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Abstract
Subdivision algorithm (Stationary or Non-stationary) is one of the most active and
exciting research topics in wavelet analysis and applied mathematical theory. In multidi-
mensional non-stationary situation, its limit functions are both compactly supported and
infinitely differentiable. Also, these limit functions can serve as the scaling functions to gen-
erate the multidimensional non-stationary orthogonal or biorthogonal semi-multiresolution
analysis (Semi-MRAs). The spectral approximation property of multidimensional non-
stationary biorthogonal Semi-MRAs is considered in this paper. Based on nonstationary
subdivision scheme and its limit scaling functions, it is shown that the multidimensional

nonstationary biorthogonal Semi-MRAs have spectral approximation order r in Sobolev
space H*(R?), for all 7 > s > 0.
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Key words: Nonstationary subdivision algorithm, Biorthogonal Semi-MRAs, Wavelets,
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1. Introduction

Subdivision algorithm, resulting from several fields of applied mathematics and signal pro-
cessing, is an iterative method to generate smooth curves and surfaces. For example, to con-
struct planar curves, such a scheme begins with the initial control points fo(k) defined on the
integer lattice Z, and then expends the control points to the fine lattice Z/2 := {j/2|j € Z} via
a specified mask h; x = {h; r(l) }1ez. Usually, we assume that the mask h; j is a finite sequence,
i.e. for every j > 0 and each k € Z, the set {l| € Z, h; ;(I) # 0} only contains finite elements.
After j iterative steps, it derives a new sequence f;(277k). The iterative procedure satisfies the
following linear rule:

LR =2 3 hya) @ k- n)). (1.1)
nek-+27
If mask h;j is independent of both scale j and position k, namely h;(l) = h;, then this
subdivision scheme is said to be stationary, otherwise to be nonstationary. In the case of
stationary subdivision algorithm, (1.1) can be rewritten as:

fj (27j/€) =2 Z hk—2nfj—1 (27j+1n) .
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The convergence of above stationary subdivision scheme is closely connected with the existence
of the solution to the refinement equation as follows.

f(z) = 2Zhnf(2x—n).
nez
Thereby, the stationary subdivision schemes play an important role in the wavelet theory [7,
10, 11, 12, 13].

However, stationary multiresolution analysis based on a compactly supported refinable func-
tion is limited to generators (scaling functions) with a finite degree of smoothness. So, one
cannot build a C'*° refinable function which is also compactly supported in stationary case.

More recently, attention has been given to nonstationary subdivision schemes [3, 4, 5, 6].
Since the masks may vary from different scale j or different position k, it is possible to con-
struct a nonstationary Semi-MRA which is generated by C'* compactly supported scaling
functions. In fact, by virtue of Rvachev[8] up-function method, N. Dyn and A. Ron[4] con-
structed a compactly supported scaling function in C*° and the corresponding nonstationary
Semi-MRA {V;};>0. The constructed scaling function ¢;(z) is defined in the Fourier domain

by
oo —ig—kw\ P
. 1+e .
&) =1 <f> L Jzo, (12)
k=1

The length of its support is L; = Y (k + j)27% = j + 2. The scaling space is defined as:
k=1

V; == Span{;(2'z — k)}rez
From equation (1.2), it yields that

@j(w) = mjt1(w/2)Pj+1(w/2), (1.3)
where
—iw Jj+1
minlwf) = (=)

It also concludes from (1.3) that the spaces V; are embeded, namely,

‘/j C ‘/j+17 for allj Z 0.
In addition, the investigation of the spectral approximation order in L? or Sobolev space is also
gaining considerable attention because of its powerful theoretical analysis for approximation
theory. Encouraging results have been reported in some literatures [4, 5], [14]-[17]. More

details, the paper [4] showed that its constructed nonstationary Semi-MRA {V}};>0 has spectral
approximation property in L%(R), i.e., for all» > 0 and f(z) € H"(R), ligl 277 Pj f— fllo = 0.
j—+oo

Cohen and Dyn [5] exploited a technique introduced in [14] to generalize these results to some
nonstationary subdivision schemes in one dimensional case. de Boor, DeVore and Ron [14] are
concerned with approximation in the L? norm from shift-invariant spaces. Cohen and Dyn [5]
adapted their technique to the derivation of density orders in Sobolev norms. Approximation
orders in Sobolev norms by shift-invariant spaces are studied in paper [15] and [16]. Yoon
[17] considered the spectral approximation orders in Sobolev space using radial basis function
interpolation.

In paper [18], we previously obtained some results on the convergence of multidimensional
nonstationary subdivision algorithm and properties of its limit functions. We also exploited
these results to generate multidimensional nonstationary biorthogonal Semi-MRAs [19]. The
goal of this paper is to prove that the multidimensional nonstationary biorthogonal Semi-MRAs
constructed in [19] have spectral approximation order r in Sobolev space H*(R9).

To this end, some multi-index notations are given as follows:

e Multi-index m = (my,--- ,mgq) € N&, |m| := mq + -+ + mg;
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d d
o syeRY, zoyi= 3 myi flal = (2 )V, 2 = [ 2

i=1 i=1
e C5°(R?) denotes the space of all functions which are both infinity differentiable and

compactly supported in space R%;
e Multi-derivative D™ := (0™ /Qx]"") - - - (0™ /0x]'?);
. d . d

o sinc(z) = =3F = [ ¥% = [] sinc(z;), =z € R

x

i=1 i=1
o = [0, [=rk(i), k()] Z4, where k > 0, 74 (i) € Zy, 0 < i < d;
o T9:= -7 n]¢ Ez:= {27 vertices of square box [0,1]?}.

The rest of this paper is organized as follows. In section 2, some properties on limit function
of nonstationary subdivision algorithm are proposed. Nonstationary biorthogonal Semi-MRAs
are reported in Section 3. Finally, Section 4 shows the main theorem on spectral approximation
in Sobolev space.

2. Multidimensional Nonstationary Subdivision Algorithm

In this section, we briefly introduce some results on multidimensional nonstationary subdi-
vision algorithm. Details can be found in paper [18].
Let {hx}r>0 be a finite mask, the corresponding filter function my(w)(k > 0) are defined by

_ (1) () _
w) = e = 3" Y (e, weR?.
LET) l1:—rk(1) ld:—’l‘k(d)

The nonstationary algorithm associated with this mask is
270k) =24 " hi(k—20)f;0(2771N), keZ?, j>1. (2.1)
lezd
It shows in [18] that if the input data is a Dirac sequence fo(k) = 01 in the nonstationary

subdivision algorithm (2.1), then after n times iterative procedure, the generated sequence data
on the lattice 27"Z% can be interpolated by a function " (x), where ¢ (z) is a band-limited

function defined by @l ( H me(27Fw) - xpa(27"W).

k=1
Theorem 2.1 If {my(w)}r>0 are uniformly bounded(assuming the bound M > 1), {uy :=
|mi(0) — 1}rs0 is 11 sequence, and for all 1 < i < d,rp(i) = O(k), then $p"(w) converges
uniformly on any compact set to p(w) and @™ (x) converges to o(x) in the sense of tempered
distributions with

d
supp ¢( H ~Li, L], Li=Y 27" n,(i), i=1,-- ,d.
i=1 k>0

Theorem 2.2 Assume that the hypotheses of theorem 2.1 are satisfied and |my(w)| < (14 ag) -
|m(w)|* with

d
i\ Bi
Z lax| < 00, m(w) = H (cos %) -m(w), for some B; € Ry,
k>0 i=1
where m(w) satisfies the following conditions:
m(w) is bounded and m(0) = 1;

m(w) is Holder continuous at the origin;
A

- ~ o—k AL - 3 .
o For some fized A\ > 0, oy = suka:[l |m(2 " w)| < 22, L = 1211%1(1{61}. Then ¢(x) €
Cg°(RY) and for all m € Z¢, D™ (x) converges uniformly to D™p(x).
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3. Nonstationary Biorthogonal Semi-MRAs

By virtue of the results stated in section 2, we formerly constructed the nonstationary
biorthogonal Semi-MRAs [19]. Details can be found in paper [19]. Let {hx}r>0 and {hx}r>0
be two group finite masks, their associated filter functions are {my(w)}r>0 and {my(w)}r>0
respectively, which all satisfy the conditions stated in theorem 2.2. Then we can define two
sequences of scaling functions ¢;(x) and @;(x) € C§°(R?), their Fourier transformations are
given respectively as follows:

W) = [ mees@*0), &) = [ fwss@ ), (3.1)
k=1 k=1

where j > 0, w € R%. Hence from (3.1), we have
25(w) = mi1(w/2)@j+1w/2), ;W) = Mj1(w/2)F 41 (w/2). (3.2)

We know from (3.2) that ¢;(z) and @;(z) satisfy a series of recursive refinement equations
respectively as follows:

=20 3 by 2o - n). (33)
NET;j+1
20 3" hj(n)@je1 (22 — n). (3.4)
nEerrl

It is thus natural to define two semi-MRAs {V;},>0 and {‘N/-}j>0 respectively by
V; = span{2792p;(21z — k)}, V; := span{27%%3;(27x — k)} (3.5)
By (3.3) and (3.4), it is easy to verify that
Vi C Vi, V;CVi, (1 20).

Theorem 3.1 Assume conditions stated in theorem 2.2 are satisfied, then {V;};>0 and {V;};>0
are biorthogonal Semi-MRAs if and only if for all w € R, Vj > 1, it holds that

Z m;(w+vm)m;(w+vr) =1, a.e. (3.6)
veE

4. Main Theorem on Spectral Approximation

This section will prove the main theorem that multidimensional nonstationary biorthogonal
semi-MRAs {V;},;>0 and {V;};>0 have spectral approximation properties in Sobolev space
H*(R4). We first give some definitions as follows.

Definition 4.1 For 0 < s < r and f € H"(R?), distance d(f,V;)s is deﬁned by d(f, ]) =
giené Ilf—9lls, where ||-||s is the norm of Sobolev space H*(R?), i.e., || f]|? := (%)d Jga |f(w

lw[|*)*dw .

Definition 4.2 For 0 < s <r and f € H"(R?), if 207~ S)Jd(f, i )s is bounded as j — 400, then
we say that V; has approzimation order v in H*(R®); If 2(r—s Jd(f, Vi)s — 0 as j — 400, then
it is to say that V; has spectral approximation order r in H*(RY).

Definition 4.3 Q; := 27[—t,t]*, Q5 :=R* — Q;, where t € (0,7) is assigned to the value such
that statements (i) and (ii) in lemma 4.1 hold simultaneously.

Definition 4.4 P; : L?> — V; is projection operator, i.e., for all f(x) € L*(R%)

Pif(z) = Z (FOIBik () (z) = 2% Z NG (27 - —k))p; (27 — k).

kezd kezd
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Definition 4.5 The operator S; is defined by (FS;f)(w) = f(w)- Xq, (W), P; and S; are defined
respectively by B B
Pj =1 - Pj, Sj . S
where I is identity operator.
Lemma 4.1 Assume my(w) and my(w) satisfy all the conditions stated in theorem 2.2, then

there exists t € (0,7) such that for allr, v > 0, the following two statements hold simultaneously.
2

() sup ol 72D P+ 2nm)g (w + 2nm)| =0, (= +00);
we[—t,t]d 720
@i sup loll 72" |3, (w ] )| o + 20720165 (w0 + 2nm)F = 0, (j — +00).
we[—t,t]d
n#0

Proof. First, we define two functions g(w) and h(w) respectively by

= [T me* e,  hw) =] ImE " ), (4.1)
k=1 k=1

then

3

25 (w)] < ah(@)gw)l,  a=

It yields from (4.1) that

(1+|ag]). (4.2)

k=1

d [eS)
= [[sinc® (@i/2)go(w).  gow) = [T Im(2 " w)] (4.3)
i=1 =
From the hypotheses stated in theorem 2.2, we obtain that for all [ > 0 and 2! < [jw]|| < 2!+,

l
go(w) = w) [T 1™

k=1
< sup [g0(@)] - (sup )X - ()Y
lwll<2
< K] < Kyllw)lt (4.4)

Also, for all w € R%, we have the followmg estimate:

. ﬁ 2 sin(w;/2) | "

i=1 Wi
12 sin(w;, /2)] 1" ,
S el (|lwio| = max{|wi[,1 < i < d})
io
L L
12v/d sin(w;, /2)| + 1 2vVd + 1
B \/E|wm|+1 le|+1

= @Vd+ )" (Jwll+ 1)~ =Dy (Jwll +1)~*
Thereby for all w € R?, it yields that
log, o

gw) < Ko(1+ |jw|)™®, wheree=L-— o 0. (4.5)
As n € Z? — {0}, w € [, 7%, we have
d d | L . L
. ) sin(n;m + w; /2) sin(n;m + w; /2)
i i/2)|% <
Z1;[1|51I1C(n 7T+(AJ/ )l = };11: ni77+wi/2 ’ = maxi|niﬂ'—|—wi/2|
il * C - fwl®

max; [2n;m + wiX T ||12nm + w||E
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Hence,
glw+2nm) < Ksllw|X, neZ?—{0}, wel[-n . (4.6)

Moreover m(w) is Holder continuous at the origin, thereby g(w) is also Hélder continuous
at origin with ¢g(0) = 1 and g(w) has the same Hélder index as m(w). It implies that h(w) can
be expressed as

h(w) = H g(27Fw).
k=0

From (4.5), we know that for any n € (0, 1), there exists w, > 0, such that g(w) < n as
@l > w
So, for all I > 0 and 2w, < |jw|| < 2'*lw,, we have:

l
hw) = h2"w) [Tg " w)
k=0
< < sup h(w)) ~7’]l+1 < ( sup h(w)> . 2(l+1)10:‘§277
lwll<wy [|w||<wy
< D(n) - fw'e=" (4.7)

Since ) € (0, 1) is arbitrary, (4.7) shows that h(w) has rapid decay at infinity. Hence for any
given v > 0,
A(v) = sup Y |lw + 2n7|*|h(w + 2n7)[* < +o0 (4.8)

d
weT nezd

Apparently, {my(w)}r>0 has the above similar results.
Therefore, as w € T4, it derives from (4.2) and (4.6) and (4.8) that:

Yolgjw+2mm)? < oY |h(w+ 2nm)lg(w + 2nm) [

n#0 n#0

@ (K|l ")¥ Y |h(w + 2nm)|* < o A(0) (Ks|w]*)*
n#0

= Ki(Ks|w|)*,

Then, for any given 7 > 0 and for all w € T, we have:

A

2
L(j) = |lw|™ Zgj(w+2nﬂ)$j(w+2mr)
n#0
2
—2r ~ 2 ~
< wll”? Z|<Pj(w+2mr)| Z @ (w + 2nm)
n#0 n#0

<l (K w]| )2 - Ka(Kslw] B
= o (Gl )
If w € [~t,1]%, then |lw| < V/dt, it yields that [lw|| < 1 as 0 < ¢ < 1/V/d. In addition,
L+L—-r/j>(L+ L)/2as j is sufficiently large. So,
L) < (O2||WH(L+Z)/2)2j <0 (03 _ t(L+Z)/g)2j .

From the above estimate, we set t = ¢; such that 0 < ¢; < 1/\/8 and Cj - t§L+L)/2 < 1, then
lim I,(j) =0.

j—+o0
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It shows from (4.2) and (4.5) and (4.7) and (4.8) that as w € T, we have

5i(w)| < @) G < @D/l BP0+ i) < CRZw] 2

By (4.2) and (4.6), we have the following estimate:

D llw + 20w gi(w + 2nm))* <> flw + 20 |h(w + 2nm) 2 [g(w + 2n)[¥

n#0 n#0

(Ksllw][")* Z lw + 2n7||??|h(w + 2nm)|?
n#0

< A)(Kslw] 7).

IN

Consequently, for any r» > 0 and Yw € R¢, we obtain:

A 2 U A 2

@) - D Il + 20|25 (w + 2nm)|
n#0

CaA(w)l|w]| =2+ (K5 Kol 1)

= Day(Dsjw|[*~ /)%

L) = [l

IN

Similarly, as w € [—t,#]? and 0 < ¢t < 1/v/d, then ||w|| < 1. Let j be sufficiently large such that
L — (r+1)/j > L/2. This yields that

I2(j) < Dy (D3||WHL/2>2j <D, (D4 ) tL/2>2J"

So if choose t = t5 such that 0 < t5 < 1/\/3 and Dy - t§/2 < 1, then it demonstrates that
lim Iy(j) =0.
i I(7)

Based on the above analysis, we set ¢ = min{t, t2}, then as w € [~t, t]¢, the statements (i)
and (ii) hold simultaneously.

Having above lemma 4.1, we can prove the following main theorem on spectral approxima-
tion orders of multidimensional nonstationary biorthogonal Semi-MRAs {V;};>0 and {V;},>0
in Sobolev space.

Theorem 4.1 Assume {my(w)}r>o0 and {Mmp(w)}r>o satisfy the conditions stated in theorem
2.2 and equation (3.6), {¢;};>0 and {@;};j>0 are scaling functions defined by (3.1), then the

nonstationary biorthogonal Semi-MRAs {V;};>0 and {V;};>0 (see(3.5)) generated by these two
group scaling functions have property of spectral approzimation, namely for all v > s > 0,
{V;}j>0 and {V;} ;>0 have spectral approzimation order r in Sobolev space H*(R?).

Proof. Tt is sufficient to show that for all f(z) € H"(R?),
d(f:Vi)s < IPsSif = flls < C- 2077 fllr - 2(£,5),
and lim e(f,j) =0.
Jj——+o0

For the approximation error ||P;S;f — f||s, we have estimate as follows:

1PSif = Flls < NSiflls + IP;Sif — S;flls
< IS flls + ISP Si f + SiPiSif — Si flls
< Siflls + 1S;P;S; flls + 1S PS5 flIs-

Hence, we need to estimate these three terms on the right side of above inequality separately.
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For the first item, we have:

IS5 = @n [ P el
= n) ™ [ 1R+ P ol
Qs
< n)evary e [ fe)Pa ol ds
Q5
< C2CTf2 el d)
R |
where e1(f,j) = —2 —0 (j = +00).

IF112

For the second term, we have:
ISP = @ | FRSFRO+ ol s

< enlis (\/32jt)2r/ \FP,S, f(w)Pdw
Qj
< C-27° 8PS f (w)lis -
Before estimating the term [|S;P;S; f(w)|2, it notices that

FP;Sifw) = @j(2w)- Z@-f(-)l%(?j-—k)>e’i27j’“'“
o kemt o iy i b 2=k, (4.9)
= §i(Pw) - (@)Y (FS ()@ (277 e e e
kezd

The above sum defines a 271 7Z%periodic function, which coincides on square box 27T with

fw) - 3;(279w) - xq, ().

So as w € 2T%, we have

FP;S;f(w) = ¢5(Pw) - §;(279w) f(w) - xq, (w)-

From above equation, it derives that:

1,558, 1@ = (2m) / (@) — P8 F(w)Pdw
Qj

= (2n)°¢ Aw 211 - 0. (2w .. 279w de

™ [ 1P =B &)

IN

1—-¢;(2w)- gj(Q_jw) R
| S2LER, P @) Pl d

; [l
- . 2
| [1-3() ()|
< (2n)74.27%¥" sup ’ T ’
we[—t,t]4 [l

C 272 f17 - e2(i) -

A1

Thereby,
IS P;S;fII2 < C - 22| 12 a(5) -
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Combining (3.6) with statement (i) in lemma 4.1, we obtain

| [1-35) &)
) = sup

WE[—t,t]¢ [Jwll?”

2

e S Py
we[—t,t]¢ 720

Finally, for the last term ||S;P;S; f|s, we notice from (4.9) that
as w € Qj + 27 nmw, n # 0, we have

FP;Sif(w) = ¢;(27w) -mf(w —2i+ gy,
and ]—"PJSJf(w) =0 forwe 27T — Qj- Hence

18,P;8; 112 = (%)7(1/ 0 [FP;S; f(w)P (1 + [|wl]|*)*dw
wes

— 01y / PSS )P+ (el dw
n£0 7 Qi +27 4 inT

e I O L A
n#0

ey |

n#0
= c/ w)|?

< Csup | [Jw] 72"
Qj

8527w + 20m) 3, (29 fw)| [l + 27 P

90] (279w ‘ Z|\w+2j+1mr|\25|30](2 Jw + 2nm)|*dw
n#0

~ . 2 . .
Bi(20)| 3 o+ 2 215 (2 + 2mm) | 1112
n#0

O (I || 2 o+ 20ml 1950 + 20m)? | 1512
t,t
n#0

=C - 22673 12 5(5) -

Combining above estimate with statement (ii) of lemma 4.1 in the case of v = s, we have

2
i) = sup |l ™ B5(@)| D o+ 20|35 + 2nm)|? | =0 (= +o0).
—t,t
) n#0

The above three estimates show that

d(f:Vi)s < IPiS;f = flls < C- 2707 fl - £(f.j), where lim &(f, j) = 0.

It indicates that {V;},;>0 has spectral approximation order r in Sobolev space H* (R9). Similarly,

we can also show that {V;};>0 has property of spectral approximation for all Sobolev norms.
This concludes the proof of the theorem.
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