK − un
K,σ)ds(πn

K)

)

≤ C{‖v‖L∞(W 2,∞)}
∑

σ∈E

m(σ)dσh2 + ǫ‖πn‖2
1,h = C{d, m(Ω)}h2 + ǫ‖πn‖2

1,h. (4.9)

By Lemma 2.1, we have

∑

K∈Th

(

αm(K)(ϑn
K − ξn

K) +

∫

K

(

[pn(xK) − pn] − [en(xK) − en]
)

dx

)

πn
K

≤ C{‖e‖L∞(W 1,∞), ‖p‖L∞(W 1,∞)}(‖ϑ
n‖L2 + ‖ξn‖L2 + h)‖πn‖L2

≤ C(‖ϑn‖2
L2 + ‖ξn‖2

L2 + h2) + ǫ‖πn‖2
1,h. (4.10)

So combining (4.8)-(4.10) and choosing ǫ small enough, we get the desired result.

In the error analysis below, we will use the estimates

sup
0≤n≤N

‖ξn‖L∞ → 0, sup
0≤n≤N

‖ϑn‖L∞ → 0, (h, ∆t) → 0. (4.11)

From (4.4), we have ξ0 = ϑ0 = 0 and (4.11) is trivial for N = 0. Next we make the induction

hypothesis that (4.11) holds for 0 ≤ N ≤ R − 1. We will prove that (4.11) holds for N = R by

an induction argument later. Let us consider the error estimates between (3.3) and (3.7).

Lemma 4.4. If v, e and p satisfy the regularity assumption (4.1), then

‖ξR‖2
L2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
1,h + ∆t

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

m(σ)|IUn+1
K,σ |(Υσξn+1)2

≤ C

(

∆t4 + h2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
L2 + ∆t

R−1
∑

n=1

‖ϑn+1‖2
L2 + ‖ξ1‖2

L2 + ‖ϑ1‖2
L2

)

. (4.12)
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Proof. For any K ∈ Th, σ ∈ EK , we define the upwind value en+1
σ,+ as follows:

en+1
σ,+ =

{

en+1(xL), IUn+1
K,σ ≥ 0,

en+1(xK), otherwise,
σ = K|L ∈ Eint,

en+1
σ,+ =

{

0, IUn+1
K,σ ≥ 0,

en+1(xK), otherwise,
σ ∈ EK ∩ Eext.

Let ξn+1
σ,+ = En+1

σ,+ − en+1
σ,+ . From (3.3) and (3.7) we have the following error equation:

m(K)∂tξ
n+1
K −

2

3

∑

σ∈EK

(

m(σ)µ̄e,Kξn+1
σ,+ IUn+1

K,σ + D̄e,σ
m(σ)

dσ
Υσξn+1

)

=
8
∑

i=1

Si. (4.13)

Multiply (4.13) by ∆tξn+1
K , and sum the resulting equation over Th for 1 ≤ n ≤ R−1. Note

that ξ0 = 0 and an application of Lemma 4.2 gives

∆t
∑

K∈Th

R−1
∑

n=1

S1ξ
n+1
K =

1

3
∆t

∑

K∈Th

R−1
∑

n=1

m(K)(∂tξ
n
K)ξn+1

K

≤
1

2

R−1
∑

n=1

‖δξn+1‖2
L2 +

1

3
‖ξR‖2

L2 +
2

3
‖ξ1‖2

L2. (4.14)

Using Taylor expansion, we have

∆t
∑

K∈Th

R−1
∑

n=1

S2ξ
n+1
K

= ∆t

R−1
∑

n=1

∑

K∈Th

(
∫

K

∂t

(

en+1 − en+1(xK)
)

dx −
1

3

∫

K

∂t

(

en − en(xK)
)

dx

)

ξn+1
K

≤ C{‖e‖H1(W 1,∞)}(h
2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
L2). (4.15)

It follows from Lemma 4.1 that

∆t
∑

K∈Th

R−1
∑

n=1

S3ξ
n+1
K = ∆t

R−1
∑

n=1

∑

K∈Th

∫

K

(

2

3

∂en+1

∂t
− ∂te

n+1 +
1

3
∂te

n

)

ξn+1
K dx

≤ C(∆t4 + ∆t

R−1
∑

n=1

‖ξn+1‖2
L2). (4.16)

Next, we have

∆t
∑

K∈Th

R−1
∑

n=1

S4ξ
n+1
K =

2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

IUn+1
K,σ µ̄e,K

∫

σ

(

en+1
σ,+ − en+1

)

dsξn+1
K

=
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

Iun+1
K,σ µ̄e,K

∫

σ

(

en+1
σ,+ − en+1

)

dsξn+1
K

+
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

(IUn+1
K,σ − Iun+1

K,σ )µ̄e,K

∫

σ

(

en+1
σ,+ − en+1

)

dsξn+1
K

=
2∆t

3

R−1
∑

n=1

(S41 + S42).
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By (4.6) we have |Iun+1
K,σ µ̄e,K | ≤ 3‖v‖L∞(W 1,∞)‖µe‖L∞. Reordering by interior edges gives

S41 =
∑

K∈Th

(

1

2

∑

σ=K|L∈EK

Iun+1
K,σ µ̄e,K

∫

σ

(

en+1
σ,+ − en+1

)

ds(ξn+1
K − ξn+1

L )

+
∑

σ∈EK∩Eext

Iun+1
K,σ µ̄e,K

∫

σ

(

en+1
σ,+ − en+1

)

dsξn+1
K

)

≤ C
∑

K∈Th

∑

σ∈EK

dσ

m(σ)

[

∫

σ

(en+1
σ,+ − en+1)ds

]2
+ ǫ

∑

σ∈E

m(σ)

dσ
(Υσξn+1)2

≤ C{‖e‖L∞(W 1,∞)}
∑

K∈Th

∑

σ∈EK

m(σ)dσh2 + ǫ‖ξn+1‖2
1,h

≤ C{d, m(Ω)}h2 + ǫ‖ξn+1‖2
1,h.

Note that

∑

σ∈EK

m(σ)

dσ
h2 ≤ C{C∗}

∑

σ∈EK

m(σ)dK,σ ≤ C{C∗, d}m(K).

Therefore, it follows from (3.5) and (4.6) that

S42 =
∑

K∈Th

∑

σ∈EK

(IUn+1
K,σ − Iun+1

K,σ )µ̄e,K

∫

σ

(

en+1
σ,+ − en+1

)

dsξn+1
K

≤ C{‖e‖L∞(W 1,∞), ‖µe‖L∞}
∑

K∈Th

∑

σ∈EK

m(σ)h

dσ
(2|Υσπn| + |Υσπn−1|)|ξn+1

K |

≤ C(‖πn‖2
1,h + ‖πn−1‖2

1,h) + C
∑

K∈Th

∑

σ∈EK

m(σ)

dσ
h2(ξn+1

K )2

≤ C(‖πn‖2
1,h + ‖πn−1‖2

1,h) + C‖ξn+1‖2
L2.

Thus combining the two estimates for S41 and S42 and using Lemma 4.3 yield

∆t
∑

K∈Th

R−1
∑

n=1

S4ξ
n+1
K

≤ C∆t

R
∑

n=0

(‖ϑn‖2
L2 + ‖ξn‖2

L2) + Ch2 +
2ǫ∆t

3

R−1
∑

n=1

‖ξn+1‖2
1,h. (4.17)

Taking a similar argument yields

∆t
∑

K∈Th

R−1
∑

n=1

S5ξ
n+1
K =

2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

IUn+1
K,σ

∫

σ

(

µ̄e,K − µe)e
n+1dsξn+1

K

≤ C∆t

R
∑

n=0

(‖ϑn‖2
L2 + ‖ξn‖2

L2) + Ch2 +
2ǫ∆t

3

R−1
∑

n=1

‖ξn+1‖2
1,h. (4.18)



Multistep Finite Volume Approximations to Semiconductor Device 493

where C depends on ‖µe‖L∞(W 1,∞), ‖e‖L∞(L∞), ‖v‖L∞(W 1,∞), C∗, d and m(Ω).

For S6, we have

∆t
∑

K∈Th

R−1
∑

n=1

S6ξ
n+1
K = −

2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

∫

σ

µe

(

un+1 · ηK − IUn+1
K,σ

)

en+1dsξn+1
K

= −
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

∫

σ

µe(u
n+1 − Iun+1) · ηKen+1dsξn+1

−
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

∫

σ

µe(Iun+1 · ηK − Iun+1
K,σ )en+1dsξn+1

−
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

∫

σ

µe(Iun+1
K,σ − IUn+1

K,σ )en+1dsξn+1.

Then taking a similar argument as for (4.9) and (4.17) gives

∆t
∑

K∈Th

R−1
∑

n=1

S6ξ
n+1
K

≤ C(∆t4 + h2 + ∆t

R−1
∑

n=0

(‖ϑn‖2
L2 + ‖ξn‖2

L2)) + ǫ∆t

R−1
∑

n=1

‖ξn+1‖2
1,h, (4.19)

where C depends on ‖e‖L∞(L∞(Ω̄)), ‖v‖W 2,∞(W 1,∞(Ω̄)), ‖v‖L∞(W 2,∞), C∗, d and m(Ω).

For the term S7, we reorder by interior edges to have

∆t
∑

K∈Th

R−1
∑

n=1

S7ξ
n+1
K =

2∆t

3

R−1
∑

n=1

∑

K∈Th

(

∑

σ=K|L∈EK

∫

σ

De(x)
(en+1(xL) − en+1(xK)

dσ

−∇en+1 · ηK

)

dsξn+1
K +

∑

σ∈EK∩Eext

∫

σ

De(x)
(−en+1(xK)

dσ
−∇en+1 · ηK

)

dsξn+1
K

)

≤ C{‖e‖L∞(W 2,∞)}∆t

R−1
∑

n=1

∑

σ∈E

m(σ)dσh2 + ǫ∆t

R−1
∑

n=1

‖ξn+1‖2
1,h

≤ C{d, m(Ω)}h2 + ǫ∆t

R−1
∑

n=1

‖ξn+1‖2
1,h. (4.20)

At last, using the triangle inequality and the Lipschitz continuity of R1, we have

∆t
∑

K∈Th

R−1
∑

n=1

S8ξ
n+1
K = −

2∆t

3

R−1
∑

n=1

∫

K

(

R1(IEn+1, IPn+1) − R1(e
n+1, pn+1)

)

dxξn+1
K

≤ C{λ, ‖e‖H2(L2), ‖e‖L∞(W 1,∞), ‖p‖H2(L2), ‖p‖L∞(W 1,∞)}
(

∆t4 + h2 + ∆t

R
∑

n=0

‖ξn‖2
L2 + ∆t

R−1
∑

n=0

‖ϑn‖2
L2

)

. (4.21)

Now we estimate the terms on the left-hand side of (4.13).

∆t

R−1
∑

n=1

∑

K∈Th

m(K)(∂tξ
n+1
K )ξn+1

K =
1

2
‖ξR‖2

L2 −
1

2

∑

K∈Th

‖ξ1‖2
L2 +

1

2

R−1
∑

n=1

‖δξn+1‖2
L2. (4.22)
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Reordering by interior edges, we have

−
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

(D̄e,σ
m(σ)

dσ
Υσξn+1)ξn+1

K ≥
2D∗

3
∆t

R−1
∑

n=1

‖ξn+1‖2
1,h. (4.23)

Let ξn+1
σ,− denote the downwind value of ξn+1 on an edge σ of K such that

ξn+1
σ,− =

{

ξn+1
K , IUn+1

K,σ ≥ 0,

ξn+1
L , otherwise,

σ = K|L ∈ Eint,

ξn+1
σ,− =

{

ξn+1
K , IUn+1

K,σ ≥ 0,

0, otherwise,
σ ∈ EK ∩ Eext.

Then,

−
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

m(σ)µ̄e,Kξn+1
σ,+ IUn+1

K,σ ξn+1
K

=
∆t

3

R−1
∑

n=1

∑

K∈Th

(

∑

σ=K|L∈EK

+2
∑

σ∈EK∩Eext

)

m(σ)µ̄e,K |IUn+1
K,σ |ξn+1

σ,+ (ξn+1
σ,+ − ξn+1

σ,− )

=
∆t

6

R−1
∑

n=1

∑

K∈Th

(

∑

σ=K|L∈EK

+2
∑

σ∈EK∩Eext

)

m(σ)µ̄e,K |IUn+1
K,σ |

(

(ξn+1
σ,+ − ξn+1

σ,− )2 +
[

(ξn+1
σ,+ )2 − (ξn+1

σ,− )2
]

)

=
∆t

6

R−1
∑

n=1

∑

K∈Th

(

∑

σ=K|L∈EK

+2
∑

σ∈EK∩Eext

)

m(σ)µ̄e,K |IUn+1
K,σ |(ξn+1

σ,+ − ξn+1
σ,− )2

−
∆t

3

R−1
∑

n=1

∑

K∈Th

(ξn+1
K )2µ̄e,K

∑

σ∈EK

m(σ)IUn+1
K,σ

=
∆t

6

R−1
∑

n=1

∑

K∈Th

(

∑

σ=K|L∈EK

m(σ)µ̄e,K |IUn+1
K,σ |(ξn+1

L − ξn+1
K )2

+2
∑

σ∈EK∩Eext

m(σ)µ̄e,K |IUn+1
K,σ |(ξn+1

K )2
)

−
∆t

3

R−1
∑

n=1

∑

K∈Th

(ξn+1
K )2µ̄e,K

∑

σ∈EK

m(σ)IUn+1
K,σ ,

where from (3.6) and the triangle inequality, we have
∑

σ∈EK

m(σ)IUn+1
K,σ

≤ |α|
(

2‖En‖L∞ + |En−1‖L∞ + 2‖Pn‖L∞ + ‖Pn−1‖L∞ + ‖N‖L∞

)

m(K).

Note that ‖En‖L∞ ≤ ‖e‖L∞(L∞) + ‖ξn‖L∞ and ‖Pn‖L∞ ≤ ‖p‖L∞(L∞) + ‖ϑn‖L∞ . Using the

induction hypothesis, we know when h and ∆t are small enough,

2‖En‖L∞ + ‖En−1‖L∞ + 2‖Pn‖L∞ + ‖Pn−1‖L∞ ≤ C0, n ≤ R − 1,
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where C0 is a fixed positive constant. Hence,

−
2∆t

3

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

m(σ)µ̄e,Kξn+1
σ,+ IUn+1

K,σ ξn+1
K

≥
∆t

6
µ∗

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

m(σ)|IUn+1
K,σ |(Υσξn+1)2 − C{C0, µ∗}∆t

R−1
∑

n=1

‖ξn+1‖2
L2 . (4.24)

Since ξ0 = ϑ0 = 0, combining (4.13)-(4.24) and choosing ǫ small enough yield the desired result.

This completes the proof of Lemma 4.4.

For Eqs. (3.4) and (3.8), we have the similar estimates as follows.

Lemma 4.5. Suppose that v ∈ L∞(0, T ; W 2,∞(Ω))∩W 2,∞(0, T ; W 1,∞(Ω̄)), e ∈ L∞(0, T ; W 1,∞

(Ω))∩H2(0, T ; L2(Ω)), and p ∈ L∞(0, T ; L∞(Ω̄))∩L∞(0, T ; W 1,∞)∩H2(0, T ; L2(Ω))∩H1(0, T ;

W 1,∞(Ω)). Then,

‖ϑR‖2
L2 + ∆t

R−1
∑

n=1

‖ϑn+1‖2
1,h + ∆t

R−1
∑

n=1

∑

K∈Th

∑

σ∈EK

m(σ)|IUn+1
K,σ |(Υσϑn+1)2

≤ C

(

∆t4 + h2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
L2 + ∆t

R−1
∑

n=1

‖ϑn+1‖2
L2 + ‖ξ1‖2

L2 + ‖ϑ1‖2
L2

)

. (4.25)

Theorem 4.1. Suppose that the exact solutions of (1.1)-(1.5) satisfy the smooth condition (4.1)

and ∆t = O(h1/2). For the fully discrete finite volume scheme (3.5)-(3.8), we have

sup
0≤n≤N

(‖ξn‖L2 + ‖ϑn‖L2 + ‖πn‖1,h) + ∆t

N
∑

n=0

(‖ξn‖2
1,h + ‖ϑn‖2

1,h)1/2 ≤ C(∆t2 + h). (4.26)

Proof. Using Lemmas 4.4 and 4.5 yields

‖ξR‖2
L2 + ‖ϑR‖2

L2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
1,h + ∆t

R−1
∑

n=1

‖ϑn+1‖2
1,h

≤ C

(

∆t4 + h2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
L2 + ∆t

R−1
∑

n=1

‖ϑn+1‖2
L2 + ‖ξ1‖2

L2 + ‖ϑ1‖2
L2

)

. (4.27)

Applying Gronwall’s inequality gives

‖ξR‖2
L2 + ‖ϑR‖2

L2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
1,h + ∆t

R−1
∑

n=1

‖ϑn+1‖2
1,h

≤ C

(

∆t4 + h2 + ‖ξ1‖2
L2 + ‖ϑ1‖2

L2

)

. (4.28)

For the single step scheme used to determine E1 and P 1, a similar argument as that used in

the proof of Lemma 4.4 will give ‖ξ1‖2
L2 + ‖ϑ1‖2

L2 ≤ C(∆t4 + h2). Thus, we have

‖ξR‖2
L2 + ‖ϑR‖2

L2 + ∆t

R−1
∑

n=1

‖ξn+1‖2
1,h + ∆t

R−1
∑

n=1

‖ϑn+1‖2
1,h ≤ C(∆t4 + h2). (4.29)
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If ∆t = O(h1/2), from (4.29) we see that ‖ξR‖1,h ≤ Ch3/4. Then by Lemma 2.2,

‖ξR‖L∞ ≤ C(ln |h| + 1)‖ξR‖1,h ≤ C(ln |h| + 1)h3/4 → 0, d = 2,

‖ξR‖L∞ ≤ Ch−1/2‖ξR‖1,h ≤ Ch1/4 → 0, d = 3.

Similarly, we can verify that ‖ϑR‖L∞ → 0. So (4.11) holds for N = R. Now the induction

argument is completed and we obtain the estimate (4.11). Therefore (4.29) holds for any integer

R. At last combining with (4.5) gives the desired result.
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